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Background and Motivation

In quark potential models, the pion is com-
monly described as a simple S-wave qq̄
bound state with zero orbital angular mo-
mentum (OAM), ℓ = 0.

By contrast, in relativistic quantum field the-
ory, and in QCD in particular, OAM is not
a Poincaré-invariant quantity.

OAM is an intrinsic but frame-dependent as-
pect of hadron structure.
– OAM is part of every hadron wave function

Evidently, π, K structure is far more compli-
cated than some may imagine.

Delivering a sound explanation of the struc-
ture of these NG bosons are fundamental
longstanding challenges

How should orbital angu-
lar momentum be defined
and interpreted inside rel-
ativistic bound states?
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NG bosons via the Bethe-Salpeter equation

Dyson-Schwinger equations (DSEs)

Gap equation

S−1
g (k) = iγ · k +mg +Σg (k),

Σg (k) =

∫
dq 4παDµν(l)γµ

λa

2
S(q)Γgν(q, k)

λa

2

Bethe-Sapleter equation

ΓghHαβ(k;P) = gH +

∫

dq

K
(2)
αα′,ββ′χ

gh
Hα′β′(q,P)
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NG bosons via the Bethe-Salpeter equation

Truncation is necessary
2.1 Basic concepts in QCD 11
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Quark propagator: Gluon propagator:

Ghost propagator:

Ghost-gluon vertex:

Quark-gluon vertex:

Figure 2.1: DSEs for quark, gluon and ghost propagators and the ghost-gluon and
quark-gluon vertices. White blobs denote dressed propagators, filled blobs represent
1PI Green functions.

implemented in the functional description through equations for the 1PI vertices, the
requirement of gauge invariance of the generating functional leads to Ward-Takahashi
(WTIs) and Slavnov-Taylor identities (STIs) which interrelate the Green functions of
a gauge theory. Although the gauge-fixed action of QCD is no longer invariant with
respect to local gauge transformations, it still satisfies global gauge symmetry and
BRST symmetry [26, 27]. The latter is formally equivalent to a gauge transformation
by a ghost field and can be used to derive the STIs. Moreover it can be shown that
requiring BRST invariance of a gauge theory generates both the ghosts and the gauge
fixing while ensuring gauge independence of physical observables [28].
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NG bosons via the Bethe-Salpeter equation

The effective charge

QCD’s running coupling

[Binosi:2016nme]

dynamical generation of a
gluon mass-scale

Emergent Hadron Mass
(EHM)
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NG bosons via the Bethe-Salpeter equation

The effective charge
Studies of the gauge sector in QCD have led to the following efficacious
form for the product of effective charge and gluon 2-point Schwinger
function:

d (y) =
2π

ω4
De−y/ω2

+
πγmF(y)

1
2 ln

[
τ + (1 + y/Λ2

QCD)
2
] ,

a nonzero gluon mass-scale appears as a consequence of Emergent
hadron mass (EHM)
The large momentum behaviour
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NG bosons via the Bethe-Salpeter equation

Rainbow-ladder (RL) truncation

ΓRL
ν (q, p) = γν

serves well for ground-state hadrons with
little rest-frame orbital angular mo-
mentum between the dressed valence
constituents.

Weakness: being omission of those struc-
tures in the quark+gluon vertex which
become large as a consequence of EHM.
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NG bosons via the Bethe-Salpeter equation

Beyond Rainbow-ladder

Γν(q, p) = ΓRL
ν (q, p)−a κ(y)σαν lα

Si-xue Qin: 2024-10–14 @ STAR区域研讨会, 重庆 / 2214

Basics: Kernel has the Dirac and Pauli terms

1. A realistic kernel must involves the Dirac and Pauli structures: 

γμ

γν

γμ

σlν

σlμ

σlν

K’G1 G2 G3 multigluon-exchange

See, e.g., CPL 38 (2021) 7, 071201
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with �5K
(±)�5 = ±K(±), ⌦± := 1

2 (⌦ ± �5 ⌦ �5)

✦ Proper decomposition:
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✦ Deformed WTIs:

discrete continuous

K (2) = −Gµν(l)γµ ⊗ γν − Gµν(l)

γµ ⊗ τν(l) + Gµν(l)τν(l)⊗ γµ + Kad

EHM is known to generate a large
anomalous chromomagnetic mo-
ment (ACM) for the lighter quarks

The ACM is essentially nonperturba-
tive in origin;

This ACM improvement eliminates
most defects of RL truncation in
spectrum calculations and also has a
discernible effect on hadron structure
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NG bosons via the Bethe-Salpeter equation

Normalization

Nonrelativistic quantum me-
chanics
=⇒ bound-state wave function
Ψ(x);
=⇒ probability amplitude;
=⇒ introducing a scaling factor;
=⇒ 1 =

∫
dx |Ψ(x)|2

Poincaré-invariant QFT
× loss of particle number conser-
vation;
=⇒ BSWF does not permit in-
terpretation as a probability am-
plitude.
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Poincaré-invariant QFT
× loss of particle number conser-
vation;
=⇒ BSWF does not permit in-
terpretation as a probability am-
plitude.

zhenni.xu@dci.uhu.es (UHU) Orbital angular momentum in the pion and kaon 9 / 24



NG bosons via the Bethe-Salpeter equation

Canonical normalisation
For RL truncation, BS kernel K independent of Q,

1 = 2trCD

∫

dk

d

dQ2

[
i X̄5(k;−K )S−1

f (kη)iX5(k;K )S−1
g (kη̄)

]Q2+m2
5=0

K=Q

Nakanishi normalisation
General case, for both RL and bRL

1 =

[
d lnλ(Q2)

dQ2
×trCD

∫

dk
X̄5(k;−Q)S−1

f (kη)X5(k;Q)S−1
g (kη̄)

]

Q2+m2
5=0
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NG bosons via the Bethe-Salpeter equation

Masses and decay constants of light pseudoscalar mesons

A m̂ m̂s ω (ωD)1/3

RL 0.0072 0.161 0.6 0.80
bRL 0.0041 0.110 0.8 0.72

B mπ mK mπss̄ fπ fK fπss̄

RL 0.14 0.49 0.69 0.090 0.11 0.13
bRL 0.14 0.49 0.67 0.098 0.11 0.12

Both RL and bRL predictions are a good match with empirical deter-
minations.
– an implicit expression of the NG character of these states: all symmetry-
preserving CSM truncations must deliver a good description.
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NG bosons via the Bethe-Salpeter equation

Poincaré-covariant BSWFs for JP = 0−

X5(k;Q) = Sf (kη)Γ5(k;Q)Sg (kη̄) (1a)

=: γ5
[
iE5(k;Q) + γ · QF5(k;Q)

+γ · k k · QG5(k;Q) + σµνkµQνH5(k;Q)
]
, (1b)

=: X 1
5 (k;Q) + X 2

5 (k;Q) + X 3
5 (k;Q) + X 4

5 (k;Q) , (1c)

Rest-frame: signalled by appearance of k
=⇒ E5,F5 correspond to S-wave;
=⇒ G5,H5 are P-wave components.
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Rest-frame OAM

In QFT, only the sum over all partial-wave interferences is physical (proba-
bility); individual contributions depend on how normalization is defined.

l ij : measurement (in %) of the contribution of a given OAM partial-wave
(S,P) pairing to the bound-state canonical normalisation (only RL).

l ij = 2trCD

∫

dk

d

dQ2

×
[
i X̄ i

5(k;−Q)S−1
f (kη)iX j

5(k;Q)S−1
g (kη̄)

]P2+m2
5=0

Q=P
, (2)

1 =
4∑

i,j

l ij .

i , j = 1, 2 =⇒ S-wave;

i , j = 3, 4 =⇒ P-wave;
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Rest-frame OAM

(a) π+
(b) K+

(c) π+
ss̄

A RL S ⊗ S S ⊗ P P ⊗ P
π+ 16.2 84.5 −0.7
K+ 23.7 78.3 −2.0
π+
ss̄ 17.9 90.1 −8.0

Contributions to the normalisation in-
clude both positive and negative
terms; the total sum equals unity
(100%).

The largest-magnitude contribution is
X 1
π ⊗ X 1

π (S ⊗ S), but it is negative.

This negativity is marginally overcom-
pensated by positive X 1

π ⊗X 2
π contribu-

tions

Unit normalisation is almost entirely
provided by X 1

π⊗X 4
π (S⊗P wave) con-

structive interference
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Rest-frame OAM

(a) π+
(b) K+

(c) π+
ss̄

A RL S ⊗ S S ⊗ P P ⊗ P
π+ 16.2 84.5 −0.7
K+ 23.7 78.3 −2.0
π+
ss̄ 17.9 90.1 −8.0

With increasing valence-quark cur-
rent mass (K , πss̄):

X 1 ⊗ X 1 and X 1 ⊗ X 2 grow,

X 2 ⊗ X 2 term appears,
The sum of 4 (Figs: blue bars)
contributions is still positive
and not very large (see Tab:
colum 1).
yet the dominant source of
positive normalisation re-
mains S ⊗ P.
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Rest-frame OAM

(a) π+
(b) K+

(c) π+
ss̄

A RL S ⊗ S S ⊗ P P ⊗ P
π+ 16.2 84.5 −0.7
K+ 23.7 78.3 −2.0
π+
ss̄ 17.9 90.1 −8.0

In all cases, P ⊗ P interference is
destructive.
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Rest-frame OAM

General case, for both RL and bRL,

L ij : measurement (in %) of the contribution of a given OAM partial-wave
(S,P) pairing to the bound-state Nakanishi normalisation.

L ij = −
[
d lnλ(Q2)

dQ2

× trCD

∫

dk

X̄ i
5(k;−Q)S−1

f (kη)X j
5(k;Q)S−1

g (kη̄)

]

P2+m2
5=0

, (3)

1 =
4∑

i,j

L ij .

– more akin to the normalisation condition of bound-state wave functions in non-
relativistic quantum mechanics.
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Rest-frame OAM

RL

(a) π+
(b) K+

(c) π+
ss̄

bRL

(a) π+
(b) K+

(c) π+
ss̄

B RL S ⊗ S S ⊗ P P ⊗ P

π+ 100.7 −1.9 1.2
K+ 97.5 −0.3 2.8
π+
ss̄ 108.9 −22.1 13.2

C bRL S ⊗ S S ⊗ P P ⊗ P

π+ 101.0 −1.6 0.6
K+ 110.3 −17.4 7.1
π+
ss̄ 119.8 −33.5 13.7

Results differ markedly; → high-
lights again only the total sum ad-
mits a probabilistic interpretation.

The pion is predominantly S ⊗ S–
wave

With increasing valence-quark cur-
rent mass, P-wave magnified
(Tabs: 3rd column).
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Rest-frame OAM

RL

(a) π+
(b) K+

(c) π+
ss̄

bRL

(a) π+
(b) K+

(c) π+
ss̄

B RL S ⊗ S S ⊗ P P ⊗ P

π+ 100.7 −1.9 1.2
K+ 97.5 −0.3 2.8
π+
ss̄ 108.9 −22.1 13.2

C bRL S ⊗ S S ⊗ P P ⊗ P

π+ 101.0 −1.6 0.6
K+ 110.3 −17.4 7.1
π+
ss̄ 119.8 −33.5 13.7

For π, RL cf. bRL OAM decom-
positions are qualitatively similar.

Quantitative differences: bRL
kernel enhances OAM effects

Because EHM remains the dom-
inant matter-mass generating
mechanism on a larger domain
of current mass than in RL
truncation.
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Light-front wave functions

The Schrödinger wave function associated with a nonrelativistic system
is a probability amplitude.

It can be computed using a Lippmann-Schwinger equation.

However, owing to the special features of PIQFT: the loss of particle
number conservation – the Poincaré-covariant BSWF does not admit
interpretation as a probability amplitude.

In quantum field theory, a clean analogue of the Schrödinger wave
function is provided by the light-front wave function (LFWF).
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Light-front wave functions

A pseudoscalar meson LFWF has two components:

ψ5(x , k
2
⊥) ∝ γ5

[
γ · nψL=0

5 (x , k2
⊥)

+ iσµνnµk⊥ν ψ
L=1
5 (x , k2

⊥)
]
,

L = 0 =↑↓=↓↑; L = 1 =↑↑=↓↓.
Recalling:

X5(k;Q) =: γ5
[
iE5(k;Q) + γ · QF5(k;Q)

+γ · k k · QG5(k;Q) + σµνkµQνH5(k;Q)
]

X 2
5 (rest-frame S-wave) and X 3

5 (rest-frame P-wave) contribute to the
light-front OAM L = 0 term;
X 4
5 (rest-frame P-wave) is the sole contributor to light-front L = 1.

X 1
5 (rest-frame S-wave) is higher twist; no contribution

Unlike the BSWF, a bound-state’s LFWF admits a probability interpretation.

Normalization:

1 =
1

(2π)3

∫
dx

∫
d2k⊥

[
|ψ0

5(x , k
2
⊥)|2 + k2

⊥|ψ1
5(x , k

2
⊥)|2

]
.
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Light-front OAM

OAM decomposition of meson LFWF normalisation

1 =
1

(2π)3

∫
dx

∫
d2k⊥

[
|ψ0

5(x , k
2
⊥)|2 + k2

⊥|ψ1
5(x , k

2
⊥)|2

]
.

π K πss̄
P0 P1 P0 P1 P0 P1

RL 0.64 0.36 0.66 0.34 0.73 0.27
bRL 0.51 0.49 0.57 0.43 0.62 0.38

Important observations:

L = 1 components are crucial parts of their LFWFs.

Increasing quark mass → L = 1 decrease, L = 0 grows to compensate
bRL leads to a material enhancement of L = 1 in pseudoscalar meson
LFWFs
pion ≈ 50/50 mix of L = 0 and L = 1 light-front OAM components,
and kaon is a 60/40 system.
– a picture that differs qualitatively from rest-frame analyses.
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Summary & Outlook

OAM is an essential dynamical component of pseudoscalar mesons, not
a small relativistic correction.

Rest-frame analyses reveal OAM through interference among partial
waves, whereas light-front wave functions expose a probability-based
structure.

EHM-improved (bRL) kernels enhance L = 1 contributions and yield
more localised, phenomenologically realistic wave functions.

The pion is not a purely L = 0 system: it is approximately an equal
admixture of L = 0 and L = 1 components
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Summary & Outlook

The present framework provides a natural starting point for extending
OAM analyses to other mesons and baryons, where spin–orbit
correlations are expected to play an even more prominent role.

Finally, the combination of EHM-improved kernels with light-front
observables opens a promising avenue for confronting continuum
QCD predictions with lattice QCD and future experimental data.
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