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Motivation: Scattering amplitudes from LQCD

We want to study scattering processes using non-perturbative, first

principles techniques: Lattice QCD

Euclidean data

Where M lives

We cannot extract scattering matrices from finite volume euclidean

correlation functions
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Lüscher formalism

Lüscher quantization condition relates

Ei

Finite volume energy levels

⇒
M

Infinite volume scattering matrix

det
[
M(E )−1 − F (E , L)

]
|E=En(L) = 0

One key assumption: Unitarity
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Usual Lüscher workflow

Spectral decomposition of correlators

⟨ππ(t)|ππ(0)⟩

=
∑
n

⟨ππ(0)e−Ent |ππ(0)⟩ =
∑

cne
−Ent

1 – Measure correlation functions in the Lattice

2 – Fit function to spectral decomposition to extract energies En

3 – Use Lüscher q.c. to extract scattering amplitudes (phase-shifts)

En ⇒ M
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3 – Use Lüscher q.c. to extract scattering amplitudes (phase-shifts)

En ⇒ M

4



Our setup: Staggered quarks

Discretize space-time: doubling problem!

Our solution: Staggered quarks

• Computationally efficient

• Reduce tastes 16 → 4

• Use of 4th root trick 4 → 1

Non-unitary effects (a ̸= 0)
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Staggered challenges

The breaking of unitarity arises important questions:

1. Can we still fit our correlation functions to
∑

cne
−Ent?

2. What modifications do we need to include to Lüscher formula

so that it also contains unitarity breaking effects?

3. How do the appearance of new channels (tastes) affect the

computation?

To shed some light on to these questions we are computing SChPT

ππ scattering at NLO
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Staggered Chiral Perturbation Theory (SChPT)

SChPT is the low energy EFT of Staggered LQCD

In continuum ChPT

L =
f 2

8
⟨∂µU∂µU†⟩ − 1

4
B0f

2 ⟨MU +MU†⟩+O(p4)

where

U = exp

(
iϕ√
2

)
; ϕ =

 uū π+ K+

π− dd̄ K 0

K− K̄ 0 ss̄


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SChPT

Now, promote each field to a matrix of fields

π →
∑
i

T iπi

where T i taste matrices are composed of euclidean gamma

matrices ξµ.

Add taste-breaking operators that go with a2, for instance

L ⊃ a2C1 ⟨ξ5Uξ5U†⟩+ a2C2

∑
µ

⟨ξµUξµU
†⟩+ · · ·
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Rooting in SChPT

We need to distinguish loops coming from the sea and the valence

sector.

For example π+π+ ⇒ π+π+:

M =
1
nr
× + + · · ·

u−quark d−quark sea quarks

Rooting: multiply sea loops by 1
nr
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Overview of NLO computation

Tree level: p2

NLO: one loop with O(p2) operators + tree level O(p4, a2)

+ + +

O(p4, a2)

Finally, multiply by rooting factor 1
nr
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Sketch of the result

Functions of masses, momenta,

a2 and nr

M ⊃ f (mΞ1
i , a2, nr , pi )A(m

Ξ2
j )+g(mΞ3

i , a2, nr , pi )B(m
Ξ4
j ,mΞ5

k )+· · ·

One loop integrals ∝ (q2 + (mΞ
i )

2)−1
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Question: how to get energy levels?

A naive perturbative expansion will not modify poles.

Idea: go to position space

∑
n

e−Entcn ≈ (1 + Ent +
E 2
n t

2

2
+ · · · )cn

Linear coefficient in t related to energies.

Moreover, unitarity enforces

Coef(t2) =
Coef(t)2

2

Explicit check of unitarity violation!
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Other Methods: IAM

If we do not want to rely on spectral decomposition

Inverse Amplitude Method (IAM)

Based expanding the inverse of the scattering matrix

1

M
≈ 1

M(2)
− M(4)

(M(2))2
+ · · ·

≈ M(2) −M(4)

(M(2))2

Poles appearing when

M(2) −M(4) = 0
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Bethe-Salpeter equations

One method widely used in the literature is the Bethe-Salpeter

equation (BSE)

=
M K

+

Recursive relation

• M: Scattering matrix

• K: Kernel, all s − channel 2 particle irreducible diagrams
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How to solve?

People usually propose an ansatz. Example for I = 0ππ scattering:

M(p, k) = A(s) + B(s)(p2 + k2) + C (s)p2k2

Then, BSE reduce to a system of equations from which we can

extract A,B,C functions.

• Can we propose an ansatz where unitarity is not assumed?

• Can we trust IAM and BSE to describe energies rooting

dependence?
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Conclusions

• We want to study scattering processes using a non-unitary

theory (rooted Staggered LQCD)

• Using Lüscher, finite volume En ⇔ Infinite volume M

• We want to explore rooting dependence of energy levels

within rSChPT

• Different techniques for extracting energy levels from 1 loop

amplitudes
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Thanks for your attention!
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