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QCD thermodynamics: the equation of state

= Equation of state calculated from first principles (finite-temperature lattice QCD)
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The QCD equatIOn Of State Pratt et al PRL 114, 202301 (2015)

Sangaline, Pratt PRC 93,024908(2016)
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Why isn’t the QCD equation of state always extracted?

Equation of state enters
here
Early dynamics Hadronic transport

e Effective QCD Relativistic viscous Relativistic
kinetic theory hadronic
(e.g. KOMPoST) transport

Holography

“Energy deposition”

* Parametric
models (e.g.
Glauber, Trento)

e Effective QCD
field theory

(IP-Glasma)

(Israel-Stewart

type)
hydrodynamics
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Why isn’t the QCD equation of state always extracted?

Interface with hydrodynamics
(e.g. initial time)

“Energy dep

Parametric
models (e.g.
Glauber, Trento)
Effective QCD
field theory
(IP-Glasma)

Holography

Initial condition
parameters (nucleon
width, fluctuations, ...)

Effective QCD
kinetic theory
(e.g. KoMPoST)

Equation of state
enters here

Relativistic viscous
(Israel-Stewart

type)
hydrodynamics

Interface with hydrodynamics
(e.g. “particlization” temperature)

Shear and bulk viscosity,
relaxation times, ...

Measurements

Relativistic

hadronic
transport

" Local equilibrium is &+ assumed in hydrodynamics,
hence lattice equation of state generally considered a safe “prior”



Why isn’t the QCD equation of state always extracted?

IHEdFoRictEnsport) | Measurements

Relativistic
hadronic
transport

“Energy depositi Early dynamics

Parametric Effective QCD
models (e.g. kinetic theory

Glauber, Trento) (e.g. KoOMPoST)
Effective QCD Holography

Relativistic viscous
(Israel-Stewart

type)
hydrodynamics

field theory

(IP-Glasma)
“Pion multiplicity” (Initial condition parameters, Equation of state vs T, Shear&bulk viscosity vs T, ...) <  Measurement
“Kaon multiplicity”(Initial condition parameters, Equation of state vs T, Shear&bulk viscosity vs T, ...) &  Measurement

“Pion (pr)”(Initial conditions parameter, Equation of state vs T, Shear&bulk viscosity vs T, ...) < Measurement
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Mapping QCD equation of state to data

ST Hadronic transport

“Pion multiplicity” (Initial conditions parameters, Equation of state vs T, Shear&bulk viscosity vs T, ...) < Measurement

“Kaon multiplicity” (Initial conditions parameters, Equation of state vs T, Shear&bulk viscosity vs T, ...) o  Measurement

Model pred.ict.ion for dN_+/dy Model parameter 1 Data for dN_+/dy
Model = | Model predlctlon. fo_r dNg+/dy |; params = | Model parameter 2 |; data = | Data for dNg+/dy |;
Model prediction ... Model parameter ... Data for ...

‘ Model(params) = data ‘




Mapping QCD equation of state to data

ST Hadronic transport

“Pion multiplicity” (Initial conditions parameters, Equation of state vs T, Shear&bulk viscosity vs T, ...) < Measurement

“Kaon multiplicity” (Initial conditions parameters, Equation of state vs T, Shear&bulk viscosity vs T, ...) &  Measurement

Model pred.ict.ion for dN_+/dy Model parameter 1 Data for dN_+/dy
Model = | Model predlctlon. fo_r dNg+/dy |; params = | Model parameter 2 |; data = | Data for dNg+/dy |;
Model prediction ... Model parameter ... Data for ...
0.35
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Mapping QCD equation of state to data

ST Hadronic transport

“Pion multiplicity” (Initial conditions parameters, Equation of state vs T, Shear&bulk viscosity vs T, ...) < Measurement

“Kaon multiplicity” (Initial conditions parameters, Equation of state vs T, Shear&bulk viscosity vs T, ...) &  Measurement

Model prediction for dN_+/dy
Model = | Model prediction for dNg+/dy |;
Model prediction ...

Model(params) = data = params = Model™'(data)
e.g.
c2(T = 200 MeV) = function(data)

Model parameter 1
params = | Model parameter 2
Model parameter ...

Data for dN_+/dy
data = | Data for dNy+/dy |[;
Data for ...
______ !_____ ]
1 o ¢
' °
' o
' .
o
. ' Interpolated c2(T)
° ' ' ® Parametrization nodes
' ---- Conformal limit c2=1/3
200 250 300 350

T [MeV]
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Mapping QCD equation of state to data

ST Hadronic transport

“Pion multiplicity” (Initial conditions parameters, Equation of state vs T, Shear&bulk viscosity vs T, ...) < Measurement

“Kaon multiplicity”(Initial conditions parameters, Equation of state vs T, Shear&bulk viscosity vs T, ...) &  Measurement

Model prediction for dN_+/dy
Model = | Model prediction for dNg+/dy |;
Model prediction ...

Model(params) = data = params = Model™!(data)
e.g. c2(T =200 MeV) = function(data)

" Modelis non-linear:
Associating a measurement to single parameter is
challenging

Model parameter 1
params = | Model parameter 2
Model parameter ...

Data for dN_+/dy
data = | Data for dNy+/dy |[;
Data for ...
______ !_____ ]
1 o ¢
' °
' o
' .
o
. ' Interpolated c2(T)
° ' ' ® Parametrization nodes
' ---- Conformal limit c2=1/3
200 250 300 350

T [MeV]
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Mapping QCD equation of state to data

ERHYTTRAIES Hadronic transport

Model pred.ict.ion for dN_+/dy Model parameter 1 Data for dN_+/dy
Model = | Model pl'edICthII- fo_r dNg+/dy |; params = | Model parameter 2 data = | Data for dN+/dy |;
Model prediction ... Model parameter ... Data for ...

Model(params) = data = params = Model '(data) e.g. cZ(T.¢) = function(data)

Prior
90% prior band Can a small data set constrain strongly the equation
0.4+
............................................................................................ of state?
~ 0.2
00_.. ........................................ S
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Mapping QCD equation of state to data

S Hadronic transport

Model pred.ict.ion for dN_+/dy Model parameter 1 Data for dN_+/dy
Model = | Model predlctlon_ fo_r dNg+/dy |; params = | Model parameter 2 data = | Data for dN+/dy |;
Model prediction ... Model parameter ... Data for ...

Model(params) = data = params = Model™'(data) e.g. cZ(T,;;) = function(data)

Prior Mock posterior

90% prior band 90% posterior band TO my knOWInge, th|5 haS

0.41 : 3 C£=02460.008 _
e T=221 % 13.MeV.. not been tried yet

0 02 —=—  (Cartoon, not
' actual
calculations)

00-.. .................... S R _.. .................... S e




Some results from my group

Interpretation of effective temperature T.¢, and assumption on
the smoothness of the speed of sound
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Measuring the equation of state

Thermodynamics of hot strong-interaction matter from ultrarelativistic nuclear collisions

Fernando G. Gardim (Alfenas Fed. U., Pocos de Caldas and IPhT, Saclay), Giuliano Giacalone (IPhT, Saclay), Matthew Luzum (Sao
Paulo U.), Jean-Yves Ollitrault (IPhT, Saclay) (Aug 26, 2019)

Published in: Nature Phys. 16 (2020) 6, 615-619 - e-Print: 1908.09728 [nucl-th]

~ dIndN,, /dn

CMS__ ______PbPb (0.607 nb™) 5.02 TeV
F P, >0GeV Inl<05 A
¢ Data ,{" ’
- — - Fit to extract ¢ _,-:,’,—:
---. TRAJECTUM ‘o ]
- Gardim et al. ,‘
~ 2 =0.2414 0.002 (stat) + 0.016 (syst) /
'—-’.._..t.‘",“.‘!" L0004 .-
''''''''''''''''' ‘-’a'.-.-.....-‘l' ]
_6.5 09 095 1 105 1 15 1.2
0
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Ref.: CMS Collaboration, Rept.Prog.Phys. 87 (2024)

d In (PT> <PT>
= ¢S | Togr = 3

This relation can be tested in any
hydrodynamic model, with different
assumptions (different initial conditions,

)



Why do we assume that effective temperature T is proportional to (pr)?
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Why do we assume that effective temperature T is proportional to (pr)?
= Can verify in simulations
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Why do we assume that effective temperature T is proportional to (pr)?
= Can verify in simulations

In simulation, all the energy and entropy flowing out of the system can be computed:

E=/d30MTtM, SZ/dSU“SU”,
» )Y

Ref.: Gardim, Giacalone,
T.¢¢ defined by solving E = €4¢1ice (Tetr) Vess Luzum, Ollitrault Nature

_ Phys. 16, 615 (2020)
S = Slattice (Teff)Veff

Erattice (T) and s;,:4i00 (T) are the energy density € and the entropy density s from
the lattice QCD equation of state, as a function of the temperature T

18
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What is (py) proportional to in simulations?

E and S are the o To¢r defined by solving
F0.24
energy and . B
0.18 - r0.22 S =g . (T )V
out of the _ — 2lattice\ ! eff)Veff
= >
system ® £0.20 @
©.0.16 O,
) o=
= L0.18 &
0.14
-0.16
Gavassino, Hirvonen, Paquet, Singh,
0.12 1 / Soares Rocha (2025) PRC -0.14
0.4 0.5 0.6 0.7 0.8 0.9

(pr) [GeV]



What is (py) proportional to in simulations?

E and S are the 0
energy and

entropy flowing 0154
out of the

system

E/S [GeV]

0.14 1

0.12 1

-0.20

-0.18

Gavassino, Hirvonen, Paquet, Singh,
j Soares Rocha (2025) PRC
0.4 0.5 0.6 0.7 0.8 0.9
(pr) [GeV]

-0.24

-(0.22

Teff [GeV]

-0.16

-0.14
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To¢r defined by solving

E = glattice(Teff)Veff
S = Slattice (Teff) Veff

Both E/S and T, ¢ are strongly correlated to the mean pr




What is (p) proportional to (in simulations)?

0201 = E/S ¢
; 024 If (pr) x T
If (pr) o< E /S T ol ter
__dinpn) P §, g dinr)
dIn(dN/dy) & 2 o155 dIn(dN/dy)

(pr) [GeV]

What is extracted (cZ
or P/¢) depends on

what (p7) is assumed
to be correlated with




If (p;) x E/S

d In{p;) P

= ~
dIn(dN/dy) ¢

What is extracted (c?
or P/¢) depends on

what (p7) is assumed
to be correlated with
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What is (p) proportional to (in simulations)?

020{ = E/S _
i 0.24 If (PT> X Teff
0.181 [ 0.22
> S
(.3.0.16 -0'20&, - d ln<pT> ~ CZ
N S
= -0.18&% d ln(dN/dy)
0.141
0,16
0.121 0.14
0.4 0.5 0.6 0.7 0.8 0.9
(pr) [GeV] 0.28
0.26 —cg?
0.24 — Ple
P 0.22
Cf = E 0.20
0.18
P(é‘) — P(e 1 € 0.16
(ref)= f d e’ cZ(g") 014 - E
) Sref E — gref Eref 100 150 200 250 300

T(MeV)
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Numerical results using QCD equation of state

= Try different initial temperatures T 0.28!
and different particlization o
. . 0.26}
temperatures T¢ in numerical :
simulations 0'245
= Yields different T, ¢ 0.22}
= Use lattice QCD equation of state 0.20]
or) 0.18}
d In{prt cn
= Compare L In@N o /d) to speed of 0.163E ;
sound 014t . . . = :
100 150 200 250 300

More details: Smooth Gaussian initial conditions
with ideal hydrodynamics, Cooper-Frye and
hadronic decays
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Numerical results using QCD equation of state

" Try different initial

temperatures Ty and different
particlization temperatures T
in numerical simulations

= Yields different T, ¢ ¢

Use lattice QCD equation of
state

d ln<pT,ch>
dIn(dNgn/dn)

speed of sound

Compare to

0.275 1
0.250 -
0.225 -
0.200 -
0.175 -
0.150 -
0.125 -

0.100 A

0.075 A

e Ty =110 MeV c?
s T; =130 MeV
m T, =150 MeV

" Points are — In(prcn)
. d In(dNcp/dn)
- " for different Ty and T
n

00 125 150 175 200 225 250 275 300
T[MeV]
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Numerical results using QCD equation of state

" Try different initial
temperatures Ty and different
particlization temperatures T
in numerical simulations
= Yields different T, ¢ ¢

" Use lattice QCD equation of
state

d ln<pT,ch>
dIn(dNgn/dn)

speed of sound

= Compare to

Be careful with small systems or low /syy
that have low initial temperature T,

0.275 1
0.250 -
0.225 1
0.200 -
0.175 1
0.150 -
0.125 -
0.100 -

0.075 A

Agreement at high temperature

e T =110 MeV c?
* T, =130 MeV
= T, =150 MeV

* . Points are —Pr.cn)
. d In(dNcp/dn)
. for different Ty and T

200 225 250 275 300

T[MeV]

100 125 150 175



Numerical results using modified equation of state

= Try different initial temperatures T

and different particlization
temperatures Tr in numerical

simulations
= Yields different T, ¢ ¢

d 1n<pT,ch>
d In(dNcp/dn)
speed of sound

= Compare

Use modified equation of state

to modified

0.325 1

0.300 A

0.275 -

0.250 A

0.225 -

0.200 -

0.175 A

0.150 A

100 150 200 250 300 350
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Numerical results using modified equation of state

= Try different initial temperatures T,
and different particlization
temperatures Tr in numerical
simulations
= Yields different T, ¢ ¢

" Use modified equation of state

d 1n<pT,ch)
d In(dNcp/dn)
speed of sound

= Compare to modified

Does not track c?, at least where it changes rapidly

0.3251 e T;=110MeV 0N
= Tf = 130 MeV

03007 o 7, — 150 Mev

0.275 -

0.250 A

0.225 -

0.200 -

0.175 1

0.150 A

100 150 200 250 300 350
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Numerical results

QCD equation of state Modified equation of state
02751 ® Ty=110MeV cg 03251 e Ty =110 MeV f\‘
s Ty =130 MeV # Ty =130 MeV I\
#2071 a1 =150 Mev 03007 w7, = 150 Mev T
0-2257 0.275 - I
0.200 0.250 - l'
0.175 - 1'“
0.225 -
0.150 1
‘ 0.200
_ * _ dl 200 1
0-125 g Points are n{pr.ch) for
0100 .« " nen/an 0.175 -
' | different T, ‘
]
0.0751__ _ , , , . . : — 0.150 -
100 125 150 175 200 225 250 275 300 . | | | _ .
T[MEV] 100 150 200 250 300 350



Some results from my group

Question:
How can an observable only depend on the equation of state?

e.g. “Pion multiplicity” (Initial condition parameters, Equation of state vs T, Shear&bulk viscosity vs T, ...)

Possibility:

- Observable independent of initial conditions (or other parameters).

- Observable dependent on well-understood features of initial conditions
(and independent of poorly-understood features)

30



Some results from my group

Question:
How can an observable only depend on the equation of state?

e.g. “Pion multiplicity”(Initial condition parameters, Equation of state vs T, Shear&bulk viscosity vs T, ...)

Possibility:

- Observable independent of initial conditions (or other parameters). How?
Under what conditions?

- Observable dependent on well-understood features of initial conditions
(and independent of poorly-understood features)

31
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Measuring the equation of state

Thermodynamics of hot strong-interaction matter from ultrarelativistic nuclear collisions

Fernando G. Gardim (Alfenas Fed. U., Pocos de Caldas and IPhT, Saclay), Giuliano Giacalone (IPhT, Saclay), Matthew Luzum (Sao
Paulo U.), Jean-Yves Ollitrault (IPhT, Saclay) (Aug 26, 2019)

Published in: Nature Phys. 16 (2020) 6, 615-619 - e-Print: 1908.09728 [nucl-th]

e PbPb (0.607 nb") 5.02 TeV

- P> 0 GeV, Inl<0 5 _,-’f;
¢ Data ,.;'" ,

- — - Fit to extract ¢ _,-:,’, -

---- TRAJECTUM / ]

----- Gardim et al. :

- ¢2=0.241+0.002 (stat) = 0.016 (syst) / g

~ dIndN,, /dn

Ref.: CMS Collaboration, Rept.Prog.Phys. 87 (2024)

d In
(pr) _ Cg T A <P3T>

This relation can be tested in any
hydrodynamic model, with different
assumptions (different initial conditions,

)



Question:

How can an observable only depend on the equation of state?
(i.e. how can it forget about initial conditions?)

" Suppose we have:

" a plasma in perfect local equilibrium
Assumption 1: no viscosity

J-F PAQUET (VANDERBILT UNIVERSITY)
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Question:
How can an observable only depend on the equation of state?
(i.e. how can it forget about initial conditions?)

Initial conditions of hydrodynamics at 7 = 1,
" Suppose we have:
" a plasma in perfect local equilibrium

I Normalization
Assumption 1: no viscosity

® perfectly symmetric (b=0) initial condition
Assumption 2: =
—p

Width:
x 1/q

40 -30 -20 -10 00 10 20 30 40
Transverse direction [arbitrary units]

Energy density [arbitrary units]

More details: Gubser ideal hydrodynamics

J-F PAQUET (VANDERBILT UNIVERSITY)



Question:
How can an observable only depend on the equation of state?
(i.e. how can it forget about initial conditions?)

Initial conditions of hydrodynamics at 7 = 1,
" Suppose we have:
" a plasma in perfect local equilibrium

I Normalization
Assumption 1: no viscosity

® perfectly symmetric (b=0) initial condition
Assumption 2; ——mmmrm—mm—————
—p

Width:
x 1/q

40 -30 -20 -10 00 10 20 30 40
Transverse direction [arbitrary units]

" We can measure all particles
Assumption 3: no kinematic cuts

Energy density [arbitrary units]

More details: Gubser ideal hydrodynamics

J-F PAQUET (VANDERBILT UNIVERSITY)
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Question:
How can an observable only depend on the equation of state?
(i.e. how can it forget about initial conditions?)

Initial conditions of hydrodynamics at 7 = 1,
" Suppose we have:
" a plasma in perfect local equilibrium

I Normalization
Assumption 1: no viscosity

® perfectly symmetric (b=0) initial condition
Assumption 2; ——mmmrm—mm—————
—p

Width:
x 1/q

u Cg constant, no need to define Teff -40 -30 20 -10 00 10 20 30 40

Transverse direction [arbitrary units]

" We can measure all particles
Assumption 3: no kinematic cuts

Energy density [arbitrary units]

m Assumption 4: c? = 1/3

More details: Gubser ideal hydrodynamics, and

Cooper-Frye with a massless boson
J-F PAQUET (VANDERBILT UNIVERSITY)
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Question:
How can an observable only depend on the equation of state?
(i.e. how can it forget about initial conditions?)

Initial conditions of hydrodynamics at 7 = 1,

1.10 .
d In(pr) 5 |
1.08 dIn(dN/dy) o 7 I Normalization
=
51.06 .
c - g
© <
% ‘1.04: ] ‘é
1.02 2 4 Width:
. ol x 1/q
1.00 o
; i -40 -3.0 -20 -1.0 0.0 1.0 2.0 30 40
1.0 1.1 1.2 13 Transverse direction [arbitrary units]

Multiplicity

J-F PAQUET (VANDERBILT UNIVERSITY)



Question:
How can an observable only depend on the equation of state?
(i.e. how can it forget about initial conditions?)

Initial conditions of hydrodynamics at 7 = 1,

F iy = 0.325~ 2 = 1/3 0
108 ¢In(@N/dy) ) . : g I Normalization
: - 3
& 1.06 » — £
= : S
2 1.04. . : £
102ﬁ T+ To =0.050 : % ' T '
02 o : g Width:
; slope = 0.3254 | i 1/
1.00- o ]
c | , , . . ! . . . . ! . . . . ! . L] -4.0 -3.0 -2.0 -1.0 0.0 1.0 2.0 3.0 4.0
1.0 1.1 1.2 1.3 Transverse direction [arbitrary units]

Multiplicity
In heavy-ion collisions, Tr = 0.15 GeV, and T, = 0.3 — 0.7 GeV (depends on /sy, and nuclei)
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Question:
How can an observable only depend on the equation of state?
(i.e. how can it forget about initial conditions?)

1'10_ d In{pr) , . Slope changes as initial temperature
108 Am@nydy) TS L T, decreases
T -
5 1.06 -
© |
2 1.04 -
1 02} T To = 0.100
] . slope = 0.3101
100 o
1.0 1.1 1.2 1.3

Multiplicity

J-F PAQUET (VANDERBILT UNIVERSITY)



Question:
How can an observable only depend on the equation of state?
(i.e. how can it forget about initial conditions?)

1_03? dIn(pr) 0266 = 2 L, Slope differs more from c? as the
 dIn(dN/dy) ’ e system’s initial temperature T,
1.06 f | decreases
& | 4 |
5 1.04 )
p . ,-
1.02: J’,r"' T/ Ty =0.200
| L slope = 0.2656
100 o
10 11 12 13

Multiplicity

J-F PAQUET (VANDERBILT UNIVERSITY)
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Question:

(i.e. how can it forget about initial conditions?)

How can an observable only depend on the equation of state?

d In(pr) 1 2 1 (Tf>3/2
3

dIn(dN/dy) 3 3(1+ q2t2) \T,

Dependence on initial conditions (initial
time 7, and initial inverse width q)

Observables need time to forget about initial conditions

Be careful with small systems or low /sy that
have low initial temperature T,

Energy density [arbitrary units]

Initial conditions of hydrodynamics at 7 = 1,

I Normalization

—
Width:
x 1/q

40 -30 -20 -10 00 10 20 30 40
Transverse direction [arbitrary units]
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Summary and outlook



Summary ()

= Strong constraints on equation of state likely requires forgetting about many features of

the initial conditions

= Example with simpler system: d In{pr) 1 _ E

" Likely a challenge for low /sy or smaller systems

* What is (p7) related to?
Consequence: is it P/€ or ¢ that is being measured?

= Need to assume the speed of sound varies slowly?

0.325 1

0.300 1

0.275 1

0.250 1

0.225 1

0.200 4

0.175

0.150 1

- 1 Tf 3/2
dIn(dN/dy) 3 3(1+q%12)\T,

[ ] Tf =110 MeV
» T‘f = 130 MeV
n Tf = 150 MeV

-
-
’ﬂ




Summary (ll)

= Distinction between “independent measurement” and “distillation of model” not clear-
cut because prior assumptions from model generally need to be used

=" How to reconcile Bayesian analyses with the idea that a small number of measurements
can constrain equation of state at a specific temperature?

90% posterior band

vy c2=0.246 £0.008
= _— 14 0 4 .30 |8, 2. _—

J-F PAQUET (VANDERBILT)
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Questions
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Backup
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Gabriel Soares

Ultracentral slope and theory Rocha, 152025

e How can we connect thermodynamic fields with global observables?

, _ Highly non-trivial
e N, <p>:two thermodynamic proxies

Gardim, Giacalone, Luzum, Ollitrault Nature Phys. 16, 615 (2020)

dln(PT,ch) R <pT> — [ . din 7 — C2

dIn N, N, < s(T) dlns >

L #

(pT) Etot/stof__» dIn(e/s) P

Nep <— s(T) dins ¢

Gavassino, Hirvonen, Paquet, Singh, GSR 2503.20765 (2025)



Mean p; as a proxy of?
particles at mid-rapidity

< Inspiration:
<p> " Eyor/Nior ™ 3Tess

van Hove, Phys. Lett. B 118, 138 (1982)
Gardim, Giacalone, Luzum, Ollitrault Nature Phys. 16, 615 (2020)

% Validation in simulations:

3.07 (Pb+Pb,Vs\y=5.02 TeV)

Gardim et al Nature Phys. 16, 615 (2020)

<PT>/Teff ~ 3.05 (p+Pb,Vs

Gardim, Krupczak da S|Iva B‘RC?OQOOZM;I-OeAf\(QM)
2.22~ 2 8 ( Vsyny=5.02

%ﬁj&& Yan, Huang ’XiV:2501 0\2/775‘Nuc§h]16
.4)5 (p+Pb,Vsy\=5.02, 8.16

CMS-PAS-HIN-25-001

TeV)

Gabriel Soares
Rocha, 1S2025

<p1> "~ Eiot/Niot ™ Eiot/ Stot

Gavassino, Hirvonen, Paquet, Singh, GSR 2503.20765 (2025)

Ty = 110 MeV
Ty = 130 MeV
Ty = 150 MeV

Sensitivity to Ti.n; Model dependence —
constrain T, W/ data A



(D7) VS Tess

JEAN-FRANCOIS PAQUET (VANDERBILT)

Feasibility of measuring the speed of
sound of the quark-gluon plasma from
the multiplicity and mean pr of
ultracentral heavy-ion collisions

Lorenzo Gavassino @'*, Henry Hirvonen @12, Jean-Francois

Paquet ©21% Mayank Singh @25, and Gabriel Soares Rocha
3,21

Show more ~

Phys. Rev. C 112, 054903 - Published 17
November, 2025
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3.6 1

(pr) /[ Test

3.0 1

2.8+

3.4 1

3.2 1

k2 Tf = 130 MeV

QCD EoS s T, =150 MeV

0 250 500 750 1000 1250 1500 1750

dN/dn

JEAN-FRANCOIS PAQUET (DUKE)

4.0

3.8 1

(m) [ Tet

eI .
/‘—.

e Ty=110 MeV
% Tf = 130 MeV
m Ty =150 MeV

Modified EoS

400 600 800 1000 1200 1400 1600 1800

dN/dn
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P/e vs c?
dVeff = Qvsdo =0

JEAN-FRANCOIS PAQUET (VANDERBILT)

Feasibility of measuring the speed of
sound of the quark-gluon plasma from
the multiplicity and mean pr of
ultracentral heavy-ion collisions

Lorenzo Gavassino @'*, Henry Hirvonen @12, Jean-Francois

Paquet ©21% Mayank Singh @25, and Gabriel Soares Rocha
3,21

Show more ~

Phys. Rev. C 112, 054903 - Published 17
November, 2025
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Numerical results with the QCD equation of state

dInsS

dln (2
= If we computen—(S)with E=/d30p,Tt”, S=/d30p8’u“a ?
)y )y

0.28 -

0.26 -

0.24 -

0.22 -

0.20 -

0.18 -

0.16 -

0.14 +—

e T =110MeV
» T =130Mev HES) gy =
m T =150 MeV

100 125 150 175 200 225 250 275 300

T[MeV]

V (by definition)
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Teff defined by
E = e(Teg) Ver,
S = S(Te{-f)‘/eff.
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Numerical results with the QCD equation of state

= Replacing the energy/entropy on the hypersurface by the charged hadron
energy/multiplicity

0281 o T =110MeV
s T =130 MeV
m 7 =150 MeV

0.26 A E=/d30#Tt‘u,
>

0.24 1

Cooper-Frye +
kinematic cuts 0.22 - S = / dS o SUM,
ﬁ E
0.20 -

0.18 -

Teff defined by
E = e(Teq)Ver,
0.14 +—

100 125 150 175 200 225 250 275 300 S = S(Teff)Veff.
TMeV]

din(Eq /N,
Elmc:‘l\.{ch Ch)’ dVeg =0

0.16 -




Numerical results with the QCD equation of state

= Replacing the energy of charged hadrons E; by their mean (p_T)

Ech - (pT>
S

28 1

26 1

24 1

20 1

18 A

16 1

14 +—

e T =110MeV ®
x T =130 MeV
m 7 =150MeV

din{pr,cn) _
-:llrlf\’(:;.j[l ’d‘/‘?ﬁ =0

E= f d*c, T,
by

S=]d30psu‘“,
>
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100 125 150

175

200

T[MeV]

295 250 275 300

Teff defined by
E = e(Teg) Ver,
S = S(Teﬂ')‘/eﬂ‘.




Teff defined by
b= E(Teff)‘/eff:r
S = S(Teff)‘/eﬂ”'

Mattersif d Vorr = 0
(from Teff and Veff
definition)

or

do = 0 (geometric

transverse width
fixed)

0.28 1

0.26 1

0.244

0.22 4

0.20 1

0.184

0.16 1

0.14

0.275 1

0.250 1

0.225 1

0.200 -

0.175 1

0.150 1

0.125 4

0.100 ~

0.075 1

o T;=110MeV
% T =130 MeV
m T =150 MeV

P/e
dVg =0
100 125 150 175 200 225 250 275 300
T[MeV]

[ ] Tf =110 MeV
] Tf =130 MeV

m T; =150 MeV
o %
L ]
=
®
dn{pr.cn) _
x " dInN,, ,do =0
d)
[ ]
100 125 150 175 200 225 250 275 300

T[MeV]

Cooper-Frye +

kinematic cuts

dVeg # 0

0.28 1

0.26 1

0.24 1

0.22 1

0.20 1

0.18 1

0.16 1

0.14

0.28 1

0.26 1

0.24 4

0.22 1

0.20 1

0.18 1

0.16 -

0.14 -

o T;=110MeV
= T; =130 MeV
m T; =150 MeV

E—)pTl

o T;=110MeV ™
s T; =130 MeV
m T; =150 MeV

100 125 150 175 200 225 250 275 300

T[MeV]
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Teff defined by
E E(Teff)‘/eff:r
S S(Teff)‘/eﬂ”'

Mattersif d Vorr = 0
(from Teff and Veff
definition)

or

do = 0 (geometric

transverse width
fixed)

0.325 1

0.300 -

0.275 1

0.250 1

0.225 1

0.200 1

0.175 1

0.150 1

0.325 -

0.300 1

0.275 1

0.250 1

0.225 1

0.200 -

0.175 1

0.150 1

e Ty=110 MeV A
Ty =130 MeV 'l \
m Tf =150 MeV \ -
f " \ Cg ”‘n"
I N "'-
I -
] 'ﬁ‘
I
I il
| =
“\ s
AN ,\* ',,.“.. din(E/S
n
o I* N ams - dVet = 0
a) ~o
100 150 200 250 300 350
T[MeV]
o T;=110 MeV N
s T, =130 MeV | ‘\
T, =150 MeV N -
vV C - g
I \.ff:g'u"..
I s
l "“.
ot
Ll P/e
- /
" ] I
N ¢ ,'
’
~ \
I J din
AN LA ra) o =0
< N dinN,
d) ~<7
100 150 200 250 300 350

Cooper-Frye +

kinematic cuts

e

dVeg # 0

0.325 1

0.300 1

0.275 1

0.250 1

0.225 1

0.200 1

0.175 1

0.150 1

0.325 1

0.300 1

0.275 1

0.250 1

0.225 1

0.200 -

0.175 1

0.150 1

e Ty =110 MeV ,\‘
% T; =130 MeV 'l \
m Ty =150 MeV \ -
f I \ CE ".,.—
I N~ w "
1 " e
I ™ ', "
1 [
1 "% P/e
! o
| |
~ '-i,‘
N Aned
N PP/ din(Es/Na) .
~ /) r ,d% — 0
b) ~ \ dJnNch
~J7
100 150 200 250 300 350
T'[MeV]
FE — PT
o T;=110MeV N
% T; =130 MeV I \\c2
I s am
| | Tf=150M6V 1 \Y " .l.._—-‘-"‘
! ‘: a1‘; *
l | = »
I % o °
n :'“ ®
-.1 ® P/E
tx_ In
"‘\ T
AN "\ ]
N Iy, din(pr.cn) _
\\ ' \J’ d.lnNch ,d.‘/eﬁ - 0
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Analytical insights into the interplay of

CO n Sta nt momentum, multiplicity, and the speed
of sound in heavy-ion collisions
Gabriel Soares Rocha @', Lorenzo Gavassino 2%, Mayank
S p e e O Singh @'#, and Jean-Francois Paquet ©1:2%

Show maore -

sound results

September, 2024

JEAN-FRANGOIS PAQUET (VANDERBILT)



A simplified model of ultracentral collisions

= Energy density scaled by an overall constant, but shape remains the same

Energy density [arbitrary units]

40 -30 -20 -10 00 10 20
Transverse direction [arbitrary units]

J-F PAQUET (VANDERBILT UNIVERSITY)

30 40

= Assume a constant speed of sound P = 6‘38
A(1—|—C )TC £ — AT]—|—CS—2’ P = C?ATI-I—CS_Z,

= Assume inviscid relativistic fluid dynamics
0, T =0, T = eu'u’ — P(g"" — u"u")
aus““ = 0, where s* = su",

" Family of solutions with same flow velocity profile and
rescaled temperature profile

sh = A(1—|—cf)Tcs_2u“’,
TW = AT [(14+2)utu” — 2.
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Measuring the equation of state: a thought experiment

" If the initial temperature of the system is scaled by a factor «

) d1n Sy, 1 Scale temperature by
[ | ! . (0.4 CS 2 — 5
System’s total entropy: S;p; X & dna & ® @
-2
= System’s total energy: E;,; « al*s dnEo . 1
dlna c2’

s

- Cz _ dln(Etnt/Ntnt)

° d 111 Ntnt

True if

= |nitial temperature is uniformly rescaled

= Speed of sound is constant

= No significant effect of viscosity (entropy is constant)

= All particles can be measured (and only those part of the plasma)




Numerical simulation results

= Optical Glauber initial conditions, with temperature rescaled & hydro with ¢? = 1/3

= Fluid converted into particles (Cooper-Frye) on hypersurface at T = Tr(

0.4
0.35

0.3
2025/
S

= 0.2

Q2
\E/O.IS -

S

0

0.1}
0.05 t

2 _ d ln(Etnt /Ntnt)

C

S dln Ntnt
Tro/To=0.15 ——  Tgo/Ty=0.45 ——
TFO/TO =0.30 —— TFO/TO =0.60 -
pr < 5GeV/|
0 2 4 6 3 10

<= c2=1/3

x (fm)

Pions,

kaons,
protons,
nuclei,

other hadrons

2.5

100 125 150 175

T (fm/c)

50 75

20.0

60

1000

o
o

Energy density
(GeV/fm3)
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o
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Numerical simulation results

= Optical Glauber initial conditions, with temperature rescaled & hydro with ¢? = 1/3

= Fluid converted into particles (Cooper-Frye) on hypersurface at T = Tr(

dl

0.4
0.35

0.3}

0.05 |

2 _ d ln(Etnt /Ntnt)

C
S dln Ntnt
Tro/To=0.15 ——  Tgo/To=0.45 ——
Tro/To=0.30 —— Tro/To = 0.60 -
pr <2GeV]|
0 2 4 6 8 10

<= c2=1/3

x (fm)

Pions,

kaons,
protons,
nuclei,

other hadrons

2.5

100 125 150 175

T (fm/c)

50 75

20.0

61

1000

O — ot
. o O

o
Energy density
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o
o
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Focusing on mid-rapidity observables

Numerical test:

Etot . . . . . ° . ) .
2 d ln(_Ntot) 7 _dinpp) " |nviscid 1+1D hydro with Gaussian initial conditions
S T dlInNeyy d In(dN/dy) = Constant speed of sound
= Assume plasma converts to massless particles
1_10'_' S e e 1000
I 197 Pions, 100 %’(‘-\
i | —~ kaons, G)g
108, L o e ° 39S
o > other hadrons 1S
%1'06_ | -10] o1 £°
S Slope=cZ? ' 25 50 75 100 125 180 175 200 O
-~ 1.04; ] T (fm/c)
S
1.02}
1.00} ]
10 11 12 13 14 AN
Ny = —
Nooe/ N ret " dy y=0
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Focusing on mid-rapidity observables

Numerical test:

= |nviscid 1+1D hydro with Gaussian initial conditions
= Constant speed of sound

= Assume plasma converts to massless particles

Etot)
c2 = ¢ ln(Ntot _,? _dInlpr)
> dIn Ngot d In(dN/dy)
1.10¢ .- e
i ‘.‘. ",J ]
1.081 - L. ]
D \.l'-. .,J'
--;_-_'7-1.06- . ',:' ]
S s .,.r‘
-~ m . ]
= 1.04¢ .,l" o** Simulation Fit !
3 1 02_ .1_.;"' ® C52=0_25 _____ SIOpe=0.2512_'
o Lo u ¢.2=0.33 ... slope=0.3317
1.00¢ H"q‘; c.’=0.5 slope=0.4592 1
1.0 1.1 1.2 1.3 14

x (fm)

1000
10+ =
Pions, 100 3
kaons, o £
0‘rossover protfons, 10 © %=
nuclei, > >
other hadrons 1 o $
G) p—
=10 01 S
' ' ' ' ' ; - 0.01
25 5.0 7.5 10.0 125 15.0 175 20.0
T (fm/c)
N dN
mr = ——
dy y=0

But this is if we wait a long time before
stopping hydrodynamics



Freeze-out temperature (~ lifetime) dependence

Etot
d ln(—) )

c2 = Ntot d In{pr)
S dIn Neot d In(dN/dy)
ARV ARSI
= 0.4]
@0.3 . ] .
— L EEEL EERT TERT TERE L E WS-t ess=ssss=ssssssmssma===
S0.2| .
£ L . .
© 0.1} - .
0.0t . .
0.1 0.2 03 04 05 0.6

Numerical test:
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= |nviscid 1+1D hydro with Gaussian initial conditions

= Constant speed of sound

= Assume plasma converts to massless particles

Simulation
e C:°=0.25
= C°=0.33
cs?=0.5
Exact
..... c:°=0.25
... €s%=0.33
c?=0.5

x (fm)

Pions,

kaons,
protons,
nuclei,

other hadrons

25

50 75

dN
dy |y—o

100 125
T (fM/c)
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17.5

20.0

1000

O = =
. o o
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Energy density
(GeV/fm3)

o
o



Freeze-out temperature (~ lifetime) dependence

Numerical test:
d In{py) = |nviscid 1+1D hydro with Gaussian initial conditions
li 0
TFlonj)O d1n(dN/dy) Constant speed of sound |
= Assume plasma converts to massless particles

! ]
T T ] [ L |
OSE i i 110‘ '..‘_- "" » i
| i i |

L 0 4_5 i Slmglatlon | 1.08f i “',., i
S5 0 C2=0.25 | « e :
< g 5 ! ~51.08} IER :
5 03E : B m Cg =0.33 i S " ‘,.r' :

= = =~ 5 m o’
= A R bbb A T c.%=0.5 PR 1.04f = " Simulation - E
0 2: : : . S [ 3 u e " Fit N
2 . ® Exact | 102 o ® Cs =0.25.....- slope=0.25121 |
= b . ° 5 ! - 0N m C,?=0.33 ... slope=0.3317 !
© 0.1} i I Cs =0-25: 1000 ™ c.2=0.5 slope=0.4592 | |
P " a 2_ : A T
0.0LL_! 052‘0'335 1.0 1.1 12 13 14 |
0.1 0.2 0.3 0.4 0.5 0.6 ¢s"=0.5 | Nine/ Nie res
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More insights for midrapidity measurements:
analytical result with the Gubser solution

To(2q7)%/?

T (1 +2¢2 (12 +712) + q* (12 — r2)2)

Temperature (GeV)
0

T(r,r) =

1/3

2rq2T

wi(mr) = 2 Width~ =
\/1+2q2 (T2+T2)—|—q4 (7-2 —'."'2) q
-10 Transverse direction (fm)
R 1 27.2 2/3
T():T()To( —I_q 0)
2q7o

Speed of sound is ¢Z = 1/3

J-F PAQUET (VANDERBILT UNIVERSITY)



Measuring the equation of state:
analytical result with the Gubser solution

" Given analytical temperature profile and flow velocity:
Ty (2q7)2/3 2rq*T

T(r,r) =

1/3 wi(rr) = 2
T (1 + 22 (12 +7r2) +¢* (12 — 7‘2)2) \/1 +2¢* (12 +71%) +¢* (17 — 1?)

" Can compute number of produced particles with Cooper-Frye:

E dN _ dN __8 ffzndcbfdn tr[mr cosh (ny, — y)dr — pr cos ¢dt]
Pd3p  dyd’pr  @2n) Jr Jo R exp {[mr coshk cosh (n;—y)—pr sinh k cos ¢]/T}—1’

dN _ [, _dN

dy — ) P ayarp,
dN dN
- = [ d°
& (pr) f PIPT o oy

J-F PAQUET (VANDERBILT UNIVERSITY)
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Measuring the equation of state: 1y =Ty (15278) "
analytical result with the Gubser solution

4;(3) . - 1 1/2(1%0)3/2

477240 (4
(pry ~ TFLAN(E)
o 457(0)

2q7o

® For massless bosons, we find dN
dy y=

dN

dy

dIn{pr) dln(pr)/da 2 1 (TF0)3/2
3 9

dln gy~ dlno N§ 01+ 47
dy

Dependence on initial conditions (initial — lim
time 7, and initial inverse width q) " Tro~0dIn(dN/dy)




Numerical simulation results

" Optical Glauber initial conditions, with temperature rescaled

= |nviscid relativistic hydrodynamics with ¢ = 1/3

= Compute the total energy and total entropy on hypersurface at T = T,

0.4 Tr0/To = 045 — Tro /Ty = 0.6

0.35 TF0/To = 0.15 — Tro/To = 0.3 — |

L —
., 0.3 |
=

£0.25

~

& 0.2

~

20,15

c

< 0.1
0.05

O | A N
An,/2

2 dIn(Etot/Niot)
s dln Ntnt

C

Pions,

kaons,
protons,
nuclei,

other hadrons

25 50 75 100 125 150 17.5
T (fm/c)

20.0

1000

>
100 G o
0 SE

> >
1 o 0

o Q
0.1 S
0.01
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Numerical simulation results

" Optical Glauber initial conditions, with temperature rescaled
= |nviscid relativistic hydrodynamics with ¢ = 1/3
= Compute the total energy and total entropy on hypersurface at T = T,

Tro/To = 0.45 —— Tyo /Ty = 0.6

O o005 —Tro/To0 d1n(Eyer /N
0.35 TFo/To=0.15 — Tro/To = 0.3 — | cg — ( tDt/ tot)
' d1n Neoy
1000
Pions, 100 %é‘\
Ilg?cﬁgf';s, 10 % _.g
2 nuclei, 5 %
% 0.1 \ other hadrons 1 23
0.05 | | | TSNS o1
0 \ . , 2.5 5.0 7.5 10.0 12.5 15.0 175 200
0 2 4 6 8 10 T (fm/c)
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