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1. The anti-field formalism a la Batalin-Vilkovisky

For a classical gauge fixed action Sy|¢| for a gauge theory, define an extended action as
Scl[¢7 gb*] = SO[¢] T ¢T45¢A

Here antifields ¢* are introduced as sources for the BRST transformations d¢*.

The canonical structure via the antibracket for any field variables X and Y, we define

XY O'XOY
_9 x* ¢2 1A h X.Y) = —
(Se1, Se) = 2050 + $30°67%) . where (X, Y) = 5555 — 5 55

Classical master equation (CME): (S¢1, Sc1) = 0 < action invariance and the nilpotency.

Generally, we also have the contribution from the path integral measure. We define
the quantum master operator:
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where €4 = ¢(¢?) is the Grassmann parity. The system is BRST invariant quantum
mechanically if the two contributions cancel:

Ylg, 97l =0. (QME)

The quantum BRST transformation is defined as

5QX = (X, S) — AX

We have two important algebraic identities without assuming QME:

6oX[p, 0" 1 =0, 65X = (X,X[¢,9%]).
The quantum BRST transformation is nilpotent if and only if QME holds.

QME is equivalent to BRST symmetry and its nilpotency.
— The nilpotency is necessary to realize the BRST algebra, its representation and
unitarity of non-Abelian gauge theory. (cf. Kugo-Ojima formalism).

— ERG2026, Sep. 1-5, 2026 @ University of Sussex — 4/18



QME in terms of 1Pl action (in dimensionful form)

Rewriting the QME for Wilson action S, ¥ = %(S, S) — AS =0, in terms of 1Pl action,
we obtain “The modified Slavnov-Taylor identity” (Ellwanger):

1 _ —1
5= (I,T) — Str (Krﬁ) [1 + A(O)Ff)} ) =0,

A\ . 4

AS measure term

where A = (1 — K)A© is the IR-regulated free propagator,

A 0'0"
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Under a change of the scale t = 1In A/u, where A is the IR cutoff and p is arbitrary,

d
K>
at= >

Starting from a 1Pl action that satisfies QME and following the flow eq., we have a 1PI
action satisfying QME.
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2. Accumulation of quantum corrections in dimensionful flow equation

Under an infinitesimal change of t =1In A/,
1 ~_1 ~1
Di(t+ At) ~ (1) + A - SStr (@A +7]7) 0.

Here A and 7 are the propagator and the vertex at the scale ¢

At) = 1 ) = (P27 - TP[0.0]) (1),

((2©)™" +1P[0,0]) (1

and ® contains the derivative of regulator function.

F?)(t + At) contributes to the propagator and the vertex at ¢ + At + At'.

At each step of the scale change, propagators and vertices aquire new quantum

Accumulation of quantum corrections
[corrections. J
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In practice, only approximately we may solve QME as well as flow eq.. Let us consider

this question by taking a simple gauge system, QED with chiral invariant 4-fermi
interactions.

The classical action I'; =1'g +1I'1 + 'y 1,

1 ) - . o A EB* L.
Foz/ 5{((%14”) —(0-A) }+\Ifz@\P+(AM—28MC)0MC+T—|—(C —i0- A)B

r, - / DAV — e O ie\I!\If*C] |
Lyt = / [%{(\W) (30) — (B350) (F75) |
] (00) (99) + (B953,9) (B0, )} |

satisfies the Classical Master Equation (CME): (I'¢;,I'¢c;) = 0.
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“Str log-formula” for one-loop effective action gives quantum corrections

1 _
L'y = §Str log ((A(O))_l + nggl)

where I'7 o1 I1s the classical part of I';. Note that I’fgl is field dependent.
I', gives rise all the possible one-loop diagrams.

Contributions of I'; to 2-point and 3-point functions ,

g A”&%w+z@ 0

Gs,v
(a) I‘glA (b) I‘QW The 2nd term turns out to be zero.

Figure 1: Contributions to 2-point functions. Internal propagators A9 are IR-regularized.
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Figure 2: Contributions to 3-point vertex. Internal propagators A() are IR-regularized.
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3. Quantum Master Equation

Consider the one-loop improved 1Pl effective action
1 A (0)\—1 (2)
[=Ta+T, = Ta+5Strlog (A4,

We would like to confirm the vanishing of > up to the following order

]_ —1
2 =3 (Ca,Ta) + (T, Ty) — St (Krﬁ) [1 n A<0>r<2>} )

We have shown the vanishing of 4,C and pC terms of ¥, T4 = 0 and »YYC = .

o Y4C¢ = () determines the longitudinal part of photon two point function.

o ¥¥C = (). Let us explain how it is realized.
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e OprsT¥ x CY contribution in (I'¢;, I'y)
1 —

¥ (1- K)CY
i oy MQ; =

e Measure term contribution

_ —1 KC
—Str (Krg?j [1 + A<0>F%] ) thCY 4 :
W

= =St (KIPAOTE) AOTE))
I'r =ieda5C _
Y% 0g fermion prop. photon prop.

Figure 3: ¢ — C term from measure term contribution.

In the measure term, KFﬁ) ~ K(C and the measure term produce the term that exactly
cancels the remaining term from ¢ C terms in (I'¢,T',): therefore, ¥¥¢ = 0.
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e An important observation: the proof above does not depend on the details of the
photon propagator. This allows us to use the photon propagator with one-loop
quantum correction:

1 D 2
I' = Fcl + §Str log ((A(O)) ! + (FI,CI + F§A>( )) )

where is the one-loop quantum correction to the photon propagator. The
condition X¥%¢ = 0 still holds with the above RG-improved 1PI effective action.

AA
Fq

Up to now, our discussions are on the dimensionful flow equation and QME.
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4. Ansatz to 1Pl action for dimensionless flow eq.

(Here we ignored the antif-field dependence.)

Llel = %q)A (ﬁ) AB(I)B +Llel,
L1 = 5 [ A=) Aultep) Ap)y = e(t) TAY + G ()(DUT)

(Au(t,p) = PLT(t,p%) + Pr,L(t,p*))

re) = / Au(—p) [Pfy{pz + Tt ) + P {e '+ Lt p2>}] Au(p)

+ / (C(—p)*Cp) + (—p)] — e(t) / VDA~ TP ()

5 ICORACRY SRS

< |GsO{ (T (E2) (TG @) = (F)¥ () (Fpa) 150 () }

+Gr O] (B2 (02) (B2 ¥ e0) + (Fp0753(02) (Fpa)153,¥(o0) }|
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In our Ansatz, we find:

e A, is a quantum correction determined by the flow eq. and QME.

o A, contributes to the photon propagator.

B = ((A) 7"+ 4)

uv
e We use the IR regulated free propagator for fermion.
e We have running couplings e(t) and G v (1).

The one-loop structure of the dimensionless flow equation consists of the above
propagators and coulplings. In the lowest order of the running couplings, their
contributions are the same as those found in dimensionful formulations.
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Hierarchical Phase Structure: a funnel halved by the a = 0 plane.
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Figure 4: Four fixed points and critical surface and critical lines
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Four fixed points

Fixed Point # of Rel. ops. (a,Gg,Gy)
A: |L.R. 0 The origin
B: U.V. 1 (13.5, 6.99, 0.573)
C1: mod. NJL 2 (0, 26.3, —3.29)
Cy: extra 2 (0, —105, —52.6)

e U.V. fixed point is in Landau gauge though not shown in the above figure.

e Aoki et. al. (1997) studied the same system with different regularisation functions
and approximations. Some higher order terms are also included here.
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Puzzle of ¢ and ¢’

[y = [ |[—eVAY — i’ U*UC + i’ TT*C| |
e The couplings e and ¢’ are renormalized differently in the presence of 4-fermi couplings.

e Yet, QME holds when we take ¢/ = e.

e This could be a generic problem when couplings other than gauge coupling are
introduced.
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Summary and Discussion

1. Quantum Master Equation (QME) = BRST symmetry + nilpotency
2. An observation: the manner the flow eq. collects quantum corrections
3. QME including partial quantum corrections

4. Flows with photon qunatum correction for QED with 4-fermi interactions

Possible improvement: include quantum corrections to fermion propagator and
Interaction vertices.
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