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3Instituto de F́ısica y Matemáticas, Universidad Michoacana de San Nicolás de Hidalgo, Morelia, Michoacán 58040, México.
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Building blocks

!" - Quark field: 6 flavours

#$% - Gluon field: 8 gauge bosons 

Nucleons
Dominant mass of visible universe

&" - Spontaneous Symmetry Breaking

Higgs mechanism is not enough!

&',) ≈ 5 − 10 MeV/0,1 ≈ 940 MeV

~98% of /0
strong QCD ~2% of /0

Gauge covariance
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Theoretical challenges

Mass spectrum
Wave functions
Distribution functions

Synergy between 
experiment and theory

One might wonder what can be learned from photoproduction in the ∆-resonance region beyond
the basic resonance properties like excitation energy, width, and electromagnetic coupling which are
well known [36]. In fact, the recent experimental progress has opened the possibility for new, detailed
studies of this resonance. We will discuss four examples: the E2 admixture in the electromagnetic
excitation amplitude, the helicity dependence of the cross section, the magnetic moment of the ∆, and
the isospin dependence of the excitation.

3.1 Quadrupole Strength in the N → ∆ Transition

The standard picture for the excitation of the ∆-resonance on the nucleon is the spin-flip of a single
quark. In the electromagnetic case, the spin-flip is induced via the absorption of a magnetic dipole
M1-photon which for pion production corresponds to the M1+-multipole. However, from the quantum
numbers, the excitation can also proceed via the absorption of an electric quadrupole photon E2,
corresponding to the E1+ multipole. In nuclear physics, electric quadrupole transitions are an important
tool for the study of quadrupole moments related to deformations of the nuclei. In many nucleon
models, a tensor force in the hyperfine interaction, first suggested by De Rujula, Georgi, and Glashow
[92], arises from one gluon exchange between the quarks, and leads to a d-state admixture in the ground
state. This is similar to the tensor force in the nucleon - nucleon interaction which gives rise to a d-
state admixture in the deuteron ground state and results in the prolate deformation of the deuteron.

E2
(M1)2

M1

N(938) Δ(1232)γ

γ

Figure 12: Upper part: excita-
tion of the ∆-resonance via the
spin-flip of a single quark from ab-
sorption of a magnetic dipole pho-
ton. Lower part: absorption of an
electric quadrupole photon on a
quark pair correlated by gluon or
meson exchange currents, result-
ing in a spin-flip of the pair.

The situation for the nucleon is different in so far as an intrinsic
quadrupole deformation cannot be directly measured for particles
with spin less than one but may reveal itself in transitions between
the ground and the excited states. Therefore, the idea is to look
for an E2-admixture in the ∆-excitation. In the quark picture,
such an admixture can occur in two different ways. An electric
quadrupole photon can induce the spin-flip on a quark, with the
initial or final state L = 2, when either the nucleon or the ∆ has
a d-state admixture in its wave function. This scenario is related
to a possible deformation of the baryons. However, it was pointed
out by Buchmann and collaborators [96]-[99] that E2 admixtures
in the absence of d-state components in the wave functions may
stem from the coupling of the photon to mesonic or gluonic ex-
change currents. Indeed they predict that this process provides
a large contribution to the observed E2 strength. As illustrated
in fig. 12, it results in the simultaneous spin-flip of two quarks
which are both in s-states and correlated via gluon or meson ex-
change. Therefore, care has to be taken in the interpretation of
possible E2 admixtures. Nevertheless, it is indisputable that the
E2 admixture in the amplitude is sensitive to the internal struc-
ture of the nucleon, and its measurement provides a stringent test
of baryon model predictions. The quantity of interest is the ratio:
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where the index (3/2) indicates the isospin I of the πN -system. The Fermi-Watson theorem guarantees

that E(3/2)
1+ /M (3/2)

1+ is a real number, at least up to the two-pion threshold. However, the ratio depends
on the photon energy, and the resonance position is taken to be the energy where the phase is 90o.
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Nucleon resonances are the key to 
additional and novel features of QCD!!

Standard picture: spin-flip
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2) Electric quadrupole E2
3) Coulomb quadrupole C2
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Figure 5: Low lying excited states of the nucleon [36] with isospin I=1/2 (left hand side) and isospin
I=3/2 (right hand side). The arrows indicate the decays via pion emission (solid), η-emission (dashed)
and ρ-emission (curled). The thickness of the arrows scales with the branching ratios of the respective
decays. Weak decay branchings have been omitted.

so that only its high energy tail could contribute. On the other hand, the large difference in the Nη
decay branching ratios of the first and second S11-resonance must reflect a different structure of the
states. Recent results for the photoproduction of η mesons are discussed in 4.2.

In addition to single pion and η emission, double pion production contributes to resonance decays
in this energy region. The pion emission of some resonances does not only lead to the nucleon ground
state, but also to higher lying states, in particular to the P33(1232) which subsequently decays via
emission of a second pion. The other contribution comes from decays into the Nρ channel with a final
state pion pair from the ρ meson decay. The detailed experimental study of the double pion production
reaction, allowing to a large extend the extraction of resonance contributions, is discussed in 4.3.

At excitation energies above the second resonance region further meson production thresholds open.
ω mesons are produced off the free proton above Eγ=1108 MeV, η′ mesons above 1447 MeV, and Φ
mesons above 1573 MeV. In addition, the thresholds for open strangeness production open around 1
GeV (915 MeV for KΛ and 1052 MeV for KΣ). Here, final states with open strangeness can couple to
intermediate non-strange nucleon resonances. These couplings carry important information about the
internal structure of the states. Finally, sequential decay chains of resonances, such as∆∗ → ∆η → Nηπ
will become important. Progress in this field is rapid, and we will give examples of recent results and
ongoing efforts in the Conclusions and Outlook section. The main part of this review concentrates
on the low lying states in view of the fact that the available data base for pion, double pion, and
η-photoproduction is by far superior.
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Helicity amplitudes: a glimpse 
into nucleon resonances

3.2 Helicity Dependence of Pion Photoproduction in the ∆-Range

The initial photon - nucleon state is characterized by the helicities, i.e. the spin projections onto the
momentum axis (see app. 6.2). For a real photon with λ = ±1 and the nucleon with νi = ±1/2,
two different possibilities exist which are schematically shown in fig. 16. They correspond to the
photoproduction cross sections σ1/2 and σ3/2 with total helicities 1/2 and 3/2.

Photon Nucleon

+1

+1

-1/2

+1/2

σ1/2

σ3/2

Figure 16: Definition of σ1/2, σ3/2. The
arrows symbolize the spin projections
of the photon and nucleon onto the mo-
mentum axis of the incoming photon.

In 1966, Gerasimov [148] and independently Drell and Hearn
[149] derived the Gerasimov-Drell-Hearn (GDH) sum rule
which relates the difference of the two helicity components of
the total photoabsorption cross section to static properties
of the nucleon via the GDH-integral:

∫ ∞

mπ

σ3/2(ω)− σ1/2(ω)

ω
dω =

πe2

2m2
N

κ2 , (31)

where ω = Eγ is the incident photon energy in the lab frame,
mπ the mass of the pion, mN the mass of the nucleon, and
κ the anomalous magnetic moment of the nucleon.

During the last few years, the GDH collaboration has undertaken a joint effort towards the experimental
verification of the sum rule, measuring the difference of the helicity components in total photoabsorption.
The experiment is divided into two parts, the first for the energy range from the pion threshold up to 800
MeV carried out at the Mainz MAMI accelerator and the second in the energy range 600 MeV - 3 GeV
at the Bonn ELSA accelerator. The experiment requires a measurement with a circularly polarized
photon beam and a longitudinally polarized proton target. Circularly polarized photon beams are
produced via backscattering of circularly polarized laser beams (LEGS, GRAAL) or via bremsstrahlung
of longitudinally polarized electron beams (MAMI, ELSA). Both are now available at most electron
beam facilities. For the longitudinally polarized protons, a butanol (C4H9OH) frozen spin target was
developed [150]. The recent advance in the technology of polarized targets (see [151] for a review) was
essential for the success of the experiment. First results for the GDH integral have been published
[152, 153]. Here, we will not discuss the sum rule itself but emphasize another aspect.

The low energy part of the experiment has not only determined the helicity dependence of the total
absorption cross section, but also provided results for the helicity difference for exclusive channels [153]-
[155]. These observables provide valuable new constraints for the multipole analysis of photoproduction
reactions. As an example, we consider the single pion photoproduction reactions 'γ'p → pπo and 'γ'p →
nπ+. The measured helicity difference ∆σ = σ3/2−σ1/2 for these reactions [152] is shown in fig. 17. The
total cross section for each channel is given by σtot = (σ3/2+σ1/2)/2 and the cross sections corresponding
to the helicity 3/2 and 1/2 states can be reconstructed from:

σ3/2 = σtot +
1

2
∆σ σ1/2 = σtot −

1

2
∆σ . (32)

The results for the two cross sections are shown in the lower part of fig. 17. The total cross section for
both reactions was taken from the MAID parameterization [67] (see also fig. 9). If only the ∆ excitation
were to contribute to the observed cross sections, the ratio of the helicity 3/2 and 1/2 components would
give directly the ratio of the A3/2 and A1/2 helicity amplitudes of the ∆. However, it is obvious from
fig. 17 that the helicity 1/2 component for the nπ+ channel has significant background contributions.
So far, background contributions for all observables investigated have been weak for the pπo channel
at the ∆ position of 340 MeV incident photon energy. It is interesting to check which ratio of the
helicity amplitudes would follow from the experimental πo cross sections at Eγ = 340 MeV, assuming
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Figure 3.3: The experimental helicity amplitudes A1{2 and S1{2 multiplied by Q3 for the states ∆p1232q, Np1440q, Np1520q
and Np1535q. Most of the data are from JLab/CLAS [89]. For Np1440q and Np1520q, we include the results from JLab/CLAS
for two pion production [90, 93]. We include also data from JLab/Hall C for larger values of Q2 for the ∆p1232q [135, 136] and
Np1535q [92]. The results, combine statistical and systematic errors.

It is important to mention, however, that the relations (3.60) and (3.65) are derived under very general
assumptions. One important assumption is that the kinematic-singularity-free form factors Gi are non zero.
A simple illustration of a deviation from the expected leading order behavior can be obtained for instance
for the JP “ 3

2

˘
resonances if G1 ” 0. According to the relations (3.41), if G1 vanish, we would have

GM ” GE for JP “ 3
2

`
, and GM ” 0 for JP “ 3

2

´
. As a consequence, from Eqs. (3.38) one obtains the

relation A3{2 “ ¯
?
3A1{2 9 1{Q5, in contradiction with the relations (3.61) for JP “ 3

2

˘
. This illustrates that

deviations of the general power laws in some particular cases can be expected.
The study of the falloff tail of transition form factors and of the helicity amplitudes at large Q2 is important

because it enables us to deduce the contribution from higher order Fock states, namely the ones associated
to quark-antiquark excitations. At very large Q2, one expects the leading order form factors F1 “ Q2G1

for J “ 1
2 and G1 for J “ 3

2 to be dominated by terms on 1{Q2pn´1q, where n is the number of effective
constituents [126, 128]. The power of the asymptotic falloff is associated with the minimum number of gluons
exchanged between the constituents. When the change from n “ 3 (falloff 1{Q4) to a system of three quarks
and a quark-antiquark pair, one has 5 constituents (n “ 5), and expect than that the asymptotic behavior
follows 1{Q8. The price of the change from pqqqq to pqqqqqq̄ is then the extra 1{Q4 suppression. The previous
estimate can be generalized for next leading order form factors (F2, G2 and G3) accounting for the faster falloffs
(1{Q6, 1{Q8, etc.). The test of the asymptotic behavior of the amplitudes or of the multipole form factors can
then be useful to establish the range where the valence quark degrees of freedom start to dominate, since the
relations are based on the properties of the valence quarks.

Concerning logarithmic contributions to the leading order from Eqs. (3.61), there are attempts to parametrize
these corrections by Vereshkov and collaborators [109, 110]. We notice, however, that although the corrections
may be relevant for some amplitudes, to find their explicit experimental signals may require much larger values
for Q2 and broader distributions of data.

3.6 Empirical parametrizations of the helicity amplitudes

In theoretical and phenomenological calculations, it is convenient to use parametrizations of the data obtained
for the helicity amplitudes or for the transition form factors (G1, and G2 for J “ 1

2 , and GE , GM or GC

for J ě 3
2 ) based on simple analytic functions of Q2. Examples of successful parametrizations of the data

are the MAID parametrizations [78, 137, 138], rational parametrizations [108], parametrizations based on the
JLab/CLAS data for the resonances Np1535q and Np1520q presented in Refs. [8, 89], and more recently a

complete set of parametrizations of 12 N˚ states below 1.8 GeV associated with states J “ 1
2

˘
, 3

2

˘
and 5

2

˘

based on JLab/CLAS data [139]. A collection of the JLab/CLAS data and relevant data from other groups
can be found in Ref. [140].
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with the pseudothreshold constraints. Another possible question is, given a set of parametrizations of the
helicity amplitudes for a N˚ resonance in a certain range of Q2, but incompatible with the pseudothreshold
constraints, if it possible to make it compatible below a given value of Q2. This subject was discussed in
Ref. [141], where a method is proposed to extrapolate parametrizations defined for Q2 ě 0, below a point Q2

P to
the pseudothreshold, using smooth analytic extensions of the original parametrizations, while ensuring them to
be consistent with the pseudothreshold conditions. The method was applied to the JLab parametrization [139,
157], but it can be applied in any analytic parametrizations of the nucleon resonance helicity amplitudes.
Examples of the method are discussed in Sections 6.2 and 6.3 for the cases of the Np1535q and ∆p1232q.
The state Np1535q turns out to be a special case where low-Q2 data are crucial to establish the sign of the
amplitudes A1{2 and S1{2 near Q2 “ 0, as discussed on Section 6.2.3.

Reaction N˚ Q2 (GeV2) Functions Lab/Experiment

ep Ñ epη Np1535q12
´

2.4, 3.6 A1{2 JLab/Hall C [158] (1999)

ep Ñ epη Np1535q12
´

1.8–4.0 A1{2 JLab/CLAS [159] (2001)

ep Ñ epη Np1535q12
´

0.17–3.1 A1{2 JLab/CLAS [91] (2007)

ep Ñ epη Np1535q12
´

5.7, 7.0 A1{2 JLab/Hall C [92] (2009)

ep Ñ epη Np1535q12
´

0.38, 0.75 A1{2, S1{2 JLab/CLAS [160] (2005)

ep Ñ eNπ Np1440q12
`

0.40, 0.65 A1{2, S1{2 JLab/CLAS [160] (2005)

Np1520q32
´

0.40, 0.65 A1{2, A3{2, S1{2
Np1535q12

´
0.40, 0.65 A1{2, S1{2

ep Ñ eNπ ∆p1232q32
`

0.3–6.0 A1{2, A3{2, S1{2 JLab/CLAS [89] (2009)

Np1440q12
`

0.30–4.16 A1{2, S1{2
Np1520q32

´
0.30–4.16 A1{2, A3{2, S1{2

Np1535q12
´

0.30–4.16 A1{2, S1{2

ep Ñ enπ` Np1675q52
´

1.8–4.0 A1{2, A3{2, S1{2 JLab/CLAS [161] (2015)

Np1680q52
`

1.8–4.0 A1{2, A3{2, S1{2
Np1710q12

`
1.8–4.0 A1{2, S1{2

ep Ñ epπ0 Np1440q12
`

0.1 S1{2 MAMI-A1 [162] (2017)

ep Ñ epπ`π´ N˚ 0.65 A1{2, S1{2 JLab/CLAS [163] (2005)
N˚ 0.65 A1{2, A3{2, S1{2

ep Ñ epπ`π´ Np1440q12
`

0.28–0.58 A1{2, S1{2 JLab/CLAS [90] (2012)

Np1520q32
´

0.28–0.58 A1{2, S1{2

ep Ñ epπ`π´ Np1650q12
´

0.65, 0.95, 1.30 A1{2, S1{2 JLab/CLAS [164] (2014)

Np1680q52
`

0.65, 0.95, 1.30 A1{2, A3{2, S1{2
∆p1700q32

´
0.65, 0.95, 1.30 A1{2, A3{2, S1{2

ep Ñ epπ`π´ Np1440q12
`

0.65, 0.95, 1.30 A1{2, S1{2 JLab/CLAS [93] (2016)

Np1520q32
´

0.65, 0.95, 1.30 A1{2, A3{2, S1{2
∆p1620q12

´
0.65, 0.95, 1.30 A1{2, S1{2

ep Ñ epπ`π´ Np1720q32
`

0.65, 0.95, 1.30 A1{2, S1{2 JLab/CLAS [165] (2020)

Table 4: N˚ data. The label N˚ in JLab/CLAS [163] (2005) corresponds to N˚ “ Np1440q 1

2

`
, ∆p1620q 1

2

´
, Np1650q 1

2

´
or N˚ “

Np1520q 3

2

´
, Np1680q 5

2

`
, ∆p1700q 3

2

´
, Np1720q 3

2

`
.
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Data from JLab/CLAS 

and Jlab/Hall C

The explicit form for the three possible amplitudes take the form [124, 126, 129]

G` “
〈

N˚,λR “ `1

2

ˇ

ˇ

ˇ

ˇ

εp`q
µ Jµ

ˇ

ˇ

ˇ

ˇ

N,λN “ `1

2

〉

BF

, (3.56)

G0 “
〈

N˚,λR “ ´
1

2

ˇ

ˇ

ˇ

ˇ

εp0q
µ Jµ

ˇ

ˇ

ˇ

ˇ

N,λN “ `
1

2

〉

BF

, (3.57)

G´ “
〈

N˚,λR “ ´3

2

ˇ

ˇ

ˇ

ˇ

εp´q
µ Jµ

ˇ

ˇ

ˇ

ˇ

N,λN “ `1

2

〉

BF

. (3.58)

Note that the previous relations resemble the amplitudes (3.3), (3.5) and (3.4) when we use the spin projections
S˚
z and Sz. The main difference is that G0 is not modified by the factor |q|{Q, like S1{2.
Since the amplitudes at the Breit frame (3.56), (3.57) and (3.58) and the amplitudes at the rest frame

(3.3), (3.5) and (3.4) can both be expressed in terms of the kinematic-singularity-free transition form factors

(Sections 3.3 and 3.4), one can relate the two sets for the cases JP “ 1
2

¯
, 3
2

˘
, 5
2

¯
, ..., by

A1{2 “
c

2πα

K
G`, S1{2 “ ¯

c

2πα

K

|q|
Q

G0, A3{2 “ ¯
c

2πα

K
G´. (3.59)

The amplitudes A3{2 and G´ are not defined when J “ 1
2 . As before, we use the upper symbols for the states

1
2

´
, 3

2

`
, 5

2

´
, ... and the lower symbols for the states 1

2

`
, 3
2

´
, 5
2

`
, .... The sign in the amplitudes S1{2 and A3{2

follows from the properties of the space reflection of the states in rest frame and in the Breit frame [130].
For completeness, we mention that some authors [125] define also helicity amplitudes at the Breit frame

Ā1{2, Ā3{2 and S̄1{2 using Ã|m´1{2| “ Z Gm (m “ ˘) and S̃1{2 “ Z G0, where Z “
b

2πα
K . In this case, we

obtain the correspondence A|m´1{2| “ Ã|m´1{2| (m “ ˘) and S1{2 “ |q|
Q S̃1{2, where

|q|
Q “

c

Q2
`Q2

´
4M2

RQ2 .

3.5.2 Asymptotic behavior

The calculation of the leading order dependence on Q2 of the Breit frame amplitudes by C. Carlson et al. [124,
127, 128] shows that the dominant amplitude at large Q2 is the amplitude G`, which preserves the helicity. For
large Q2, one has G` 9 1{Q3. The calculations show also that each flip of the helicity of a quark introduces a
suppression of the amplitudes by a factor 1{Q. The expressions for the amplitudes Gm for large Q2 in leading
order can then by written as [126, 129]

G` 9
1

Q3
, G0 9

1

Q4
, G´ 9

1

Q5
. (3.60)

Combining the relations (3.59) and (3.60), we conclude that

A1{2 9
1

Q3
, S1{2 9

1

Q3
, A3{2 9

1

Q5
, (3.61)

using the relation |q|
Q 9 Q for large Q2.

In the derivation of the relations (3.60) and (3.61) only the leading order dependence on Q2 has explicitly
been taken into account. Smother contributions related to logarithmic corrections from different sources are
omitted in the previous relations. As a consequence, the relations (3.60) and (3.61) are valid only apart log
corrections (modulo logarithms) [126, 129].

The logarithmic contributions to the leading order power laws (3.60) and (3.61) have different sources,

and can be expressed in terms of powers of log Q2

Λ2 , where Λ is a soft pQCD scale [122, 125, 131]. The
scale Λ is a low-energy regulator associated with the size of the baryons, and has typical values of 0.2–0.3
GeV [125, 131, 132]. The logarithmic corrections are due to the strong running coupling constant αspQ2q in

the form α2
s 9 1{plog Q2

Λ2 q2 [122, 123, 124, 125, 131, 133], to soft contributions associated to the light cone
distribution amplitudes of the baryons [122, 123, 125, 134], and also due to the regularization of the divergent
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3.2 Helicity Dependence of Pion Photoproduction in the ∆-Range

The initial photon - nucleon state is characterized by the helicities, i.e. the spin projections onto the
momentum axis (see app. 6.2). For a real photon with λ = ±1 and the nucleon with νi = ±1/2,
two different possibilities exist which are schematically shown in fig. 16. They correspond to the
photoproduction cross sections σ1/2 and σ3/2 with total helicities 1/2 and 3/2.

Photon Nucleon

+1

+1

-1/2

+1/2

σ1/2

σ3/2

Figure 16: Definition of σ1/2, σ3/2. The
arrows symbolize the spin projections
of the photon and nucleon onto the mo-
mentum axis of the incoming photon.

In 1966, Gerasimov [148] and independently Drell and Hearn
[149] derived the Gerasimov-Drell-Hearn (GDH) sum rule
which relates the difference of the two helicity components of
the total photoabsorption cross section to static properties
of the nucleon via the GDH-integral:

∫ ∞

mπ

σ3/2(ω)− σ1/2(ω)

ω
dω =

πe2

2m2
N

κ2 , (31)

where ω = Eγ is the incident photon energy in the lab frame,
mπ the mass of the pion, mN the mass of the nucleon, and
κ the anomalous magnetic moment of the nucleon.

During the last few years, the GDH collaboration has undertaken a joint effort towards the experimental
verification of the sum rule, measuring the difference of the helicity components in total photoabsorption.
The experiment is divided into two parts, the first for the energy range from the pion threshold up to 800
MeV carried out at the Mainz MAMI accelerator and the second in the energy range 600 MeV - 3 GeV
at the Bonn ELSA accelerator. The experiment requires a measurement with a circularly polarized
photon beam and a longitudinally polarized proton target. Circularly polarized photon beams are
produced via backscattering of circularly polarized laser beams (LEGS, GRAAL) or via bremsstrahlung
of longitudinally polarized electron beams (MAMI, ELSA). Both are now available at most electron
beam facilities. For the longitudinally polarized protons, a butanol (C4H9OH) frozen spin target was
developed [150]. The recent advance in the technology of polarized targets (see [151] for a review) was
essential for the success of the experiment. First results for the GDH integral have been published
[152, 153]. Here, we will not discuss the sum rule itself but emphasize another aspect.

The low energy part of the experiment has not only determined the helicity dependence of the total
absorption cross section, but also provided results for the helicity difference for exclusive channels [153]-
[155]. These observables provide valuable new constraints for the multipole analysis of photoproduction
reactions. As an example, we consider the single pion photoproduction reactions 'γ'p → pπo and 'γ'p →
nπ+. The measured helicity difference ∆σ = σ3/2−σ1/2 for these reactions [152] is shown in fig. 17. The
total cross section for each channel is given by σtot = (σ3/2+σ1/2)/2 and the cross sections corresponding
to the helicity 3/2 and 1/2 states can be reconstructed from:

σ3/2 = σtot +
1

2
∆σ σ1/2 = σtot −

1

2
∆σ . (32)

The results for the two cross sections are shown in the lower part of fig. 17. The total cross section for
both reactions was taken from the MAID parameterization [67] (see also fig. 9). If only the ∆ excitation
were to contribute to the observed cross sections, the ratio of the helicity 3/2 and 1/2 components would
give directly the ratio of the A3/2 and A1/2 helicity amplitudes of the ∆. However, it is obvious from
fig. 17 that the helicity 1/2 component for the nπ+ channel has significant background contributions.
So far, background contributions for all observables investigated have been weak for the pπo channel
at the ∆ position of 340 MeV incident photon energy. It is interesting to check which ratio of the
helicity amplitudes would follow from the experimental πo cross sections at Eγ = 340 MeV, assuming
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The total cross-section depends on these helicities. Namely, for real

photons (only transverse polarizations)

Transverse photons

Longitudinal photons

Connection with TFFs depends on the baryons (,-) involved.

Quark correlations become extremely important!
Krusche:2003ik, Ramalho:2023hqd



Quark-Diquark picture
Hadrons described in terms of scalar

(sc), axial-vector (av), pseudoscalar

(ps) and vector (v) diquarks

correlations: Proved to be a

simplifying, yet accurate description

of hadrons.

Beyond RL contributions needed:

Nucleon and Delta spectrum with

reduced strength in the pseudoscalar

and vector diquark channels.

Nucleon and Delta spectrum RL+

In the RL approach, the masses of

ground state !(1/2&) and Δ(3/2&)
agree with experiment but parity

partners remain too ligth.

Partial wave contributions

As a result, !(1/2&) and Δ(3/2&) are

dominated by sc and av diquarks

correlations. ps and v diquarks

provide small contributions in e.g.

!(1/2*) and Δ(3/2*) . Axial-vector diquark: Significant in many channels!

Barabanov:2020jvn, Eichmann:2016hgl
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FIG. 2.2.4. Generic form of the homogeneous integral equation for an n-valence-body bound state, which

is described herein as a (generalised) Bethe-Salpeter equation (BSE). The lines with circles are dressed

quark propagators and the kernel is the sum of all irreducible two-, three-, . . . , n-body contributions.

namely, the emergence of mass from nothing, and there is a firm theoretical position from which

one can argue that DCSB is responsible for more than 98% of the visible mass in the Universe

[188].

At the next level of complexity are the Poincaré-covariant bound-state equations, Bethe-Salpeter

[189], Faddeev [190], etc., a generic form of which is illustrated in Fig. 2.2.4. The bound-state ker-

nel, indicated by the shaded box, is the sum of all possible irreducible two-, three-, . . . , n-body

contributions. The solution of such an equation yields the mass (pole-position) and bound-state

amplitude for a bound-state (resonance) seeded by a total of n valence quarks and/or antiquarks.

This information provides the foundation for computing all properties of the associated hadron.

Moreover, with the external legs reattached to the bound-state amplitude, one obtains a Poincaré

covariant wave function that, under certain limiting conditions, possesses a mathematical connec-

tion to the wave functions typical of quantum mechanics.

As noted, the kernels depend on an array of QCD’s n-point functions, sound information about

which is therefore important in developing the solutions. Here, the past two decades have seen sub-

stantial progress, with results provided by DSE studies [5, 6, 191–199], functional renormalisation-

group equations [200–202] and lQCD [7, 203–212]. Notably, where fair comparisons can be drawn,

these three approaches agree; hence, the results provide a robust foundation from which to develop

predictions for hadron observables. (Landau gauge is typically employed because it is a fixed point

of the renormalisation group and that gauge most readily implemented in lQCD.)

Furthermore, extensive progress has been made in developing symmetry-preserving schemes for

combining QCD’s n-point functions into Bethe-Salpeter kernels that guarantee all Ward-Green-

Takahashi identities (WGTIs) are satisfied in the study of hadron observables. For instance, the

axial-vector WGTI is crucial to ensuring that DCSB is both a necessary and su�cient condition for

the pion’s emergence as a NG mode; and proving this and insightfully expressing its wide-ranging

impact on hadron observables has been a distinguishing success of the DSE approach for more than

twenty years. The systematic, symmetry preserving truncation schemes that have been developed

for this purpose can be traced from Refs. [44, 58, 185, 186, 195, 213–218]

The leading order in such a scheme is the rainbow-ladder (RL) truncation, where the qq̄ and

qq kernels in mesons and baryons are expressed by gluon exchanges with a momentum-dependent

Bound states: continuum approach
!-valence-quark equation

Masses (pole position) and amplitudes for n-valence-quark 
(antiquark) hadrons obtained as solutions of Poincaré-covariant 
equations for the corresponding bound state.

Faddeev equation

Bethe-Salpeter equation Interaction kernels: sum of all possible n-body contributions

Knowledge of QCDs n-point
Green functions required

Barabanov:2020jvn, Eichmann:2016hgl



Schwinger-Dyson Equations
• Fundamental field equations of any QFT
• Self-consistent, coupled system
• Poincaré covariance
• Gauge invariance
• Derivation independent of couplings
• Bridge between low and high energy regimes

Schwinger:1951ex, Dyson:1949ha,  Eichmann:2009zx
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In this article, we employ investigate N ! �(1700) transition form factors
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I. INTRODUCTION

A quantum field theory (QFT) can be considered completely solved

LQCD =
X

f

q̄f (i�
µDµ �mf ) qf � 1

4
Gµ⌫

a Ga
µ⌫ + g.f.+ ghosts (1)

Dµ = @µ + igs
�a

2
Aa

µ (2)

Ga
µ⌫ = @µA

a
⌫ � @⌫A

a
µ + gfabcAb

µA
c
⌫ (3)

Sf (p) =
Z2f (p2)

i� · p+Mf (p2)
(4)

S�1
f (p) = i� · p+Mf (5)

�1±

µ⌫ (k) =


�µ⌫ +

kµk⌫
m2

1±

�
1

k2 +m2
1±

(6)

�0±(k) =
1

k2 +m2
0±

(7)

Dµ⌫(q) = �(q2)


�µ⌫ � qµq⌫

q2

�
+ ⇠

qµq⌫
q4

(8)

S�1
f (p) = Z2f

�
i� · p+m0

f

�
+ ⌃f (p) (9)

⌃f (p) = CFZ1f

Z ⇤

dq
g2sDµ⌫(p� q)�µSf (q)�

⌫
f (p, q) (10)

Z1fg
2
sDµ⌫(p� q)�⌫

f (p, q) ! k2G(k2)D0
µ⌫(k)�

⌫ (11)

malisation close to Tinit = 0.45, it is important to keep
the step size especially small within the narrow critical re-
gion T ! 0.40 . . .0.41. Indeed, the distribution of the final
gauge-functional values (those of the local maxima after
simulated annealing and over-relaxation) is shifted to no-
ticeably higher values if the temperature step size ∆T is
reduced according to the rise of 〈FU [g]〉, i.e., if ∆T is taken
relatively small within the critical interval. This is in par-
ticular an efficient approach, as almost no improvement
was observed, when further reducing ∆T outside this in-
terval [41].

As an example, Fig. 1 shows the step sizes we use for
the different temperature intervals on a 964 lattice, where,
especially around T ! 0.40 . . . 0.41, ∆T is taken to be
very small. Such extremely long SA “chains”, with an or-
der O(104) of iterations, allow us with high probability to
reach local maxima of the gauge functional FU [g] close to
the global maximum (as far as possible for the computer
resources available), i.e., to the fundamental modular re-
gion, even with only one gauge-fixing attempt (“first-copy
approach”).

Note that we do not apply here Z(3) flips, the so-called
FSA method [30, 32] which in principle is capable of pro-
viding even larger FU [g] values than our SA algorithm
does. But we have seen the difference between SA and
FSA results decreases when L increases [32].

The computations presented are carried out at rather
strong coupling, β = 6/g20 = 5.70. The reason for this
choice is to get access to comparatively large physical vol-
umes at the price of a rather coarse lattice (a ≈ 0.17 fm).
In order to study the volume dependence we calculate the
gluon propagator for linear lattice sizes L ranging from
64 to 96. Thus, our largest lattice size corresponds to
(16 fm)4. The ghost propagator is studied for linear lat-
tice sizes L = 64 and L = 80. At larger lattice sizes and
the lowest momenta the inversion of the Faddeev-Popov
matrix turns out to converge only in rare cases. Obvi-
ously, this is due to the occurrence of very small eigen-
values which generate some algorithmic problems. There,
a modification of the used matrix inversion method (see
Sec. 4) or an even better gauge fixing, driving configura-
tions further away from the Gribov horizon [36], could be
valuable means of reducing such problems in future, but
it is beyond the scope of the current work.

3. Gluon propagator

The gluon propagator is defined by

Dab
µν(q) = 〈Ãa

µ(k)Ã
b
ν(−k)〉

=

(
δµν −

qµqν
q2

)
δabD(q2) , (3)

where Ã(k) represents the Fourier transform of the gauge
potentials according to Eq. (1) with Landau-gauge fixed
links. The momentum q is given by qµ = (2/a) sin (πkµ/L)

0.001 0.01 0.1 1 10 100

q2 [GeV2]

β = 5.7 644 (14 conf.)
724 (20 conf.)
804 (25 conf.)
884 (68 conf.)
964 (67 conf.)

0

2

4

6

8

10

12

0

D
(q

2
)

[G
eV

−
2
]

Figure 2: The bare lattice gluon propagator D(q2) versus q2 for
β = 5.70 and various lattice sizes. We also show data on D(0) (left).

with kµ ∈ (−L/2, L/2]. For q '= 0, one gets

D(q2) =
1

24

8∑

a=1

4∑

µ=1

Daa
µµ(q) , (4)

whereas at q = 0 the zero-momentum propagator D(0) is
defined as

D(0) =
1

32

8∑

a=1

4∑

µ=1

Daa
µµ(q = 0) . (5)

Our data for the gluon propagator obtained for various
lattice sizes is presented1 in Fig. 2. One can clearly see
a flattening of the gluon propagator as a function of q2

for small momenta. Note also the weak volume depen-
dence of the results. To illustrate the latter, in Fig. 3 we
present also the dependence of the zero-momentum prop-
agator D(0) (acc. to Eq. (5)) on the inverse lattice size
1/L. From this point of view it is natural to conclude
that in the infinite volume limit the gluon propagator will
approach some constant value as q2 → 0, i.e., the gluon
dressing function Z(q2) = q2D(q2) seems to decrease lin-
early with q2. The observed IR behaviour related to the
zero-momentum modes of the lattice gauge field Aµ(x) can
be associated with a massive gluon.

Our SU(3) IR gluon plateau results are in close agree-
ment with analogous SU(2) results found recently on huge
4D symmetric lattices [22, 27].

1In this letter the gluon and ghost propagator data has not been
renormalised in contrast to our former studies, in particular in [37].
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FIG. 2. Solid (blue) curve: predicted process-independent
RGI running-coupling α̂PI(k2), Eq. (6). The shaded (blue)
band bracketing this curve combines a 95% confidence-level
window based on existing lattice-QCD results for the gluon
two-point function with an error of 10% in the continuum
extraction of the RGI product LF in Eqs. (1). World data
on αg1

[55–80]. The shaded (yellow) band on k > 1GeV
represents αg1

obtained from the Bjorken sum by using QCD
evolution [81–83] to extrapolate high-k2 data into the depicted
region, following Refs. [55, 56]; and, for additional context, the
dashed (red) curve is the light-front holographic model of αg1

canvassed in Ref. [45].

charge αg1(k
2) are depicted in Fig. 2 and therein com-

pared with our prediction for the process-independent
RGI running-coupling α̂PI(k2). Owing to asymptotic
freedom, all reasonable definitions of a QCD effective
charge must agree on k2 ! 1GeV2 and our approach
guarantees this connection. To be specific, in terms of
the widely-used MS running coupling [3]:

αg1(k
2) = α

MS
(k2)(1 + 1.14α

MS
(k2) + . . .) , (8a)

α̂PI(k
2) = α

MS
(k2)(1 + 1.09α

MS
(k2) + . . .) , (8b)

where Eq. (8a) may be built from, e.g. Refs. [84, 85].
Significantly, there is also near precise agreement with

data on the IR domain, k2 " m2
0, and complete accord

on k2 ≥ m2
0. Fig. 1 makes plain that any agreement on

k2 ∈ [0.01, 1]GeV2 is non-trivial because ghost-gluon in-
teractions produce as much as 40% of α̂PI(k2) on this
domain: if these effects were omitted from the gluon
vacuum polarisation, then αg1 and α̂PI would differ by
roughly a factor of two on the critical domain of transi-
tion between strong and perturbative QCD.

5: Conclusions.—We have defined and calculated a
process-independent running-coupling for QCD, α̂PI(k2)
[Eq. (6), Fig. 1]. This is a new type of effective charge,
which is an analogue of the Gell-Mann–Low effective cou-
pling in QED, being completely determined by the gauge-
boson two-point function. Our prediction for α̂PI(k2) is

parameter-free, being obtained by combining the self-
consistent solution of a set of Dyson-Schwinger equa-
tions with results from lattice-QCD; and it smoothly uni-
fies the nonperturbative and perturbative domains of the
strong-interaction theory. This process-independent run-
ning coupling is known to unify a vast array of observ-
ables, e.g. the pion mass and decay constant, and the
light meson spectrum [86]; the parton distribution am-
plitudes of light- and heavy-mesons [87–89], associated
elastic and transition form factors [90, 91], etc.
Finally, and perhaps surprisingly at first sight, α̂PI(k2)

is almost pointwise identical at infrared momenta to the
process-dependent effective charge, αg1 , defined via the
Bjorken sum rule, one of the most basic constraints on
our knowledge of nucleon spin structure, and in com-
plete agreement on the domain of perturbative momenta
[Fig. 2]. Equivalence on the perturbative domain is guar-
anteed for any two reasonable definitions of QCD’s ef-
fective charge, but here the subleading terms differ by
just 4% [Eqs. (8)]. An excellent match at infrared mo-
menta, i.e. below the scale at which perturbation theory
would locate the Landau pole, is non-trivial; and crucial
to this agreement is the careful treatment and incorpo-
ration of a special class of gluon-ghost scattering effects.
One is naturally compelled to ask how these two appar-
ently unrelated definitions of a QCD effective charge can
be so similar? We attribute this outcome to a physi-
cally useful feature of the Bjorken sum rule, viz. it is
an isospin non-singlet relation and hence contributions
from many hard-to-compute processes are suppressed,
and these same processes are omitted in our computa-
tion of α̂PI(k2).
The analysis herein unifies two vastly different ap-

proaches to understanding the infrared behaviour of
QCD, one essentially phenomenological and the other de-
liberately computational, embedded within QCD. There
is no Landau pole in our predicted running coupling.
In fact, there is an inflection point at

√
k2 = 0.7GeV,

marking a transition wall at which, as momenta de-
creasing from the ultraviolet promote growth in the cou-
pling, that coupling turns away from the Landau pole,
the growth slows, and finally the coupling saturates:
α̂PI(k2 = 0) ≈ 0.9π [Fig. 2]. This unification identifies
the Bjorken sum rule as a near direct means by which to
gain empirical insight into a QCD analogue of the Gell-
Mann–Low effective charge.
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unphysical, kinematic singularities are present in the as-
sociated tensors [22]. Consequently, covariant gauges are
typically preferred for concrete calculations in both con-
tinuum and lattice-regularised studies of QCD. In fact,
Landau gauge is the most common choice because, in-
ter alia, it is a fixed point of the renormalisation group
and readily implemented in lattice-QCD [23]. Herein,
therefore, we use Landau gauge; and, moreover, employ a
physical momentum-subtraction renormalisation scheme,
detailed elsewhere [24].
As noted in Sec. 1, there is a particular simplicity

to QED, viz. the unique running coupling, a process-
independent effective charge, can be obtained simply
by computing the photon vacuum polarisation. This is
because ghost-fields decouple in Abelian theories; and,
consequently, one has the Ward identity, which guaran-
tees that the electric-charge renormalisation constant is
equivalent to that of the photon field. Stated physically,
the impact of dressing the interaction vertices is absorbed
into the vacuum polarisation. This is not generally true
in QCD because ghost-fields do not decouple.
There is one approach to analysing QCD’s Schwinger

functions, however, that preserves some of QED’s sim-
plicity; namely, the combination of pinch technique (PT)
[25–30] and background field method (BFM) [31, 32].
This framework can be seen as a means by which QCD
can be made to “look” Abelian: one systematically re-
arranges classes of diagrams and their sums in order to
obtain modified Schwinger functions that satisfy linear
STIs. In the gauge sector, in Landau gauge, this pro-
duces a modified gluon dressing function from which one
can compute the QCD running coupling, i.e. the polarisa-
tion captures all required features of the renormalisation
group. Furthermore, the coupling is process independent:
one obtains precisely the same result, independent of the
scattering process considered, whether gluon+gluon→
gluon+gluon, quark+quark→ quark+quark, etc. This
clean connection between the coupling and the gluon vac-
uum polarisation relies on another particular feature of
QCD, viz. in Landau gauge the renormalisation constant
of the gluon-ghost vertex is not only finite but unity [9], in
consequence of which the effective charge obtained from
the PT-BFM gluon vacuum polarisation is directly con-
nected with that deduced from the gluon-ghost vertex
[24], sometimes called the “Taylor coupling,” αT [33–35].
Writing these statements explicitly, with Tµν(k) =

δµν − kµkν/k2, one has [36, 37]

α(ζ2)DPB
µν (k; ζ) = d̂(k2)Tµν(k) , (1a)

I (k2) := k2d̂(k2) =
αT(k2)

[1− L(k2; ζ2)F (k2; ζ2)]2
, (1b)

where: α(ζ2) = g2(ζ2)/[4π], ζ is the renormalisa-
tion scale; DPB

µν is the PT-BFM gluon two-point func-

tion; d̂(k2) is the RGI running-interaction discussed in
Ref. [24]; F is the dressing function for the ghost prop-

agator; and L is a longitudinal piece of the gluon-ghost
vacuum polarisation that vanishes at k2 = 0. In terms of
these quantities, QCD’s matter-sector gap equation can
be written (k = p− q)

S−1(p) = Z2 (iγ · p+mbm) + Σ(p) , (2a)

Σ(p) = Z2

∫ Λ

dq

4πd̂(k2)Tµν(k)γµS(q)Γ̂
a
ν(q, p) , (2b)

where the usual Z1Γa
ν has become Z2Γ̂a

ν , with the lat-
ter being a PT-BFM gluon-quark vertex that satisfies
an Abelian-like Ward-Green-Takahashi identity [30] and
Z1,2 are, respectively, the gluon-quark vertex and quark
wave function renormalisation constants.
The RGI interaction, d̂(k2), in Eqs. (1) has been

computed. The most up-to-date result is discussed in
Refs. [36, 37]. These analyses make explicit a remark-
able feature of QCD; namely, the interaction saturates
at infrared momenta:

d̂(k2 = 0) = α(ζ2)/m2
g(ζ) = α0/m

2
0 , (3)

where α0 := α(0) ≈ 0.9π, m0 := mg(0) ≈ mp/2,
i.e. the gluon sector of QCD is characterised by a
nonperturbatively-generated infrared mass-scale [13–18].
With this in mind, we define a RGI function

D(k2) = ∆F(k
2; ζ)m2

g(ζ
2)/m2

0 , (4)

where ∆F is a parametrisation of continuum- and/or
lattice-QCD calculations of the canonical gluon two-point
function, built such that the IR behaviour is preserved
and 1/∆F(k2; ζ) = k2+O(1) on k2 $ m2

0. Using Eq. (4),

Σ(p) = Z2

∫ Λ

dq

4πα̂PI(k
2)Dµν(k

2)γµS(q)Γ̂
a
ν(q, p) , (5)

where Dµν = DTµν and the dimensionless product

α̂PI(k
2) = d̂(k2)/D(k2) (6)

is a RGI running-coupling (effective charge): by construc-
tion, α̂PI(k2) = I (k2) on k2 $ m2

0.
The product in Eq. (6) has many important qualities.

For instance, it is process independent: as noted above,
the same function appears irrespective of the initial and
final parton systems. Moreover, it unifies a diverse and
extensive array of hadron observables [36]; a property
that is evident in the fact that the dressed-quark self-
energy serves as a generating functional for the Bethe-
Salpeter kernel in all meson channels and the product
α̂PI(k2) is untouched by the generating procedure in all
flavoured systems [38–41]. Finally, although α̂PI(k2) is
RGI and process-independent in any gauge, it is sufficient
to know α̂PI(k2) in Landau gauge (the choice for easi-
est computation) because α̂PI(k2) is form-invariant under
gauge transformations [42] and, crucially, gauge covari-
ance ensures that such transformations produce nothing
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�fg(p, P ) = �4⇡

2
CF

↵IR

m2
g

Z
d4q

(2⇡)4
�µSf (q + P )�fg(q, P )C†Sg(q)�µ (20)

m[ud]0+
= 0.7� 0.8GeV (21)

m{uu}1+
= m{ud}1+

= m{dd}1+
= 0.9� 1.1GeV (22)

�0�+

(P ) = �5


iE0�+

(P ) +
� · P
2M

F 0�+

(P )

�

�0++

(P ) = 1E0++

(P )

�1��

µ (P ) = �T
µE

1��
(P ) +

1

2M
�µ⌫P⌫F

1��
(P )

�1++

µ (P ) = �5


�T
µE

1++

(P ) +
1

2M
�µ⌫P⌫F

1++

(P )

�

(23)

2

k2G(k2)D0
µ⌫(k) ! 4⇡↵IR

�µ⌫
m2

g

(12)

S�1
f (p) = i� · p+mf + 4⇡CF

↵IR

m2
g

Z
d4q

(2⇡)4
�µSf (q)�µ (13)

1

s+M2
f

!
Z ⌧2

ir

⌧2
uv

d⌧e�⌧(s+M2
f ) (14)

1

⌧ir
= 0.24GeV (15)

1

⌧uv
= 0.905GeV (16)

1/⌧ir = 0.24GeV (17)

1/⌧uv = 0.905GeV (18)
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RL truncation

Momentum-indep. vector-exchange interaction

Symmetry-preserving regularization

Insightful picture of hadrons motivated by the effective
gluon mass and the IR enhancement of the running
coupling. Primary goal: Elucidate the sensitivity of
(pion) form factors to the pointwise behaviour of
quark interactions.
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Vertex and replaced by bare counterparts



Bethe-Salpeter equation
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�fḡ(p, P ) = �4⇡CF
↵IR

m2
g

Z
d4q

(2⇡)4
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e↵ective interaction that is provided by Ansatz. This leaves the quark propagator to be solved from

its DSE with information on other relevant n-point functions implicit in the interaction Ansatz.

RL truncation has been successful in a range of applications, including the properties of (isovector)

pseudoscalar and vector ground-state mesons as well as JP = 1/2+ octet baryons and J = 3/2+

decuplet baryons. Its deficiencies in other meson and baryon channels and in the heavy+light

meson sector are also well documented, see e.g. Refs. [44, 58, 185, 186, 219] and references therein.

It is clear from Fig. 2.1.3 that improving upon RL truncation involves a substantial increase in

complexity since it requires explicit information about the gluon propagator, quark-gluon vertex

and other n-point functions. So far, kernels beyond RL have mostly been employed only for

light mesons, where they improve the spectrum significantly [195, 213–215]. For baryons, some

exploratory calculations beyond RL are available [62, 63, 217, 220]. This is also the point where

connections to an underlying soft-diquark structure can be made and profitably exploited.

1. Diquarks

There are many reasons to anticipate a role for diquark correlations within baryons. For in-

stance: quark+quark scattering in the colour-antitriplet (3̄c) channel is attractive; the theory of

superconductivity reveals that fermions pair even in the presence of an arbitrarily small attrac-

tive interaction; phase space factors materially enhance two-body interactions over n � 3 body

interactions within a baryon; and the primary three-body force, produced by a three-gluon vertex

attaching once, and only once, to each valence quark, vanishes when projected into the colour-

singlet channel:

final state three gluon vertex initial state
colourwave function colourwave function

"f1f2f3 fabc[�a]f1i1 [�
b]f2i2 [�

c]f3i3 "i1i2i3 = 0 ,
(2.2.10)

where "ijk is the Levi-Civita tensor, {�a
} are SUc(3) Gell-Mann matrices, and fabc is the structure

tensor of SUc(3). Consequently, the leading role for the three-gluon vertex interaction within a

baryon is the strengthening of quark+quark correlations by attaching twice to one of the valence

quarks and additionally to one of the others.

A mathematical link between mesons and diquarks is forged by their Bethe-Salpeter (BS) am-

plitudes, whose tensors only di↵er by inclusion of the charge conjugation matrix. Denoting this

matrix by C, a pseudoscalar meson (�5) is linked to a scalar diquark (�5C), a vector meson (�µ) to

an axial-vector diquark (�µC), etc. Diquarks are subject to the Pauli principle, which in turn deter-

mines their isospin. The full colour-spinor-flavour amplitude of a diquark must be antisymmetric

under quark exchange; the colour part "ijk is antisymmetric by itself and �5C is an antisymmetric

Dirac matrix; hence, a scalar diquark made of light quarks must have an antisymmetric flavour

wave function [ud] ⇠ ud� du with I = 0. In this way, the non-exotic meson channels with

JPC = 0�+, 1��, 0++, 1++, 1+� (2.2.11)
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FIG. 2.2.5. Meson and diquark masses from their BSEs plotted versus current-quark mass. The bands

express a RL interaction uncertainty [59]. For the scalar and axial-vector mesons, following Ref. [42],

the coupling strength in the BSE has been reduced by a common prefactor to simulate e↵ects beyond

rainbow-ladder, which pushes their masses into fair agreement with experiment. The pseudoscalar and

vector diquark masses inflate accordingly.

have the following diquark partners:

I(JP ) = 0(0+), 1(1+), 0(0�), 0(1�), 1(1�). (2.2.12)

This connection is explicit in the RL truncation, where the gluon exchange in both qq̄ and qq

systems is identical, except for an extra factor of 1/2 in the qq channel deriving from di↵erences in

the colour structure. Thus, when calculating mesons from their BSEs, one simultaneously obtains

the respective diquark properties. In Fig. 2.2.5, the resulting meson and diquark masses are plotted

against the current-quark mass, which enters in the quark DSE and is varied from the chiral limit

up to the strange-quark mass [59]. For light up/down quarks, the masses are (in GeV)

0+ 1+ 0� 1�

0.80(7) 0.99(5) 1.22(9) 1.30(6)
(2.2.13)

Such masses and splittings are similar to those obtained in quark models, the symmetry-preserving

treatment of a vector⌦ vector contact interaction (SCI) and QCD-kindred DSE frameworks, and

lQCD (see Secs. 2 1, 2 3).
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Diquarks $(!")

Non-exotic channels:
!" meson partners with !'" diqurk

BS Amplitudes

Ground-state masses

CI forbids

G. Eichmann dissertation, Roberts:2011cf, Roberts:2011wy, Yin:2019bxe, Chen:2012qr, Gutierrez-
Guerrero:2019uwa, Gutierrez-Guerrero:2021rsx, Yin:2021uom, Barabanov:2020jvn.



Faddeev Equation
2.6.1 General structure of the nucleon and � Faddeev equation

The nucleon is represented by a Faddeev amplitude

 =  1 + 2 + 3, (133)

where the subscript identifies the bystander (spectator) quark and, e.g.,  1,2 are obtained from  3

by a cyclic permutation of all the quark labels. We employ the simplest realistic representation of  .
The spin- and isospin-1/2 nucleon is a sum of scalar and axial-vector diquark correlations

 N
3 (pi,↵i, ⌧i) = N

(qq,0+)
3 +N

(qq,1+)
3 , (134)

with (pi,↵i, ⌧i) the momentum, spin and isospin labels of the quarks constituting the bound state,
and P = p1 + p2 + p3 the system’s total momentum.

It is conceivable that pseudoscalar and vector diquarks could play a role in the ground-state
nucleon’s Faddeev amplitude. However, they have parity opposite to that of the nucleon and hence
can only appear in concert with nonzero quark angular momentum. Since one expects the ground-
state nucleon to possess the minimum possible amount of quark orbital angular momentum and these
diquark correlations are significantly more massive than the scalar and axial-vector (Table 3), they
can safely be ignored in computing properties of the ground state.

The scalar diquark piece in Eq. (134) is

N
(qq,0+)
3 (pi,↵i, ⌧i) =


�(qq,0

+)

✓
1

2
p[12];K

◆�⌧1⌧2

↵1↵2

�(qq,0+)(K)[S(l;P )u(P )]⌧3↵3
, (135)

where: the spinor satisfies

(i� · P +M)u(P ) = 0 = ū(P )(i� · P +M), (136)

with M the mass obtained by solving the Faddeev equation, and it is also a spinor is isospin space with
'+ = col(1, 0) for the proton and '� = col(0, 1) for the neutron; K = p1 + p2 = p{12}, p[12] = p1 � p2,
l = (�p{12} + 2p3)/3;

�(qq,0+)(K) =
1

K2 +m2
(qq,0+)

(137)

is a propagator for the scalar diquark formed from quarks 1 and 2, with m(qq,0+) the mass-scale

associated with this correlation, and �(qq,0
+) is the canonically-normalised Bethe-Salpeter amplitude

describing their relative momentum correlation; and S, a 4 ⇥ 4 Dirac matrix, describes the relative
quark-diquark momentum correlation. The color antisymmetry of  3 is implicit in �(qq,J

P ).
The axial-vector component in Eq. (134) is

N
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where the symmetric isospin-triplet matrices are

t+ =
1
p
2
(⌧0 + ⌧3), t0 = ⌧1, t� =

1
p
2
(⌧0 � ⌧3), (139)

and the other elements in Eq. (138) are straightforward generalisation of those in Eq. (135) with, e.g.,

�(qq,1+)
µ⌫ (K) =

1

K2 +m2
(qq,1+)

 
�µ⌫ +

KµK⌫

m2
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. (140)
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Static appoximation

4

i.e. the fact that quark models predict many more baryon
states than were observed in the previous millennium
[69]. The diquarks in Fig. 1 are fully dynamical: they ap-
pear in the Faddeev kernel, which requires their contin-
ual breakup and reformation; and matching indications
from lQCD [70], baryon spectra generated by this Fad-
deev equation are far richer than those obtained using
any two-body model. Additionally, e.g. the presence of
such diquark correlations within baryons enforces dis-
tinct interaction patterns for the singly- and doubly-
represented valence-quarks within the proton and its
excited states, as exhibited elsewhere [5, 21, 71–74].

As just noted, the kernel in Fig. 1 involves diquark
breakup and reformation via exchange of a dressed-
quark. In order to present a transparent analysis, we
follow Refs. [52, 54] and introduce a simplification, viz.
quark propagation between the diquarks is represented
as

S(k) ! g
2
8

Mu
, (2)

where g8 is a coupling constant. This is a variant of the
“static approximation” introduced in Ref. [75]. It has
a marked impact on the Faddeev amplitudes, forcing
them to be momentum-independent, just like the di-
quark Bethe-Salpeter amplitudes; but calculations re-
veal that it has little impact on the computed masses
[57]. The value g8 = 1.18, was fixed in Ref. [52] in or-
der to produce quark-core masses for the nucleon and
�-baryon that are each inflated by roughly 0.2GeV
so that the experimental values are reproduced after
meson-baryon final-state interactions are incorporated
[46, 76–81].

One can now construct the Faddeev kernels for the
J
P = 1

2

+
proton and J

P = 1
2

�
N(1535). Their struc-

ture depends on the form of the associated Faddeev
amplitudes; and assuming the latter is the nucleon’s
parity partner, then

 
±(P ) =  

±
u(P ) = �

1
0+�

0+(K) S±(P )u(P )

+
P

j=1,2�
j
1+µ�

1+

µ⌫ (K)A±j
⌫ (P )u(P )

+ �
1
0�(K)�0�(K)P±(P )u(P )

+ �
1
1�µ�

1�

µ⌫ (K)V ±
⌫ (P )u(P ) , (3)

where u(P ) is a Dirac spinor for the on-shell baryon;
�

0+(K), etc., are standard propagators for scalar or
vector bosons, detailed in Refs. [52, 54], with the ap-
propriate masses from Eq. (1); j = 1, 2 means {uu}1+ ,
{ud}1+ ; and, with P̂

2 = �1, G+(�) = ID(�5),

S± = s± IDG±
, iP± = p±

�5G±
,

iA±j
µ = (a±j

1 �5�µ � ia±j
2 �5P̂µ)G±

, (4)

iV ±
µ = (v±

1 �µ � iv±
2 IDP̂µ)�5G±

.

The masses, m
2
±, and eigenvectors (s±, a±j

1 , a±j
2 ,

p±
, v±

1 , v±
2 ), can now be obtained by substituting the

amplitudes from Eq. (3) into the Faddeev equation de-
picted in Fig. 1 and solving the resulting eigenvalue
problems. Owing to isospin symmetry in the two cases
considered, the kernel can be reduced to a 6 ⇥ 6 ma-
trix because a±2 = �a±1

/
p
2. Following the procedure

detailed in Ref. [32], using gDB = 0.2 as the value for
the in-baryon spin-orbit-repulsion parameter, the re-
sults are (in GeV):

mN(940) = 1.14 , mN(1535) = 1.73 , (5a)

baryon s a
1
1 a

1
2 p v1 v2

N(940) 12
+
0.88 0.38 �0.06 0.02 0.02 0.00

N(1535) 12
�
0.66 0.20 0.14 0.68 0.11 0.09

(5b)

Evidently, as noted in the Introduction, scalar and pseu-
dovector diquarks dominate in the nucleon whereas the
pseudoscalar diquark is prominent in the N(1535), al-
beit in the presence of a significant scalar diquark com-
ponent.

If one varies gDB ! gDB(1 ± 0.5), then mN(1535)

= (1.67, 1.82)GeV and

N(1535) 12
�

s a
1
1 a

1
2 p v1 v2

gDB 1.5 0.76 0.27 0.18 0.49 0.12 0.08
gDB 1.0 0.66 0.20 0.14 0.68 0.11 0.09
gDB 0.5 0.35 0.04 0.00 0.92 �0.05 0.18

, (6)

where we have here repeated the N(1535) result from
Eq. (5b) as the middle row so as to simplify compa-
risons. More realistic interactions deliver qualitatively
similar weightings and similar sensitivity to the strength
of gDB [31].

The empirical masses of the nucleon and its parity
partner are (GeV) [82]: 0.939 and 1.51� i 0.07. At first
glance, these values seem unrelated to those in Eq. (5a).
Recall, therefore, that the kernel in Fig. 1 omits all
resonant contributions which may be associated with
the meson-baryon final-state interactions that are re-
summed in dynamical coupled-channels (DCC) models
[79, 80] so as to transform a bare-baryon into the ob-
served state. Hence, our Faddeev equation should be
understood as producing the dressed-quark core of the
bound-state, not the completely-dressed object. In this
case it is notable that the results in Eq. (5a) compare
favourably with the bare masses determined in DCC
models [79].

2.3 Photon-baryon interactions

Three matrix-valued electromagnetic vertices must be
considered herein. The first two are associated with the
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2
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, (2)

where g8 is a coupling constant. This is a variant of the
“static approximation” introduced in Ref. [75]. It has
a marked impact on the Faddeev amplitudes, forcing
them to be momentum-independent, just like the di-
quark Bethe-Salpeter amplitudes; but calculations re-
veal that it has little impact on the computed masses
[57]. The value g8 = 1.18, was fixed in Ref. [52] in or-
der to produce quark-core masses for the nucleon and
�-baryon that are each inflated by roughly 0.2GeV
so that the experimental values are reproduced after
meson-baryon final-state interactions are incorporated
[46, 76–81].
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where u(P ) is a Dirac spinor for the on-shell baryon;
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0+(K), etc., are standard propagators for scalar or
vector bosons, detailed in Refs. [52, 54], with the ap-
propriate masses from Eq. (1); j = 1, 2 means {uu}1+ ,
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2 ), can now be obtained by substituting the

amplitudes from Eq. (3) into the Faddeev equation de-
picted in Fig. 1 and solving the resulting eigenvalue
problems. Owing to isospin symmetry in the two cases
considered, the kernel can be reduced to a 6 ⇥ 6 ma-
trix because a±2 = �a±1

/
p
2. Following the procedure

detailed in Ref. [32], using gDB = 0.2 as the value for
the in-baryon spin-orbit-repulsion parameter, the re-
sults are (in GeV):

mN(940) = 1.14 , mN(1535) = 1.73 , (5a)
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Evidently, as noted in the Introduction, scalar and pseu-
dovector diquarks dominate in the nucleon whereas the
pseudoscalar diquark is prominent in the N(1535), al-
beit in the presence of a significant scalar diquark com-
ponent.

If one varies gDB ! gDB(1 ± 0.5), then mN(1535)

= (1.67, 1.82)GeV and
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where we have here repeated the N(1535) result from
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partner are (GeV) [82]: 0.939 and 1.51� i 0.07. At first
glance, these values seem unrelated to those in Eq. (5a).
Recall, therefore, that the kernel in Fig. 1 omits all
resonant contributions which may be associated with
the meson-baryon final-state interactions that are re-
summed in dynamical coupled-channels (DCC) models
[79, 80] so as to transform a bare-baryon into the ob-
served state. Hence, our Faddeev equation should be
understood as producing the dressed-quark core of the
bound-state, not the completely-dressed object. In this
case it is notable that the results in Eq. (5a) compare
favourably with the bare masses determined in DCC
models [79].
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Three matrix-valued electromagnetic vertices must be
considered herein. The first two are associated with the
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states than were observed in the previous millennium
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ual breakup and reformation; and matching indications
from lQCD [70], baryon spectra generated by this Fad-
deev equation are far richer than those obtained using
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detailed in Ref. [32], using gDB = 0.2 as the value for
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Evidently, as noted in the Introduction, scalar and pseu-
dovector diquarks dominate in the nucleon whereas the
pseudoscalar diquark is prominent in the N(1535), al-
beit in the presence of a significant scalar diquark com-
ponent.

If one varies gDB ! gDB(1 ± 0.5), then mN(1535)
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where we have here repeated the N(1535) result from
Eq. (5b) as the middle row so as to simplify compa-
risons. More realistic interactions deliver qualitatively
similar weightings and similar sensitivity to the strength
of gDB [31].
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glance, these values seem unrelated to those in Eq. (5a).
Recall, therefore, that the kernel in Fig. 1 omits all
resonant contributions which may be associated with
the meson-baryon final-state interactions that are re-
summed in dynamical coupled-channels (DCC) models
[79, 80] so as to transform a bare-baryon into the ob-
served state. Hence, our Faddeev equation should be
understood as producing the dressed-quark core of the
bound-state, not the completely-dressed object. In this
case it is notable that the results in Eq. (5a) compare
favourably with the bare masses determined in DCC
models [79].
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pear in the Faddeev kernel, which requires their contin-
ual breakup and reformation; and matching indications
from lQCD [70], baryon spectra generated by this Fad-
deev equation are far richer than those obtained using
any two-body model. Additionally, e.g. the presence of
such diquark correlations within baryons enforces dis-
tinct interaction patterns for the singly- and doubly-
represented valence-quarks within the proton and its
excited states, as exhibited elsewhere [5, 21, 71–74].

As just noted, the kernel in Fig. 1 involves diquark
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quark propagation between the diquarks is represented
as

S(k) ! g
2
8

Mu
, (2)

where g8 is a coupling constant. This is a variant of the
“static approximation” introduced in Ref. [75]. It has
a marked impact on the Faddeev amplitudes, forcing
them to be momentum-independent, just like the di-
quark Bethe-Salpeter amplitudes; but calculations re-
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amplitudes from Eq. (3) into the Faddeev equation de-
picted in Fig. 1 and solving the resulting eigenvalue
problems. Owing to isospin symmetry in the two cases
considered, the kernel can be reduced to a 6 ⇥ 6 ma-
trix because a±2 = �a±1
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detailed in Ref. [32], using gDB = 0.2 as the value for
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Evidently, as noted in the Introduction, scalar and pseu-
dovector diquarks dominate in the nucleon whereas the
pseudoscalar diquark is prominent in the N(1535), al-
beit in the presence of a significant scalar diquark com-
ponent.

If one varies gDB ! gDB(1 ± 0.5), then mN(1535)
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where we have here repeated the N(1535) result from
Eq. (5b) as the middle row so as to simplify compa-
risons. More realistic interactions deliver qualitatively
similar weightings and similar sensitivity to the strength
of gDB [31].

The empirical masses of the nucleon and its parity
partner are (GeV) [82]: 0.939 and 1.51� i 0.07. At first
glance, these values seem unrelated to those in Eq. (5a).
Recall, therefore, that the kernel in Fig. 1 omits all
resonant contributions which may be associated with
the meson-baryon final-state interactions that are re-
summed in dynamical coupled-channels (DCC) models
[79, 80] so as to transform a bare-baryon into the ob-
served state. Hence, our Faddeev equation should be
understood as producing the dressed-quark core of the
bound-state, not the completely-dressed object. In this
case it is notable that the results in Eq. (5a) compare
favourably with the bare masses determined in DCC
models [79].

2.3 Photon-baryon interactions

Three matrix-valued electromagnetic vertices must be
considered herein. The first two are associated with the
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i.e. the fact that quark models predict many more baryon
states than were observed in the previous millennium
[69]. The diquarks in Fig. 1 are fully dynamical: they ap-
pear in the Faddeev kernel, which requires their contin-
ual breakup and reformation; and matching indications
from lQCD [70], baryon spectra generated by this Fad-
deev equation are far richer than those obtained using
any two-body model. Additionally, e.g. the presence of
such diquark correlations within baryons enforces dis-
tinct interaction patterns for the singly- and doubly-
represented valence-quarks within the proton and its
excited states, as exhibited elsewhere [5, 21, 71–74].

As just noted, the kernel in Fig. 1 involves diquark
breakup and reformation via exchange of a dressed-
quark. In order to present a transparent analysis, we
follow Refs. [52, 54] and introduce a simplification, viz.
quark propagation between the diquarks is represented
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where g8 is a coupling constant. This is a variant of the
“static approximation” introduced in Ref. [75]. It has
a marked impact on the Faddeev amplitudes, forcing
them to be momentum-independent, just like the di-
quark Bethe-Salpeter amplitudes; but calculations re-
veal that it has little impact on the computed masses
[57]. The value g8 = 1.18, was fixed in Ref. [52] in or-
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�-baryon that are each inflated by roughly 0.2GeV
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amplitudes from Eq. (3) into the Faddeev equation de-
picted in Fig. 1 and solving the resulting eigenvalue
problems. Owing to isospin symmetry in the two cases
considered, the kernel can be reduced to a 6 ⇥ 6 ma-
trix because a±2 = �a±1
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2. Following the procedure

detailed in Ref. [32], using gDB = 0.2 as the value for
the in-baryon spin-orbit-repulsion parameter, the re-
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Evidently, as noted in the Introduction, scalar and pseu-
dovector diquarks dominate in the nucleon whereas the
pseudoscalar diquark is prominent in the N(1535), al-
beit in the presence of a significant scalar diquark com-
ponent.
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where we have here repeated the N(1535) result from
Eq. (5b) as the middle row so as to simplify compa-
risons. More realistic interactions deliver qualitatively
similar weightings and similar sensitivity to the strength
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The empirical masses of the nucleon and its parity
partner are (GeV) [82]: 0.939 and 1.51� i 0.07. At first
glance, these values seem unrelated to those in Eq. (5a).
Recall, therefore, that the kernel in Fig. 1 omits all
resonant contributions which may be associated with
the meson-baryon final-state interactions that are re-
summed in dynamical coupled-channels (DCC) models
[79, 80] so as to transform a bare-baryon into the ob-
served state. Hence, our Faddeev equation should be
understood as producing the dressed-quark core of the
bound-state, not the completely-dressed object. In this
case it is notable that the results in Eq. (5a) compare
favourably with the bare masses determined in DCC
models [79].
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Evidently, as noted in the Introduction, scalar and pseu-
dovector diquarks dominate in the nucleon whereas the
pseudoscalar diquark is prominent in the N(1535), al-
beit in the presence of a significant scalar diquark com-
ponent.

If one varies gDB ! gDB(1 ± 0.5), then mN(1535)
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risons. More realistic interactions deliver qualitatively
similar weightings and similar sensitivity to the strength
of gDB [31].
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glance, these values seem unrelated to those in Eq. (5a).
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[79, 80] so as to transform a bare-baryon into the ob-
served state. Hence, our Faddeev equation should be
understood as producing the dressed-quark core of the
bound-state, not the completely-dressed object. In this
case it is notable that the results in Eq. (5a) compare
favourably with the bare masses determined in DCC
models [79].

2.3 Photon-baryon interactions

Three matrix-valued electromagnetic vertices must be
considered herein. The first two are associated with the
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(i� · P +M)u(P ) = 0 = ū(P )(i� · P +M), (136)

with M the mass obtained by solving the Faddeev equation, and it is also a spinor is isospin space with
'+ = col(1, 0) for the proton and '� = col(0, 1) for the neutron; K = p1 + p2 = p{12}, p[12] = p1 � p2,
l = (�p{12} + 2p3)/3;

�(qq,0+)(K) =
1

K2 +m2
(qq,0+)

(137)

is a propagator for the scalar diquark formed from quarks 1 and 2, with m(qq,0+) the mass-scale

associated with this correlation, and �(qq,0
+) is the canonically-normalised Bethe-Salpeter amplitude

describing their relative momentum correlation; and S, a 4 ⇥ 4 Dirac matrix, describes the relative
quark-diquark momentum correlation. The color antisymmetry of  3 is implicit in �(qq,J

P ).
The axial-vector component in Eq. (134) is

N
(qq,1+)(pi,↵i, ⌧i) =


ti�(qq,1

+)
µ

✓
1

2
p[12];K

◆�⌧1⌧2

↵1↵2

�(qq,1+)
µ⌫ (K)[Ai

⌫(l;P )u(P )]⌧3↵3
, (138)

where the symmetric isospin-triplet matrices are

t+ =
1
p
2
(⌧0 + ⌧3), t0 = ⌧1, t� =

1
p
2
(⌧0 � ⌧3), (139)

and the other elements in Eq. (138) are straightforward generalisation of those in Eq. (135) with, e.g.,

�(qq,1+)
µ⌫ (K) =

1

K2 +m2
(qq,1+)

 
�µ⌫ +

KµK⌫

m2
(qq,1+)

!
. (140)

34

2.6.1 General structure of the nucleon and � Faddeev equation

The nucleon is represented by a Faddeev amplitude

 =  1 + 2 + 3, (133)

where the subscript identifies the bystander (spectator) quark and, e.g.,  1,2 are obtained from  3

by a cyclic permutation of all the quark labels. We employ the simplest realistic representation of  .
The spin- and isospin-1/2 nucleon is a sum of scalar and axial-vector diquark correlations

 N
3 (pi,↵i, ⌧i) = N

(qq,0+)
3 +N

(qq,1+)
3 , (134)

with (pi,↵i, ⌧i) the momentum, spin and isospin labels of the quarks constituting the bound state,
and P = p1 + p2 + p3 the system’s total momentum.

It is conceivable that pseudoscalar and vector diquarks could play a role in the ground-state
nucleon’s Faddeev amplitude. However, they have parity opposite to that of the nucleon and hence
can only appear in concert with nonzero quark angular momentum. Since one expects the ground-
state nucleon to possess the minimum possible amount of quark orbital angular momentum and these
diquark correlations are significantly more massive than the scalar and axial-vector (Table 3), they
can safely be ignored in computing properties of the ground state.

The scalar diquark piece in Eq. (134) is

N
(qq,0+)
3 (pi,↵i, ⌧i) =


�(qq,0

+)

✓
1

2
p[12];K

◆�⌧1⌧2

↵1↵2

�(qq,0+)(K)[S(l;P )u(P )]⌧3↵3
, (135)

where: the spinor satisfies

(i� · P +M)u(P ) = 0 = ū(P )(i� · P +M), (136)
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i.e. the fact that quark models predict many more baryon
states than were observed in the previous millennium
[69]. The diquarks in Fig. 1 are fully dynamical: they ap-
pear in the Faddeev kernel, which requires their contin-
ual breakup and reformation; and matching indications
from lQCD [70], baryon spectra generated by this Fad-
deev equation are far richer than those obtained using
any two-body model. Additionally, e.g. the presence of
such diquark correlations within baryons enforces dis-
tinct interaction patterns for the singly- and doubly-
represented valence-quarks within the proton and its
excited states, as exhibited elsewhere [5, 21, 71–74].

As just noted, the kernel in Fig. 1 involves diquark
breakup and reformation via exchange of a dressed-
quark. In order to present a transparent analysis, we
follow Refs. [52, 54] and introduce a simplification, viz.
quark propagation between the diquarks is represented
as

S(k) ! g
2
8

Mu
, (2)

where g8 is a coupling constant. This is a variant of the
“static approximation” introduced in Ref. [75]. It has
a marked impact on the Faddeev amplitudes, forcing
them to be momentum-independent, just like the di-
quark Bethe-Salpeter amplitudes; but calculations re-
veal that it has little impact on the computed masses
[57]. The value g8 = 1.18, was fixed in Ref. [52] in or-
der to produce quark-core masses for the nucleon and
�-baryon that are each inflated by roughly 0.2GeV
so that the experimental values are reproduced after
meson-baryon final-state interactions are incorporated
[46, 76–81].
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amplitudes from Eq. (3) into the Faddeev equation de-
picted in Fig. 1 and solving the resulting eigenvalue
problems. Owing to isospin symmetry in the two cases
considered, the kernel can be reduced to a 6 ⇥ 6 ma-
trix because a±2 = �a±1

/
p
2. Following the procedure

detailed in Ref. [32], using gDB = 0.2 as the value for
the in-baryon spin-orbit-repulsion parameter, the re-
sults are (in GeV):
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Evidently, as noted in the Introduction, scalar and pseu-
dovector diquarks dominate in the nucleon whereas the
pseudoscalar diquark is prominent in the N(1535), al-
beit in the presence of a significant scalar diquark com-
ponent.
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partner are (GeV) [82]: 0.939 and 1.51� i 0.07. At first
glance, these values seem unrelated to those in Eq. (5a).
Recall, therefore, that the kernel in Fig. 1 omits all
resonant contributions which may be associated with
the meson-baryon final-state interactions that are re-
summed in dynamical coupled-channels (DCC) models
[79, 80] so as to transform a bare-baryon into the ob-
served state. Hence, our Faddeev equation should be
understood as producing the dressed-quark core of the
bound-state, not the completely-dressed object. In this
case it is notable that the results in Eq. (5a) compare
favourably with the bare masses determined in DCC
models [79].
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considered herein. The first two are associated with the
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deev equation are far richer than those obtained using
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represented valence-quarks within the proton and its
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[79, 80] so as to transform a bare-baryon into the ob-
served state. Hence, our Faddeev equation should be
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bound-state, not the completely-dressed object. In this
case it is notable that the results in Eq. (5a) compare
favourably with the bare masses determined in DCC
models [79].
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represented valence-quarks within the proton and its
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where g8 is a coupling constant. This is a variant of the
“static approximation” introduced in Ref. [75]. It has
a marked impact on the Faddeev amplitudes, forcing
them to be momentum-independent, just like the di-
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resonant contributions which may be associated with
the meson-baryon final-state interactions that are re-
summed in dynamical coupled-channels (DCC) models
[79, 80] so as to transform a bare-baryon into the ob-
served state. Hence, our Faddeev equation should be
understood as producing the dressed-quark core of the
bound-state, not the completely-dressed object. In this
case it is notable that the results in Eq. (5a) compare
favourably with the bare masses determined in DCC
models [79].

2.3 Photon-baryon interactions

Three matrix-valued electromagnetic vertices must be
considered herein. The first two are associated with the

CI relevant structuresDominant correlations
Suppressed for N(940)
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Faddeev Equation
2.6.1 General structure of the nucleon and � Faddeev equation

The nucleon is represented by a Faddeev amplitude

 =  1 + 2 + 3, (133)

where the subscript identifies the bystander (spectator) quark and, e.g.,  1,2 are obtained from  3

by a cyclic permutation of all the quark labels. We employ the simplest realistic representation of  .
The spin- and isospin-1/2 nucleon is a sum of scalar and axial-vector diquark correlations

 N
3 (pi,↵i, ⌧i) = N

(qq,0+)
3 +N

(qq,1+)
3 , (134)

with (pi,↵i, ⌧i) the momentum, spin and isospin labels of the quarks constituting the bound state,
and P = p1 + p2 + p3 the system’s total momentum.

It is conceivable that pseudoscalar and vector diquarks could play a role in the ground-state
nucleon’s Faddeev amplitude. However, they have parity opposite to that of the nucleon and hence
can only appear in concert with nonzero quark angular momentum. Since one expects the ground-
state nucleon to possess the minimum possible amount of quark orbital angular momentum and these
diquark correlations are significantly more massive than the scalar and axial-vector (Table 3), they
can safely be ignored in computing properties of the ground state.

The scalar diquark piece in Eq. (134) is

N
(qq,0+)
3 (pi,↵i, ⌧i) =


�(qq,0

+)

✓
1

2
p[12];K

◆�⌧1⌧2

↵1↵2

�(qq,0+)(K)[S(l;P )u(P )]⌧3↵3
, (135)

where: the spinor satisfies

(i� · P +M)u(P ) = 0 = ū(P )(i� · P +M), (136)

with M the mass obtained by solving the Faddeev equation, and it is also a spinor is isospin space with
'+ = col(1, 0) for the proton and '� = col(0, 1) for the neutron; K = p1 + p2 = p{12}, p[12] = p1 � p2,
l = (�p{12} + 2p3)/3;

�(qq,0+)(K) =
1

K2 +m2
(qq,0+)

(137)

is a propagator for the scalar diquark formed from quarks 1 and 2, with m(qq,0+) the mass-scale

associated with this correlation, and �(qq,0
+) is the canonically-normalised Bethe-Salpeter amplitude

describing their relative momentum correlation; and S, a 4 ⇥ 4 Dirac matrix, describes the relative
quark-diquark momentum correlation. The color antisymmetry of  3 is implicit in �(qq,J

P ).
The axial-vector component in Eq. (134) is

N
(qq,1+)(pi,↵i, ⌧i) =


ti�(qq,1

+)
µ

✓
1

2
p[12];K

◆�⌧1⌧2

↵1↵2

�(qq,1+)
µ⌫ (K)[Ai

⌫(l;P )u(P )]⌧3↵3
, (138)

where the symmetric isospin-triplet matrices are

t+ =
1
p
2
(⌧0 + ⌧3), t0 = ⌧1, t� =

1
p
2
(⌧0 � ⌧3), (139)

and the other elements in Eq. (138) are straightforward generalisation of those in Eq. (135) with, e.g.,

�(qq,1+)
µ⌫ (K) =

1

K2 +m2
(qq,1+)

 
�µ⌫ +

KµK⌫

m2
(qq,1+)

!
. (140)
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Since it is not possible to combine an isospin-0 diquark with an isospin-1/2 to obtain isospin-3/2,
the spin- and isospin-3/2 � contains only an axial-vector diquark component

 �
3 (pi,↵i, ⌧i) = D

(qq,1+)
3 . (141)

Understanding the structure of the� is plainly far simpler than in the nucleon since, whilst the general
form of the Faddeev amplitude for a spin- and isospin-3/2 can be complicated, isospin symmetry
means that one can focus on the �++, with its simple flavor structure, because all the charge states
are degenerate:

D
(qq,1+)
3 =


t+�(qq,1

+)
µ

✓
1

2
p[12];K

◆�⌧1⌧2

↵1↵2

�(qq,1+)
µ⌫ (K)[D⌫⇢(l;P )u⇢(P )'+]

⌧3
↵3
, (142)

where u⇢(P ) is a Rarita-Schwinger spinor.
The general forms of the matrices S(l;P ), Ai

⌫(l;P ) and D⌫⇢(l;P ), which describe the momentum-
space correlation between the quark and diquark in the nucleon and �, respectively, are described in
Refs. [22, 23]. The requirement that S(l;P ) represent a positive energy nucleon entails

S(l;P ) = s1(l;P )ID + (i� · l̂ � l̂ · P̂ ID)s2(l;P ), (143)

where (ID)rs = �rs, l̂2 = 1, P̂ 2 = �1. In the nucleon rest frame, s1,2 describe, respectively, the upper,
lower component of the bound-state nucleon’s spinor. Placing the same constraint on the axial-vector
component, one has

A
i
⌫(l;P ) =

6X

n=1

pin(l;P )�5A
n
⌫ (l;P ), i = +, 0, �, (144)

where (l̂?⌫ = l̂⌫ + l̂ · PP̂⌫ , �?
⌫ = �⌫ + � · P̂ P̂⌫)

A1
⌫ = � · l̂?P̂⌫ ,

A2
⌫ = �iP̂⌫ ,

A3
⌫ = � · l̂? l̂?⌫ ,

A4
⌫ = il̂?µ ,

A5
⌫ = �?

⌫ �A3
⌫ ,

A6
⌫ = i�?

⌫ � · l̂? �A4
⌫ .

(145)

Finally, requiring also that D⌫⇢(l;P ) be an eigenfunction of ⇤+(P ), one obtains

D⌫⇢(l;P ) = S
�(l;P )�⌫⇢ + �5A

�
⌫ (l;P )l?⇢ , (146)

with S
� and A

�
⌫ given by obvious analogues of Eqs. (143) and (144), respectively.

One can now write the Faddeev equation satisfied by  3 as


S(k;P )u(P )
A

i
µ(k;P )u(P )

�
= �4

Z
d4l

(2⇡)4
M(k, l;P )


S(l;P )u(P )
A

j
⌫(l;P )u(P )

�
. (147)

The kernel in equation above is

M(k, l;P ) =


M00 (M01)j⌫

(M10)iµ (M11)ijµ⌫

�
, (148)
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�
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A
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�
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Faddeev amplitude (FA)

Subscript identifies spectator quark

In the dynamical quark-diquark picture
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Reminder

• Not possible to combine ! = 0⊕ ! = ,/. to obtain ! = //..

• CI only supports ,(,0) axial-vector diquark

CI relevant structures
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and defining lq = l + P
3 , kq = k + P

3 , lqq = �l + 2
3P , kqq = �k + 2

3P , the explicit expressions of the
di↵erent terms are

M00 = �(qq,0+)(kq �
1

2
lqq; lqq)S

T (lqq � kq) �̄
(qq,0+)(lq �

1

2
kqq;�kqq)S(lq)�

(qq,0+)(lqq),

(M01)
j
⌫ = tj�(qq,1+)

µ (kq �
1

2
lqq; lqq)S

T (lqq � kq) �̄
(qq,0+)(lq �

1

2
kqq;�kqq)S(lq)�

(qq,1+)
µ⌫ (lqq),

(M10)
i
µ = �(qq,0+)(kq �

1

2
lqq; lqq)S

T (lqq � kq) (t
i)T �̄(qq,1+)

µ (lq �
1

2
kqq;�kqq)S(lq)�

(qq,0+)(lqq),

(M11)
ij
µ⌫ = tj�(qq,1+)

⇢ (kq �
1

2
lqq; lqq)S

T (lqq � kq) (t
i)T �̄(qq,1+)

µ (lq �
1

2
kqq;�kqq)S(lq)�

(qq,1+)
⇢⌫ (lqq),

(149)

N.B. The Bethe-Salpeter amplitude of the scalar diquark has an implicit isospin matrix.
The �’s Faddeev equation is

D�⇢(k;P )u⇢(P ) = �4

Z
d4l

(2⇡)4
M

�
�µ(k, l;P )Dµ�(l;P )u�(P ), (150)

with

M
�
�µ = t+�(qq,1+)

� (kq �
1

2
lqq; lqq)S

T (lqq � kq)(t
+)T �̄(qq,1+)

� (lq �
1

2
kqq;�kqq)S(lq)�

(qq,1+)
�⌫ (lqq). (151)

2.6.2 Ground-State �

With a momentum-independent kernel, the Faddeev amplitude cannot depend on relative momentum.
Hence, Eq. (146) becomes

D⌫⇢(l;P )u⇢(P ; r) =
⇥
S
�(l;P )�⌫⇢

⇤
u⇢(P, r)

= [s(l;P )ID�⌫⇢]u⇢(P, r)

= f�(P )IDu⌫(P, r).
(152)

Using Eq. (152), Eq. (150) can be written

D�⇢(k;P )u⇢(P, r) = 4

Z
d4l

(2⇡)4
M

�
�µ(k, l;P )Dµ�(l;P )u�(P, r)

f�(P )u�(P, r) = 4
g2�
M

Z
d4l

(2⇡)4
M

�
�µ(l;P )f�(P )uµ(P, r)

f�(P )uµ(P, r) = 4
g2�
M

Z
d4l

(2⇡)4
M

�
µ⌫(l;P )f�(P )u⌫(P, r),

(153)

with K = �l + P , K2 = �m(qq,1+)2 , P
2 = �m2

� and

M
�
µ⌫(l;P ) = 2i�(qq,1+)

⇢ (K)i�̄(qq,1+)
µ (�K)S(l)�(qq,1+)

⇢⌫ (K). (154)

See Fig. 7 to clarify the dependency on the momenta. The factor 2 comes from the isospin matrices:
Taking into account that

u =

✓
1
0

◆
, d =

✓
0
1

◆
. (155)

36

and defining lq = l + P
3 , kq = k + P

3 , lqq = �l + 2
3P , kqq = �k + 2

3P , the explicit expressions of the
di↵erent terms are

M00 = �(qq,0+)(kq �
1

2
lqq; lqq)S

T (lqq � kq) �̄
(qq,0+)(lq �

1

2
kqq;�kqq)S(lq)�

(qq,0+)(lqq),

(M01)
j
⌫ = tj�(qq,1+)

µ (kq �
1

2
lqq; lqq)S

T (lqq � kq) �̄
(qq,0+)(lq �

1

2
kqq;�kqq)S(lq)�

(qq,1+)
µ⌫ (lqq),

(M10)
i
µ = �(qq,0+)(kq �

1

2
lqq; lqq)S

T (lqq � kq) (t
i)T �̄(qq,1+)

µ (lq �
1

2
kqq;�kqq)S(lq)�

(qq,0+)(lqq),

(M11)
ij
µ⌫ = tj�(qq,1+)

⇢ (kq �
1

2
lqq; lqq)S

T (lqq � kq) (t
i)T �̄(qq,1+)

µ (lq �
1

2
kqq;�kqq)S(lq)�

(qq,1+)
⇢⌫ (lqq),

(149)

N.B. The Bethe-Salpeter amplitude of the scalar diquark has an implicit isospin matrix.
The �’s Faddeev equation is

D�⇢(k;P )u⇢(P ) = �4

Z
d4l

(2⇡)4
M

�
�µ(k, l;P )Dµ�(l;P )u�(P ), (150)

with

M
�
�µ = t+�(qq,1+)

� (kq �
1

2
lqq; lqq)S

T (lqq � kq)(t
+)T �̄(qq,1+)

� (lq �
1

2
kqq;�kqq)S(lq)�

(qq,1+)
�⌫ (lqq). (151)

2.6.2 Ground-State �

With a momentum-independent kernel, the Faddeev amplitude cannot depend on relative momentum.
Hence, Eq. (146) becomes

D⌫⇢(l;P )u⇢(P ; r) =
⇥
S
�(l;P )�⌫⇢

⇤
u⇢(P, r)

= [s(l;P )ID�⌫⇢]u⇢(P, r)

= f�(P )IDu⌫(P, r).
(152)

Using Eq. (152), Eq. (150) can be written

D�⇢(k;P )u⇢(P, r) = 4

Z
d4l

(2⇡)4
M

�
�µ(k, l;P )Dµ�(l;P )u�(P, r)

f�(P )u�(P, r) = 4
g2�
M

Z
d4l

(2⇡)4
M

�
�µ(l;P )f�(P )uµ(P, r)

f�(P )uµ(P, r) = 4
g2�
M

Z
d4l

(2⇡)4
M

�
µ⌫(l;P )f�(P )u⌫(P, r),

(153)

with K = �l + P , K2 = �m(qq,1+)2 , P
2 = �m2

� and

M
�
µ⌫(l;P ) = 2i�(qq,1+)

⇢ (K)i�̄(qq,1+)
µ (�K)S(l)�(qq,1+)

⇢⌫ (K). (154)

See Fig. 7 to clarify the dependency on the momenta. The factor 2 comes from the isospin matrices:
Taking into account that

u =

✓
1
0

◆
, d =

✓
0
1

◆
. (155)

36

Δ 1232 /
.
0 = 1.39 789 Δ 1700 /

.
; = 2.07 789

Solutions *Solutions entail < = = 1.
*Elastic FFs yield normalization.
*Transition FFs require normalized FA.

Yin:2019bxe , Yin:2021uom, Barabanov:2020jvn, Segovia:2014aza, Segovia:2013uga,  Raya:2021pyr



Electromagnetic currents
Photon hits quark

In the quark-diquark approach, either Elastic
and Transition currents can be separated
into 3 fundamental contributions

Photon hits diquark
(elastic)

Photon hits diquark
(diquark transition induced)

Quark-Photon vertex

with the pseudothreshold constraints. Another possible question is, given a set of parametrizations of the
helicity amplitudes for a N˚ resonance in a certain range of Q2, but incompatible with the pseudothreshold
constraints, if it possible to make it compatible below a given value of Q2. This subject was discussed in
Ref. [141], where a method is proposed to extrapolate parametrizations defined for Q2 ě 0, below a point Q2

P to
the pseudothreshold, using smooth analytic extensions of the original parametrizations, while ensuring them to
be consistent with the pseudothreshold conditions. The method was applied to the JLab parametrization [139,
157], but it can be applied in any analytic parametrizations of the nucleon resonance helicity amplitudes.
Examples of the method are discussed in Sections 6.2 and 6.3 for the cases of the Np1535q and ∆p1232q.
The state Np1535q turns out to be a special case where low-Q2 data are crucial to establish the sign of the
amplitudes A1{2 and S1{2 near Q2 “ 0, as discussed on Section 6.2.3.

Reaction N˚ Q2 (GeV2) Functions Lab/Experiment

ep Ñ epη Np1535q12
´

2.4, 3.6 A1{2 JLab/Hall C [158] (1999)

ep Ñ epη Np1535q12
´

1.8–4.0 A1{2 JLab/CLAS [159] (2001)

ep Ñ epη Np1535q12
´

0.17–3.1 A1{2 JLab/CLAS [91] (2007)

ep Ñ epη Np1535q12
´

5.7, 7.0 A1{2 JLab/Hall C [92] (2009)

ep Ñ epη Np1535q12
´

0.38, 0.75 A1{2, S1{2 JLab/CLAS [160] (2005)

ep Ñ eNπ Np1440q12
`

0.40, 0.65 A1{2, S1{2 JLab/CLAS [160] (2005)

Np1520q32
´

0.40, 0.65 A1{2, A3{2, S1{2
Np1535q12

´
0.40, 0.65 A1{2, S1{2

ep Ñ eNπ ∆p1232q32
`

0.3–6.0 A1{2, A3{2, S1{2 JLab/CLAS [89] (2009)

Np1440q12
`

0.30–4.16 A1{2, S1{2
Np1520q32

´
0.30–4.16 A1{2, A3{2, S1{2

Np1535q12
´

0.30–4.16 A1{2, S1{2

ep Ñ enπ` Np1675q52
´

1.8–4.0 A1{2, A3{2, S1{2 JLab/CLAS [161] (2015)

Np1680q52
`

1.8–4.0 A1{2, A3{2, S1{2
Np1710q12

`
1.8–4.0 A1{2, S1{2

ep Ñ epπ0 Np1440q12
`

0.1 S1{2 MAMI-A1 [162] (2017)

ep Ñ epπ`π´ N˚ 0.65 A1{2, S1{2 JLab/CLAS [163] (2005)
N˚ 0.65 A1{2, A3{2, S1{2

ep Ñ epπ`π´ Np1440q12
`

0.28–0.58 A1{2, S1{2 JLab/CLAS [90] (2012)

Np1520q32
´

0.28–0.58 A1{2, S1{2

ep Ñ epπ`π´ Np1650q12
´

0.65, 0.95, 1.30 A1{2, S1{2 JLab/CLAS [164] (2014)

Np1680q52
`

0.65, 0.95, 1.30 A1{2, A3{2, S1{2
∆p1700q32

´
0.65, 0.95, 1.30 A1{2, A3{2, S1{2

ep Ñ epπ`π´ Np1440q12
`

0.65, 0.95, 1.30 A1{2, S1{2 JLab/CLAS [93] (2016)

Np1520q32
´

0.65, 0.95, 1.30 A1{2, A3{2, S1{2
∆p1620q12

´
0.65, 0.95, 1.30 A1{2, S1{2

ep Ñ epπ`π´ Np1720q32
`
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Table 4: N˚ data. The label N˚ in JLab/CLAS [163] (2005) corresponds to N˚ “ Np1440q 1

2

`
, ∆p1620q 1

2

´
, Np1650q 1

2

´
or N˚ “

Np1520q 3

2

´
, Np1680q 5

2

`
, ∆p1700q 3

2

´
, Np1720q 3

2

`
.
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the kinematic conditions (K0+(i,f) = −!+ P(i,f))

P 2
f = −m2

B = P 2
i , (C23a)

Pi ·Q = −1

2
Q2, (C23b)

Pi · Pf = −m2
B − 1

2
Q2, (C23c)

K2
0+i = −m2

0+ , (C23d)

Q ·K0+i = −1

2
Q2, (C23e)

Q ·K0+f =
1

2
Q2, (C23f)

K0+i ·K0+f = −m2
0+ − 1

2
Q2. (C23g)

A Feynman parametrisation is then employed in or-
der to produce a single denominator from the product
of three propagators which appears, and the momentum-
integration variable is subsequently shifted, in our case:

! → l + α(Pi + βQ). (C24)

This produces a simple denominator:

[l2 + ω(M2,m2
0+ , Q

2,α,β)]3, (C25)

where M is the dressed-quark mass and

ω(α,β,M,m0+ ,mB, Q
2) = M2(1− α)

+ α(m2
0+ − (1− α)m2

B + α2β(1 − β)Q2; (C26)

and a numerator that is simplified using Eqs. (C23), their
corollaries,

Pi ·K0+i = −l · Pi − (1− α)m2
B − 1

2
αβQ2, (C27a)

Pi ·K0+f = −l · Pi − (1− α)m2
B

−1

2
(1 + αβ)Q2, (C27b)

! · Pi = l · Pi − αm2
B − 1

2
αβQ2, (C27c)

! ·K0+i = −l2 + (1− 2α)l · Pi − 2αβl ·Q
−α(1 − α)m2

B

−1

2
αβ[1 + 2α(1− β)]Q2, (C27d)

! ·Q = l · Pi −
1

2
α(1− 2β)Q2, (C27e)

! ·K0+f = ! ·K0+i + ! ·Q , (C27f)

and subsequently O(4)-invariance.

Finally, the momentum integral is regularised to yield

F1B,I2
s
(Q2) =

∫ 1

0
dα dβ 2α [Q2 + 4m2

B]
−1

×
{[

2mB(αmB +M)(4m2
B(1− α) + (1− 2αβ)Q2)

−1

2
α2β(1 − 2β)Q4

]

C̄iu
2 (ω) ,

+
1

4
[3Q2 + 8m2

B][C̄iu
1 (ω)− ωC̄iu

2 (ω)]

}

, (C28)

F2B,I2
s
(Q2) = −

∫ 1

0
dα dβ 2α 2mB[Q

2 + 4m2
B]

−1

×
{[

4m2
B(αmB +M)(1− α) + [(1 − 2αβ)M

+α(1− αβ[1 + 2β])mB]Q
2

}

C̄iu
2 (ω) ,

−m2
B[C̄iu

1 (ω)− ωC̄iu
2 (ω)]

}

, (C29)

where

Ciu
2 (ω) = (ω2/2)Ciu ′′(ω) =

ω

2

(

e−ωτ2
uv − e−ωτ2

ir

)

, (C30)

Ciu
2 (ω) = Ciu

2 (ω)/ω2, is a derived form of Eq. (A7).
In computing the Roper elastic form factor there is one

modification at this point, arising in connection with the
zero we have inserted in the associated Faddeev equation
(see the last paragraph of App.B). Namely, the functions
Ciu are replaced by functions

Riu = Ciu − 2dFDiu + d2FHiu (C31)

where

Hiu(ω(M2,α, P 2)) =

∫ ∞

0
ds s

s2

s+ ω

→
∫ τ2

iu

τ2
uv

dτ
6

τ4
exp

[

−τω(M2,α, P 2)
]

, (C32)

Hiu
1 (z) = −z(d/dz)Hiu(z), H1(z) = H1(z)/z and

Hiu
2 (z) = (z2/2)Hiu ′′(z), H̄iu

2 (z)/z2. Through this ex-
pedient we represent the square of a Faddeev amplitude
that possesses a zero, as would appear in computing the
elastic form factor of the excitation.

6. Dressed-quark anomalous magnetic moment

In the presence of dynamical chiral symmetry break-
ing, a dressed light-quark possesses a large anomalous
electromagnetic moment [39]. To indicate the effect
on form factors that one might expect from this phe-
nomenon, we modified the quark-photon coupling as fol-
lows:

Γ(Q) = γT
µPT (Q

2) +
ζ

2M
σµνQν exp(−Q2/4M2) (C33)
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TABLE V. Meson-related results obtained with αIR/π = 0.93
and (in GeV): m = 0.007, Λir = 0.24 , Λuv = 0.905 [27]. The
Bethe-Salpeter amplitudes are canonically normalised; κπ is
the in-pion condensate [83, 84]; and fπ,ρ are the mesons’ lep-
tonic decay constants. Empirical values are κπ ≈ (0.22GeV)3

and [3] fπ = 0.092GeV, fρ = 0.153GeV.

Eπ Fπ Eρ κ1/3
π mπ mρ fπ fρ

3.639 0.481 1.531 0.243 0.140 0.928 0.101 0.129

Eq. (A2) does not define a renormalisable theory, then
Λuv := 1/τuv cannot be removed but instead plays a dy-
namical role, setting the scale of all dimensioned quanti-
ties. Using Eq. (A7), the gap equation becomes

M = m+M
4αIR

3πm2
G

Ciu(M2) , (A9)

where Ciu(M2)/M2 = Γ(−1,M2τ2uv) − Γ(−1,M2τ2ir),
with Γ(α, y) being the incomplete gamma-function.

2. Point-meson Bethe-Salpeter equation

In rainbow-ladder truncation, with the interaction in
Eq. (A2), the homogeneous Bethe-Salpeter equation for
a colour-singlet meson is

Γ(k;P ) = −16π

3

αIR

m2
G

∫

d4q

(2π)4
γµχ(q;P )γµ , (A10)

where χ(q;P ) = S(q + P )Γ(q;P )S(q) and Γ(q;P ) is the
meson’s Bethe-Salpeter amplitude. Since the integrand
does not depend on the external relative-momentum, k,
then a symmetry-preserving regularisation of Eq. (A10)
yields solutions that are independent of k. This is the
defining characteristic of a pointlike composite particle.
With a dependence on the relative momentum forbid-

den by the interaction, then rainbow-ladder pseudoscalar
and vector Bethe-Salpeter amplitudes take the form1

Γπ(P ) = iγ5Eπ(P ) +
1

M
γ5γ · PFπ(P ) , (A11)

Γρ
µ(P ) = γT

µEρ(P ), (A12)

where PµγT
µ = 0 and γT

µ + γL
µ = γµ.

Values of some meson-related quantities, of relevance
herein and computed using the contact-interaction, are
reported in Table V.

1 We assume isospin symmetry throughout and hence do not in-
clude the Pauli isospin matrices explicitly.

3. Ward-Takahashi identities

No study of low-energy hadron observables is meaning-
ful unless it ensures expressly that the vector and axial-
vector Ward-Takahashi identities are satisfied. Violation
of these identities is a flaw of constituent-quark models
that cannot be remedied. The m = 0 axial-vector iden-
tity states (k+ = k + P )

PµΓ5µ(k+, k) = S−1(k+)iγ5 + iγ5S
−1(k) , (A13)

where Γ5µ(k+, k) is the axial-vector vertex, which is de-
termined by

Γ5µ(k+, k) = γ5γµ − 16π

3

αIR

m2
G

∫

d4q

(2π)4
γαχ5µ(q+, q)γα .

(A14)
One must implement a regularisation that maintains

Eq. (A13). That amounts to eliminating the quadratic
and logarithmic divergences. Their absence is just the
circumstance under which a shift in integration variables
is permitted, an operation required in order to prove
Eq. (A13). It is guaranteed so long as one implements
the constraint [13, 25, 27]

0 =

∫ 1

0
dα

[

Ciu(ω(M2,α, P 2)) + Ciu
1 (ω(M2,α, P 2))

]

,

(A15)
with

ω(M2,α, P 2) = M2 + α(1− α)P 2 , (A16)

Ciu
1 (z) = −z(d/dz)Ciu(z)

= z
[

Γ(0,M2τ2uv)− Γ(0,M2τ2ir)
]

. (A17)

The vector Ward-Takahashi identity

PµiΓ
γ
µ(k+, k) = S−1(k+)− S−1(k) , (A18)

wherein Γγ
µ is the dressed-quark-photon vertex, is cru-

cial for a sensible study of a bound-state’s electromag-
netic form factors [69]. The vertex must be dressed at
a level consistent with the truncation used to compute
the bound-state’s Bethe-Salpeter or Faddeev amplitude.
Herein this means the vertex should be determined from
the following inhomogeneous Bethe-Salpeter equation:

Γµ(Q) = γµ − 16π

3

αIR

m2
G

∫

d4q

(2π)4
γαχµ(q+, q)γα , (A19)

where χµ(q+, q) = S(q + P )Γµ(Q)S(q). Owing to the
momentum-independent nature of the interaction kernel,
the general form of the solution is

Γµ(Q) = γT
µ PT (Q

2) + γL
µPL(Q

2) . (A20)

Inserting Eq. (A20) into Eq. (A19), one readily obtains

PL(Q
2) = 1 , (A21)
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Table 1 Mass-scale parameters (in GeV) for the scalar and axial-vector diquark correlations, fixed by fitting nucleon and ∆
masses offset to allow for “meson cloud” contributions [49]

m N m∆ m0+ m1+ ω0+ ω1+

1.18 1.33 0.796 0.893 0.56=1/(0.35 fm) 0.63=1/(0.31 fm)
1.46 0.796 0.56=1/(0.35 fm)

We also list ωJ P = m J P /
√

2, the width-parameter in the (qq)J P Bethe–Salpeter amplitude, Eqs. (A.30a) and (A.30b): its inverse
is an indication of the diquark’s matter radius. Row 2 illustrates effects of omitting the 1+-diquark correlation: the ∆ cannot be
formed and m N is significantly increased. Evidently, the 1+-diquark provides significant attraction in the Faddeev equation’s
kernel. Dimensioned quantities in GeV, unless otherwise indicated

kernels omit resonant contributions; i.e., do not contain effects that may phenomenologically be associated
with a meson cloud.

In practical calculations, meson-cloud effects divide into two distinct classes. The first (type-1) is within
the gap equation, where pseudoscalar-meson loop corrections to the dressed-quark-gluon vertex act uniformly
to reduce the infrared mass-scale associated with the mass-function of a dressed-quark [26,42–45]. This effect
can be pictured as a single quark emitting and reabsorbing a pseudoscalar meson and can be mimicked by
simply choosing the parameters in the gap equation’s kernel so as to obtain a dressed-quark mass that is
characterised by an energy-scale of roughly 400 MeV. Such an approach has implicitly been widely employed
with phenomenological success [11–13,46–48]; and we use it herein.

The second sort of correction (type-2) arises in connection with bound-states and may be likened to adding
pseudoscalar meson exchange between dressed-quarks within the bound-state [32,49–55], as opposed to type-
1; i.e., emission and absorption of a meson by the same quark. The type-2 contribution, depicted explicitly
in Fig. 1 of Ref. [54], is that computed in typical evaluations of meson-loop corrections to hadron observables
based on a point-hadron Lagrangian [49] and they are the corrections that should be added to calculated baryon
masses.

These observations underpin a view that bound-state kernels which omit type-2 meson-cloud corrections
should produce dressed-quark-core masses for hadron ground-states that are larger than the empirical values.
This is true in practice, as emphasised by agreement between Faddeev equation predictions such as ours
[16,19,56] and the bare masses fitted in dynamical coupled-channels computations [1,2,57]. Moreover, as we
shall again see herein, this perspective also has implications for the description of elastic and transition form
factors [7,18,21,25,27,28].

3 Electromagnetic Currents

3.1 Nucleon Elastic Form Factors

The nucleon’s electromagnetic current is

Jµ(K , Q) = ie ū(Pf )Λµ(K , Q) u(Pi ) = ie ū(Pf )

(
γµF1(Q2) + 1

2m N
σµν Qν F2(Q2)

)
u(Pi ), (2)

where Pi (Pf ) is the momentum of the incoming (outgoing) nucleon, Q = Pf − Pi is the photon momentum,
K = (Pi + Pf )/2 is the total momentum of the system, K · Q = 0 and K 2 = −m2

N (1+τN ), τN = Q2/(4m2
N )

for elastic scattering; and F1 and F2 are, respectively, the Dirac and Pauli form factors, from which one obtains
the nucleon’s electric and magnetic (Sachs) form factors

G E (Q2) = F1(Q2) − Q2

4m2
N

F2(Q2), G M (Q2) = F1(Q2) + F2(Q2). (3)
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kernels omit resonant contributions; i.e., do not contain effects that may phenomenologically be associated
with a meson cloud.

In practical calculations, meson-cloud effects divide into two distinct classes. The first (type-1) is within
the gap equation, where pseudoscalar-meson loop corrections to the dressed-quark-gluon vertex act uniformly
to reduce the infrared mass-scale associated with the mass-function of a dressed-quark [26,42–45]. This effect
can be pictured as a single quark emitting and reabsorbing a pseudoscalar meson and can be mimicked by
simply choosing the parameters in the gap equation’s kernel so as to obtain a dressed-quark mass that is
characterised by an energy-scale of roughly 400 MeV. Such an approach has implicitly been widely employed
with phenomenological success [11–13,46–48]; and we use it herein.

The second sort of correction (type-2) arises in connection with bound-states and may be likened to adding
pseudoscalar meson exchange between dressed-quarks within the bound-state [32,49–55], as opposed to type-
1; i.e., emission and absorption of a meson by the same quark. The type-2 contribution, depicted explicitly
in Fig. 1 of Ref. [54], is that computed in typical evaluations of meson-loop corrections to hadron observables
based on a point-hadron Lagrangian [49] and they are the corrections that should be added to calculated baryon
masses.

These observations underpin a view that bound-state kernels which omit type-2 meson-cloud corrections
should produce dressed-quark-core masses for hadron ground-states that are larger than the empirical values.
This is true in practice, as emphasised by agreement between Faddeev equation predictions such as ours
[16,19,56] and the bare masses fitted in dynamical coupled-channels computations [1,2,57]. Moreover, as we
shall again see herein, this perspective also has implications for the description of elastic and transition form
factors [7,18,21,25,27,28].
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(
γµF1(Q2) + 1

2m N
σµν Qν F2(Q2)

)
u(Pi ), (2)

where Pi (Pf ) is the momentum of the incoming (outgoing) nucleon, Q = Pf − Pi is the photon momentum,
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characterised by an energy-scale of roughly 400 MeV. Such an approach has implicitly been widely employed
with phenomenological success [11–13,46–48]; and we use it herein.

The second sort of correction (type-2) arises in connection with bound-states and may be likened to adding
pseudoscalar meson exchange between dressed-quarks within the bound-state [32,49–55], as opposed to type-
1; i.e., emission and absorption of a meson by the same quark. The type-2 contribution, depicted explicitly
in Fig. 1 of Ref. [54], is that computed in typical evaluations of meson-loop corrections to hadron observables
based on a point-hadron Lagrangian [49] and they are the corrections that should be added to calculated baryon
masses.
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should produce dressed-quark-core masses for hadron ground-states that are larger than the empirical values.
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the gap equation, where pseudoscalar-meson loop corrections to the dressed-quark-gluon vertex act uniformly
to reduce the infrared mass-scale associated with the mass-function of a dressed-quark [26,42–45]. This effect
can be pictured as a single quark emitting and reabsorbing a pseudoscalar meson and can be mimicked by
simply choosing the parameters in the gap equation’s kernel so as to obtain a dressed-quark mass that is
characterised by an energy-scale of roughly 400 MeV. Such an approach has implicitly been widely employed
with phenomenological success [11–13,46–48]; and we use it herein.

The second sort of correction (type-2) arises in connection with bound-states and may be likened to adding
pseudoscalar meson exchange between dressed-quarks within the bound-state [32,49–55], as opposed to type-
1; i.e., emission and absorption of a meson by the same quark. The type-2 contribution, depicted explicitly
in Fig. 1 of Ref. [54], is that computed in typical evaluations of meson-loop corrections to hadron observables
based on a point-hadron Lagrangian [49] and they are the corrections that should be added to calculated baryon
masses.
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should produce dressed-quark-core masses for hadron ground-states that are larger than the empirical values.
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kernels omit resonant contributions; i.e., do not contain effects that may phenomenologically be associated
with a meson cloud.

In practical calculations, meson-cloud effects divide into two distinct classes. The first (type-1) is within
the gap equation, where pseudoscalar-meson loop corrections to the dressed-quark-gluon vertex act uniformly
to reduce the infrared mass-scale associated with the mass-function of a dressed-quark [26,42–45]. This effect
can be pictured as a single quark emitting and reabsorbing a pseudoscalar meson and can be mimicked by
simply choosing the parameters in the gap equation’s kernel so as to obtain a dressed-quark mass that is
characterised by an energy-scale of roughly 400 MeV. Such an approach has implicitly been widely employed
with phenomenological success [11–13,46–48]; and we use it herein.

The second sort of correction (type-2) arises in connection with bound-states and may be likened to adding
pseudoscalar meson exchange between dressed-quarks within the bound-state [32,49–55], as opposed to type-
1; i.e., emission and absorption of a meson by the same quark. The type-2 contribution, depicted explicitly
in Fig. 1 of Ref. [54], is that computed in typical evaluations of meson-loop corrections to hadron observables
based on a point-hadron Lagrangian [49] and they are the corrections that should be added to calculated baryon
masses.

These observations underpin a view that bound-state kernels which omit type-2 meson-cloud corrections
should produce dressed-quark-core masses for hadron ground-states that are larger than the empirical values.
This is true in practice, as emphasised by agreement between Faddeev equation predictions such as ours
[16,19,56] and the bare masses fitted in dynamical coupled-channels computations [1,2,57]. Moreover, as we
shall again see herein, this perspective also has implications for the description of elastic and transition form
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simply choosing the parameters in the gap equation’s kernel so as to obtain a dressed-quark mass that is
characterised by an energy-scale of roughly 400 MeV. Such an approach has implicitly been widely employed
with phenomenological success [11–13,46–48]; and we use it herein.

The second sort of correction (type-2) arises in connection with bound-states and may be likened to adding
pseudoscalar meson exchange between dressed-quarks within the bound-state [32,49–55], as opposed to type-
1; i.e., emission and absorption of a meson by the same quark. The type-2 contribution, depicted explicitly
in Fig. 1 of Ref. [54], is that computed in typical evaluations of meson-loop corrections to hadron observables
based on a point-hadron Lagrangian [49] and they are the corrections that should be added to calculated baryon
masses.

These observations underpin a view that bound-state kernels which omit type-2 meson-cloud corrections
should produce dressed-quark-core masses for hadron ground-states that are larger than the empirical values.
This is true in practice, as emphasised by agreement between Faddeev equation predictions such as ours
[16,19,56] and the bare masses fitted in dynamical coupled-channels computations [1,2,57]. Moreover, as we
shall again see herein, this perspective also has implications for the description of elastic and transition form
factors [7,18,21,25,27,28].

3 Electromagnetic Currents

3.1 Nucleon Elastic Form Factors

The nucleon’s electromagnetic current is

Jµ(K , Q) = ie ū(Pf )Λµ(K , Q) u(Pi ) = ie ū(Pf )

(
γµF1(Q2) + 1

2m N
σµν Qν F2(Q2)

)
u(Pi ), (2)

where Pi (Pf ) is the momentum of the incoming (outgoing) nucleon, Q = Pf − Pi is the photon momentum,
K = (Pi + Pf )/2 is the total momentum of the system, K · Q = 0 and K 2 = −m2

N (1+τN ), τN = Q2/(4m2
N )

for elastic scattering; and F1 and F2 are, respectively, the Dirac and Pauli form factors, from which one obtains
the nucleon’s electric and magnetic (Sachs) form factors

G E (Q2) = F1(Q2) − Q2

4m2
N

F2(Q2), G M (Q2) = F1(Q2) + F2(Q2). (3)

The Sachs form factors can be obtained directly from the current using any sensible projection operators, for
example, with the trace over spinor indices:

G E = m N

2K 2 Kµ tr Jµ, G M = m2
N

Q2

(
δµν − KµKν

K 2

)
tr iγµ Jν . (4)

Nucleon static electromagnetic properties are associated with the behaviour of these form factors in the
neighbourhood Q2 # 0. The charges are given by G E (0) and the magnetic moments are
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Table 1 Mass-scale parameters (in GeV) for the scalar and axial-vector diquark correlations, fixed by fitting nucleon and ∆
masses offset to allow for “meson cloud” contributions [49]

m N m∆ m0+ m1+ ω0+ ω1+

1.18 1.33 0.796 0.893 0.56=1/(0.35 fm) 0.63=1/(0.31 fm)
1.46 0.796 0.56=1/(0.35 fm)

We also list ωJ P = m J P /
√

2, the width-parameter in the (qq)J P Bethe–Salpeter amplitude, Eqs. (A.30a) and (A.30b): its inverse
is an indication of the diquark’s matter radius. Row 2 illustrates effects of omitting the 1+-diquark correlation: the ∆ cannot be
formed and m N is significantly increased. Evidently, the 1+-diquark provides significant attraction in the Faddeev equation’s
kernel. Dimensioned quantities in GeV, unless otherwise indicated
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µN = G N
M (0) = F N

1 (0) + F N
2 (0) ⇒ µn = Fn

2 (0) =: κn, µp = 1 + F p
2 (0) =: 1 + κp, (5)

where κN , N = n, p, are the anomalous magnetic moments.

3.2 ∆ Elastic Form Factors

The matrix element of the electromagnetic current operator between J = 3/2 states can be expressed through
four form factors: Coulomb monopole (E0); magnetic dipole (M1); electric quadrupole (E2); and magnetic
octupole (M3). In order to construct those form factors, one may first write the ∆γ∆ vertex as [58]:

Λµ,λω(K , Q) = Λ+(Pf )Rλα(Pf )Γµ,αβ(K , Q)Λ+(Pi )Rβω(Pi ), (6)

where the positive-energy spinor projector Λ+(P) and Rarita-Schwinger projection operator Rµν(P) are
defined in Appendix B, and

Γµ,αβ(K , Q) =
[
(F∗

1 + F∗
2 )iγµ − F∗

2

m∆
Kµ

]
δαβ −

[
(F∗

3 + F∗
4 )iγµ − F∗

4

m∆
Kµ

]
Qα Qβ

4m2
∆

. (7)

This vertex also involves two momenta, expressed through the ingoing, Pi , and outgoing, Pf , ∆-baryon
momenta, or by the average momentum K = (Pi +Pf )/2 and the photon momentum Q = Pf −Pi . Once more,
since the scattering is elastic and P2

i = P2
f = −m2

∆, K · Q = 0 and K 2 = −m2
∆(1 + τ∆), τ∆ = Q2/(4m2

∆).
It follows that the Poincaré invariant form factors which constitute the vertex depend only on the photon
momentum-transfer Q2: {F∗

i = F∗
i (Q2), i = 1, 2, 3, 4}. The multipole form factors are constructed as follows:

G E0(Q2) =
(

1 + 2τ∆

3

) (
F∗

1 − τ∆F∗
2
)
− τ∆

3
(1 + τ∆)

(
F∗

3 − τ∆F∗
4
)
, (8a)

G M1(Q2) =
(

1 + 4τ∆

5

)
(F∗

1 + F∗
2 ) − 2τ∆

5
(1 + τ∆)

(
F∗

3 + F∗
4
)
, (8b)

G E2(Q2) =
(
F∗

1 − τ∆F∗
2
)
− 1

2
(1 + τ∆)

(
F∗

3 − τ∆F∗
4
)
, (8c)

G M3(Q2) =
(
F∗

1 + F∗
2
)
− 1

2
(1 + τ∆)

(
F∗

3 + F∗
4
)
, (8d)

and their Q2 = 0 values define dimensionless multipole moments:

e∆ = G E0(0), µ̂∆ = G M1(0), Q̂∆ = G E2(0), Ô∆ = G M3(0). (9)

Given the vertex, Γµ,αβ(K , Q), one may obtain the multipole form factors using any four reasonable
projection operators; e.g., with [58]

p1 = P̌µ P̌λ P̌ωtrΛµ,λω, p2 = P̌µtrΛµ,λλ, p3 = P̌λ P̌ωtrΛµ,λωγ ⊥
µ , p4 = trΛµ,λλγ

⊥
µ , (10)

where P · γ ⊥ = 0 and P̌2 = +1, one has

G E0 = p2 − 2p1

4i
√

1 + τ∆

, G M1 = 9i(p4 − 2p3)

40τ∆
,

G E2 = 3
[
p1 (3 + 2τ∆) − p2τ∆

]

8iτ 2
∆

√
1 + τ∆

, G M3 = 3i
[
p3(5 + 4τ∆) − 2p4τ∆

]

32τ 3
∆

.
(11)

3.3 γ + N → ∆ Transition Form Factors

The γ ∗N → ∆ transition is described by three Poincaré-invariant form factors [37]: magnetic-dipole, G∗
M ;

electric quadrupole, G∗
E ; and Coulomb (longitudinal) quadrupole, G∗

C . They arise through consideration of
the N → ∆ transition current:
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Table 1 Mass-scale parameters (in GeV) for the scalar and axial-vector diquark correlations, fixed by fitting nucleon and ∆
masses offset to allow for “meson cloud” contributions [49]

m N m∆ m0+ m1+ ω0+ ω1+

1.18 1.33 0.796 0.893 0.56=1/(0.35 fm) 0.63=1/(0.31 fm)
1.46 0.796 0.56=1/(0.35 fm)

We also list ωJ P = m J P /
√

2, the width-parameter in the (qq)J P Bethe–Salpeter amplitude, Eqs. (A.30a) and (A.30b): its inverse
is an indication of the diquark’s matter radius. Row 2 illustrates effects of omitting the 1+-diquark correlation: the ∆ cannot be
formed and m N is significantly increased. Evidently, the 1+-diquark provides significant attraction in the Faddeev equation’s
kernel. Dimensioned quantities in GeV, unless otherwise indicated

kernels omit resonant contributions; i.e., do not contain effects that may phenomenologically be associated
with a meson cloud.

In practical calculations, meson-cloud effects divide into two distinct classes. The first (type-1) is within
the gap equation, where pseudoscalar-meson loop corrections to the dressed-quark-gluon vertex act uniformly
to reduce the infrared mass-scale associated with the mass-function of a dressed-quark [26,42–45]. This effect
can be pictured as a single quark emitting and reabsorbing a pseudoscalar meson and can be mimicked by
simply choosing the parameters in the gap equation’s kernel so as to obtain a dressed-quark mass that is
characterised by an energy-scale of roughly 400 MeV. Such an approach has implicitly been widely employed
with phenomenological success [11–13,46–48]; and we use it herein.

The second sort of correction (type-2) arises in connection with bound-states and may be likened to adding
pseudoscalar meson exchange between dressed-quarks within the bound-state [32,49–55], as opposed to type-
1; i.e., emission and absorption of a meson by the same quark. The type-2 contribution, depicted explicitly
in Fig. 1 of Ref. [54], is that computed in typical evaluations of meson-loop corrections to hadron observables
based on a point-hadron Lagrangian [49] and they are the corrections that should be added to calculated baryon
masses.

These observations underpin a view that bound-state kernels which omit type-2 meson-cloud corrections
should produce dressed-quark-core masses for hadron ground-states that are larger than the empirical values.
This is true in practice, as emphasised by agreement between Faddeev equation predictions such as ours
[16,19,56] and the bare masses fitted in dynamical coupled-channels computations [1,2,57]. Moreover, as we
shall again see herein, this perspective also has implications for the description of elastic and transition form
factors [7,18,21,25,27,28].

3 Electromagnetic Currents

3.1 Nucleon Elastic Form Factors

The nucleon’s electromagnetic current is

Jµ(K , Q) = ie ū(Pf )Λµ(K , Q) u(Pi ) = ie ū(Pf )

(
γµF1(Q2) + 1

2m N
σµν Qν F2(Q2)

)
u(Pi ), (2)

where Pi (Pf ) is the momentum of the incoming (outgoing) nucleon, Q = Pf − Pi is the photon momentum,
K = (Pi + Pf )/2 is the total momentum of the system, K · Q = 0 and K 2 = −m2

N (1+τN ), τN = Q2/(4m2
N )

for elastic scattering; and F1 and F2 are, respectively, the Dirac and Pauli form factors, from which one obtains
the nucleon’s electric and magnetic (Sachs) form factors

G E (Q2) = F1(Q2) − Q2

4m2
N

F2(Q2), G M (Q2) = F1(Q2) + F2(Q2). (3)

The Sachs form factors can be obtained directly from the current using any sensible projection operators, for
example, with the trace over spinor indices:

G E = m N

2K 2 Kµ tr Jµ, G M = m2
N

Q2

(
δµν − KµKν

K 2

)
tr iγµ Jν . (4)

Nucleon static electromagnetic properties are associated with the behaviour of these form factors in the
neighbourhood Q2 # 0. The charges are given by G E (0) and the magnetic moments are
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The EM current can be expressed in terms of Dirac and Pauli FFs

It is convenient to define the so-called Sack FFs

Where (in terms of Dirac and Pauli FFs)
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µN = G N
M (0) = F N

1 (0) + F N
2 (0) ⇒ µn = Fn

2 (0) =: κn, µp = 1 + F p
2 (0) =: 1 + κp, (5)

where κN , N = n, p, are the anomalous magnetic moments.

3.2 ∆ Elastic Form Factors

The matrix element of the electromagnetic current operator between J = 3/2 states can be expressed through
four form factors: Coulomb monopole (E0); magnetic dipole (M1); electric quadrupole (E2); and magnetic
octupole (M3). In order to construct those form factors, one may first write the ∆γ∆ vertex as [58]:

Λµ,λω(K , Q) = Λ+(Pf )Rλα(Pf )Γµ,αβ(K , Q)Λ+(Pi )Rβω(Pi ), (6)

where the positive-energy spinor projector Λ+(P) and Rarita-Schwinger projection operator Rµν(P) are
defined in Appendix B, and

Γµ,αβ(K , Q) =
[
(F∗

1 + F∗
2 )iγµ − F∗

2

m∆
Kµ

]
δαβ −

[
(F∗

3 + F∗
4 )iγµ − F∗

4

m∆
Kµ

]
Qα Qβ

4m2
∆

. (7)

This vertex also involves two momenta, expressed through the ingoing, Pi , and outgoing, Pf , ∆-baryon
momenta, or by the average momentum K = (Pi +Pf )/2 and the photon momentum Q = Pf −Pi . Once more,
since the scattering is elastic and P2

i = P2
f = −m2

∆, K · Q = 0 and K 2 = −m2
∆(1 + τ∆), τ∆ = Q2/(4m2

∆).
It follows that the Poincaré invariant form factors which constitute the vertex depend only on the photon
momentum-transfer Q2: {F∗

i = F∗
i (Q2), i = 1, 2, 3, 4}. The multipole form factors are constructed as follows:

G E0(Q2) =
(

1 + 2τ∆

3

) (
F∗

1 − τ∆F∗
2
)
− τ∆

3
(1 + τ∆)

(
F∗

3 − τ∆F∗
4
)
, (8a)

G M1(Q2) =
(

1 + 4τ∆

5

)
(F∗

1 + F∗
2 ) − 2τ∆

5
(1 + τ∆)

(
F∗

3 + F∗
4
)
, (8b)

G E2(Q2) =
(
F∗

1 − τ∆F∗
2
)
− 1

2
(1 + τ∆)

(
F∗

3 − τ∆F∗
4
)
, (8c)

G M3(Q2) =
(
F∗

1 + F∗
2
)
− 1

2
(1 + τ∆)

(
F∗

3 + F∗
4
)
, (8d)

and their Q2 = 0 values define dimensionless multipole moments:

e∆ = G E0(0), µ̂∆ = G M1(0), Q̂∆ = G E2(0), Ô∆ = G M3(0). (9)

Given the vertex, Γµ,αβ(K , Q), one may obtain the multipole form factors using any four reasonable
projection operators; e.g., with [58]

p1 = P̌µ P̌λ P̌ωtrΛµ,λω, p2 = P̌µtrΛµ,λλ, p3 = P̌λ P̌ωtrΛµ,λωγ ⊥
µ , p4 = trΛµ,λλγ

⊥
µ , (10)

where P · γ ⊥ = 0 and P̌2 = +1, one has

G E0 = p2 − 2p1

4i
√

1 + τ∆

, G M1 = 9i(p4 − 2p3)

40τ∆
,

G E2 = 3
[
p1 (3 + 2τ∆) − p2τ∆

]

8iτ 2
∆

√
1 + τ∆

, G M3 = 3i
[
p3(5 + 4τ∆) − 2p4τ∆

]

32τ 3
∆

.
(11)

3.3 γ + N → ∆ Transition Form Factors

The γ ∗N → ∆ transition is described by three Poincaré-invariant form factors [37]: magnetic-dipole, G∗
M ;

electric quadrupole, G∗
E ; and Coulomb (longitudinal) quadrupole, G∗

C . They arise through consideration of
the N → ∆ transition current:

the gamma matrices and the normalizations of the states are presented in Appendix A. We start writing the
γ˚N Ñ N˚ transition current for a resonance characterized by the spin-parity JP , using Lorentz structures built
from the momentum variables q and P , compatible with gauge invariance and free of kinematic singularities [84,
94]. The transition current is then expressed in terms of independent kinematic-singularity-free form factors
Gi, which are used to write down the expressions for the helicity amplitudes and multipole form factors. We
follow the formulation from Devenish et al. [84] and Aznauryan and Burkert [8], and adopt the normalization
of Aznauryan-Burkert. Early formulations of transition currents can be found in Refs. [94, 95]. The results for

the case JP “ 1
2

˘
and JP “ 3

2

˘
, 52

˘
, ..., are presented in Sections 3.3 and 3.4, respectively.

It is worth noticing that the transition form factors Gi used in the parametrization of the γ˚N Ñ N˚

transition current are kinematic-singularity-free functions and form an independent basis, meaning that they
are uncorrelated and free of constraints. As for the helicity amplitudes and multipole form factors expressed
in terms of the kinematic-singularity-free form factors Gi, they are not independent in the kinematic limits
Q2

˘ “ 0, and are therefore subject to some constraints. The constraints associated to the helicity amplitudes
and multipole form factors near the pseudothreshold, Q2 “ ´pMR ´ Mq2, below the Q2-range reveled by
electron scattering (Q2 ą 0), are discussed in Section 3.6.

3.3 Form factors 1
2

˘

With the notation for the momenta variables of Eq. (3.1), the most general structure for the transition current

associated with the γ˚N Ñ N˚
´

1
2

˘
¯

vertex can be represented by the following combination of the two possible

vector Lorentz structures

Jµ “ G1pqµ ­q ´ q2γµq
ˆ

11
γ5

˙

` G2r­qPµ ´ pP ¨ qqγµs
ˆ

11
γ5

˙

. (3.12)

The previous equation describes the current associated to the JP “ 1
2

˘
states in the following way: the upper

operator stands for the upper parity index (P “ `) and the lower operator stands for the lower parity index
(P “ ´). This notation will be used along the article. The transition form factors G1 and G2 have dimensions
of inverse of square masses (G1, G2 „ 1{M2

R).
Another common representation of the current used in the literature [88, 96, 97, 98] is

Jµ “ F1

ˆ

γµ ´
­qqµ

q2

˙ ˆ

11
γ5

˙

` F2
iσµνqν

MR ` M

ˆ

11
γ5

˙

, (3.13)

where F1 and F2 are dimensionless and given by F1 “ Q2G1 and F2 “ ´1
2pMR ¯ MqpMR ` MqG2. The form

factors F1 and F2 are known as Dirac and Pauli form factors, respectively, as in the case of the nucleon elastic
form factors. Comparing to Eq. (3.12) we notice that the Lorentz operator of the first term has a singularity at
q2 “ 0. This singularity is canceled by the factor Q2 “ ´q2 in F1 “ Q2G1, leading to the constraint F1p0q “ 0.
The representation (3.12) has the advantage of avoiding singularities on the Lorentz structure operators. The

representation (3.13) is advantageous for the comparison with the elastic limit for JP “ 1
2

`
.

From the definitions above, we obtain the relations between the kinematic-singularity-free form factors Gi

and the helicity amplitudes introduced in the previous section for JP “ 1
2

˘

A1{2pQ2q “
e

2
B¯

“

2Q2G1pQ2q ´ pM2
R ´ M2qG2pQ2q

‰

, (3.14)

S1{2pQ2q “ ˘ e

2
?
2
B¯|q|

“

2pMR ˘ MqG1pQ2q ` pMR ¯ MqG2pQ2q
‰

, (3.15)

with

B¯ “

d

Q2
¯

4MMRK
. (3.16)

In these and in the following formulas, we use a compact notation for the obtained signs: the upper and
lower sign specifies respectively the parity index, corresponding respectively to the upper and lower operators
in Eq. (3.12). The upper signs holds then for JP “ 1

2

`
and the lower signs holds for JP “ 1

2

´
.
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N.B. Using the Gordon identity (We are using the above one for the computation of the form
factors)

⇤+(Pf )


�µ +

iPµ

m�
+

�µ⌫Q⌫

2m�

�
⇤+(Pi) = 0, (237)

leads to the following expression for the electromagnetic current

Jµ,�!(P,Q) = ⇤+(Pf )R�↵(Pf )

⇢
i

✓
F ⇤
1 �

µ
� F ⇤

2
�µ⌫Q⌫

2m�

◆
�↵� �

✓
F ⇤
3 �

µ
� F ⇤

4
�µ⌫Q⌫

2m�

◆
Q↵Q�

4m2
�

��
⇤+(Pi)R�↵(Pi)

(238)

3.2.1 Relations between experimental and theoretical form factors. Static properties

We begin with the equation

Jµ,�!(P,Q) = ⇤+(Pf )R�↵(Pf )�
µ,↵�(P,Q)⇤+(Pi)R�!(Pi). (239)

where

⇤+(P ) =
1

2M
(�i� · P +M),

Rµ⌫(P ) = �µ⌫ID �
1

3
�µ�⌫ +

2

3
P̂µP̂⌫ID � i

1

3
[P̂µ�⌫ � P̂⌫�µ],

�µ,↵�(P,Q) =


(F ⇤

1 + F ⇤
2 )i�

µ
�

F ⇤
2

m�
Pµ

�
�↵� �


(F ⇤

3 + F ⇤
4 )i�

µ
�

F ⇤
4

m�
Pµ

�
Q↵Q�

4m2
�

.

(240)

The electromagnetic current is expressed in terms of four form factors F ⇤
i (Q

2). The experimentally
measured � form factors, Coulomb monopole GE0, magnetic dipole GM1, electric quadrupole GE2

and magnetic octupole GM3 can be expressed through linear combinations of the F ⇤
i (Q

2):

GE0(Q
2) =

✓
1 +

2⌧

3

◆
(F ⇤

1 � ⌧F ⇤
2 )�

⌧

3
(1 + ⌧)(F ⇤

3 � ⌧F ⇤
4 ),

GM1(Q
2) =

✓
1 +

4⌧

5

◆
(F ⇤

1 + F ⇤
2 )�

2⌧

5
(1 + ⌧)(F ⇤

3 + F ⇤
4 ),

GE2(Q
2) = (F ⇤

1 � ⌧F ⇤
2 )�

1

2
(1 + ⌧)(F ⇤

3 � ⌧F ⇤
4 ),

GM3(Q
2) = (F ⇤

1 + F ⇤
2 )�

1

2
(1 + ⌧)(F ⇤

3 + F ⇤
4 ).

(241)

Their static dimensionless values (Q2
! 0 or equivalently ⌧ ! 0) are given by

GE0(0) = e� = F ⇤
1 ,

GM1(0) = µ� = F ⇤
1 + F ⇤

2 ,

GE2(0) = Q = F ⇤
1 �

1

2
F ⇤
3 ,

GM3(0) = O = (F ⇤
1 + F ⇤

2 )�
1

2
(F ⇤

3 + F ⇤
4 ),

(242)

where e� is the � charge, µ� its magnetic dipole moment, Q the electric quadrupole moment, and
O the magnetic octupole moment. Equivalently, one has

F ⇤
1 (0) = e�,

F ⇤
2 (0) = µ� � e�,

F ⇤
3 (0) = 2(e� �Q),

F ⇤
4 (0) = 2(µ� +Q� e� �O).

(243)
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N.B. Using the Gordon identity (We are using the above one for the computation of the form
factors)

⇤+(Pf )


�µ +

iPµ

m�
+

�µ⌫Q⌫

2m�

�
⇤+(Pi) = 0, (237)

leads to the following expression for the electromagnetic current

Jµ,�!(P,Q) = ⇤+(Pf )R�↵(Pf )
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3.2.1 Relations between experimental and theoretical form factors. Static properties

We begin with the equation

Jµ,�!(P,Q) = ⇤+(Pf )R�↵(Pf )�
µ,↵�(P,Q)⇤+(Pi)R�!(Pi). (239)

where

⇤+(P ) =
1

2M
(�i� · P +M),

Rµ⌫(P ) = �µ⌫ID �
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3
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2

3
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1
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The electromagnetic current is expressed in terms of four form factors F ⇤
i (Q

2). The experimentally
measured � form factors, Coulomb monopole GE0, magnetic dipole GM1, electric quadrupole GE2

and magnetic octupole GM3 can be expressed through linear combinations of the F ⇤
i (Q

2):

GE0(Q
2) =

✓
1 +

2⌧

3

◆
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2 )�
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3
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✓
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Their static dimensionless values (Q2
! 0 or equivalently ⌧ ! 0) are given by

GE0(0) = e� = F ⇤
1 ,

GM1(0) = µ� = F ⇤
1 + F ⇤

2 ,
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2
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4 ),
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where e� is the � charge, µ� its magnetic dipole moment, Q the electric quadrupole moment, and
O the magnetic octupole moment. Equivalently, one has

F ⇤
1 (0) = e�,

F ⇤
2 (0) = µ� � e�,

F ⇤
3 (0) = 2(e� �Q),

F ⇤
4 (0) = 2(µ� +Q� e� �O).

(243)
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N.B. Using the Gordon identity (We are using the above one for the computation of the form
factors)

⇤+(Pf )
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�µ +

iPµ
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+

�µ⌫Q⌫
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leads to the following expression for the electromagnetic current

Jµ,�!(P,Q) = ⇤+(Pf )R�↵(Pf )
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3.2.1 Relations between experimental and theoretical form factors. Static properties

We begin with the equation

Jµ,�!(P,Q) = ⇤+(Pf )R�↵(Pf )�
µ,↵�(P,Q)⇤+(Pi)R�!(Pi). (239)
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1
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The electromagnetic current is expressed in terms of four form factors F ⇤
i (Q

2). The experimentally
measured � form factors, Coulomb monopole GE0, magnetic dipole GM1, electric quadrupole GE2

and magnetic octupole GM3 can be expressed through linear combinations of the F ⇤
i (Q

2):

GE0(Q
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✓
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3
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Their static dimensionless values (Q2
! 0 or equivalently ⌧ ! 0) are given by
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where e� is the � charge, µ� its magnetic dipole moment, Q the electric quadrupole moment, and
O the magnetic octupole moment. Equivalently, one has

F ⇤
1 (0) = e�,

F ⇤
2 (0) = µ� � e�,

F ⇤
3 (0) = 2(e� �Q),

F ⇤
4 (0) = 2(µ� +Q� e� �O).

(243)
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the gamma matrices and the normalizations of the states are presented in Appendix A. We start writing the
γ˚N Ñ N˚ transition current for a resonance characterized by the spin-parity JP , using Lorentz structures built
from the momentum variables q and P , compatible with gauge invariance and free of kinematic singularities [84,
94]. The transition current is then expressed in terms of independent kinematic-singularity-free form factors
Gi, which are used to write down the expressions for the helicity amplitudes and multipole form factors. We
follow the formulation from Devenish et al. [84] and Aznauryan and Burkert [8], and adopt the normalization
of Aznauryan-Burkert. Early formulations of transition currents can be found in Refs. [94, 95]. The results for

the case JP “ 1
2

˘
and JP “ 3

2

˘
, 52

˘
, ..., are presented in Sections 3.3 and 3.4, respectively.

It is worth noticing that the transition form factors Gi used in the parametrization of the γ˚N Ñ N˚

transition current are kinematic-singularity-free functions and form an independent basis, meaning that they
are uncorrelated and free of constraints. As for the helicity amplitudes and multipole form factors expressed
in terms of the kinematic-singularity-free form factors Gi, they are not independent in the kinematic limits
Q2

˘ “ 0, and are therefore subject to some constraints. The constraints associated to the helicity amplitudes
and multipole form factors near the pseudothreshold, Q2 “ ´pMR ´ Mq2, below the Q2-range reveled by
electron scattering (Q2 ą 0), are discussed in Section 3.6.

3.3 Form factors 1
2

˘

With the notation for the momenta variables of Eq. (3.1), the most general structure for the transition current

associated with the γ˚N Ñ N˚
´

1
2

˘
¯

vertex can be represented by the following combination of the two possible

vector Lorentz structures

Jµ “ G1pqµ ­q ´ q2γµq
ˆ

11
γ5

˙

` G2r­qPµ ´ pP ¨ qqγµs
ˆ

11
γ5

˙

. (3.12)

The previous equation describes the current associated to the JP “ 1
2

˘
states in the following way: the upper

operator stands for the upper parity index (P “ `) and the lower operator stands for the lower parity index
(P “ ´). This notation will be used along the article. The transition form factors G1 and G2 have dimensions
of inverse of square masses (G1, G2 „ 1{M2

R).
Another common representation of the current used in the literature [88, 96, 97, 98] is

Jµ “ F1

ˆ

γµ ´
­qqµ

q2

˙ ˆ

11
γ5

˙

` F2
iσµνqν

MR ` M

ˆ

11
γ5

˙

, (3.13)

where F1 and F2 are dimensionless and given by F1 “ Q2G1 and F2 “ ´1
2pMR ¯ MqpMR ` MqG2. The form

factors F1 and F2 are known as Dirac and Pauli form factors, respectively, as in the case of the nucleon elastic
form factors. Comparing to Eq. (3.12) we notice that the Lorentz operator of the first term has a singularity at
q2 “ 0. This singularity is canceled by the factor Q2 “ ´q2 in F1 “ Q2G1, leading to the constraint F1p0q “ 0.
The representation (3.12) has the advantage of avoiding singularities on the Lorentz structure operators. The

representation (3.13) is advantageous for the comparison with the elastic limit for JP “ 1
2

`
.

From the definitions above, we obtain the relations between the kinematic-singularity-free form factors Gi

and the helicity amplitudes introduced in the previous section for JP “ 1
2

˘

A1{2pQ2q “
e

2
B¯

“

2Q2G1pQ2q ´ pM2
R ´ M2qG2pQ2q

‰

, (3.14)

S1{2pQ2q “ ˘ e

2
?
2
B¯|q|

“

2pMR ˘ MqG1pQ2q ` pMR ¯ MqG2pQ2q
‰

, (3.15)

with

B¯ “

d

Q2
¯

4MMRK
. (3.16)

In these and in the following formulas, we use a compact notation for the obtained signs: the upper and
lower sign specifies respectively the parity index, corresponding respectively to the upper and lower operators
in Eq. (3.12). The upper signs holds then for JP “ 1

2

`
and the lower signs holds for JP “ 1

2

´
.
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6 N�� transition form factors

We now turn to the general properties of the N�� transition current and its decomposition in terms
of Lorentz-invariant form factors. The current can be generically written as

Jµ,�(P,Q) = ⇤+(Pf )R�↵(Pf )i�5�
↵µ(P,Q)⇤+(Pi), (286)

where Pi and Pf are the incoming nucleon and outgoing�momenta, with P 2
i = �m2

N and P 2
f = �m2

�.
They can be expressed through the photon momentum Q = Pf � Pi and the average momentum
P = (Pi + Pf )/2. The onshell structure of the current is ensured by the N(�-baryon) proyectors
defined herein. We extracted an explicit factor �5 in Eq. (286) so that the remainder �↵µ, which will
be specified below, has positive parity.

The composition of the four-point function �↵µ is determined by Poincaré covariance. For its
explicit construction it is convenient to work with orthogonal momenta. This is not yet the case for
P and Q because the non-vanishing N � � mass di↵erence entails P · Q 6= 0. We take instead the
component of P transverse to Q:

Pµ
T = P

µ⌫
Q P ⌫ = Pµ

� (P · Q̂)Q̂µ, (287)

and normalize it to unity Kµ = P̂µ
T . Here,

P
µ⌫
Q = �µ⌫ � Q̂µQ̂⌫ (288)
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where the 56Δ vertex is expressed as

with

Isoscalar-scalar 0(0.):  [:;]=>
Isovector-pseudovector 1(1.): {::},>, {:;},>, {;;},>

For B.(::;): [:;]=>, {::},>, {:;},>
For C=(:;;): [:;]=>, {:;},>, {;;},>

Isovector-pseudovector 1(1.): {::},>, {:;},>, {;;},>
Isovector-vector 1(11): FORBIDEN in CI

For Δ..(:::): {::},>
For Δ.(::;): {::},>, {:;},>
For Δ=(:;;): {:;},>, {;;},>
For Δ1(;;;): {;;},>

Diquark contributions

Segovia:2014aza, Segovia:2013uga, Eichmann:2011aa
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explicit construction it is convenient to work with orthogonal momenta. This is not yet the case for
P and Q because the non-vanishing N � � mass di↵erence entails P · Q 6= 0. We take instead the
component of P transverse to Q:

Pµ
T = P

µ⌫
Q P ⌫ = Pµ

� (P · Q̂)Q̂µ, (287)

and normalize it to unity Kµ = P̂µ
T . Here,

P
µ⌫
Q = �µ⌫ � Q̂µQ̂⌫ (288)

is the transverse projector with respect to Q. Together with the normalized photon momentum Q̂,
the current is now characterized by to orthonormal four-momenta, K and Q̂ (instead of P and Q, or
Pi and Pf ), which will simplify its structure considerably.

Using this construction, the most general form of the vertex �↵µ that is compatible with Poincaré
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where the 56Δ vertex is expressed as

with

Diquark contributions

58 ⟶ Δ.: :, :< ,= & <, :: ,=
5? ⟶ Δ@: :, << ,= & <, :< ,=

58 ⟶ Δ.: :, :< ,= ⟶ :< ,=
<, :: ,= ⟶ :: ,=

5? ⟶ Δ@: :, << ,= ⟶ << ,=
<, :< ,= ⟶ :< ,=

58 ⟶ Δ.: :, [:<]@=⟶ :< ,=
5? ⟶ Δ@: <, [:<]@=⟶ :< ,=

Photon hits quark Photon hits diquark
(elastic)

Photon hits diquark
(diquark transition induced)

Segovia:2014aza, Segovia:2013uga, Eichmann:2011aa
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Full contributions Data - Exclusive meson electroproduction off Protons:
https://userweb.jlab.org/~mokeev/resonance_electrocouplings/

*Expected behavior
achieved for !"∗ & !$∗

*Suppressed IR
contributions

%& = 1.72 GeV
%& = 1.80 GeV
%& = 1.88 GeV

(/ = 0)

2 = 0
2 = 1/3
2 = 2/3

(56 = 7. 89 GeV)
*Delta mass variation
only rescales TFFs

*Results for !:∗ align
closely with exp.
data

*Excellent agreement
with PDG
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Helicity Amplitudes

The multipole form factors can now be expressed in terms of the helicity amplitudes. For JP “ 3
2

`
, one

has [8, 78, 107]

GM pQ2q “ ´F1`

´?
3A3{2pQ2q ` A1{2pQ2q

¯

, (3.31)

GEpQ2q “ ´F1`

ˆ

1?
3
A3{2pQ2q ´ A1{2pQ2q

˙

, (3.32)

GCpQ2q “
?
2F1`

2MR

|q|
S1{2pQ2q, (3.33)

and for JP “ 3
2

´

GM pQ2q “ ´F1´

ˆ

1?
3
A3{2pQ2q ´ A1{2pQ2q

˙

, (3.34)

GEpQ2q “ ´F1´

´?
3A3{2pQ2q ` A1{2pQ2q

¯

, (3.35)

GCpQ2q “ ´
?
2F1´

2MR

|q|
S1{2pQ2q, (3.36)

where

F1˘ “
M

|q|
2M

pMR ˘ Mq

c

K

4πα

d

Q2
˘

4MMR

“
c

3

2

M

6pMR ˘ Mq
1

A1¯
. (3.37)

The explicit expressions for GM , GE and GC in terms of Gi are presented in Appendix B. The previous
formulas show that we can obtain the electric/magnetic form factors for JP “ 3

2

´
from the formulas for

JP “ 3
2

`
interchanging GM {F1˘ Ø GE{F1¯ and GC{F1˘ Ø ´GC{F1¯.

For convenience, we also compile here the inverse relations for the helicity amplitudes in terms of the
multipole form factors, for J` “ 3

2

`
:

A1{2pQ2q “ ´
1

4F1`

“

GM pQ2q ´ 3GEpQ2q
‰

, S1{2pQ2q “
1?
2F1`

|q|
2MR

GCpQ2q,

A3{2pQ2q “ ´
?
3

4F1`

“

GM pQ2q ` GEpQ2q
‰

. (3.38)

and for J` “ 3
2

´
:

A1{2pQ2q “ ´
1

4F1´

“

GEpQ2q ´ 3GM pQ2q
‰

, S1{2pQ2q “ ´
1?
2F1´

|q|
2MR

GCpQ2q,

A3{2pQ2q “ ´
?
3

4F1´

“

GEpQ2q ` GM pQ2q
‰

. (3.39)

As a consequence, the relations between the JP “ 3
2

`
and JP “ 3

2

´
multipole form factors, we can obtain

the amplitudes for JP “ 3
2

´
from the formulas for JP “ 3

2

`
replacing GE{M Ø GM{E, GC Ñ ´GC and

F1` Ñ F1´.
For the comparison with the literature we add that the formulation from Devenish [84] and Jones and

Scadron [94] includes an isospin factor
b

2
3 associated to the γ˚p Ñ ∆` transition on the vertex (3.24) which

leads to different transformations between Gi and multipole form factors. These transformations are discussed
on Appendix B. The present formulation and the Devenish/Jones and Scadron formulation are, however,
equivalent, and give the same multipole form factors and helicity amplitudes (see Appendix B).
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, one

has [8, 78, 107]
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´?
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GEpQ2q “ ´F1`

ˆ
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3
A3{2pQ2q ´ A1{2pQ2q

˙
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GCpQ2q “
?
2F1`

2MR

|q|
S1{2pQ2q, (3.33)
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2

´
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ˆ
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3
A3{2pQ2q ´ A1{2pQ2q

˙
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2F1´

2MR

|q|
S1{2pQ2q, (3.36)

where

F1˘ “
M

|q|
2M

pMR ˘ Mq

c

K

4πα

d

Q2
˘

4MMR

“
c

3

2

M

6pMR ˘ Mq
1

A1¯
. (3.37)

The explicit expressions for GM , GE and GC in terms of Gi are presented in Appendix B. The previous
formulas show that we can obtain the electric/magnetic form factors for JP “ 3
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´
from the formulas for

JP “ 3
2
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interchanging GM {F1˘ Ø GE{F1¯ and GC{F1˘ Ø ´GC{F1¯.
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F1` Ñ F1´.
For the comparison with the literature we add that the formulation from Devenish [84] and Jones and

Scadron [94] includes an isospin factor
b

2
3 associated to the γ˚p Ñ ∆` transition on the vertex (3.24) which

leads to different transformations between Gi and multipole form factors. These transformations are discussed
on Appendix B. The present formulation and the Devenish/Jones and Scadron formulation are, however,
equivalent, and give the same multipole form factors and helicity amplitudes (see Appendix B).
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There are similarities between the case JP “ 3
2

˘
and the cases JP “ 5

2

¯
, 72

˘
, .... Notice the alternation of

parity, when we increase J . Because of the similarities, it is convenient to separate the case JP “ 3
2

˘
from the

high order spins. Thus, in Section 3.4.1, we discuss the results for JP “ 3
2

˘
, and in Section 3.4.2, we discuss

the results for JP “ 5
2

¯
, 72

˘
, ....

We can anticipate that for a fixed J , the transverse helicity amplitudes and the electric and magnetic
form factors for negative parity states can be obtained from the formulas for positive parity through simple
transformations.

3.4.1 Case JP “ 3
2

˘

Let us start with the case JP “ 3
2

˘
for clarity. The projection of the transition current Jµ on the asymptotic

states |N˚〉 and |N〉 can be expressed as

〈N˚|Jµ |N〉 “ ūαpp1q Γαµpqq
ˆ

γ5
11

˙

uppq, (3.24)

where uα and u are the resonance Rarita-Schwinger and nucleon Dirac spinors, respectively. The operator Γαµ

is in units of the elementary charge (e). According to the notation adopted, the upper operator is associated

with the upper parity index (state JP “ 3
2

`
) and the lower operator is associated with the lower parity index

(state JP “ 3
2

´
). The spin projectors of the N˚ state and of the nucleon are omitted for simplicity.

The operator Γαµ can be expressed in the gauge-invariant form [8]

Γαµpqq “ rqαγµ ´ ­qgαµsG1pQ2q `
“

qαp1µ ´ pp1 ¨ qqgαµ
‰

G2pQ2q `
“

qαqµ ´ q2gαµ
‰

G3pQ2q, (3.25)

where Gi are independent kinematic-singularity-free form factors. The dimensions of the form factors are
G1 „ 1{MR, G2 „ 1{M2

R and G3 „ 1{M2
R.

Using the form factors Gi, we can define the helicity form factors [8, 84]

h1pQ2q “ 4MRG1pQ2q ` 4M2
RG2pQ2q ` 2pM2

R ´ M2 ´ Q2qG3pQ2q, (3.26)

h2pQ2q “ ´2pMR ˘ MqG1pQ2q ´ pM2
R ´ M2 ´ Q2qG2pQ2q ` 2Q2G3pQ2q, (3.27)

h3pQ2q “ ´ 2

MR

“

Q2 ` MpM ˘ MRq
‰

G1pQ2q ` pM2
R ´ M2 ´ Q2qG2pQ2q ´ 2Q2G3pQ2q. (3.28)

For l “ 1 the helicity form factors hi are dimensionless.

The helicity amplitudes can now be calculated using

A1{2pQ2q “ A1¯ h3pQ2q, S1{2pQ2q “ ˘
?
2A1¯

|q|
2MR

h1pQ2q,

A3{2pQ2q “ ˘
?
3A1¯ h2pQ2q, (3.29)

where

A1¯ “ 1

2
?
3

c

2πα

K

d

Q2
¯

4MMR
. (3.30)

Again, the previous equations are valid for the JP “ 3
2

˘
states, where the upper signs hold for the upper

parity index (JP “ 3
2

`
) and the lower signs hold for the lower parity index (JP “ 3

2

´
). We use here the

Aznauryan-Burkert representation [8] which is equivalent to the Devenish representation [84] when we redefine

Gi Ñ
b

2
3Gi.
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p p′

q

Figure 3.1: Kinematic associated to the γ˚N Ñ N˚ transition.

also define the magnetic dipole (GM ), the electric (GE) and the Coulomb (GC) quadrupole transition form
factors, also known as multipole form factors. The properties of the transition amplitudes at large Q2 are
discussed in Section 3.5. In Section 3.6, we discuss the constraints that one needs to take into account at low
Q2, when we use either helicity amplitudes or multipole form factors.

3.1 Notation

A covariant representation is necessary throughout this review. Here we define our notation. A 4-vector aµ is
written as aµ “ pa0,aq, where a0 is the time component and a is the space component. In general, we omit the
covariant index (µ), unless we refer to the contravariant component aµ “ pa0,´aq. More information about
the covariant notation can be found in Appendix A.

Throughout this paper, we use natural units, ! “ c “ 1, with masses, 3-momenta and energies given in GeV.
To convert energies in distances, we use the relation !c » 0.197327 GeV fm “ 1, meaning that 1 fm » 5.07
GeV´1.

To describe the kinematics associated with a general electromagnetic γ˚N Ñ N˚ transition, we use p for
the initial nucleon momentum and p1 for the resonance momentum, as described in Fig. 3.1. We label by q the
reaction 4-momentum transfer and by P the average of the nucleon and resonance 4-momenta

q “ p1 ´ p, P “
1

2
pp1 ` pq. (3.1)

In this notation p “ P ´ 1
2q and p1 “ P ` 1

2q. We denote the mass of the nucleon (N) by M and the nucleon
resonance (N˚) by MR.

The invariant squared momentum transfer q2 is non positive and therefore defined in the spacelike kinematic
region (q2 ď 0)1. As it is usual in the literature, we define Q2 “ ´q2, and use the variable Q2 ą 0 to parametrize
the structure functions associated with the electroexcitations of the nucleon resonances. (Photoexcitations or
radiative decays correspond to Q2 “ 0.)

Along this work it is useful to define two variables that will often enter into the formulas describing the
helicity amplitudes, discussed next:

Q2
˘ “ pMR ˘ Mq2 ` Q2. (3.2)

3.2 Helicity transition amplitudes

A general nucleon electromagnetic excitation γ˚N Ñ N˚ is determined by the transition current Jµ. By
definition this current encapsulates the full complexity of the γ˚N Ñ N˚ vertex.

The helicity amplitudes are transition matrix elements of the projections of this current on the three possible
photon polarization states. The helicity amplitudes of the transition N Ñ N˚ `

JP
˘

are defined at the resonance

1The sign of q2 can be determined by the change of momenta in the electrons on the transition e´N Ñ e´N˚. A simple analysis
of the kinematics at the Breit frame shows that q2 “ ´4k2, where k is the 3-momentum of the final electron. Thus q2 ď 0.
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rest frame as2

A1{2 “
c

2πα

K

〈

N˚, S˚
z “ `

1

2

ˇ

ˇ

ˇ

ˇ

εp`q
µ Jµ

ˇ

ˇ

ˇ

ˇ

N,Sz “ ´
1

2

〉

, (3.3)

A3{2 “
c

2πα

K

〈

N˚, S˚
z “ `3

2

ˇ

ˇ

ˇ

ˇ

εp`q
µ Jµ

ˇ

ˇ

ˇ

ˇ

N,Sz “ `1

2

〉

, (3.4)

S1{2 “
c

2πα

K

〈

N˚, S˚
z “ `

1

2

ˇ

ˇ

ˇ

ˇ

εp0q
µ Jµ

ˇ

ˇ

ˇ

ˇ

N,Sz “ `
1

2

〉

|q|
Q

, (3.5)

where α “ e2

4π2 is the fine structure constant, K “ M2
R´M2

2MR
, ε

pλγq
µ is the photon polarization vector (λγ “ 0,˘),

Q “
a

Q2 and |q| is the magnitude of the photon 3-momentum. The current Jµ is in units of the elementary
charge (e). The nucleon and resonance asymptotic states have no dimensions and the helicity amplitudes have
units of GeV´1{2.

The above definitions of helicity amplitudes are valid for any N˚ final state. However, the amplitude A3{2
is defined only for states N˚ with J ě 3

2 . Otherwise, there are only the other two amplitudes. The scalar
amplitude S1{2 cannot be determined at the photon point (Q2 “ 0) since there are no real photons with
longitudinal polarization, but it can be measured for values arbitrarily close to Q2 “ 0.

The kinematic variables in the N˚ rest frame, with q along the ẑ direction, read

p “ pE, 0, 0,´|q|q, p1 “ pMR, 0, 0, 0q, q “ pω, 0, 0, |q|q, (3.6)

where E “
a

M2 ` |q|2 is the nucleon energy and ω “ MR ´ E is the photon energy. These variables can be
written in a covariant form as

|q| “

b

Q2
`Q

2
´

2MR
, E “

M2
R ` M2 ` Q2

2MR
, ω “

M2
R ´ M2 ´ Q2

2MR
, (3.7)

where for |q| the variables defined in Eqs. (3.2) were used. The photon polarization vectors are

εp0q
µ “

1

Q
p|q|, 0, 0,´ωq, εp˘q

µ “ ˘
1?
2

p0, 1,¯i, 0q. (3.8)

Differently than the longitudinal amplitudes A3{2 and A1{2 corresponding to photons with transverse po-
larization, the scalar amplitude S1{2, corresponding to photons with zero polarization, includes an extra factor

|q|{Q to the projection εp0q ¨ J . This factor is not included in some definitions of the helicity amplitudes, as for
instance the helicity amplitudes in the Breit frame. Applying the current conservation condition q ¨ J “ 0 to
the product p|q|{Qqpεp0q ¨ Jq, we conclude that p|q|{Qqpεp0q ¨ Jq “ J0, i.e., the definition (3.5) is equivalent to
the matrix element of the charge component of the current.

The helicity amplitudes in the limit Q2 “ 0 are important for the determination of the radiative decay
width of the resonances. The N˚ Ñ γN decay width of a resonance with spin J takes the form [8, 83]

ΓN˚ÑγN “ K2

π

2M

p2J ` 1qMR

“

|A1{2p0q|2 ` |A3{2p0q|2
‰

, (3.9)

where A3{2 and A1{2 are the helicity amplitudes from Eqs. (3.3) and (3.4). In the case J “ 1
2 , we use A3{2 “ 0.

The electron scattering on nucleons (γ˚N Ñ N˚ transitions) probe the region Q2 ą 0. Near the photon
point (Q2 “ 0), the helicity amplitudes are physically defined only in the region |q| ě 0. The minimum of
|q| is zero when the photon 3-momentum vanishes (|q| “ 0). This point is called pseudothreshold. At the
pseudothreshold the photon energy component is ω “ MR ´ M and Q2 “ ´pMR ´ Mq2. This means that,
although the helicity amplitudes measured in the γ˚N Ñ N˚ transitions are defined in the region Q2 ě 0,
they can be extended to the region ´pMR ´ Mq2 ď Q2 ă 0. The region Q2 ă 0 can be probed by N˚ Ñ γ˚N

transitions, the source of the N˚ Dalitz decay (N˚ Ñ e`e´N). As discussed later, the helicity amplitudes near
the pseudothreshold are subject to some conditions that constraint the Q2-dependence of those functions.

2The amplitude A3{2 is equivalent to an amplitude defined by the transition Sz “ ´ 1

2
Ñ S˚

z “ ´ 3

2
and photon polarization εp´q

µ .
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For !"
#
$
% → '

"
(
$
) , linearly related to Jones-Scadron 

FFs as follows:

The multipole form factors can now be expressed in terms of the helicity amplitudes. For JP “ 3
2

`
, one

has [8, 78, 107]

GM pQ2q “ ´F1`

´?
3A3{2pQ2q ` A1{2pQ2q

¯

, (3.31)

GEpQ2q “ ´F1`

ˆ

1?
3
A3{2pQ2q ´ A1{2pQ2q

˙

, (3.32)

GCpQ2q “
?
2F1`

2MR

|q|
S1{2pQ2q, (3.33)

and for JP “ 3
2

´

GM pQ2q “ ´F1´

ˆ

1?
3
A3{2pQ2q ´ A1{2pQ2q

˙

, (3.34)

GEpQ2q “ ´F1´

´?
3A3{2pQ2q ` A1{2pQ2q

¯

, (3.35)

GCpQ2q “ ´
?
2F1´

2MR

|q|
S1{2pQ2q, (3.36)

where

F1˘ “
M

|q|
2M

pMR ˘ Mq

c

K

4πα

d

Q2
˘

4MMR

“
c

3

2

M

6pMR ˘ Mq
1

A1¯
. (3.37)

The explicit expressions for GM , GE and GC in terms of Gi are presented in Appendix B. The previous
formulas show that we can obtain the electric/magnetic form factors for JP “ 3

2

´
from the formulas for

JP “ 3
2

`
interchanging GM {F1˘ Ø GE{F1¯ and GC{F1˘ Ø ´GC{F1¯.

For convenience, we also compile here the inverse relations for the helicity amplitudes in terms of the
multipole form factors, for J` “ 3

2

`
:

A1{2pQ2q “ ´
1

4F1`

“

GM pQ2q ´ 3GEpQ2q
‰

, S1{2pQ2q “
1?
2F1`

|q|
2MR

GCpQ2q,

A3{2pQ2q “ ´
?
3

4F1`

“

GM pQ2q ` GEpQ2q
‰

. (3.38)

and for J` “ 3
2

´
:

A1{2pQ2q “ ´
1

4F1´

“

GEpQ2q ´ 3GM pQ2q
‰

, S1{2pQ2q “ ´
1?
2F1´

|q|
2MR

GCpQ2q,

A3{2pQ2q “ ´
?
3

4F1´

“

GEpQ2q ` GM pQ2q
‰

. (3.39)

As a consequence, the relations between the JP “ 3
2

`
and JP “ 3

2

´
multipole form factors, we can obtain

the amplitudes for JP “ 3
2

´
from the formulas for JP “ 3

2

`
replacing GE{M Ø GM{E, GC Ñ ´GC and

F1` Ñ F1´.
For the comparison with the literature we add that the formulation from Devenish [84] and Jones and

Scadron [94] includes an isospin factor
b

2
3 associated to the γ˚p Ñ ∆` transition on the vertex (3.24) which

leads to different transformations between Gi and multipole form factors. These transformations are discussed
on Appendix B. The present formulation and the Devenish/Jones and Scadron formulation are, however,
equivalent, and give the same multipole form factors and helicity amplitudes (see Appendix B).
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As a consequence, the relations between the JP “ 3
2

`
and JP “ 3

2

´
multipole form factors, we can obtain

the amplitudes for JP “ 3
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from the formulas for JP “ 3

2

`
replacing GE{M Ø GM{E, GC Ñ ´GC and
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For the comparison with the literature we add that the formulation from Devenish [84] and Jones and

Scadron [94] includes an isospin factor
b

2
3 associated to the γ˚p Ñ ∆` transition on the vertex (3.24) which

leads to different transformations between Gi and multipole form factors. These transformations are discussed
on Appendix B. The present formulation and the Devenish/Jones and Scadron formulation are, however,
equivalent, and give the same multipole form factors and helicity amplitudes (see Appendix B).
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Data - Exclusive meson electroproduction off Protons:
https://userweb.jlab.org/~mokeev/resonance_electrocouplings/



Summary
• Dynamical diquark correlations play a crucial role in the internal structure of hadrons.

• The strong diquark correlations revealed by the BSE provide insights into the nature of quark interactions 
within baryons.

• Available experimental data offers a window to test QCD models, providing crucial validation for theoretical 
predictions. 

• TFFs are important for identifying dynamical diquark correlations and serve as a test for the presence of 
these correlations in baryons.

• Electromagnetic transitions are sensitive to baryon wave functions and provide an essential path to 
understanding DCSB.

• The CI model offers a simplified yet insightful approach to calculating form factors, reproducing the overall 
behavior while reducing computational complexity.

• We presented preliminary results for the !" → Δ(1700) TFFs using a CI where only scalar and axial-vector 
diquarks are considered. These diquarks are non-point correlations. The existence of non-point diquark is 
closely connected with the emergence of hadron masses and Dynamical Chiral Symmetry Breaking (DCSB).

• The magnetic FF *+ and ,-// exhibit a hard behavior in the UV domain.

• The electric FF *0 and ,1// achieve the expected behavior, but infrared IR details remain underrepresented.




