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Bardeen-Moshe-Bander (BMB) 
Phenomena at  and  d = 3 N = ∞

In  models with  interaction, 

• Line of fixed points (FPs) at  and  
…Starts at Gaussian FP and ends at the BMB FP 

• Asymptotically Safe: FPs are UV-stable on the critical plane 

• Critial exponents along the line  

…Interacting FP, but all exponents are Gaussian ( )
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Figure 10. The phase diagram of 3d large-N scalar field theories in the plane of the quartic (�) and
sextic (⌧) couplings from the Polchinski flow, with arrows indicating the flow towards the infrared. The UV
conformal window with asymptotic safety 0  ⌧  ⌧crit (blue line) is limited by the Gaussian (G) and the
Bardeen-Moshe-Bander (BMB) fixed points (full dots). Along the UV-line (� = 0), UV fixed points with
short-distance vacuum instabilities (⌧ < 0) or incomplete fixed points (⌧ > ⌧crit) are also indicated (dashed
blue lines). The Wilson-Fisher (WF) fixed point takes the role of an IR attractive sink for asymptotically
safe trajectories with � = 0 and �� > 0.

connect the Gaussian and the BMB fixed point in the UV with the Wilson-Fisher fixed point in
the IR are separatrices, and correspond to the full (blue) trajectories shown in Fig. 9.

On the other hand, trajectories running towards negative quartic coupling (0 < ��� ⌧ 1)
will enter a strongly coupled region where couplings approach an IR Landau pole. Along these
trajectories, and as a consequence of an increasingly negative quartic coupling � < 0, the the-
ory may also undergo a first order phase transition towards a phase with spontaneous symmetry
breaking. Using (37), we find once more that the onset of strong coupling is characterised by the
RG invariant characteristic scale (118). If additionally �(⇤) 6= 0, trajectories can no longer reach
the Wilson-Fisher fixed point in the IR. Instead, trajectories will run towards a low-energy regime
in the symmetric phase (� < 0) or in a phase with spontaneous symmetry breaking (� > 0).
The phase transition towards symmetry breaking may be first or second order, depending on the
values of �� and ⌧ at the high scale. Finally, we note that some of the trajectories terminating
at the Wilson-Fisher fixed point do not arise from an UV safe theory. These include trajectories
emanating from incomplete fixed points, fixed points with unstable vacua in the UV, or e↵ective
models whose UV limit terminates at a UV Landau pole, as indicated in Fig. 10.
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At the BMB FP, 

• Discontinuous jump to the critical exponent  

• Singularity at small fields , considered to be relevant for 
spontaneous symmetry breaking of scale invariance   

ν = 1/3

Ū(ϕ̄) ≃ const | ϕ̄ |



Bardeen-Moshe-Bander (BMB) 
Phenomena at  and  d = 3 N = ∞

In  models with  interaction, 

• Line of fixed points (FPs) at  and  
…Starts at Gaussian FP and ends at the BMB FP 

• Asymptotically Safe: FPs are UV-stable on the critical plane 

• Critial exponents along the line  

…Interacting FP, but all exponents are Gaussian ( )

O(N ) τ(φ2)3

d = 3 N = ∞

0 ≤ τ < τBMB

ν = 1/2 -0.2 -0.1 0.0 0.1 0.2 0.3 0.4 0.5-0.4

-0.2

0.0

0.2

0.4

0.6

l

t

Gaussian

BMB

Wilson-
Fisher

first
order

UV-line

 U
V 

co
nf

or
m

al
 w

in
do

w

UV 
Landau 

pole
IR strong 
coupling

vacuum 
instability

Figure 10. The phase diagram of 3d large-N scalar field theories in the plane of the quartic (�) and
sextic (⌧) couplings from the Polchinski flow, with arrows indicating the flow towards the infrared. The UV
conformal window with asymptotic safety 0  ⌧  ⌧crit (blue line) is limited by the Gaussian (G) and the
Bardeen-Moshe-Bander (BMB) fixed points (full dots). Along the UV-line (� = 0), UV fixed points with
short-distance vacuum instabilities (⌧ < 0) or incomplete fixed points (⌧ > ⌧crit) are also indicated (dashed
blue lines). The Wilson-Fisher (WF) fixed point takes the role of an IR attractive sink for asymptotically
safe trajectories with � = 0 and �� > 0.

connect the Gaussian and the BMB fixed point in the UV with the Wilson-Fisher fixed point in
the IR are separatrices, and correspond to the full (blue) trajectories shown in Fig. 9.

On the other hand, trajectories running towards negative quartic coupling (0 < ��� ⌧ 1)
will enter a strongly coupled region where couplings approach an IR Landau pole. Along these
trajectories, and as a consequence of an increasingly negative quartic coupling � < 0, the the-
ory may also undergo a first order phase transition towards a phase with spontaneous symmetry
breaking. Using (37), we find once more that the onset of strong coupling is characterised by the
RG invariant characteristic scale (118). If additionally �(⇤) 6= 0, trajectories can no longer reach
the Wilson-Fisher fixed point in the IR. Instead, trajectories will run towards a low-energy regime
in the symmetric phase (� < 0) or in a phase with spontaneous symmetry breaking (� > 0).
The phase transition towards symmetry breaking may be first or second order, depending on the
values of �� and ⌧ at the high scale. Finally, we note that some of the trajectories terminating
at the Wilson-Fisher fixed point do not arise from an UV safe theory. These include trajectories
emanating from incomplete fixed points, fixed points with unstable vacua in the UV, or e↵ective
models whose UV limit terminates at a UV Landau pole, as indicated in Fig. 10.

33

D. F. Litim, M. J. Trott,  
Phys. Rev. D 98, 125006 (2018)

At the BMB FP, 

• Discontinuous jump to the critical exponent  

• Singularity at small fields , considered to be relevant for 
spontaneous symmetry breaking of scale invariance   

ν = 1/3
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Open questions revisited 
by NPRG

 
Mechanism of Mass Generation: Can we dynamically realize 
an arbitrary physical mass  by simply tuning a smooth 
bare potential at ?  
 

Abrupt Jump of Exponent : How can  jump discontinuously 
from 1/2 along the line to 1/3 right at the BMB endpoint?

m2(k = 0)
k = Λ

ν ν



Nondimensionalized  
LPA NPRG eq.

• Scaling solutions can be found as FPs solution of 
nondimensionalized NPRG eq.
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Usual large N limit of the 
LPA flow

• The terms proportional to 1/N are assumed to be 
subleading. 

• At  N=∞, this simplifies as

Rescaled finite N equation Ũt = NŪt �̃ =
p
N �̄

Figure 1: Wilson-Polchinski parameterization: Plot of the potentials V̄ (ω̄) and of V̄
→(ω̄) for some

of the tricritical FPs A(ε) of the BMB line (blue) together with the Wilson-Fisher FP (red). The

BMB FP is the endpoint of the BMB line (purple). All these potentials are given by Eq. (20). The

Gaussian FP G corresponds to the horizontal line. The BMB FP potential shows a discontinuity

in its second derivative at ω̄0.

It is convenient to introduce variables that remain finite in the large-N limit:

ω̄ =
ω̃→
N
, Ūt(ω̄) =

Ũt(ω̃)

N
. (13)

In terms of these rescaled quantities, the FP equation associated with (12) becomes

0 = ↑d Ū +
1

2
(d ↑ 2)ω̄ Ū → +

(
1 ↑ 1

N

)
ω̄

ω̄+ Ū → +
1

N

1

1 + Ū →→ . (14)

In the limit N ↓ ↔, this equation simplifies to

0 = ↑d Ū +
1

2
(d ↑ 2)ω̄ Ū → +

ω̄

ω̄+ Ū → (15)

provided the last term in Eq. (14) is negligible, see below.

III. THE BMB LINE IN d = 3 AND AT N = ↔

For the analysis of the large-N limit, it is particularly convenient to perform a change of

variables that considerably simplifies the structure of the flow equation. This transformation

is equivalent to working with the Wilson-Polchinski formulation of the RG instead of the

Wetterich flow for !k. Following Ref. [27], we introduce the potential Ṽ (ε̃) defined by

Ṽt(ε̃) = Ũt(ϑ̃) +
1

2

(
ω̃i ↑ ”̃i

)2

, (16)
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, Ūt(ω̄) =
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Wilson-Polchinski version  
of NPRG 

2

of the theory: �⇤ ⇠ H, and the Gibbs free energy � of
the original model when k = 0: �k=0 = �. The exact
RG flow equation of �k gives the evolution of �k with k
between these two limiting cases and reads [13]:

@t�k[�] =
1

2
Tr[@tRk(q

2)(�(2)
k [q,�q;�] +Rk(q))

�1] (3)

where t = log(k/⇤), Tr stands for an integral over q and

a trace over group indices and �(2)
k [q,�q;�] is the matrix

of the Fourier transforms of �2�k/��i(x)��j(y).
In most cases, Eq.(3) cannot be solved exactly and

approximations are mandatory. The best known approx-
imation consists in expanding �k in powers of r�i and to
truncate the expansion at a given finite order[8, 16–24].
The approximation at lowest order is dubbed the local
potential approximation (LPA). For the O(N) model it
consists in approximating �k by:

�k[�] =

Z

x

✓
1

2
(r�i)

2 + Uk(�)

◆
. (4)

where, by definition, � =
p
�i�i. Fixed points are found

only for dimensionless quantities and thus we define the

dimensionless field ⇢̃ and potential Ũk as �̃ = v
� 1

2
d k

2�d
2 �

and Ũk(�̃) = v�1
d k�dUk (�) with v�1

d = 2d�1d⇡d/2�(d2 ).

The LPA flow of Ũk reads:

@tŨt(�̃) = �d Ũt(�̃) +
1

2
(d� 2)�̃ Ũ 0

t(�̃)+

(N � 1)
�̃

�̃+ Ũ 0
t(�̃)

+
1

1 + Ũ 00
t (�̃)

.
(5)

The usual large N limit of the LPA flow [7] is obtained by
(i) replacing the factor N�1 by N , (ii) dropping the last
term in Eq.(5) because it is assumed to be sub-leading
compared to the term proportional to N , (iii) rescaling
the field by a factor

p
N and the potential by a factor N :

�̄ = �̃/
p
N , Ū = Ũ/N . As a consequence of these three

steps, the explicit dependence in N of the LPA flow of
Ū(�̄) disappears in the large N limit. The crucial point
is that the resulting LPA equation on Ū can be shown to
be exact in the limit N ! 1 [6]. Thus, the problem of
finding all FPs of the O(N) model: @tŪt(�̄) = 0 in the
limit N ! 1 boils down to solving the LPA FP equation
on Ū(�̄) having dropped the last term in Eq.(5). This
has been done in detail in several papers [7, 25]. The
result is the following: In a generic dimension d < 4
and apart from the gaussian FP, there is only one FP
which is the usual Wilson-Fisher FP. The exception to
the rule above occurs in the dimensions dc = 2+2/n with
n = 1, 2, · · · where there is also a line of FPs starting at
the gaussian FP and terminating at the Bardeen-Moshe-
Bander (BMB) FP[26–29].

We now show that the procedure described above is
too restrictive and eliminates some FPs that are physi-
cally relevant. The point is that the last term in Eq.(5),
which represents the contribution of the longitudinal

mode, is negligible compared to the term proportional
to N � 1, the contribution of the transverse modes, only
if it reaches a finite limit when N ! 1. We show that
this is not necessarily the case and that the last term
in Eq.(5) can also be of order N and can thus be non
negligible.
It is convenient for what follows to change variables.

Following ref. [30], we define: V (µ) = U(�)+ (���)2/2
with µ = �2 and � � � = �2�V 0(µ). As above, it is
convenient to rescale µ and V (µ): µ̄ = µ/N , V̄ = V/N .
In terms of these quantities, the FP equation for V̄ (µ̄)
following from Eq.(5) reads

0 = 1� d V̄ + (d� 2)µ̄V̄ 0 + 4µ̄V̄ 02 � 2V̄ 0 � 4

N
µ̄ V̄ 00. (6)

This equation has two remarkable features. First, it is
much simpler than Eq.(5) because the nonlinearity comes
only from the (V̄ 0)2 term. Second, its physical interpre-
taion is simple: it is the LPA equation obtained from
the Wilson-Polchinski version of the NPRG [31–34]: V
and U are therefore related by the Legendre transform
Eq.(2). Eq.(6) has therefore also been widely studied in
the literature. The usual large N analysis performed in
this version of the NPRG consists here again in neglect-
ing the last term in Eq.(6) because it is suppressed by a
factor 1/N [35]. Under the assumption that this term is
indeed negligible in the large N limit, the resulting equa-
tion becomes independent of N and an exact (implicit)
solution of this equation is known (see Supplemental Ma-
terial). However, at large N , it is clear on Eq.(6) that we
have to deal with singular perturbation theory since the
small parameter used for the expansion, that is, 1/N , is
in front of the term of highest derivative, that is, V̄ 00. In
this case, it is well-known that in general the term pro-
portional to V̄ 00 cannot be neglected and that singular
solutions can exist at ✏ = 1/N ! 0 [36]. Put it di↵er-
ently, at finite but large values of N , a boundary layer
can exist for a particular value of the argument µ̄ that
becomes a singularity at N = 1. We now show that this
is what indeed occurs.
It is particularly simple to understand on Eq.(6) why

and how at N = 1 a solution exhibiting an isolated
singularity for a given µ̄ = µ̄0 can exist. Consider the
intervals on the left and on the right of µ̄0. On these
intervals, V̄ (µ̄) is regular by definition. This implies that
the last term in Eq.(6) can safely be neglected at large
N on these two intervals. To get a singularity where
this term can play a role in (6) at N = 1, it is neces-
sary that the solutions on the left and on the right of µ̄0

match at µ̄0 but with two di↵erent slopes. It is trivial to
build such a solution: Take on the right of µ̄0 the Wilson-
Fisher solution of Eq.(6) (without the last term) and on
the left V̄ (µ̄) = µ̄/2 which is a trivial solution of (6).
The matching point is then trivially found numerically
as the intersection of these two curves (see Fig.3 in the
Supplemental Material). Then, at finite N , the boundary
layer around µ̄0 where the left and right solutions match
smoothly (but abruptly) can be easily computed at lead-
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@tŨt(�̃) = �d Ũt(�̃) +
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t(�̃)

+
1

1 + Ũ 00
t (�̃)

.
(5)

The usual large N limit of the LPA flow [7] is obtained by
(i) replacing the factor N�1 by N , (ii) dropping the last
term in Eq.(5) because it is assumed to be sub-leading
compared to the term proportional to N , (iii) rescaling
the field by a factor

p
N and the potential by a factor N :

�̄ = �̃/
p
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@tŨt(�̃) = �d Ũt(�̃) +
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on Ū(�̄) having dropped the last term in Eq.(5). This
has been done in detail in several papers [7, 25]. The
result is the following: In a generic dimension d < 4
and apart from the gaussian FP, there is only one FP
which is the usual Wilson-Fisher FP. The exception to
the rule above occurs in the dimensions dc = 2+2/n with
n = 1, 2, · · · where there is also a line of FPs starting at
the gaussian FP and terminating at the Bardeen-Moshe-
Bander (BMB) FP[26–29].

We now show that the procedure described above is
too restrictive and eliminates some FPs that are physi-
cally relevant. The point is that the last term in Eq.(5),
which represents the contribution of the longitudinal

mode, is negligible compared to the term proportional
to N � 1, the contribution of the transverse modes, only
if it reaches a finite limit when N ! 1. We show that
this is not necessarily the case and that the last term
in Eq.(5) can also be of order N and can thus be non
negligible.
It is convenient for what follows to change variables.

Following ref. [30], we define: V (µ) = U(�)+ (���)2/2
with µ = �2 and � � � = �2�V 0(µ). As above, it is
convenient to rescale µ and V (µ): µ̄ = µ/N , V̄ = V/N .
In terms of these quantities, the FP equation for V̄ (µ̄)
following from Eq.(5) reads

0 = 1� d V̄ + (d� 2)µ̄V̄ 0 + 4µ̄V̄ 02 � 2V̄ 0 � 4

N
µ̄ V̄ 00. (6)

This equation has two remarkable features. First, it is
much simpler than Eq.(5) because the nonlinearity comes
only from the (V̄ 0)2 term. Second, its physical interpre-
taion is simple: it is the LPA equation obtained from
the Wilson-Polchinski version of the NPRG [31–34]: V
and U are therefore related by the Legendre transform
Eq.(2). Eq.(6) has therefore also been widely studied in
the literature. The usual large N analysis performed in
this version of the NPRG consists here again in neglect-
ing the last term in Eq.(6) because it is suppressed by a
factor 1/N [35]. Under the assumption that this term is
indeed negligible in the large N limit, the resulting equa-
tion becomes independent of N and an exact (implicit)
solution of this equation is known (see Supplemental Ma-
terial). However, at large N , it is clear on Eq.(6) that we
have to deal with singular perturbation theory since the
small parameter used for the expansion, that is, 1/N , is
in front of the term of highest derivative, that is, V̄ 00. In
this case, it is well-known that in general the term pro-
portional to V̄ 00 cannot be neglected and that singular
solutions can exist at ✏ = 1/N ! 0 [36]. Put it di↵er-
ently, at finite but large values of N , a boundary layer
can exist for a particular value of the argument µ̄ that
becomes a singularity at N = 1. We now show that this
is what indeed occurs.
It is particularly simple to understand on Eq.(6) why

and how at N = 1 a solution exhibiting an isolated
singularity for a given µ̄ = µ̄0 can exist. Consider the
intervals on the left and on the right of µ̄0. On these
intervals, V̄ (µ̄) is regular by definition. This implies that
the last term in Eq.(6) can safely be neglected at large
N on these two intervals. To get a singularity where
this term can play a role in (6) at N = 1, it is neces-
sary that the solutions on the left and on the right of µ̄0

match at µ̄0 but with two di↵erent slopes. It is trivial to
build such a solution: Take on the right of µ̄0 the Wilson-
Fisher solution of Eq.(6) (without the last term) and on
the left V̄ (µ̄) = µ̄/2 which is a trivial solution of (6).
The matching point is then trivially found numerically
as the intersection of these two curves (see Fig.3 in the
Supplemental Material). Then, at finite N , the boundary
layer around µ̄0 where the left and right solutions match
smoothly (but abruptly) can be easily computed at lead-
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of the theory: �⇤ ⇠ H, and the Gibbs free energy � of
the original model when k = 0: �k=0 = �. The exact
RG flow equation of �k gives the evolution of �k with k
between these two limiting cases and reads [13]:
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k [q,�q;�] is the matrix

of the Fourier transforms of �2�k/��i(x)��j(y).
In most cases, Eq.(3) cannot be solved exactly and

approximations are mandatory. The best known approx-
imation consists in expanding �k in powers of r�i and to
truncate the expansion at a given finite order[8, 16–24].
The approximation at lowest order is dubbed the local
potential approximation (LPA). For the O(N) model it
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The usual large N limit of the LPA flow [7] is obtained by
(i) replacing the factor N�1 by N , (ii) dropping the last
term in Eq.(5) because it is assumed to be sub-leading
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finding all FPs of the O(N) model: @tŪt(�̄) = 0 in the
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on Ū(�̄) having dropped the last term in Eq.(5). This
has been done in detail in several papers [7, 25]. The
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� 1

2
d k

2�d
2 �
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cally relevant. The point is that the last term in Eq.(5),
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to N � 1, the contribution of the transverse modes, only
if it reaches a finite limit when N ! 1. We show that
this is not necessarily the case and that the last term
in Eq.(5) can also be of order N and can thus be non
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much simpler than Eq.(5) because the nonlinearity comes
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taion is simple: it is the LPA equation obtained from
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and U are therefore related by the Legendre transform
Eq.(2). Eq.(6) has therefore also been widely studied in
the literature. The usual large N analysis performed in
this version of the NPRG consists here again in neglect-
ing the last term in Eq.(6) because it is suppressed by a
factor 1/N [35]. Under the assumption that this term is
indeed negligible in the large N limit, the resulting equa-
tion becomes independent of N and an exact (implicit)
solution of this equation is known (see Supplemental Ma-
terial). However, at large N , it is clear on Eq.(6) that we
have to deal with singular perturbation theory since the
small parameter used for the expansion, that is, 1/N , is
in front of the term of highest derivative, that is, V̄ 00. In
this case, it is well-known that in general the term pro-
portional to V̄ 00 cannot be neglected and that singular
solutions can exist at ✏ = 1/N ! 0 [36]. Put it di↵er-
ently, at finite but large values of N , a boundary layer
can exist for a particular value of the argument µ̄ that
becomes a singularity at N = 1. We now show that this
is what indeed occurs.
It is particularly simple to understand on Eq.(6) why

and how at N = 1 a solution exhibiting an isolated
singularity for a given µ̄ = µ̄0 can exist. Consider the
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intervals, V̄ (µ̄) is regular by definition. This implies that
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this term can play a role in (6) at N = 1, it is neces-
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build such a solution: Take on the right of µ̄0 the Wilson-
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the left V̄ (µ̄) = µ̄/2 which is a trivial solution of (6).
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We have to deal with singular perturbation in general.
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In practice, computing the flow of the potential Uk

requires several steps. First, the potential is defined by:
Uk(�) = �k[�] where � is a constant field. Then, the flow
of Uk(�) is obtained by acting with @t on both sides of
the above definition of Uk and by using Eq. (4). Finally,

�(2)
k in the right hand side of Eq. (4) is computed from

the LPA ansatz, Eq. (5).
It is very convenient for the following to make a change

of variables that simplifies considerably the study of the
large N limit. This change of variables is equivalent to
working with the Wilson-Polchinski flow instead of the
flow of �k, hereafter called the Wetterich flow. Following

Ref. [45], we define: Ṽ (%̃) = Ũ(⇢̃) +
⇣
�̃i � �̃i

⌘2
/2 with

%̃ = �̃i�̃i/2 = �̃2/2 and �̃i��̃i = ��̃iṼ 0(%̃) = ��̃iŨ 0(⇢̃).
It is convenient to rescale %̃ and Ṽ (%̃) as usual: %̄ =
%̃/N , V̄ = Ṽ /N . The FP equation for V̄ (%̄) thus reads
[8, 25, 45]

0 = 1� d V̄ + (d� 2)%̄V̄ 0 + 2%̄V̄ 02 � V̄ 0 � 2

N
%̄ V̄ 00 (6)

where the primes mean derivatives with respect to %̄.
Here again, the usual N ! 1 limit consists in assuming
that V̄ (%̄) is regular for all %̄ and thus in discarding the
last term in Eq. (6) because of its 1/N prefactor. In d = 3
andN = 1, there are infinitely many solutions to Eq. (6)
in which the last term has been discarded [1, 8, 9, 46].
They are given by the following implicit expression valid
for the physical solutions of interest here:

%̄± = 1 +
V̄ 0 � 5

2 � V̄ 0�
�
1� V̄ 0

�2 +
3
2 arcsin

p
V̄ 0 ±

p
2/⌧

�
V̄ 0

��1/2 �
1� V̄ 0

�5/2 (7)

where %̄+
�
V̄ 0� and %̄�

�
V̄ 0� correspond to the two

branches %̄ > 1 and %̄ < 1 respectively, and ⌧ is an in-
tegration constant. A detailed analysis of Eq. (7) shows
that (i) the gaussian FP G for which V̄ 0(%̄) = 0 is ob-
tained for ⌧ = 0, (ii) a well-defined solution V̄ (%̄) ex-
ists for all ⌧ 2 [0, ⌧ BMB = 32/(3⇡)2] which therefore
corresponds to the BMB line of FPs, denoted here by
A(⌧), with the BMB FP being the endpoint obtained for
⌧ = ⌧ BMB as in [1, 6–9], (iii) for ⌧ > ⌧ BMB the solutions
of Eq. (7) are not defined on the whole interval %̄ 2 [0,1[
[8], (iv) an isolated solution exists for

p
2/⌧ = 0 which

corresponds to the Wilson-Fisher FP associated with the
usual second order phase transition of the O(N = 1)
model (an analytic continuation is needed when V 0 < 0).
All the FPs corresponding to a value of ⌧ 2 [0, ⌧ BMB[
are twice unstable in the infrared and are tricritical. We
plot their potential in Fig. 1. One observes that, for
all ⌧ < ⌧BMB, the FP potentials V̄⌧ (%̄) along the BMB
line are regular for all values of the field. Approaching
⌧BMB, the FP potentials approach a limiting shape which
shows a singularity at a value %̄0 in its second derivative,
see Fig. 1 and a detailed description below (see also Fig.
1 of the Supplemental Material) [47]. Notice that in the
Wetterich version of the flow [36, 40], the potential of the
BMB FP shows a singularity at vanishing field [9].

FIG. 1. Potentials V̄ (%̄) of the tricritical FPs A(⌧) of the
BMB line (blue) together with the Wilson-Fisher FP (red).
The BMB FP is the endpoint of the BMB line (purple). All
these potentials are given by Eq. (7) (in the Wilson-Polchinski
version of the LPA flow). The gaussian FP G corresponds to
the horizontal line. The BMB FP potential shows a disconti-
nuity in its second derivative at %̄0.

Let us now look for the finite N origin of the BMB line
within our functional framework. Just as in perturbation
theory, we take the limit N ! 1 and d ! 3 at fixed
↵ = ✏N . Our aim is to show that to each FP A(⌧) with
⌧ 2 [0, ⌧ BMB] on the BMB line, there is one FP at finite
N , either A2(↵) or Ã3(↵), that converges to A(⌧) when
N ! 1. The problem is therefore to relate admissible
values of ⌧ , that is, values for which a FP on the BMB line
exists, to admissible values of ↵ where A2(↵) or Ã3(↵)
exist.

Within the LPA, the proof goes as follows. We assume
that at large N , the FP potentials can be expanded as:

V̄↵,N (%̄) = V̄↵,N=1(%̄) + V̄1,↵(%̄)/N +O(1/N2). (8)

We assume that V̄↵,N (%̄), V̄1,↵(%̄) and V̄↵,N=1(%̄) are reg-
ular functions of %̄. As such, V̄↵,N=1(%̄) must be the po-
tential of one the FPs on the BMB line. It must therefore
correspond to a solution of Eq. (7) with a definite value
of ⌧ 2 [0, ⌧ BMB]: V̄↵,N=1(%̄) = V̄⌧ (%̄). We therefore con-
clude that the regularity of V̄1,↵(%̄) together with Eqs.
(6) and (8) determines the relation between ⌧ and ↵.

It is particularly convenient to impose the analyticity
of V̄1,↵(%̄) at %̄ = 1 because all FPs of the BMB line show
an inflection point for this value of %̄ as can be seen on
Fig. 1. Generically, a nonanalytic logarithmic behavior
shows up at this point when substituting Eq. (8) into
Eq. (6). Requiring that its prefactor vanishes imposes
(see Section 3 of the Supplemental Material):

↵� 36⌧ + 96⌧2 = 0. (9)

This equation has two solutions ⌧1(↵) and ⌧2(↵) that
we choose such that ⌧1(↵)  ⌧2(↵) for all ↵, see Fig.
2 of the Supplemental Material. This implies that to
each value of ↵, that is, to each point on the hyperbola
d = 3�↵/N , correspond two FPs on the BMB line that,
as in perturbation theory, are A = A(⌧1(↵)) and Ã =
Ã(⌧2(↵)). According to Eq. (8), for any value of ↵, these
FPs must be the limits of two di↵erent FPs existing at
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ists for all ⌧ 2 [0, ⌧ BMB = 32/(3⇡)2] which therefore
corresponds to the BMB line of FPs, denoted here by
A(⌧), with the BMB FP being the endpoint obtained for
⌧ = ⌧ BMB as in [1, 6–9], (iii) for ⌧ > ⌧ BMB the solutions
of Eq. (7) are not defined on the whole interval %̄ 2 [0,1[
[8], (iv) an isolated solution exists for

p
2/⌧ = 0 which

corresponds to the Wilson-Fisher FP associated with the
usual second order phase transition of the O(N = 1)
model (an analytic continuation is needed when V 0 < 0).
All the FPs corresponding to a value of ⌧ 2 [0, ⌧ BMB[
are twice unstable in the infrared and are tricritical. We
plot their potential in Fig. 1. One observes that, for
all ⌧ < ⌧BMB, the FP potentials V̄⌧ (%̄) along the BMB
line are regular for all values of the field. Approaching
⌧BMB, the FP potentials approach a limiting shape which
shows a singularity at a value %̄0 in its second derivative,
see Fig. 1 and a detailed description below (see also Fig.
1 of the Supplemental Material) [47]. Notice that in the
Wetterich version of the flow [36, 40], the potential of the
BMB FP shows a singularity at vanishing field [9].

FIG. 1. Potentials V̄ (%̄) of the tricritical FPs A(⌧) of the
BMB line (blue) together with the Wilson-Fisher FP (red).
The BMB FP is the endpoint of the BMB line (purple). All
these potentials are given by Eq. (7) (in the Wilson-Polchinski
version of the LPA flow). The gaussian FP G corresponds to
the horizontal line. The BMB FP potential shows a disconti-
nuity in its second derivative at %̄0.

Let us now look for the finite N origin of the BMB line
within our functional framework. Just as in perturbation
theory, we take the limit N ! 1 and d ! 3 at fixed
↵ = ✏N . Our aim is to show that to each FP A(⌧) with
⌧ 2 [0, ⌧ BMB] on the BMB line, there is one FP at finite
N , either A2(↵) or Ã3(↵), that converges to A(⌧) when
N ! 1. The problem is therefore to relate admissible
values of ⌧ , that is, values for which a FP on the BMB line
exists, to admissible values of ↵ where A2(↵) or Ã3(↵)
exist.

Within the LPA, the proof goes as follows. We assume
that at large N , the FP potentials can be expanded as:

V̄↵,N (%̄) = V̄↵,N=1(%̄) + V̄1,↵(%̄)/N +O(1/N2). (8)

We assume that V̄↵,N (%̄), V̄1,↵(%̄) and V̄↵,N=1(%̄) are reg-
ular functions of %̄. As such, V̄↵,N=1(%̄) must be the po-
tential of one the FPs on the BMB line. It must therefore
correspond to a solution of Eq. (7) with a definite value
of ⌧ 2 [0, ⌧ BMB]: V̄↵,N=1(%̄) = V̄⌧ (%̄). We therefore con-
clude that the regularity of V̄1,↵(%̄) together with Eqs.
(6) and (8) determines the relation between ⌧ and ↵.

It is particularly convenient to impose the analyticity
of V̄1,↵(%̄) at %̄ = 1 because all FPs of the BMB line show
an inflection point for this value of %̄ as can be seen on
Fig. 1. Generically, a nonanalytic logarithmic behavior
shows up at this point when substituting Eq. (8) into
Eq. (6). Requiring that its prefactor vanishes imposes
(see Section 3 of the Supplemental Material):

↵� 36⌧ + 96⌧2 = 0. (9)

This equation has two solutions ⌧1(↵) and ⌧2(↵) that
we choose such that ⌧1(↵)  ⌧2(↵) for all ↵, see Fig.
2 of the Supplemental Material. This implies that to
each value of ↵, that is, to each point on the hyperbola
d = 3�↵/N , correspond two FPs on the BMB line that,
as in perturbation theory, are A = A(⌧1(↵)) and Ã =
Ã(⌧2(↵)). According to Eq. (8), for any value of ↵, these
FPs must be the limits of two di↵erent FPs existing at

3

In practice, computing the flow of the potential Uk

requires several steps. First, the potential is defined by:
Uk(�) = �k[�] where � is a constant field. Then, the flow
of Uk(�) is obtained by acting with @t on both sides of
the above definition of Uk and by using Eq. (4). Finally,

�(2)
k in the right hand side of Eq. (4) is computed from

the LPA ansatz, Eq. (5).
It is very convenient for the following to make a change

of variables that simplifies considerably the study of the
large N limit. This change of variables is equivalent to
working with the Wilson-Polchinski flow instead of the
flow of �k, hereafter called the Wetterich flow. Following

Ref. [45], we define: Ṽ (%̃) = Ũ(⇢̃) +
⇣
�̃i � �̃i

⌘2
/2 with

%̃ = �̃i�̃i/2 = �̃2/2 and �̃i��̃i = ��̃iṼ 0(%̃) = ��̃iŨ 0(⇢̃).
It is convenient to rescale %̃ and Ṽ (%̃) as usual: %̄ =
%̃/N , V̄ = Ṽ /N . The FP equation for V̄ (%̄) thus reads
[8, 25, 45]
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N
%̄ V̄ 00 (6)

where the primes mean derivatives with respect to %̄.
Here again, the usual N ! 1 limit consists in assuming
that V̄ (%̄) is regular for all %̄ and thus in discarding the
last term in Eq. (6) because of its 1/N prefactor. In d = 3
andN = 1, there are infinitely many solutions to Eq. (6)
in which the last term has been discarded [1, 8, 9, 46].
They are given by the following implicit expression valid
for the physical solutions of interest here:
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branches %̄ > 1 and %̄ < 1 respectively, and ⌧ is an in-
tegration constant. A detailed analysis of Eq. (7) shows
that (i) the gaussian FP G for which V̄ 0(%̄) = 0 is ob-
tained for ⌧ = 0, (ii) a well-defined solution V̄ (%̄) ex-
ists for all ⌧ 2 [0, ⌧ BMB = 32/(3⇡)2] which therefore
corresponds to the BMB line of FPs, denoted here by
A(⌧), with the BMB FP being the endpoint obtained for
⌧ = ⌧ BMB as in [1, 6–9], (iii) for ⌧ > ⌧ BMB the solutions
of Eq. (7) are not defined on the whole interval %̄ 2 [0,1[
[8], (iv) an isolated solution exists for

p
2/⌧ = 0 which

corresponds to the Wilson-Fisher FP associated with the
usual second order phase transition of the O(N = 1)
model (an analytic continuation is needed when V 0 < 0).
All the FPs corresponding to a value of ⌧ 2 [0, ⌧ BMB[
are twice unstable in the infrared and are tricritical. We
plot their potential in Fig. 1. One observes that, for
all ⌧ < ⌧BMB, the FP potentials V̄⌧ (%̄) along the BMB
line are regular for all values of the field. Approaching
⌧BMB, the FP potentials approach a limiting shape which
shows a singularity at a value %̄0 in its second derivative,
see Fig. 1 and a detailed description below (see also Fig.
1 of the Supplemental Material) [47]. Notice that in the
Wetterich version of the flow [36, 40], the potential of the
BMB FP shows a singularity at vanishing field [9].
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version of the LPA flow). The gaussian FP G corresponds to
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Let us now look for the finite N origin of the BMB line
within our functional framework. Just as in perturbation
theory, we take the limit N ! 1 and d ! 3 at fixed
↵ = ✏N . Our aim is to show that to each FP A(⌧) with
⌧ 2 [0, ⌧ BMB] on the BMB line, there is one FP at finite
N , either A2(↵) or Ã3(↵), that converges to A(⌧) when
N ! 1. The problem is therefore to relate admissible
values of ⌧ , that is, values for which a FP on the BMB line
exists, to admissible values of ↵ where A2(↵) or Ã3(↵)
exist.

Within the LPA, the proof goes as follows. We assume
that at large N , the FP potentials can be expanded as:

V̄↵,N (%̄) = V̄↵,N=1(%̄) + V̄1,↵(%̄)/N +O(1/N2). (8)

We assume that V̄↵,N (%̄), V̄1,↵(%̄) and V̄↵,N=1(%̄) are reg-
ular functions of %̄. As such, V̄↵,N=1(%̄) must be the po-
tential of one the FPs on the BMB line. It must therefore
correspond to a solution of Eq. (7) with a definite value
of ⌧ 2 [0, ⌧ BMB]: V̄↵,N=1(%̄) = V̄⌧ (%̄). We therefore con-
clude that the regularity of V̄1,↵(%̄) together with Eqs.
(6) and (8) determines the relation between ⌧ and ↵.

It is particularly convenient to impose the analyticity
of V̄1,↵(%̄) at %̄ = 1 because all FPs of the BMB line show
an inflection point for this value of %̄ as can be seen on
Fig. 1. Generically, a nonanalytic logarithmic behavior
shows up at this point when substituting Eq. (8) into
Eq. (6). Requiring that its prefactor vanishes imposes
(see Section 3 of the Supplemental Material):

↵� 36⌧ + 96⌧2 = 0. (9)

This equation has two solutions ⌧1(↵) and ⌧2(↵) that
we choose such that ⌧1(↵)  ⌧2(↵) for all ↵, see Fig.
2 of the Supplemental Material. This implies that to
each value of ↵, that is, to each point on the hyperbola
d = 3�↵/N , correspond two FPs on the BMB line that,
as in perturbation theory, are A = A(⌧1(↵)) and Ã =
Ã(⌧2(↵)). According to Eq. (8), for any value of ↵, these
FPs must be the limits of two di↵erent FPs existing at
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requires several steps. First, the potential is defined by:
Uk(�) = �k[�] where � is a constant field. Then, the flow
of Uk(�) is obtained by acting with @t on both sides of
the above definition of Uk and by using Eq. (4). Finally,
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%̃/N , V̄ = Ṽ /N . The FP equation for V̄ (%̄) thus reads
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where the primes mean derivatives with respect to %̄.
Here again, the usual N ! 1 limit consists in assuming
that V̄ (%̄) is regular for all %̄ and thus in discarding the
last term in Eq. (6) because of its 1/N prefactor. In d = 3
andN = 1, there are infinitely many solutions to Eq. (6)
in which the last term has been discarded [1, 8, 9, 46].
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branches %̄ > 1 and %̄ < 1 respectively, and ⌧ is an in-
tegration constant. A detailed analysis of Eq. (7) shows
that (i) the gaussian FP G for which V̄ 0(%̄) = 0 is ob-
tained for ⌧ = 0, (ii) a well-defined solution V̄ (%̄) ex-
ists for all ⌧ 2 [0, ⌧ BMB = 32/(3⇡)2] which therefore
corresponds to the BMB line of FPs, denoted here by
A(⌧), with the BMB FP being the endpoint obtained for
⌧ = ⌧ BMB as in [1, 6–9], (iii) for ⌧ > ⌧ BMB the solutions
of Eq. (7) are not defined on the whole interval %̄ 2 [0,1[
[8], (iv) an isolated solution exists for
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2/⌧ = 0 which

corresponds to the Wilson-Fisher FP associated with the
usual second order phase transition of the O(N = 1)
model (an analytic continuation is needed when V 0 < 0).
All the FPs corresponding to a value of ⌧ 2 [0, ⌧ BMB[
are twice unstable in the infrared and are tricritical. We
plot their potential in Fig. 1. One observes that, for
all ⌧ < ⌧BMB, the FP potentials V̄⌧ (%̄) along the BMB
line are regular for all values of the field. Approaching
⌧BMB, the FP potentials approach a limiting shape which
shows a singularity at a value %̄0 in its second derivative,
see Fig. 1 and a detailed description below (see also Fig.
1 of the Supplemental Material) [47]. Notice that in the
Wetterich version of the flow [36, 40], the potential of the
BMB FP shows a singularity at vanishing field [9].
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these potentials are given by Eq. (7) (in the Wilson-Polchinski
version of the LPA flow). The gaussian FP G corresponds to
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nuity in its second derivative at %̄0.

Let us now look for the finite N origin of the BMB line
within our functional framework. Just as in perturbation
theory, we take the limit N ! 1 and d ! 3 at fixed
↵ = ✏N . Our aim is to show that to each FP A(⌧) with
⌧ 2 [0, ⌧ BMB] on the BMB line, there is one FP at finite
N , either A2(↵) or Ã3(↵), that converges to A(⌧) when
N ! 1. The problem is therefore to relate admissible
values of ⌧ , that is, values for which a FP on the BMB line
exists, to admissible values of ↵ where A2(↵) or Ã3(↵)
exist.

Within the LPA, the proof goes as follows. We assume
that at large N , the FP potentials can be expanded as:

V̄↵,N (%̄) = V̄↵,N=1(%̄) + V̄1,↵(%̄)/N +O(1/N2). (8)

We assume that V̄↵,N (%̄), V̄1,↵(%̄) and V̄↵,N=1(%̄) are reg-
ular functions of %̄. As such, V̄↵,N=1(%̄) must be the po-
tential of one the FPs on the BMB line. It must therefore
correspond to a solution of Eq. (7) with a definite value
of ⌧ 2 [0, ⌧ BMB]: V̄↵,N=1(%̄) = V̄⌧ (%̄). We therefore con-
clude that the regularity of V̄1,↵(%̄) together with Eqs.
(6) and (8) determines the relation between ⌧ and ↵.

It is particularly convenient to impose the analyticity
of V̄1,↵(%̄) at %̄ = 1 because all FPs of the BMB line show
an inflection point for this value of %̄ as can be seen on
Fig. 1. Generically, a nonanalytic logarithmic behavior
shows up at this point when substituting Eq. (8) into
Eq. (6). Requiring that its prefactor vanishes imposes
(see Section 3 of the Supplemental Material):

↵� 36⌧ + 96⌧2 = 0. (9)

This equation has two solutions ⌧1(↵) and ⌧2(↵) that
we choose such that ⌧1(↵)  ⌧2(↵) for all ↵, see Fig.
2 of the Supplemental Material. This implies that to
each value of ↵, that is, to each point on the hyperbola
d = 3�↵/N , correspond two FPs on the BMB line that,
as in perturbation theory, are A = A(⌧1(↵)) and Ã =
Ã(⌧2(↵)). According to Eq. (8), for any value of ↵, these
FPs must be the limits of two di↵erent FPs existing at
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FIG. 3: d = 3 and N = 1: (Left) Some tricritical potentials of the A(⌧) FPs along the BMB line (blue) together
with the Wilson-Fisher FP potential (red) that are solutions of Eq. (21). The gaussian FP G corresponds to the
horizontal line and all FP potentials along the BMB line are continuous deformations of G. The BMB FP is the

end-point of the BMB line (purple): It involves a linear part for % 2 [0, %0] and shows a discontinuity in its second
derivative at %̄0, see the right panel. All these potentials are given by Eq. (23) (in the Wilson-Polchinski version of

the LPA flow). (Right) Derivatives of the A(⌧) FP potentials of the BMB line (blue). The BMB FP potential
(purple) shows a discontinuity in its second derivative at %̄ = %̄0.

Apart from the gaussian FP G, this equation is known to have two smooth solutions defined for all %̄ � 0 in
generic dimensions 2 < d < 4: the WF FP solution, whose analytic expression has been derived in [49] and the high
temperature FP V̄ (%̄) = %̄ [50].

Notice that the dimensions dc = 2 + 2/p with p 2 N⇤ are exceptional. In these dimensions, the ('2)p+1 term
becomes marginal and at N = 1, takes place the BMB phenomenon that has no counterpart in generic dimensions
[51–53]. For example, for p = 2, that is, d = 3, there exists a line of tricritical FPs at N = 1 called the BMB line of
FPs. The complete set of regular solutions of Eq. (22) in d = 3 are given by the following implicit expression [54]:
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where %̄+
�
V̄ 0� and %̄�

�
V̄ 0� correspond to the two branches %̄ > 1 and %̄ < 1 respectively, and ⌧ is an integration

constant. They consist in (i) the gaussian FP G obtained for ⌧ = 0 for which V̄ 0(%̄) = 0, (ii) a set of well-defined
solutions V̄ (%̄) indexed by ⌧ 2 [0, ⌧ BMB = 32/(3⇡)2] which correspond to the BMB line of FPs and denoted here by
A(⌧), with the BMB FP obtained at ⌧ = ⌧ BMB being the endpoint of the line [51, 53–56], (iii) an isolated solution
associated with

p
2/⌧ = 0 which corresponds to the Wilson-Fisher FP (an analytic continuation is needed when

V 0 < 0). Notice that for ⌧ > ⌧ BMB the solutions of Eq. (23) are not defined on the whole interval %̄ 2 [0,1[ [54].
The potentials of the A(⌧) FPs with ⌧ < ⌧ BMB are regular for all values of the field. Approaching ⌧BMB, the FP
potential approaches a limiting shape which shows a singularity: It is made of a linear part V̄ (%̄) = %̄ starting at
%̄ = 0 up to the point %̄0 where this straight line crosses the nontrivial part of the potential, see Fig. 3. The BMB FP
potential is obtained as this limiting shape. Notice that the linear part of the BMB FP potential existing for %̄ < %̄0,
see Figs. 3 can be replaced by a smooth analytic continuation of the other part of the potential, that is, the part
corresponding to %̄ > %̄0, without having any physical consequence. This can be most easily realized by going to the
Ellwanger-Morris-Wetterich version of the flow where this linear part is entirely mapped onto the point �̄ = 0 [54].
The RG flow is given in Appendix C where the BMB line together with the WF FP are provided.

B. Explicit construction of the new FPs SWF2 and SG3 at N = 1 in d > 3 in the Wilson-Polchinski approach

The problem with the usual large N approach is particularly clear on Eqs. (21) and (22): It is well known from
singular perturbation theory that when the small expansion-parameter, that is, 1/N in our case, multiplies the term
of highest derivative, that is, V̄ 00, it is not legitimate in general to neglect this term in the limit where the small
parameter goes to zero [57]. Thus, the limit N ! 1 has to be taken with care because a boundary layer that becomes
an isolated singularity in the large N limit can exist, see below. One possibility to derive the correct large N limit

ϱ̄ = μ̄/2
G FP

ϱ̄+ ⤏ ϱ̄ > 1

ϱ̄− ⤏ ϱ̄ < 1
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FIG. 3: d = 3 and N = 1: (Left) Some tricritical potentials of the A(⌧) FPs along the BMB line (blue) together
with the Wilson-Fisher FP potential (red) that are solutions of Eq. (21). The gaussian FP G corresponds to the
horizontal line and all FP potentials along the BMB line are continuous deformations of G. The BMB FP is the

end-point of the BMB line (purple): It involves a linear part for % 2 [0, %0] and shows a discontinuity in its second
derivative at %̄0, see the right panel. All these potentials are given by Eq. (23) (in the Wilson-Polchinski version of

the LPA flow). (Right) Derivatives of the A(⌧) FP potentials of the BMB line (blue). The BMB FP potential
(purple) shows a discontinuity in its second derivative at %̄ = %̄0.

Apart from the gaussian FP G, this equation is known to have two smooth solutions defined for all %̄ � 0 in
generic dimensions 2 < d < 4: the WF FP solution, whose analytic expression has been derived in [49] and the high
temperature FP V̄ (%̄) = %̄ [50].

Notice that the dimensions dc = 2 + 2/p with p 2 N⇤ are exceptional. In these dimensions, the ('2)p+1 term
becomes marginal and at N = 1, takes place the BMB phenomenon that has no counterpart in generic dimensions
[51–53]. For example, for p = 2, that is, d = 3, there exists a line of tricritical FPs at N = 1 called the BMB line of
FPs. The complete set of regular solutions of Eq. (22) in d = 3 are given by the following implicit expression [54]:
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constant. They consist in (i) the gaussian FP G obtained for ⌧ = 0 for which V̄ 0(%̄) = 0, (ii) a set of well-defined
solutions V̄ (%̄) indexed by ⌧ 2 [0, ⌧ BMB = 32/(3⇡)2] which correspond to the BMB line of FPs and denoted here by
A(⌧), with the BMB FP obtained at ⌧ = ⌧ BMB being the endpoint of the line [51, 53–56], (iii) an isolated solution
associated with
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V 0 < 0). Notice that for ⌧ > ⌧ BMB the solutions of Eq. (23) are not defined on the whole interval %̄ 2 [0,1[ [54].
The potentials of the A(⌧) FPs with ⌧ < ⌧ BMB are regular for all values of the field. Approaching ⌧BMB, the FP
potential approaches a limiting shape which shows a singularity: It is made of a linear part V̄ (%̄) = %̄ starting at
%̄ = 0 up to the point %̄0 where this straight line crosses the nontrivial part of the potential, see Fig. 3. The BMB FP
potential is obtained as this limiting shape. Notice that the linear part of the BMB FP potential existing for %̄ < %̄0,
see Figs. 3 can be replaced by a smooth analytic continuation of the other part of the potential, that is, the part
corresponding to %̄ > %̄0, without having any physical consequence. This can be most easily realized by going to the
Ellwanger-Morris-Wetterich version of the flow where this linear part is entirely mapped onto the point �̄ = 0 [54].
The RG flow is given in Appendix C where the BMB line together with the WF FP are provided.

B. Explicit construction of the new FPs SWF2 and SG3 at N = 1 in d > 3 in the Wilson-Polchinski approach

The problem with the usual large N approach is particularly clear on Eqs. (21) and (22): It is well known from
singular perturbation theory that when the small expansion-parameter, that is, 1/N in our case, multiplies the term
of highest derivative, that is, V̄ 00, it is not legitimate in general to neglect this term in the limit where the small
parameter goes to zero [57]. Thus, the limit N ! 1 has to be taken with care because a boundary layer that becomes
an isolated singularity in the large N limit can exist, see below. One possibility to derive the correct large N limit

Wilson-Polchinski
D. F. Litim and  

M. J. Trott, PRD (2018)

•  becomes discontinuous at . d2V̄/dρ̄2 ϱ̄ = ϱ̄0

Wetterich
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Non-zero derivative at origin: .
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Figure 2: Wetterich parameterization. Upper left: FP potentials Ū(ω̄) corresponding to the tricrit-

ical line A(ε) with 0 → ε < εBMB (blue curves), together with the Wilson-Fisher FP (red) and the

BMB FP (purple), which is the endpoint of the BMB line. The Gaussian FP is shown as the hori-

zontal line. The tricritical potentials are obtained from Eq. (20) (derived in the Wilson-Polchinski

formulation of the LPA flow). Upper right: Derivatives Ū
→(ω̄) of the FP potentials shown in the

upper-left panel. For all FPs along the BMB line, except the BMB FP, the potentials behave as

Ū(ω̄) ↑ ω̄
2 near the origin, implying ϑω̄Ū(ω̄ = 0) = 0. Lower: Derivatives ϑε̄Ū(ϖ̄) of the same FP

potentials plotted as functions of ϖ̄ = ω̄
2
/2. While ϑε̄Ū(ϖ̄) remains finite at ϖ̄ = 0 for all regular

FPs, it diverges at the origin for the BMB FP, Ū
→
BMB(ϖ̄ = 0) = ↓, which is therefore nonanalytic

at ϖ̄ = 0.

with ω̃ = !̃i!̃i/2 = !̃2/2 and

ε̃i ↔ !̃i = ↔!̃iṼ
→
t (ω̃) = ↔ε̃iŨ

→
t(ϑ̃). (17)

As before, we introduce rescaled variables

ω̄ =
ω̃

N
, V̄t(ω̄) =

Ṽt(ω̃)

N
. (18)

The corresponding fixed-point (FP) equation reads [5, 8, 27]

0 = 1 ↔ d V̄ + (d ↔ 2)ω̄V̄ → + 2ω̄(V̄ →)2 ↔ V̄ → ↔ 2

N
ω̄V̄ →→, (19)

7

Dimensionful mass:  in the Wetterich parametrization.

Since , evaluating strictly at the fixed point yields an undefined / singular limit as . 
 
Question…”How can a finite, well-defined physical mass  actually be generated along RG flow 
starting from a smooth bare potential at ?”

m2(k) = k2Ū′￼′￼(ϕ̄ = 0)
Ū′￼(0+) ≠ 0 k → 0

m2(k = 0)
k = Λ



 Finite-N realization of the 
regular BMB line (PRD 2020)
• For each  ( ), there is one finite-N FP that 
converges to   under the double limit:  

• The relation between  and    is  
 
 
 
 

𝒜(τ) d = 3, N = ∞

𝒜(τ)

α

d = 3� ↵/N
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In practice, computing the flow of the potential Uk

requires several steps. First, the potential is defined by:
Uk(�) = �k[�] where � is a constant field. Then, the flow
of Uk(�) is obtained by acting with @t on both sides of
the above definition of Uk and by using Eq. (4). Finally,

�(2)
k in the right hand side of Eq. (4) is computed from

the LPA ansatz, Eq. (5).
It is very convenient for the following to make a change

of variables that simplifies considerably the study of the
large N limit. This change of variables is equivalent to
working with the Wilson-Polchinski flow instead of the
flow of �k, hereafter called the Wetterich flow. Following

Ref. [45], we define: Ṽ (%̃) = Ũ(⇢̃) +
⇣
�̃i � �̃i

⌘2
/2 with

%̃ = �̃i�̃i/2 = �̃2/2 and �̃i��̃i = ��̃iṼ 0(%̃) = ��̃iŨ 0(⇢̃).
It is convenient to rescale %̃ and Ṽ (%̃) as usual: %̄ =
%̃/N , V̄ = Ṽ /N . The FP equation for V̄ (%̄) thus reads
[8, 25, 45]

0 = 1� d V̄ + (d� 2)%̄V̄ 0 + 2%̄V̄ 02 � V̄ 0 � 2

N
%̄ V̄ 00 (6)

where the primes mean derivatives with respect to %̄.
Here again, the usual N ! 1 limit consists in assuming
that V̄ (%̄) is regular for all %̄ and thus in discarding the
last term in Eq. (6) because of its 1/N prefactor. In d = 3
andN = 1, there are infinitely many solutions to Eq. (6)
in which the last term has been discarded [1, 8, 9, 46].
They are given by the following implicit expression valid
for the physical solutions of interest here:

%̄± = 1 +
V̄ 0 � 5

2 � V̄ 0�
�
1� V̄ 0

�2 +
3
2 arcsin

p
V̄ 0 ±

p
2/⌧

�
V̄ 0

��1/2 �
1� V̄ 0

�5/2 (7)

where %̄+
�
V̄ 0� and %̄�

�
V̄ 0� correspond to the two

branches %̄ > 1 and %̄ < 1 respectively, and ⌧ is an in-
tegration constant. A detailed analysis of Eq. (7) shows
that (i) the gaussian FP G for which V̄ 0(%̄) = 0 is ob-
tained for ⌧ = 0, (ii) a well-defined solution V̄ (%̄) ex-
ists for all ⌧ 2 [0, ⌧ BMB = 32/(3⇡)2] which therefore
corresponds to the BMB line of FPs, denoted here by
A(⌧), with the BMB FP being the endpoint obtained for
⌧ = ⌧ BMB as in [1, 6–9], (iii) for ⌧ > ⌧ BMB the solutions
of Eq. (7) are not defined on the whole interval %̄ 2 [0,1[
[8], (iv) an isolated solution exists for

p
2/⌧ = 0 which

corresponds to the Wilson-Fisher FP associated with the
usual second order phase transition of the O(N = 1)
model (an analytic continuation is needed when V 0 < 0).
All the FPs corresponding to a value of ⌧ 2 [0, ⌧ BMB[
are twice unstable in the infrared and are tricritical. We
plot their potential in Fig. 1. One observes that, for
all ⌧ < ⌧BMB, the FP potentials V̄⌧ (%̄) along the BMB
line are regular for all values of the field. Approaching
⌧BMB, the FP potentials approach a limiting shape which
shows a singularity at a value %̄0 in its second derivative,
see Fig. 1 and a detailed description below (see also Fig.
1 of the Supplemental Material) [47]. Notice that in the
Wetterich version of the flow [36, 40], the potential of the
BMB FP shows a singularity at vanishing field [9].

FIG. 1. Potentials V̄ (%̄) of the tricritical FPs A(⌧) of the
BMB line (blue) together with the Wilson-Fisher FP (red).
The BMB FP is the endpoint of the BMB line (purple). All
these potentials are given by Eq. (7) (in the Wilson-Polchinski
version of the LPA flow). The gaussian FP G corresponds to
the horizontal line. The BMB FP potential shows a disconti-
nuity in its second derivative at %̄0.

Let us now look for the finite N origin of the BMB line
within our functional framework. Just as in perturbation
theory, we take the limit N ! 1 and d ! 3 at fixed
↵ = ✏N . Our aim is to show that to each FP A(⌧) with
⌧ 2 [0, ⌧ BMB] on the BMB line, there is one FP at finite
N , either A2(↵) or Ã3(↵), that converges to A(⌧) when
N ! 1. The problem is therefore to relate admissible
values of ⌧ , that is, values for which a FP on the BMB line
exists, to admissible values of ↵ where A2(↵) or Ã3(↵)
exist.

Within the LPA, the proof goes as follows. We assume
that at large N , the FP potentials can be expanded as:

V̄↵,N (%̄) = V̄↵,N=1(%̄) + V̄1,↵(%̄)/N +O(1/N2). (8)

We assume that V̄↵,N (%̄), V̄1,↵(%̄) and V̄↵,N=1(%̄) are reg-
ular functions of %̄. As such, V̄↵,N=1(%̄) must be the po-
tential of one the FPs on the BMB line. It must therefore
correspond to a solution of Eq. (7) with a definite value
of ⌧ 2 [0, ⌧ BMB]: V̄↵,N=1(%̄) = V̄⌧ (%̄). We therefore con-
clude that the regularity of V̄1,↵(%̄) together with Eqs.
(6) and (8) determines the relation between ⌧ and ↵.

It is particularly convenient to impose the analyticity
of V̄1,↵(%̄) at %̄ = 1 because all FPs of the BMB line show
an inflection point for this value of %̄ as can be seen on
Fig. 1. Generically, a nonanalytic logarithmic behavior
shows up at this point when substituting Eq. (8) into
Eq. (6). Requiring that its prefactor vanishes imposes
(see Section 3 of the Supplemental Material):

↵� 36⌧ + 96⌧2 = 0. (9)

This equation has two solutions ⌧1(↵) and ⌧2(↵) that
we choose such that ⌧1(↵)  ⌧2(↵) for all ↵, see Fig.
2 of the Supplemental Material. This implies that to
each value of ↵, that is, to each point on the hyperbola
d = 3�↵/N , correspond two FPs on the BMB line that,
as in perturbation theory, are A = A(⌧1(↵)) and Ã =
Ã(⌧2(↵)). According to Eq. (8), for any value of ↵, these
FPs must be the limits of two di↵erent FPs existing at

<latexit sha1_base64="vZEm+S33t3EONi0oqJY0WSM3iWk="></latexit>

, N ! 1
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Supplemental Material

I. PLOT OF V̄
0 AND SINGULARITY OF THE BMB FP POTENTIAL

In Fig.1 of the main text, for ⌧ = ⌧BMB, V̄ (%̄) has a discontinuous curvature that is not very visible. We thus choose
to plot V̄ 0 as a function of %̄:

FIG. S1. Potentials V̄
0(%̄) of the tricritical FPs A(⌧) = {A(⌧), Ã(⌧)} of the BMB line (blue). The BMB FP is the endpoint

of the BMB line (purple). The second derivative V̄
00(%̄) of the potential of the BMB FP shows a discontinuity in its second

derivative at %̄ = %̄0.

II. PLOT OF ⌧ AS A FUNCTION OF ↵

We plot here the relation between ⌧ and ↵ as a visual means of understanding how the finite N FPs A2(↵) and
Ã3(↵) relate to the BMB line A(⌧)

�BMB

�BMB �c
A

A
˜

0.0 0.5 1.0 1.5 2.0 2.5 3.0
�

0.1

0.2

0.3

0.4

0.5
�

FIG. S2. ⌧ on the BMB line at N = 1 as a function of ↵ = (d� 3)N within the LPA approximation of the NPRG formalism.
The two branches given by A and Ã give the limits when N ! 1 of the two FPs at finite but large N , namely A2(↵) and
Ã3(↵). Both branches meet at ↵ = ↵c = 3.375 and the upper branch Ã extends to the point (↵BMB, ⌧BMB) ' (0.51, 0.36)

3 relevant directions at finite N

2 relevant directions at finite N

𝒜 = A ∪ Ã
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“Singular” 
BMB line

BMB FP

G FP
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second derivative, see Fig. 1 and a detailed description below
(see also Fig. 1 of the Supplemental Material) [47]. Notice
that in theWetterich version of the flow [36,40], the potential
of the BMB FP shows a singularity at vanishing field [9].

IV FINITE-N ORIGIN OF THE BMB LINE

Let us now look for the finite N origin of the BMB line
within our functional framework. Just as in perturbation
theory, we take the limit N → ∞ and d → 3 at fixed
α ¼ ϵN. Our aim is to show that to each FP AðτÞ with
τ ∈ ½0; τBMB% on the BMB line, there is one FP at finite N,
either A2ðαÞ or Ã3ðαÞ, which converges to AðτÞ when
N → ∞. The problem is therefore to relate admissible
values of τ, that is, values for which a FP on the BMB line
exists, to admissible values of αwhere A2ðαÞ or Ã3ðαÞ exist.
Within the LPA, the proof goes as follows. We assume

that at large N, the FP potentials can be expanded as

V̄α;Nðϱ̄Þ ¼ V̄α;N¼∞ðϱ̄Þ þ V̄1;αðϱ̄Þ=N þOð1=N2Þ: ð8Þ

We assume that V̄α;Nðϱ̄Þ, V̄1;αðϱ̄Þ and V̄α;N¼∞ðϱ̄Þ are regular
functions of ϱ̄. As such, V̄α;N¼∞ðϱ̄Þ must be the potential
of one of the FPs on the BMB line. It must therefore
correspond to a solution of Eq. (7) with a definite value of
τ ∈ ½0; τBMB%: V̄α;N¼∞ðϱ̄Þ ¼ V̄τðϱ̄Þ. We therefore conclude
that the regularity of V̄1;αðϱ̄Þ together with Eqs. (6) and (8)
determine the relation between τ and α.
It is particularly convenient to impose the analyticity of

V̄1;αðϱ̄Þ at ϱ̄ ¼ 1 because all FPs of the BMB line show an
inflection point for this value of ϱ̄ as can be seen on Fig. 1.
Generically, a nonanalytic logarithmic behavior shows up
at this point when substituting Eq. (8) into Eq. (6).

Requiring that its prefactor vanishes imposes (see
Sec. III of the Supplemental Material)

α − 36τ þ 96τ2 ¼ 0: ð9Þ

This equation has two solutions τ1ðαÞ and τ2ðαÞ that we
choose such that τ1ðαÞ ≤ τ2ðαÞ for all α, see Fig. 2 of the
Supplemental Material. This implies that to each value of α,
that is, to each point on the hyperbola d ¼ 3 − α=N,
correspond two FPs on the BMB line that, as in per-
turbation theory, are A ¼ Aðτ1ðαÞÞ and Ã ¼ Ãðτ2ðαÞÞ.
According to Eq. (8), for any value of α, these FPs
must be the limits of two different FPs existing at finite
N: They are nothing but the A2ðαÞ and Ã3ðαÞ FPs found
perturbatively from Eq. (1) with, by definition, A2ðαÞ →
Aðτ1ðαÞÞ and Ã3ðαÞ → Ãðτ2ðαÞÞ when N → ∞.
Let us first notice that, as expected, Aðτ ¼ 0Þ ¼ G since

A2ðα ¼ 0Þ ¼ G, ∀N. For finite α, the A2ðαÞ FPs are
continuously related to G by continuously decreasing d
at fixed N and their limit at N ¼ ∞ must therefore also be
continuously related to G on the BMB line. This is the
Aðτ1ðαÞÞ branch of this line. This branch meets the other
one for τ1ðαÞ ¼ τ2ðαÞ≡ τc, that is, AðτcÞ ¼ ÃðτcÞ. At finite
N, this indicates that A2ðαÞ ¼ Ã3ðαÞ, which, by definition,
occurs for α ¼ αc. Within the LPA, we find αLPAc ¼ 27=8 ¼
3.375 instead of the exact result 36=π2 ≃ 3.65 obtained
from Eq. (1). For values of τ larger than τc, that is,
τ ¼ τ2ðαÞ ∈ ½τc; τBMB%, the ÃðτÞ FPs on the BMB line
are the limits of Ã3ðαÞ. Using Eq. (9) we find for τ that its
upper bound τBMB translates into a lower bound on
α∶ αBMB ¼ αðτBMBÞ. At the LPA, we find from Eq. (9):
αLPABMB ≃ 0.51.
The first order in the 1=N expansion performed in Eq. (8)

does not allow us to fully understand how Ã3ðαÞ disappears
at finite N for α < αBMB and we therefore have had
recourse to a numerical integration of the flow. We have
checked numerically at finite and large N (typically
N > 75) by directly integrating Eq. (6) that all the results
described previously are indeed correct within the LPA.
More precisely, we have checked the following: existence
of A2 for all N that emerges from G below d ¼ 3, collapse
of A2 with another, 3 times unstable FP Ã3 on the line
dcðNÞ [24], existence of Ã3 on a finite interval αBMB ≤
α ≤ αc only, existence of well-defined limits of A2ðαÞ and
Ã3ðαÞ when N → ∞ given by the potentials of Aðτ1ðαÞÞ
and Ãðτ2ðαÞÞ as found in Eq. (7).

V. SINGULAR FIXED POINTS

Our numerical analysis of Eq. (6) raises two paradoxes
of the 1=N analysis above. The first one is related to the
question: How is it possible that Ã3 disappears at finite N
for α < αBMB? Usually, a FP disappears by colliding with
another one. We have numerically found that this is again

FIG. 2. N ¼ ∞ and d ¼ 3: Singular potential of SAðτ ¼ 0.33Þ
from the potential of Aðτ ¼ 0.33Þ given by the red and dashed
red curves, Eq. (7). The green and dashed green curves show
V̄ðϱ̄Þ ¼ ϱ̄. The potential of SAðτ ¼ 0.33Þ is made of the plain
green and red curves that meet at ϱ̄0ðτ ¼ 0.33Þ. Inset: zoom of the
region around the cusp and its rounding at finite N within the
boundary layer.
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Eigenvalues of the linearized RG flow around 
the regular FP  and the singular FP  𝒜 S𝒜

• It is not trivial to formulate the eigenvalue problem 
around the BMB FP at . We study it at finite 
but Large .

N = ∞
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Figure 5: The seven most relevant eigenvalues between →3 and 3 of the linearized RG flow around

the FP on the regular branch A followed as a function of N along the hyperbola N = ω/(3 → d)

with ω = 0.58. This FP tends to a regular FP on the BMB line when N ↑ ↓ and the convergence

of its eigenvalues to their expected values at N = ↓, that is, 3, 2, 1, 0, →1, →2, →3 is already clearly

visible for N ↔ 800.

VI. EIGENVALUES OF THE LINEARIZED RG FLOW AROUND REGULAR

AND SINGULAR FPS ON THE BMB LINE

A detailed analysis of the eigenvalues and eigenfunctions associated with singular FPs

at N = ↓ was presented in Appendix G of Ref. [30]. However, because that study is

both general and technically involved, and does not directly address the fixed points on

the BMB line, we provide below a simplified derivation of the eigenvalue spectrum and

eigenperturbations for the FPs of the tricritical BMB line at N = ↓ in d = 3.

Our first goal is to understand how the critical exponent ω for the FPs on the BMB line

at N = ↓ can change discontinuously at ε = εBMB: specifically, ω = 1/2 for 0 ↗ ε < εBMB

and ω = 1/3 at ε = εBMB. To determine ω, we examine the linearized RG flow around the

fixed points on both the regular and singular portions of the BMB line.

Note that it is not easy to study the linearized flow around singular FPs because we do not

know in general how to characterize the functional space of admissible eigenperturbations,

see Appendix G of [30]. A way to overcome this di!culty is to regularize the singularities of

the FPs, in which case we are back to the usual situation, and to continuously approach the

12

α = 0.58

Figure 8: Eigenpertubations corresponding to the eigenvalue 0.965559 of the linearized Polchinski

RG flow around the two FPs on the regular branch A and singular branch SA for the same value

of ω = 0.58 at N = 1400. The value of ε̄0 is 0.246 for ω = 0.58 at N = →.

We observe that the first two eigenvalues are numerically degenerate, within the limits of

numerical precision, for N = 3600. As in the previous cases, these eigenvalues are already

very close to their asymptotic values, see Fig. 6, given by:

{ωi=1,2,...} = {↑3,↑3,↑2,↑1, 0, 1, 2, 2, 3, . . .} . (29)

This spectrum of eigenvalues clearly di!ers from the spectrum on the regular BMB line,

Eq. (26), due to the double degeneracy of the eigenvalues ↑3 and 2. However, here again,

provided the FP is singular, the eigenvalue spectrum becomes at N = → independent of

the value of ε. We have also checked that the corresponding eigenperturbations exhibit

similarly good convergence: their shapes become stable as N increases, in full analogy with

the regular FPs discussed above.

In Fig. 7, we display the subset of eigenfunctions at finite N corresponding to the eigen-

values that remain nondegenerate in the N ↓ → limit, namely {↑2,↑1, 0, 1, 3}. These

eigenvalues also belong to the spectrum of regular FPs, see Eq. (26). As N increases, the

eigenperturbations associated with these eigenvalues converge rapidly; that is, they become

practically independent of N , and a true discontinuity appears for each of them as N ↓ →.

In this limit, the eigenperturbations are constant for ϑ̄ < ϑ̄0 and vanish for ϑ̄ > ϑ̄0.

A direct comparison of the eigenfunctions associated with these eigenvalues for both the

singular and the regular FPs, taken at the same values of N and ε, shows that they coincide
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Figure 6: The nine most relevant eigenvalues of the linearized RG flow around the FP on the singular

branch SA followed as a function of N along the hyperbola N = ω/(3 → d) with ω = 0.522. These

eigenvalues converge to their expected values, that is, 3, 2, 2, 1, 0, →1, →2, →3, →3 when N ↑ ↓.

singular FPs. A convenient way to achieve this goal is to study the FPs at finite (and large)

N that become the FPs of the singular part of the BMB line when N is sent to infinity. As

long as N is finite they are regular and the critical exponents attached to these FPs can

be obtained from the usual linearization of the flow. The singularities of the FPs and of

the eigenperturbations build up as N ↑ ↓ while the eigenvalues of the linearized flow vary

smoothly with N and have each a well-defined limit when N ↑ ↓.

Before turning to the BMB fixed point (FP), we first verify how the eigenvalue spectrum

of the regular tricritical FPs along the BMB line (0 ↔ ω < ωBMB) is recovered from the

finite-N analysis outlined above. As reviewed in Sec. V, the FPs on the BMB line admit a

finite-N continuation when followed in the (d,N) plane along hyperbolae parameterized by

ε = (3→ d)N . We work in the Wilson–Polchinski formulation of the renormalization group,

which is particularly convenient for this purpose, and track one of the A FPs corresponding

to a fixed value of ε. We then compute the first seven eigenvalues associated with this FP.

Figure 5 shows that these eigenvalues ϑi=1,2,... evolve smoothly with increasing N and

rapidly converge toward their expected large-N limits, already closely approaching them for

N ↗ 800. In the N ↑ ↓ limit, the spectrum around the FP potential V̄ (ϖ̄) is given by

[5, 6]

{ϑi=1,2,...} = {→3,→2,→1, 0, 1, 2, 3, . . .} , (26)
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Figure 6: The nine most relevant eigenvalues of the linearized RG flow around the FP on the singular

branch SA followed as a function of N along the hyperbola N = ω/(3 → d) with ω = 0.522. These

eigenvalues converge to their expected values, that is, 3, 2, 2, 1, 0, →1, →2, →3, →3 when N ↑ ↓.

singular FPs. A convenient way to achieve this goal is to study the FPs at finite (and large)

N that become the FPs of the singular part of the BMB line when N is sent to infinity. As

long as N is finite they are regular and the critical exponents attached to these FPs can

be obtained from the usual linearization of the flow. The singularities of the FPs and of

the eigenperturbations build up as N ↑ ↓ while the eigenvalues of the linearized flow vary

smoothly with N and have each a well-defined limit when N ↑ ↓.

Before turning to the BMB fixed point (FP), we first verify how the eigenvalue spectrum

of the regular tricritical FPs along the BMB line (0 ↔ ω < ωBMB) is recovered from the

finite-N analysis outlined above. As reviewed in Sec. V, the FPs on the BMB line admit a

finite-N continuation when followed in the (d,N) plane along hyperbolae parameterized by

ε = (3→ d)N . We work in the Wilson–Polchinski formulation of the renormalization group,

which is particularly convenient for this purpose, and track one of the A FPs corresponding

to a fixed value of ε. We then compute the first seven eigenvalues associated with this FP.

Figure 5 shows that these eigenvalues ϑi=1,2,... evolve smoothly with increasing N and

rapidly converge toward their expected large-N limits, already closely approaching them for

N ↗ 800. In the N ↑ ↓ limit, the spectrum around the FP potential V̄ (ϖ̄) is given by

[5, 6]

{ϑi=1,2,...} = {→3,→2,→1, 0, 1, 2, 3, . . .} , (26)
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Eigenvectors of the linearized RG 
flow for  with  and S𝒜 α = 0.518 N = 3600
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Figure 9: Eigenpertubations around the FP on the singular branch SA for ω = 0.522 and N = 3600

of the linearized Polchinski RG flow. (Left) Eigenperturbations corresponding to the two numer-

ically degenerate eigenvalues -2.999855. (Right) Eigenpertubations corresponding to the almost

degenerate eigenvalue 1.97791 and 2.

for ω̄ > ω̄0, see Fig. 8 where ω̄0 = 0.229 for ε = 0.522. The distinction appears for ω̄ < ω̄0:

for singular FPs, the eigenfunctions decrease very rapidly and almost vanish for ω̄ < ω̄0,

whereas for regular FPs they remain smooth and nonvanishing throughout this region.

As for the two numerically degenerate eigenvalues →2.999855, one is associated with

the trivial eigenperturbation ϑV̄ (ω̄) ↑ const and the other one corresponds to a nontrivial

eigenperturbation, shown in Fig. 9. At N = ↓, this eigenperturbation is constant for

ω̄ < ω̄0 and vanishes for ω̄ > ω̄0. Since for FPs on the singular part of the BMB line it is the

most relevant among the nontrivial eigenvalues, it controls the correlation-length exponent,

yielding ϖ = 1/3 in d = 3 at N = ↓.

As for the two eigenvalues 2, we show their associated eigenfunctions in Fig. 9. As N

increases the shape of these functions stabilizes and a genuine singularity appears at N = ↓.

Here again, a direct comparison of the eigenfunctions associated with this eigenvalue for the

singular and regular FPs, taken at the same values of N and ε, shows that they coincide

for ω̄ > ω̄0 while they identically vanish for ω̄ < ω̄0 for singular FPs and remain continuous

and nonvanishing throughout this region for regular FPs.

For the part of the spectrum made of twice degenerate eigenvalues, that is {→3, 2, · · · }, we

have already shown that for each eigenvalue, one of the eigenperturbation is non-vanishing for

ω̄ ↔ [0, ω̄0] only, see Figs. 9. On this interval, the FP potential is linear, see Fig. 3. Therefore,

it is not surprising that on this interval of ω̄, these eigenperturbations are identical to the
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Figure 7: Eigenpertubations corresponding to the non degenerate eigenvalues of the linearized

Polchinski RG flow around the FP on the singular branch SA for ω = 0.522 at N = 3600. The

di!erent colors correspond to the eigenvalues of the series given in Eq. (28). When N → ↑,

these eigenperturbations are vanishing for ε̄ < ε̄0 and are identical to the eigenperturbations of the

regular FPs for ε̄ > ε̄0.

and the eigenperturbations are given by

ωV̄ (ε̄) ↓
(

V̄ → (ε̄)

1 ↔ V̄ → (ε̄)

)(d+ωi)/2

. (27)

Note that, in our convention, the most relevant eigendirections correspond to negative

eigenvalues with the largest absolute values. The eigenvalue ↔3 is trivial: it is associated

with the eigenperturbation ωV̄ (ε̄) = const and simply equals ↔d with d = 3. The most

relevant nontrivial eigenvalue is ↔2, which determines the critical exponent ϑ = 1/2. [33]

The spectrum of eigenvalues reported in Eq. (26) for ϖ = 0.58 is in fact independent of ϖ,

provided the FP is regular.

We now turn to the eigenvalues associated with the BMB fixed point. This FP is di!cult

to access directly because the numerical convergence to the large-N limit becomes increas-

ingly slow as one approaches the BMB point, and is most likely infinitely slow exactly at

the BMB point itself. We therefore access it indirectly by approaching it along the singular

branch of the BMB line by choosing ϖ = 0.522, slightly above ϖBMB ↗ 0.516. For N = 3600,

this corresponds to d = 3 ↔ ϖ/N = 2.999855, and the nine most relevant eigenvalues are

{ϱi=1,2,...} = { ↔ 2.999855,↔2.999855,↔2.00000,↔1.00227,

↔ 0.00669683, 0.986707, 1.9779, 2.00000, 2.96682}.
(28)
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Figure 8: Eigenpertubations corresponding to the eigenvalue 0.965559 of the linearized Polchinski

RG flow around the two FPs on the regular branch A and singular branch SA for the same value

of ω = 0.58 at N = 1400. The value of ε̄0 is 0.246 for ω = 0.58 at N = →.

We observe that the first two eigenvalues are numerically degenerate, within the limits of

numerical precision, for N = 3600. As in the previous cases, these eigenvalues are already

very close to their asymptotic values, see Fig. 6, given by:

{ωi=1,2,...} = {↑3,↑3,↑2,↑1, 0, 1, 2, 2, 3, . . .} . (29)

This spectrum of eigenvalues clearly di!ers from the spectrum on the regular BMB line,

Eq. (26), due to the double degeneracy of the eigenvalues ↑3 and 2. However, here again,

provided the FP is singular, the eigenvalue spectrum becomes at N = → independent of

the value of ε. We have also checked that the corresponding eigenperturbations exhibit

similarly good convergence: their shapes become stable as N increases, in full analogy with

the regular FPs discussed above.

In Fig. 7, we display the subset of eigenfunctions at finite N corresponding to the eigen-

values that remain nondegenerate in the N ↓ → limit, namely {↑2,↑1, 0, 1, 3}. These

eigenvalues also belong to the spectrum of regular FPs, see Eq. (26). As N increases, the

eigenperturbations associated with these eigenvalues converge rapidly; that is, they become

practically independent of N , and a true discontinuity appears for each of them as N ↓ →.

In this limit, the eigenperturbations are constant for ϑ̄ < ϑ̄0 and vanish for ϑ̄ > ϑ̄0.

A direct comparison of the eigenfunctions associated with these eigenvalues for both the

singular and the regular FPs, taken at the same values of N and ε, shows that they coincide
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Eigendirection corresponding 
to eigenvalue 2 in N → ∞

•  and behaves as  when  

• With the eigenperturbation  on the BMB FP 

potential, the slope at  should flow as  in the 
Polchinski parametrization. 

• The Wetterich potential behaves . 

 The slope at :  flows as  

Dimensionful mass:  (const)

V̄(ϱ̄) ãPϱ̄ ϱ̄ ≪ 1

δV̄2(ϱ̄) = − C(ϱ̄ − 1/5)

ϱ̄ = 0 ãP
t = 1 − βe2t + ⋯

Ūk=Λ(ρ̄) = ãW
t ρ̄ + ⋯

ρ̄ = 0 ãW
t =

ãP
t

1 − ãP
t

ãW
t ≃ e−2t /β

k2ãW
t ∝ e2te−2t /β = 1/ β
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Figure 10: Initial condition Ūt=0
(
ω̄
)

= ŪBMB
(
ω̄
)

+ εŪ
(
ω̄
)

with C = 1/41, where C is defined in

Eq. (37). Under the transformation given by Eqs. (16) and (17), εŪ
(
ω̄
)

is the eigenperturbation

corresponding to the eigenvalue 2 in the spectrum given in Eq. (31).

which shows that even though the flow runs towards a fixed point — the BMB FP — the

physical mass at this fixed point is finite and large. We now show how to extend the previous

result to arbitrary masses.

To address this question, we analyze the flow of the potential starting from an initial

condition V̄t=0(ω̄) for which the slope at the origin, i.e., V̄ →
t=0(ω̄ = 0), deviates from unity

by a finite amount. We limit ourselves to the BMB FP because the analytical solution at

Large-N is only available around this FP and not around the other singular FPs. Hereafter,

we only use the Wetterich parametrization and the Large-N flow of Ūt

(
ε̄
)
, Eq. (15).

When the initial condition Ūt=0

(
ε̄
)

satisfies Ū →
t=0

(
ε̄
)
> 0 for all ε̄ > 0, the flow of Ūt

(
ε̄
)

is given by the following implicit expression [31]:

ϑ̄ = 1 +
√
Ū →

t (ϑ̄)
(
F

(
Ū →

t (ϑ̄)
)
+G

(
Ū →

t (ϑ̄) e
2t
))

(40)

where F (x) is given by Eq. (23). The function G (x) is fixed by the initial condition

G (x) =
ϑ̄ω (x) → 1↑

x
→ F (x) (41)

where ϑ̄ω (x) is the inverse function of Ū →
t=0 (ϑ̄) and satisfies ϑ̄ω

(
Ū →

t=0 (ϑ̄)
)
= ϑ̄.

We now discuss a necessary condition for an initial condition Ūt=0(ϑ̄) to reach the BMB

FP at long RG time.
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FIG. 3: d = 3 and N = 1: (Left) Some tricritical potentials of the A(⌧) FPs along the BMB line (blue) together
with the Wilson-Fisher FP potential (red) that are solutions of Eq. (21). The gaussian FP G corresponds to the
horizontal line and all FP potentials along the BMB line are continuous deformations of G. The BMB FP is the

end-point of the BMB line (purple): It involves a linear part for % 2 [0, %0] and shows a discontinuity in its second
derivative at %̄0, see the right panel. All these potentials are given by Eq. (23) (in the Wilson-Polchinski version of

the LPA flow). (Right) Derivatives of the A(⌧) FP potentials of the BMB line (blue). The BMB FP potential
(purple) shows a discontinuity in its second derivative at %̄ = %̄0.

Apart from the gaussian FP G, this equation is known to have two smooth solutions defined for all %̄ � 0 in
generic dimensions 2 < d < 4: the WF FP solution, whose analytic expression has been derived in [49] and the high
temperature FP V̄ (%̄) = %̄ [50].

Notice that the dimensions dc = 2 + 2/p with p 2 N⇤ are exceptional. In these dimensions, the ('2)p+1 term
becomes marginal and at N = 1, takes place the BMB phenomenon that has no counterpart in generic dimensions
[51–53]. For example, for p = 2, that is, d = 3, there exists a line of tricritical FPs at N = 1 called the BMB line of
FPs. The complete set of regular solutions of Eq. (22) in d = 3 are given by the following implicit expression [54]:

%̄± = 1 +
V̄ 0 � 5

2 � V̄ 0�
�
1� V̄ 0

�2 +
3
2 arcsin

p
V̄ 0 ±

p
2/⌧

�
V̄ 0

��1/2 �
1� V̄ 0

�5/2 (23)

where %̄+
�
V̄ 0� and %̄�

�
V̄ 0� correspond to the two branches %̄ > 1 and %̄ < 1 respectively, and ⌧ is an integration

constant. They consist in (i) the gaussian FP G obtained for ⌧ = 0 for which V̄ 0(%̄) = 0, (ii) a set of well-defined
solutions V̄ (%̄) indexed by ⌧ 2 [0, ⌧ BMB = 32/(3⇡)2] which correspond to the BMB line of FPs and denoted here by
A(⌧), with the BMB FP obtained at ⌧ = ⌧ BMB being the endpoint of the line [51, 53–56], (iii) an isolated solution
associated with

p
2/⌧ = 0 which corresponds to the Wilson-Fisher FP (an analytic continuation is needed when

V 0 < 0). Notice that for ⌧ > ⌧ BMB the solutions of Eq. (23) are not defined on the whole interval %̄ 2 [0,1[ [54].
The potentials of the A(⌧) FPs with ⌧ < ⌧ BMB are regular for all values of the field. Approaching ⌧BMB, the FP
potential approaches a limiting shape which shows a singularity: It is made of a linear part V̄ (%̄) = %̄ starting at
%̄ = 0 up to the point %̄0 where this straight line crosses the nontrivial part of the potential, see Fig. 3. The BMB FP
potential is obtained as this limiting shape. Notice that the linear part of the BMB FP potential existing for %̄ < %̄0,
see Figs. 3 can be replaced by a smooth analytic continuation of the other part of the potential, that is, the part
corresponding to %̄ > %̄0, without having any physical consequence. This can be most easily realized by going to the
Ellwanger-Morris-Wetterich version of the flow where this linear part is entirely mapped onto the point �̄ = 0 [54].
The RG flow is given in Appendix C where the BMB line together with the WF FP are provided.

B. Explicit construction of the new FPs SWF2 and SG3 at N = 1 in d > 3 in the Wilson-Polchinski approach

The problem with the usual large N approach is particularly clear on Eqs. (21) and (22): It is well known from
singular perturbation theory that when the small expansion-parameter, that is, 1/N in our case, multiplies the term
of highest derivative, that is, V̄ 00, it is not legitimate in general to neglect this term in the limit where the small
parameter goes to zero [57]. Thus, the limit N ! 1 has to be taken with care because a boundary layer that becomes
an isolated singularity in the large N limit can exist, see below. One possibility to derive the correct large N limit
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Linear region with slope 1-C 
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Cuspy singularity is smoothened here.
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Figure 11: Initial condition Ū
→
t=0 (ω̄) of Eq. (44) with M

2
0 !↑2 = 40 and ε = 10↑3. (Left) Plot for

0 → ω̄ → 1. (Right) Plot around ω̄ = 1. The green dashed curve corresponds to (ω̄ ↑ 1)2/c
2
BMB.

We first consider a field expansion of the potential around ω̄ = 1 because the flow of the

coupling constants of this expansion shows a very nice property specific to N = ↓. We

work with the derivative of the potential and expand it at order n:

Ū →
t (ω̄) = (ω̄ ↑ 1)2 /c2

t + a3,t (ω̄ ↑ 1)3 + · · · + an,t (ω̄ ↑ 1)n +O
(
(ω̄ ↑ 1)n+1) . (42)

It is easy to show using Eq. (12) that whatever the value of n, the flow of the couplings

(ct, · · · , ap,t) with p → n does not depend on the couplings ap→,t with p→ > p. It is also easy

to show that provided Ū →
t involves neither a constant term nor a term linear in ω̄ ↑ 1, as in

Eq. (42), the flow of ct vanishes and all other couplings flow to their fixed point value when

t ↔ ↑↓. This means that any initial condition such that:

Ū →
t=0 (ω̄) = (ω̄ ↑ 1)2 /c2 +O

(
(ω̄ ↑ 1)3

)
, (43)

evolves to a FP along the BMB line indexed by the parameter c = ct=0.

It is important to notice here that although exact the condition given in Eq. (43) is only

necessary but is not su!cient because the Taylor expansion of Ū →
t (ω̄) around ω̄ = 1 has a

finite radius of convergence and we need to have a global solution, valid for all field values,

to prove that the dimensionful mass at the BMB FP is nonuniversal and can be tuned at

will. Moreover, we know that the BMB line has a finite extension, with c < cBMB, a feature

that is not seen in the the argument above and that requires to have a global solution for

the FP potential rather than a Taylor expansion.

Thus, we look for a family of non-singular initial conditions that reach the BMB FP and

realize finite values of the physical dimensionful mass at k = 0. We use the following initial
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Figure 12: Plot of Ū
→
t (ω̄) at di!erent times. The initial condition is given by Eq. (44) with M

2
0 !↑2 =

40 and ε = 10↑3. For ω̄ < ω̄0,t, Ū
→
t (ω̄) is almost constant and equal to M

2
0 !↑2 exp(→2t) while it

coincides with Ū
→
BMB(ω̄) for ω̄ > ω̄0,t. The divergence of Ū

→
t (ω̄) at ω̄ = 0 builds up in the limit k ↑ 0.

condition:

ω̄! = 1+
√
Ū →

t=0 (ω̄!)F (Ū →
t=0 (ω̄!))→ 1

4
(3ε)

√
Ū →

t=0 (ω̄!) + T ((→Ū →
t=0 (ω̄!) +M2

0!
↑2)/ϑ), (44)

which satisfies Eq. (43) with c = cBMB. The function T (x) is defined as:

T (x) =






tanh(x) → 1 (x ↓ x1)

(tanh(x) → 1) ω(x2↑x)
ω(x↑x1)+ω(x2↑x) (x1 < x < x2)

0 (x ↔ x2)

(45)

with ϖ(x) a standard mollifier satisfying ϖ(x) = exp(→1/x) for x > 0 and ϖ(x) = 0 for x ↓ 0.

Taking x1 = 2 and x2 = 3, we find that Ū →
t=0 coincides with Ū →

BMB for Ū →
BMB(ω̄) < M2

0!
↑2→3ϑ

while the divergence of this FP potential at the origin is cuto! when Ū →
BMB becomes larger

than M2
0!

↑2, see the inset in Fig. 11.

In Eq. (44), the initial condition is parameterized by ϑ which represents the sharpness

of the cuto! and M0 which is very close to the bare mass for ϑ ↗ 1. The value of ω̄ where

Ū →
t=0 does no longer coincide with Ū →

BMB is given by Ū →
t=0(ω̄0,t=0) = M2

0!
↑2 → 3ϑ. For the

parameters M2
0!

↑2 = 40 and ϑ = 10↑3 used in Figs. 11 and 12, Ū →
t=0 coincides with the BMB

FP for ω̄ > 10↑3 while the divergence of the BMB FP around ω̄ = 0 is cuto!. This makes

the initial dimensionful mass at t = 0 finite and very close to M0.

The important point is that the value of ω̄0,t decreases all along the flow but remains

finite for all t –which makes Ū →
t approaching the BMB FP potential for all ω̄ > ω̄0,t ↑ 0
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Ū →

t=0 (ω̄!) + T ((→Ū →
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→
t (ω̄) at di!erent times. The initial condition is given by Eq. (44) with M

2
0 !↑2 =

40 and ε = 10↑3. For ω̄ < ω̄0,t, Ū
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Ū →

t=0 (ω̄!) + T ((→Ū →
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Figure 13: Evolution of the derivative of the dimensionful running potential U
→
k(ω) with M

2
0 !↑2 = 40

and ε = 10↑3. (Top) Behavior around ω = 0. (Bottom) Approach of U
→
k(ω) towards the BMB

potential U
→(ω) = ω

2
/(4c

2
BMB), valid for ω strictly positive and shown as the green dashed curve.

This limiting behavior is realized in the limit k → 0 for each ω > 0, while U
→
k(ω = 0) remains almost

M
2
0 all along the flow.

when t → ↑↓, see Fig. 13– while Ū →
t(ω̄ = 0) becomes larger and larger, see Fig. 12, in such

a way that the singularity at the origin builds up when t → ↑↓. We thus find that, in

the limit ε → 0, Ū →
t (ω̄) = M2

0!
↑2 exp(↑2t) for ω̄ < ω̄0,t and Ū →

t (ω̄) = Ū →
BMB (ω̄) for ω̄ > ω̄0,t

which is an exact solution of Eq. (15) in the limit ε → 0. Simultaneously, the dimensionful

mass remains almost constant and, more precisely, it evolves even less as ε becomes smaller,

see Fig. 14. As a result, the critical surface associated with the BMB FP is approached as

ε → 0 and the physical dimensionful mass, obtained when k = 0, approaches M0.

We can resolve analytically the flow of the square of the dimensionful mass when t → ↑↓
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Figure 14: (Left) Evolution of the square of the dimensionful mass divided by !2 as a function of

the renormalization time t for ω = 10→4 and 10→3. As ω decreases, the flow becomes slower and

slower and eventually vanishes in the limit ω → 0. (Right) Comparison between the square of the

dimensionful mass divided by !2 (indicated with points) and the RHS of Eq. (46) (shown as a solid

curve) for ω = 10→3.

starting from the initial condition given by Eq. (44). As shown below, we find:

U ↑
k(ω = 0)!→2 ↑ M2

0!
→2 ↓ x2ε+ ε

[
1

5|t| + C1
↓ K

(5|t| + C1)3

]
+O(|t|→3) (46)

where C1 = ln(5M4
0!

→4)+1+ln(1↓tanh x2) and K = 1+sech2x2/(1↓tanh x2)+2ε/(M2
0!

→2).

This means that the square of the dimensionful mass approaches M2
0 ↓ x2ε!2 algebraically

when t → ↓↔.

The derivation of Eq. (46) goes as follows. We define s = et, x = Ū ↑
t(ω̄ = 0) and

y = Ū ↑
t(ω̄ = 0)s2, where t = log(k/!) < 0 is the RG time. Using Eq. (40), y is found to

satisfy:

s+
↗
y

[
F (y/s2) +

ω̄!(y) ↓ 1
↗
y

↓ F (y)

]
= 0. (47)

and F (x) behaves at large x as

F (x) =
3ϑ

4
↓ x→1/2 + 0 · x→3/2 +

1

5
x→5/2 +O(x→7/2). (48)

Since Ū ↑
t(ω̄) diverges for ω̄ = 0 when t → ↓↔ due to the singularity of the BMB FP as

shown in Fig. 12, we can substitute F (y/s2) by its expansion for large y/s2. We thus obtain

3ϑ

4

↗
y +

s5

5y2
+ ω̄!(y) ↓ 1 ↓ ↗

yF (y) = 0, (49)

where the leading order term in s has canceled. By inserting in the previous equation the

definition of ω̄!(y): ω̄!(y) = 1+
↗
yF (y)↓ 3ω

4

↗
y+T (z) with z = ↓(y↓M2

0!
→2)/ε, obtained
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Evolution of dimensionful mass

We use the analytical  
global flow  at   
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Ūt(ϕ̄) N = ∞



Summary
• An arbitrary physical mass  can be generated by 
tuning smooth UV initial conditions that regularize the 
BMB small-field singularity. 

• The singular perturbation mode with eigenvalue +2 
plays an important role in yielding a constant mass at 

.  

•  along the regular BMB line  jumps to  on the 
singular BMB line with the BMB FP being the pivotal point 
between these two regimes.

m(k = 0)

k = 0

ν = 1/2 ν = 1/3


