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-enventions& Notations ↳

Spacetime dimensions : D = 4 = 1 + 3

pee memetric signature : (Muv) = diag (- 1
, + 1

,
+ 1

,
+ 1)

& =(tm)
= -mid ce

#its
:e

1 [pl = 1
, [Im] = 0

, [Rm] = z, . . .

#overtransform : A(x) = J& F(p)Pu ip ==q-D -P



naturetensor :
↳

- Christoffel symbol : ↑9 = 1 ger(Opfor + Orgr-Orgp) = Type
Symmetric =D zero torsion)

- Covariant decivatives : UV = OpV+ V9
, NV=V- Ti We

- Metric Compatibility : Tpgo = 0

- Commutation relations : [Er
,Y] = VVRYuue ,

[W]U = -VoRYung

- Riemann tenson : Rory = Outpp-OpTr + TYv Trug-Fg Tur

- Riceitensor and Ricei sealor : Rur = Ropr = OuCRY upo = gieRpoga ,
R= R& = &↑ Run



LECTURE 1
.
1 \

-

-ElementsofP-turbativeQFT (Section 2 .
A - arXiv : 2412 . 08690)

- Perturbative QFT framework : 2 = k - V
,

" (V)x(k)"

· Useful guiding "principles" :

1) edity of bare Lagengious : 2 = L (0 ,
00

,
00

...., eMa) ,
man

2) Symmetrics : global and loc nuternal symmetrics & external spacetime symmetries

3) Unitarity : conservation of the immer products under time-evolution (UT(t)UH) = 11)
4) (Strict) znormalizability : UV power counting governed by couplings 8: with [21· 0
-

Question :

Is there any physically consistent QFT of gravity compatible with 1) + 2)+ 3)+1)
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Unitarity :

-

finitial state say& -> S -> Slay = 1bx (findstateat = - A (- n(t + D)

Norm conservation :<alax = < blb>= <alstslay =D StS = 1

(unitaryaolution)
S = 1 + iT =D 1 = (1) - iTT)(1 +iT) = 1 + i(T -T + ) + T

+T

<D -i(T - Tt) = TTT optiedtheorem (operator form)

Insert the completenessrelation : 1= im Im >< m)
<MIMx = Ome On

= - i[ <bITlay - < bITHax] = On < bIT
+ Im > <MIT (a)
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· Moreexplicitf foremperations :

M = Feynmanamplitude operator, < bITlay = C& (Pb-Pa) > b/Mlay

Explicit completeness relation : H=ke
,
WeS

= Optrealtheorem :

i [ <bIMTlax- < bIMIaY] =FrPak) +

x <bIM+13 >< <keyl Mlay

· ElasticPress (1bx = 1ay) &n > 0 (m = 1) =D
I
Positivityconstraint

EalMlay=z()((M()(



#
·Exemple : 2(0) = [P(4-m2)d-

Feymmen rules : G(-P2)=mi &
-- 0+; V = - i)

Elastic tree-level C-p2 scattering:
P + Pz = B + 94 = P

;
lay = 1PaPY

,
16 >= IBPaY

if 1bx = 1x = </Mlax = < PAPIMIPBY

=(i)x = (i) (i)g(p)=
P+ m-i=

Usingit = P
.

V
. (a) = it&() :

Im [ca/M(0)] = [m[e]= Im [P.

V
. (mu) + in&(pmz)]g8(p=m+20



?erturbative unormalizability ↳
-

· How to deal withdivegees in perturbative QFT ?

> Assume that all quantities in the starting Lagrangian are be and divergent
- Then

, apply unizationtheory- which consists of two main steps :

(i) implement a regularization method to isolate the divergent part of a diagem/integral
(ii) absorb the divergences into a redefinition of the quantities in the Lagrengian

(i . e. masses ,
interaction couplings , fields)

[m: If the starting bore I is Neal = UV divergences are feal =

=> counterteims areal 1
Renamelizable QFTs are defined such that only afinitenumber of terms in I

/
-

is needed to renormalize all physical quantities atony loop order in perturbation theory
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Superficialdeguerofdivergene

G = diagram ; L-loop integral : I (2) = Jar - - - dkLf(vis)

him
-
f (513) ~

10(e) E
5 (2) 10 : I'l is superf convergent

X-Do

↑
8 (b) = 0 : log divergence

5(2) = superficial delgue of divergence 18(8) > 0 : power-law divergence

· ZExemples :

· Tadpole diagram : (1) = Jam ;him=Ek2+ M2

- Bubble diagram : I" (0 = Jam nim2; lim -* = &(2) + 0



ratefulafethe maximum valueofe) ↳0

Ef = #external legs of typef

Vi = #vertices of type iI Ff = [Pf] = mass dimension of futh of &=24-ZEAFA-ZViti
& Ai = [Fi] = mondimensionofit couplinga
(

Emper : 2 = 10(t-mid-
& : j(z) = 4- EF-1A

; (E = 2
,

F = [P]= 1
, A

= [ ] = 03 =D8(1) = 4 -2=2

24

Ot : 5(2) = 4-EF-VA
; Ge= 2

,
F= 1

, A
= [2s] = 1

,
V = 2y =DG(f) = 4-2-2= 0
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#24-ZEAFe-ZVii

Classification:
· (Perturbatively) man-renamelizable QFT :
-

If 7 i such that Ai < O =D &(2) increases with Vi

=> UV divergences become worse and worse,
and an infinite # of counterterms is needed

· (Perturbatively)normalizable QFT :

if Ai0 Fi =D :(b) deceases with Vi on remains constant =

=> UV Divergences do NOT become worse and worse,
and a finite # of contesterms is needed.



(
-clarificationof~roundizableQFT 20i)

- super-normalizable AFT :
--I

if Ai > O Fi =D loop integrals become superficially finite
for sufficiently large values of Vi

unormalizable QFT :
-

Strictl:CO Xi and I i such that Ai = 0 =4

= &(8) does not decrease with Vi for any i
,
and divergences need

to be normalized at every loop order.
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Exemples : L = EP (n-md -v(p)

;
D = 4

;
F = []= 1

· v(p)= 3

+ [83] = 1
, [In]

= 0 =D strictly nenormalizable .

· v(p) = & ;
[8] = 1 =&(f) = 4 - E-V =D super normalizable

· V(61=" [fu] = 0 =D &(f) = 4 - E =D strictly unormalizable

· V(P) = Emm ,
M25

; An = [In] = 4-M0 = man-normalizable



&
Example(d)=

* = Im mn-Jak ~K *

-> log divergence

↓

** = 1-loop counterteem - 0 (9)

OOK-Jardin to -*

YE = 4 =Dj(f) = 4 - 4 = 0

Only the sectex 80" is needed to mormalize the theory
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example(4)=

TO -Jar En- :
↓

createda
or strictly-normalizable !

eFriAn4 ↓ IH14 2H4 g(DA) AA , gAAAA11 I[e] = 0 [ +] = 0 [2] = 0 [21 = 0



S
-Elementsofcical ER (Section 2 .1- arXiv : 2412 . 08690)

· Einstein-Hilbert action : Se[1]= ((r-2A) , kee-

·msteen's equations : Op + Agr=Tur ; GuERpr-LyuR , Thr=
& Conservation law :· Branchiidentify
- ↑Er = 0 :UTY = 0

.

· Differphisminvariance : S + Sm is invariant under <R-XM() = <
*

+ ·(2)

= 839yv(x) = - Yu =
(x) - Vvp(x)

= 0 = 53 Seh22]= (disORA =-
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· Metricfretuations& action expension

fur(x)
= Tpv(x) + 2h+ (2)

background ↳
metric field fluctuation

·
KIhp)1 (nominata

= Ser[f] = Sen[ +2h] = Stil+ [h]+ [ ,h] +... + Sh] +...

= Sine(r-2A)
,
STEh]= CK JayEthyl,!

Si [Fih]= CarSagedieSteel of tally mar (2) har(,
:

sh]= edge...mmmlymer 182)---humve(m),
·



(
Sh= Jane [Fes /dinr (RG-21)]ly -y

Kyr (2)

=- JaeT [Ri (2) - Encel + E (2) Alhu(2) = 0

Kinetie term :
-

9)r [5 , h] = G
*
S[g ,

h]

=idi &ToCFER + ORIYlg =g

= Said (ER + 2 offs) OR + Fg'8 RIlg=e

= Ja [-yharhi + EphinFahr-Enh FrhM + EhEh

- ECR-2A)(hmrhM - (2) + Chihy" - hhm)RuothiThr Raver]
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-Interactionsterms :

Sittin Panam
,
mas

,
an = (m

M : Quantize hirC in the framework of perturbative QFT !

dessical -qentum
-j

Eo(x) = &Mr() + 2xhu(x)-urk) = Gurk)1 + Cx hpo(x) 7
Workingsumptions : 1 = 0 = Mur F = 1

, Ep- &,
-

Minkowski background Runer (1) = 0
,
h=Mihar.



ILECTURE1. 2 ·@Mea QFT - Free theory (Section 2 .

2- arXiv : 2412 . 08690)
(20

Quadratie-order action :

&[Min] = Jd[-0 hprOh + OphuOrhU-QhWh + zogh0h]

= Jazhp Hiverhyo

Kier= (memor + give-mine + Mr00r + 100 op or

-E(49082 + M4-g-

99 + megmg-

+ m gr89)
j

Aver = KVRqr = Ano = 10 ph



&
#HercopSm[M] + 2x(di/ =yhm + 0(2 - h)

= Sm[M] + @Sa TM ha + O(h2)

-Linearizeddifferorphism:

Recall : citp = x* + 3(x) =D8qn = - NuEr-zp

[ quo
= Mar + 2k hp & = zhu =Y + FM

z(x)-> - 2x3(x)
= &u3v + 0 -3 + 2k(hyy0 + hupQu+Ophp)

At order O(h)
,

$
* [MihI is invecient undez Eghur + 03



(
LinearizedEinstein's equations :

#urehyr = - * Thr ED Thp-EMpth + MurO(Orher-E0Th)
- on (Ophen-Eah)-Or(iphin = Equh) = - xTyr

Donder gauge : Oph-10rh = 0
, v = 0, 1 , 2 . 3 (4 constraints)

=> Ghar-EMurth = - * Tho

Residualgauge:h = hi-hp =Our +&M such that 83 (Phyu-Eorh) =0

ED3 = 0
, p

= 0,1
,
2

, 3 .

DynamicaDoFs : 114-4= 2 (Chelicity-giton (
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Gravitonpropagator :

GuvP(p)ap(p) Einew , Inve = -(our + one Out
# Gurap(P) Kier(p)

= Durgo ; Aper = -(MapMor + Mre140)

However
,
the Kinetic operator new isT investible because

the Keenel of IMV90 isT empty : 7 Ver = Op5r +&r5p# 0 , #Ne-Yoo = 0

Eoughing : Sp[tih] = -](dic FFY , F = Ohip-Eoh ,
d = const.

ED Sgt[M , h] = Sai Zhuuher Kemmer-00 memo
+



&
= [M , h]= [4 , h] + Sgtz ,h] = J&EhurENerhow ,

#Mer =INew + Never = E(gremr-Mirgre)-(1-)gMe

+ (1 - z)(mi00 + me 00

- E(1 - 1)(MM900u + mi g-gy + Muggyu + mi gn(p)

Arer is invertible : #Mer Ver + 0 # Ver + 0.

Momentumspace : Errer = -E (quemro + MioMue)p2 + (1-E) Miner p2
- (1- E)(mm ppp2 + new pmp)

+ E(1- z) (Mrpopu + Mip-py + Mr pRp2 + m pipp)
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Bosis of rank-four symmetric tensors----

Engr(P) can be written as a linear combination of the elements of a basis

in the space of rank-four symmetric tensors

Using Lorents invariance
,

we can easily find a basis given byfindependentelements :

S
BArgo(p) = MugMra + MuoMug

&BRYugo(p) = MurMgo

BPrpo(p)= (MurPpPr + MyrPpPr) =Berli
Buugo(p) = E (MupPrPr + Mar Priy + Mug Ppir + &vo PM

15urgo(p) = Sp PMPU Pe Pr (usefulatfina



(
Propagatin the Feynmangorge(

= 1) :

↓ = 1 => Ever = -E(quemo + monue)p2 + & MreW p2
-

Ansatz : er(p) = A(p) (MypMor + MurMue) + B(p) Mur New

ImposeG #Pe =E (MapMur + Myrtrg) and determine A(P) , B(P).

A(p) = - B(p)= = E(p)= (MyMo + Turlog-Yurge)

We now use the spim-projector formalism to E derive the propagator for any
5

--

determine its spim components.
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&Porfism (Sections 2 .

2
.
6

,
2

.
B-arXis : 2412 . 08690)

Warm-upphonpropor :

Sa = (dE [ -GFu FY - E(0Ar)] = JdAn EM Ani
Fur = OpAr-OrAn, =Mra-(1-E)@ro - #M(p) =

- Mmp + (1- 1) prp .

Under $0(3) the 4-vector Ap can be decomposed intoereducible reporters :

Ap-01 (Ao - sealer
; Ai-rector)

--
- Projection operators : QurE Mur- wr
- Idempotency & othogonality : OugOv = Pur , Whye

= our , OgNe = 0·

-Completeness : Our + Nur = Mur E> Ou + Nu = On



/
(
Simel the projectors onedempodent ,

their trace equals their cork. (This means that their trace is equal to the dimension of the corresponding
intedreible representation (i. .e. 2+ 1) ·

- traces : Mr Our = 3 = 2(1) + 1 MMWyo = 1 = z(0) +1

=>Spin , wSpin (A = qAv + WEAr)
- 20 ,3 forms or bosis in the space ofeonk-two symmetric tensors :

=>D #*
= - p [OR + wr]

= Propagator : Gur(p) = A(p) Our + B(p) Nur

Imposing Gue(p) #"- impr we determine Alp) =
-i
B(p) = - - =

T2

=> Cy(p) = - (0+ Wpr) =
- i[ + ( -1)2]
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&aviton propagator:

two sealors Eight
,

how
Under 50(3) har can be decomposed into : S vector hoi

treeless spim-two hij

=> hart 000102(1 + 1 + 3 + 5 = 10)

Forc spim-projectors :

plaver = E(OpOur +Or Pry) - E Our Per

S pAver = E(OngWor + OueWug + OugWar + ProWme)

ps)urgo = E QuOys , plomunge = War Woo

- Idempotency and orthogonality : plial < pibgij gab pliaa b



(0
- Completeness : Pgo

+ phgr + 41 hoga + POgr
= Hunge

- Traces "

E
Aureo pRiver = 5 = 2(2) + 1 - spim2

purer pulurgu = 3 = 2(1) + 1 - spim-1

quer plasy = 1 = 2(0) + 1 -+ spim-o

prew pomurgr = 1 = 2(0) + 1 -↑ spin-o

=D har = perher + pr9byo + ps her + Pa Pryo

- Unlike the photon case
, Sp ,

ph
,plas point do t form a besis in the

space of symmetric nonk-four tensors.

Indeed
, B'poge cannot be obtewed from the 4 spim projectors.
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To close the basis we need to add a fifth operator :

p(o ,x)
= p(o , sw)

+ p(o , ws)

T
plase)= Wer

, plasW
= (pR ,

pR1
,
plas , plow, plog forms a bosis.

- Extended product relations : plri abid plad
i

C
90

= jijd plad)o
whereieq2 , 1 , 03 and abicd-Iswy

,
peabl = p(2 ,

a)
= p()

, some for PCI p(i , aa)
= p(i , a)

# ( useful
relations for(tationalany grav, theory

we'll consider !
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Rewriting ENVTV(p) in terms of the spir-projectors we get :

Ener(p) = - p2[pRipoge + 1 pRique +-1)plasiprgo

+ pecamprepa

Thenimposing(P (p)= we c determinate

Enver(P) = - [poga - EP195urge + < P1)
never

+h planugr - Exge]
-
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· Components that surviveafter contraction with a conserved enment Tpr (PMTpu =0 :

-

(1)
= OTM Pavew = O

, peopler , timper = 0

The only terms that serive are TM Pup + 0
, TMper +0 =

#er(p+ - [Per
- ES] :

-> off shell we have 5+ 1= 6 DOFs : (2-10 + 1 + 2) and (0)
-> on-shell we get 6-4 = 2 DOES : (2 ,

+ 2)

T whathappensisthatshell ther stilladagange that kilsee

[The sealer component plas). Longe-like and NOT dynamical .
On-shell it cancels]IS

the o-helicity component of P when computing a physical amplitude.


