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Self-avoiding walks (SAW)

critical scaling: 
            end-to-end distance 

    # of successful walks
RN ∼ Nν

cN ∼ μNNγ−1
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Figure 1. Random SAWs on the square latticeZ2 with n= 102 and n= 108; image Nathan Clisby.

Table 1. SAW critical exponents.
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It has radius of convergence zc = µ−1 since c1/n
n → µ. In view of (2.1), χ can be expected to

obey

χ (z) ∼ A′

(zc − z)γ
(z ↑ zc). (2.3)

Let R2
n be the average over Sn of ‖ω(n)‖2

2. Then Rn is the root-mean-square displacement of n-step
SAWs, which is a measure of the average end-to-end distance of an n-step SAW. There is again
considerable evidence that there exists ν (depending on d) such that

Rn ∼ Dnν (n → ∞). (2.4)

The exponent ν quantifies scale invariance.
This article is about critical exponents such as γ , ν for certain SAW and lattice spin models,

with the emphasis on γ . There are other critical exponents that we do not discuss. The exponents
are predicted to be universal, depending essentially only on the dimension of the lattice. For
example, γ and ν should have the same values on the square lattice as on the hexagonal
or triangular lattices, unlike the connective constant. A central problem in the subject is to
prove the existence of the critical exponents and to show that they have the values listed in
table 1.

The rational exponents for d = 2 in table 1 were computed by Nienhuis [5] using non-rigorous
arguments based on spin systems like the ones we discuss later. An important breakthrough
came with the identification of the stochastic process SLE8/3 (Schramm–Loewner Evolution with
parameter 8

3 ) as the only plausible candidate for the scaling limit [6], which additionally provided
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Lévy SAW

long-range jump probability  
power-law exponent  
spectral dimension 

pij = 1/rα
ij

α = d + σ
ds = 2d/σ

wikipedia: Levy flight

?

σ

SR

d/2

LR
strong 
LR MF

σ∗ = ?0
Defenu+ RMP 2023



mapping to spin model

high-T expansion of  model 
(loops suppressed) made of SAWs

O(n → 0)

de Gennes, Phys Lett A 1972

S[ϕ] = ∫ ddx[∂μϕi∂μϕi + ∂
σ
2
μϕi∂

σ
2
μϕi +U(ρ)]

χ =
1
T ∑

j

⟨S0Sj⟩ =
1
T ∑

N

cN( J
T )N ≃

1
T ∑

N
(Jμ

T )NNγ−1 ∼ |T − Jμ |−γ

continuous field theory for Lévy SAW:  SR-LR action



Anomalous dimension

• Fisher, Ma & Nickel 1972:  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SR-LR boundary: fRG

Γk[ϕ] = ∫ ddx[Z2,k∂μϕi∂μϕi+Zσ,k∂σ/2
μ ϕi∂σ/2

μ ϕi + Uk(ρ)] Litim SR+LR regulator

LPA':

η =
(2 + σJ)2ρ0[U′￼′￼k(ρ0)]2

(1 + J)2[1 + J + 2ρ0U′￼′￼k(ρ0)]2

∂tJ = (σ − 2 + η) J

J =
kσ−2Zσ

Z2
LR coupling (dim'less)

two fixed points:         (LR) 
                                            (SR)

η = 2 − σ
J = 0

FIXED-POINT STRUCTURE AND EFFECTIVE . . . PHYSICAL REVIEW E 92, 052113 (2015)

Looking at Eq. (B8a), we see that there are only two
possibilities for the right-hand side to vanish and for J̄σ to
attain some fixed-point value J̄ ∗

σ .
The first possibility is J̄ ∗

σ = 0 and we are in the SR case; the
second is η2 = 2 − σ which is a characteristic of the LR fixed
point, at least at this approximation level.This shows that we
have no necessity to change the field dimension to study the
case of a dominant LR term, since the p2 term is still present
in the LR fixed point.

In order to check these properties, we turn to the
approximation where we expand the potential around its
minimum:

Ūk(ρ̄) = 1
2λk(ρ̄ − κk)2. (B9)

Projecting the flow equation for the potential, we can get the
β functions of these two couplings which, together with the
flow equation for J̄σ , form a closed set:

∂t J̄σ = (σ − 2)J̄σ + η2J̄σ , (B10a)

η2 = (2 + σ J̄σ )2κkλ
2
k

(1 + J̄σ )2(1 + J̄σ + 2κkλk)2
, (B10b)

∂tκk = −(d − 2 + η2)κk + 3
1 − η2

d+2 + σ
2 J̄σ

(1 + J̄σ + 2κkλk)2

+ (N − 1)
1 − η2

d+2 + σ
2 J̄σ

(1 + J̄σ )2
, (B10c)

∂tλk = (d − 4 + 2η2)λk + 18λk

1 − η2
d+2 + σ

2 J̄σ

(1 + J̄σ + 2κkλk)3

+ 2λk(N − 1)
1 − η2

d+2 + σ
2 J̄σ

(1 + J̄σ )3
. (B10d)

As discussed, SR dimensions are well suited to study the
case σ < σ∗, since Z2 is well defined in this case and is not
brought to zero by the presence of a dominant LR term. The
results for the couplings and the anomalous dimension at the
fixed point are shown in Fig. 7. We see that the anomalous
dimension η2 follows naturally the Sak’s behavior with no
possible LR fixed-point solution for σ > σ∗. However, at σ =
σ∗, the LR fixed point (blue lines) appears and the value of
the coupling in that point is shown. It is possible to see that
the J̄σ,∗ grows very fast when we approach σ = d/2 (which is
1 in this case since we are plotting two-dimensional results).
This coupling is actually diverging at σ = 1 since at the point
the LR fixed point merges with the Gaussian LR fixed point,
which can be suitably described only in LR dimensions since
it has no SR term in its propagator. This has been verified
for different values of σ > σ∗, at different (also noninteger)
dimensions and for various O(N ) models. It is also possible
to show that the truncation of the potentials, despite changing
the value of any quantity at the fixed point, does not modify
the qualitative behavior of the system nor the existence of the
threshold σ∗.

2. LR dimensions

Here for the sake of completeness we also report the results
obtained using LR dimensionless variables. In this case, we
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FIG. 7. (Color online) (a) Anomalous dimension η2 and (b)–(d)
fixed-point values Jσ,∗,κ∗,λ∗, respectively, in the truncation consid-
ered in the text for the Ising model in d = 2. For σ > σ∗ ≡ 2 − ηSR,
only the fixed point (purple straight line) is present, characterized
by η2 = ηSR and Jσ,∗ = 0. At σ = σ∗, the LR fixed point (blue
curves) branches from the SR fixed point and then controls the critical
behavior for every σ < σ∗. Thus, even in the case of both SR and LR
terms in the propagator, the anomalous dimension as a function of σ

is LR (η2 = 2 − σ ) for σ < σ∗ and SR for σ > σ∗.

renormalize the field using the wave function Zσ and we define
the SR coupling J̄2 = Z̄2/Zσ ,

∂tZσ = 0, (B11a)
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FIG. 8. (Color online) (a) Anomalous dimension η2 and (b)–(d)
fixed-point values J̄σ,∗,κ∗,λ∗, respectively, in the truncation (B1) with
LR dimensions for the Ising model in d = 2. With this dimensional
choice, we are able to describe only the σ < σ∗ region, since in the
other region the coupling J̄2,k is divergent, as can be understood from
the J̄2,k plot. Also in this case, the anomalous dimension as a function
of σ is LR (η2 = 2 − σ ) for σ < σ∗.
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scaling correction 

⟨log RN⟩ ∼ νLR log N

∼ N−|σ−1|
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finite-size scaling 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SAW on random graph
disorder relevant?

• LR bonds of unit strength  
switched on with Bernoulli prob. 
             


• LR bonds => 1. superdiffusion & 
                      2. quenched disorder


• LR correlated disorder coupling 
irrelevant if (beyond Harris) 

             

p(aij = 1) = 1/r1+σ
ij

νLR >
2

1 + σ
Sarkar, Defenu & Enss, 2608.23207

3

0.6 0.8 1.0
æ

1.5

1.6

1.7

1.8

1.9

2.0

∫ L
R

Flory
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FIG. 1. Critical exponents ωLR and ε at various ϑ in the LR regime of
clean theory (0.5 < ϑ < 1). Sparse-SAW estimates (red hexagons)
agree with the clean Lévy-SAW results (blue circles, Ref. [29]),
within statistical uncertainties. The dashed violet line corresponds to
Flory prediction, and empty square represents the mean-field value.

boundary, which is attributed to strong finite-size effects. Cru-
cially, the same small deviation from Flory is also present
in the clean self-avoiding Lévy-flight estimates (blue circles:
Lévy-SAW), reported in Ref. [29], with which our Sparse-
SAW results agree within error bars throughout. This indi-
cates that the departure from Flory reflects a genuine feature
of the clean universality class itself and Flory is an approxi-
mate, rather than exact, prediction, which Sparse-SAW inher-
its unchanged. This agreement with the clean model serves as
direct evidence that the quenched graph disorder is irrelevant
for the critical behavior of Sparse-SAW.

Short-range behavior– For ω → 1, we analyze the scal-
ing of εLR(N) and ϑ(N) with walk length N . In this regime,
rather than focusing on the asymptotic values of εLR and ϑ,
it is instructive to examine how they approach this limit. We
now explicitly demonstrate convergence to the clean SR uni-
versality class at ω = 1.5 in Fig. 2. Such a choice within
ω ↑ [1, 2] minimizes the boundary effects and associated nu-
merical uncertainties. Indeed, fitting the finite-walk-length
data with the field theory expectations εLR(N) = εLR(↓) +
bN→ωω and ϑ(N) = ϑ(↓) + bN→ωε with the universal
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FIG. 2. Scaling of finite-N exponents ωLR(N) and ε(N) in the SR
regime of the clean kinetic sector at ϑ = 1.5. They reach asymptoti-
cally to clean SR fixed point ωLR(→) = ε(→) = 1 with correction-
to-scaling exponents ϖω = ϖε ↑ ϑ ↓ ϑ→, consistent with the field-
theoretic predictions.

correction-to-scaling exponent ϖε = ω ↔ ω↑ = ϖϑ yields
ϑ(↓) = 0.980+0.018

→0.008, ε(↓) = 1.001+0.002
→0.007 and ϖϑ =

0.49+0.05
→0.03 ↗ ω ↔ ω↑

↗ 0.51+0.02
→0.04 = ϖε , which are consistent

with the clean SR fixed-point ε(↓) = ϑ(↓) = 1.These re-
sults are stable against variation of the window sizes following
the procedure in [29]. This provides a direct numerical con-
firmation that LR correlation in bond disorder is irrelevant for
critical behavior in SAWs. Note that such a precise verifica-
tion is made possible by our branching algorithm and effec-
tively infinite graph generation, which substantially improves
the statistics for long walks.

Field theory

This section develops a field-theoretic description of our
model to explain, at the microscopic level, why Sparse-SAW
shares the same universality class as the clean, superdiffusive
Lévy-SAW.

Emergent correlated mass disorder: To probe the effect of
graph disorder on criticality, we start with an n-vector O(n)
model on the 1DLR3 graph, with the Hamiltonian

ϱH = ↔
1

2

∑

i ↓=j

JijSi · Sj , Si ↑ Rn, (2)

where the normalization |Si|
2 = n follows de Gennes formu-

lation [32]. The couplings Jij are independent random vari-
ables drawn from the following Bernoulli distribution

P (Jij) = pij ς(Jij ↔ 1) + (1 ↔ pij) ς(Jij), (3)

so that all bonds which are present with probability pij are of
unit strength. We will finally focus on the n ↘ 0 limit, which
maps onto self-avoiding walks (SAWs) [32].

To access the field-theoretic description, we map the O(n)
model on the graph to a continuous |ω|

4 field theory via a
Hubbard-Stratonovich transformation [33, 34]. Introducing
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model to explain, at the microscopic level, why Sparse-SAW
shares the same universality class as the clean, superdiffusive
Lévy-SAW.

Emergent correlated mass disorder: To probe the effect of
graph disorder on criticality, we start with an n-vector O(n)
model on the 1DLR3 graph, with the Hamiltonian

ϱH = ↔
1

2

∑

i ↓=j

JijSi · Sj , Si ↑ Rn, (2)

where the normalization |Si|
2 = n follows de Gennes formu-

lation [32]. The couplings Jij are independent random vari-
ables drawn from the following Bernoulli distribution

P (Jij) = pij ς(Jij ↔ 1) + (1 ↔ pij) ς(Jij), (3)

so that all bonds which are present with probability pij are of
unit strength. We will finally focus on the n ↘ 0 limit, which
maps onto self-avoiding walks (SAWs) [32].

To access the field-theoretic description, we map the O(n)
model on the graph to a continuous |ω|

4 field theory via a
Hubbard-Stratonovich transformation [33, 34]. Introducing

✅



Outlook

• LR-SR boundary for 1D SAW at  
cf. Ising; effective domain wall theory 


• quantitative exponents with new branching MC algorithm


• fRG goal: improve LPA' for , shape of fixed-point potential ?


• disorder effect on random graphs: 
- superdiffusion  
- localization transition 

σ∗ ≃ 1

η = 1 [ϕ] = 0

Sarkar, Defenu & Enss, 2507.08092
Benedetti+ PRL 2025; Gurau
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