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1. The Problem



Let us consider a spiked matrix model:

X = βuv⊺ +Z ∈ Rn×p; Z ∼ N(0;1); u ∈ Rn; v ∈ Rp; s.t. ∥u∥ = ∥v∥ = 1;

with a covariance matrix:
C = n−1X⊺X ∈ Rp×p:

Data Scientist: Under what conditions can we recover the signal v from the noisy
observation X (i.e., when is the signal detectable)?

Mathematician: Under what conditions does the largest eigenvalue of C separate from
the bulk of the spectrum?

The spiked matrix model is related to the spiked covariance model by X = Σ1/2Z, where Σ = 1 +βuu⊺ and Z = 1 +W /
√

n, from which
C = n−1X⊺X = n−1Z⊺ΣZ = 1 +βuv⊺ + 2√

n
W +O(β/

√
n). Hence, C − 1 ≃ βuv⊺ + 2√

n
W , i.e. a spiked matrix model.
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Decompose into bulk + spike:

nC = β2vv⊺ +β (vu⊺Z +Z⊺uv⊺)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

spike contribution

+
bulk
¬
Z⊺Z;

and consider spectra for n; p →∞ and p/n → γ ∈ (0;1]:

n−1 {#λi}bulk
a.s.ÐÐ→ µMP(λ) =

√
(λ+ − λ)(λ − λ−)

2πγλ
Θ(λ − λ−)Θ(λ+ − λ);

where
λ± = (1 ±

√
γ)2

are the edges of the Marčenko–Pastur bulk.
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The spike contribution
β2vv⊺ +β (vu⊺Z +Z⊺uv⊺)

completely controls the largest eigenvalue λsignal (i.e. the signal we want to detect):

λsignal = (1 +β) (1 +
γ

β
) > λ+ ⇐⇒ βcritical >

√
γ

Two regimes appear:

bulk
λ+λ−

λsignal

λ

µ

bulk
λ+λ−

λsignal

λ

µ

under critical threshold over critical threshold

Baik, Ben Arous, Péché (2005)
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However, let us consider:

bulk
λ

µ

For extensive-rank signals:
We lose the ability to determine the largest eigenvalue of the bulk.
We are no longer able to detect when the signal separates from bulk.
BBP transition fails to give a separation threshold
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Let us consider an extensive-rank model:

X = βS +Z ∈ Rn×p;
where

1≪ rankS <min(n; p):

Intuitively:

β < βcritical

λ

µ

β ≃ βcritical

λ

µ

β > βcritical

λ

µ

How to detect the extensive-rank inflection/critical point?
How to follow the flow of the extensive-rank signal?

Landau, Mel, Ganguli (2023)
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2. The Field Theory



MP Universality Class

C belongs to the MP universality class if:

1. µdata = n−1 {#λi}bulk
a.s.ÐÐ→ µMP(λ) (i.e. the empirical distribution must “look like” the MP distribution),

2. ∫ (dµdata − dµMP) ≤ K ∥pdata − pMP∥ (i.e. the two distributions must not be “too far off”),
where K > 0, and p is the set of parameters which define the spectrum.

0.0 0.5 1.0 1.5 2.0 2.5 3.00.0

0.2

0.4

0.6

0.8
Build field Φ̃ = (ϕ̃1 : : : ϕ̃p)

⊺

s.t.
G(2) = ⟨Φ̃Φ̃⊺⟩ = C and C = U⊺ΛU ⇒ Φ̃ = U⊺Φ:

P (Φ) max entropy∝ exp(−1
2
Φ⊺Λ−1Φ)
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Using max entropy we have a minimally constrained distribution:

Λ = diag(λ1; : : : ;λp) s.t. λi =
1

k2
i +m2

; for i = 1; : : : ; p;

where λ1 > λ2 > : : : > λp > 0 and m2 = λ−11 .

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

0.02 0.04
0

1

2

3

UV

3.75 3.80

0.00

0.02

0.04

IR

0.0 0.5 1.0 1.5 2.0 2.5 3.0
k2

0.0

0.2

0.4

0.6

0.8

0.0 0.1 0.2 0.3
0.00

0.25

0.50

0.75
IR

The momentum distribution ρMP(k2)
defines:

UV: small eigenvalues (high energy/k2)

IR: large eigenvalues (low energy/k2 )

Finotello, Lahoche, Radpay, Ousmane Samary (2026)
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The Gaussian model has a strong limitation:

⟨ϕi1ϕi2 : : :ϕi2n⟩ = Ci1i2Ci3i4 : : : Ci2n−1i2n + permutations; and ⟨ϕi1ϕi2 : : :ϕi2n+1⟩ = 0:

The natural extension becomes:

H[φ] = ⨋
k

φ(k)(k2 +m2)φ(−k) + U[φ];

where

U[φ] =
∞

∑
n=3

u2n
(2n)!pn−1 δ (k1 + k2 + : : : + k2n)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
momentum conservation

φ(k1)φ(k2) : : :φ(k2n)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

local interactions

:

The empirical spectrum is always imposed as constraint: G(k2
i
) = λi , for i = 1; : : : ; p. Moreover, we have the continuous limit:

⨋
k
Ð→ ∫

k

0
d‘ ‘ρempirical(‘

2
):
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In the interacting theory:

G(k2) = 1

k2 +m2
+ 1

k2 +m2
Σ(k2) 1

k2 +m2
+ : : : = 1

k2 +m2 −Σ(k2)

This ultimately leads to ρempirical ≠ ρMP.

Using the Local Potential Approximation (LPA):

G(k2) ≃ 1

Z k2 +m2
eff
;

where:
Z = 1 −Σ′(0) ≃ 1; m2

eff = m2 −Σ(0):
This restores the Gaussian approximation m2

eff = λ−1max.

This Data Field Theory
(DFT) is built as a field
theory whose propagator
reproduces the empirical
spectrum of the covariance
matrix.

Data Field Theory

Lahoche et al. (2020)
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The DFT is “inherently IR” coming from observational data:

UV scale

H[Φ]

IR scale

Γ[M]RG

“scale ‘”

Γ‘[M] H[φ] reg.ÐÐ→ H[φ] + 1

2
⨋
k

φ(k)
Litim
­
R‘(k)φ(−k)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
∆H‘[φ]

;

then:

Γ‘[M] = ∫
x
J(x)M(x) −W [J] −∆H‘[φ];

where W [J] is the connected generator.

‘2

‘
k

R‘(k)

R‘(k) = (‘
2
− k2
)θ(‘2 − k2

)

Wetterich (1993) Morris (1993)
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This ultimately leads to the Wetterich-Morris equation:

‘
@Γ‘[M]

@‘
= ‘

2
⨋
k

@R‘(k)
@‘

( δ2Γ‘[M]
δM(k)δM(−k) +R‘(k)1)

−1

(k;−k):

which can be used in exact LPA:

Γ‘[M] ≃
1

2
⨋
k

k2M(k)M(−k) + U‘[M];

where

U‘[M] =
1

2
⨋
k

u2M(k)M(−k) +
∞

∑
n=3

u2n
(2n)!pn−1 δ (k1 + k2 + : : : + k2n)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
momentum conservation

M(k1)M(k2) : : :M(k2n)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

local interactions

:
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From the Wetterich-Morris equation we can derive the flow equations for couplings u2n as
usual. However,

u2(‘); u4(‘); u6(‘); : : :
contain←ÐÐÐ L(k) = ∫

k

0
d‘ ‘ρ(‘2) scale dependence introduced!

The Scale-dependent Canonical Dimensions

We need to go from the usual “time” t = ln k to

τ = lnL(k) Ô⇒ d

dτ
= dt

dτ

d

dt
= L(k)
kρ(k2)

d

dk
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
correction

Ô⇒ du2n
dτ
= − dimτ(u2n)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
scale-dependent

u2n +β(quant)
2n (u4; u6; : : :)

For a field theory in dimension d , we have:

ρ(k
2
) ∼ (k

2
)
d
2
−1
Ô⇒ L(k) ∼ (k

2
)
d
2 :

This can ultimately be used to define the dimensionless couplings by simple rescaling. For instance, we have u4 = u4(k
2)

D−4
2 ⇒ dim(u4) = 4 −D.
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3. Dimensional Phase
Transition



We finally need to work with the following scale-dependent canonical dimension:

dimτ(u2) = 2
dt

dτ
;

dimτ(u4) = 2(
d2t

dτ2
(dt
dτ
)
−1

+ (dt
dτ
)(1

2

d lnρ

dt
− 1)) ;

dimτ(u2m) = (2 −m)dimτ(u2) + (m − 1)dimτ(u4):

Consider

Z ∈ Rn×p ∼ N (0;1)

i.e. the MP universality class 0 1 2 3
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u2 and u4 are the only relevant couplings in
the deep IR. u6 is asymptotically marginal.
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What happens when
X = βS +Z; β > 0;

with S an extensive-rank signal?
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Let us consider the canonical D = 4 − ε expansion:

ε > 0 ε < 0

G
ū

G
ū

m̄2

WF

m̄2

m2
> 0

m2
< 0

The “pure noise” (MP) regime is described by D = 3 (presence of a WF fixed point):

Increasing β effectively increases the spacetime dimension D of the EFT, approaching the
Gaussian fixed point.

The higher the signal, the more irrelevant un>2 become! We can detect the instability threshold by looking at the canonical dimensions of the couplings, then!
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Using the character of u4 and u6, we can define a model-agnostic notion of signal
thresholds:
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Symbol Definition

βt Limit of detection. β > 0 ∣ dimfi(u6) ≠ 0.
βc Critical threshold. β > 0 ∣ dimfi(u4) = 0.

βO Optimal threshold. β > 0 ∣ dimfi(u4) first minimum

In chemometrics terms, we can roughly identify βt with the limit of detection and βc with the limit of quantitation.

Riccardo FINOTELLO ERG2026 04/09/2026 22 / 29

Signal Thresholds
A Model-agnostic Definition of Limit of Detection



Using the character of u4 and u6, we can define a model-agnostic notion of signal
thresholds:

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
k2

0

1

2

3

4

ca
no

ni
ca

l d
im

en
sio

ns

dim(u2) dim(u4) dim(u6)

0.0

0.2

0.4

0.6

0.8

PD
F

Symbol Definition

βt Limit of detection. β > 0 ∣ dimfi(u6) ≠ 0.
βc Critical threshold. β > 0 ∣ dimfi(u4) = 0.

βO Optimal threshold. β > 0 ∣ dimfi(u4) first minimum

In chemometrics terms, we can roughly identify βt with the limit of detection and βc with the limit of quantitation.

Riccardo FINOTELLO ERG2026 04/09/2026 22 / 29

Signal Thresholds
A Model-agnostic Definition of Limit of Detection



Consider a Monte Carlo simulation of a 2D N ×N Ising model: (start random, evolve via Metropolis-Hastings)

M =
N

∑
i=1

Si Ð→ K = 1 −
⟨M4⟩

3 ⟨M2⟩2
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Binder cumulant

:

8

8

temperature
also SNR−1

Finotello, Lahoche, Radpay, Ousmane Samary (2026)
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https://arxiv.org/abs/2605.11138


Two methods to detect Tc (departure from Gaussianity – Onsager solution):

1. Information Theoretic (baseline): use the λmax of the KL divergence fit with a MP
distribution

2. RG-based (proposed): use the critical threshold βc of the corresponding EFT (i.e. u4
becomes marginal)
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Two methods to detect Tc (departure from Gaussianity – Onsager solution):
1. Information Theoretic (baseline): use the λmax of the KL divergence fit with a MP

distribution

2. RG-based (proposed): use the critical threshold βc of the corresponding EFT (i.e. u4
becomes marginal)
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The critical temperature / departure-from-
Gaussianity can be detected by the canonical
dimensions, which recover a known result
from physics (Onsager solution within < 2%).

Dimensional Criterion
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4. Implications



Consider a realistic image:
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X ∼ β × image +N(0;1)
leads to:

βt ≈ 0:15 (limit of detection)
βc ≈ 0:32 (critical threshold)
βO ≈ 0:37 (optimal threshold)

against the BBP transition βBBP ∼ 0:97 (q = 0:9):

detection is still possible even below the BBP
transition!
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βO ≈ 0:37 (optimal threshold)

against the BBP transition βBBP ∼ 0:97 (q = 0:9):

detection is still possible even below the BBP
transition!
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bulk
λ

µ
The original idea was to detect when and if a
continuous extensive rank distribution starts to
emerge from the bulk.

We now have a relation between signal-to-noise ratio
and this phenomenon, and a way to relate this to a
dimensional phase transition of a corresponding
EFT.

This works for all extensive-rank signals/anomalies

S = S0 +
L

∑
i=1

S̃i(!i)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
sensor response,

other noise sources,
etc.

⇒ Y = βS0 + (Z +β
L

∑
i=1

S̃i(!i)) = βS0 + Z̃L(β)
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⇒ Y = βS0 + (Z +β
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Looking at the progression of the canonical
dimensions, we can estimate L (the
number of extensive rank sources)!

Signal Sources
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The FRG enables (with a strong grounding in physics):

Anomaly Detection: via a dimensional phase transition of the corresponding EFT,
we are able to detect a perturbation of the MP universality
class

Signal Characterisation: following the evolution of the SNR, we can characterise the
presence of different signal/anomaly sources, and their rel-
ative magnitude.

We need to further explore its potential applications. For instance:

The FRG defines a notion of distance to detect the anomaly: how can this be used for
uncertainty quantification?
GenAI models are trained on high-dimensional data to retrieve/reconstruct a signal:
can we use the FRG to quantify the quality of the reconstruction?
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Thank you!

CEA SACLAY
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