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Why study non-unitary theories?

Recent conjecture: [Zambelli, Zanusso, 16'][Lencsés, Miscioscia, Mussardo, Takcks, 24'][Katsevich,
Klebanov, Sun, Tarnopolsky, 25'][...]

In d = 2, the non unitary minimal models M (2, 2n + 3) corresponds to the IR fixed
point of

1 n
S = /de §8u<p(w)8“<p(3:) —|—g/d2;t i (2)

® PT-symmetry — real, bounded from below spectrum
® |ee-Yang theory <+ M(2,5) [Fisher 78'][Cardy, 85]

The idea:
Use the FRG approach to continue from the upper critical dimension to d = 2

I1l. Numerics

2 3 4 5 de =
| | | | —d

1. A =07 I. Perturbation
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Functional Renormalization Group

Wetterich equation [Wetterich, 1993] Anomalous dimension

ko', = %TI“ |:k8k7—\>,k (Fgf) +Rk) :| n= A kOr Zx.

k
Litim cutoff: j

Ri(q) = Zx (K = q) © (K = ¢%)
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Functional Renormalization Group

Wetterich equation [Wetterich, 1993]

—1
kO, = %Tr |:k(9k7—\>,k (Fgf) -I—Rk) :|

Litim cutoff: j

Ri(q) = Zx (K = q) © (K = ¢%)

Local Potential Approximation

ruiel = [ a%e (3 2 @0 +vico))
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Anomalous dimension
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Functional Renormalization Group

Wetterich equation [Wetterich, 1993]

—1
kO, = %Tr |:k(9k7—\>,k (Fgf) -I—Rk) :|

Litim cutoff: j

Ri(q) = Z (k2 —*) © (K — ¢?)

Local Potential Approximation

ruiel = [ a%e (3 2 @0 +vico))

Fixed point equation

Cd

dul(p) = Apv(9) = (1- 715)
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L+v"(p)

Anomalous dimension

1
W
n= =7 kol

e Zr=1:LPA

— 77:0,A:g
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® Zp#1:LPA
d—24 n
— n#O,A:f
n=0 LPA
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Perturbative treatment

Goal: Construct an e-expansion in d =d. — ¢
— Linearize by expanding around the Gaussian solution, v(¢) = vo + 0(y)
1

av(p) = pv'(p) —ea (1~ 5 ) Ty =
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Perturbative treatment

Goal: Construct an e-expansion in d =d. — ¢

— Linearize by expanding around the Gaussian solution, v(¢) = vo + 0(y)

di(p) — A (¢) — X1(d,n) 7" (¢) + O (8"%) ~ 0
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Perturbative treatment

Goal: Construct an e-expansion in d =d. — ¢

— Linearize by expanding around the Gaussian solution, v(¢) = vo + 0(y)

di(p) — A (¢) — X1(d,n) 7" (¢) + O (8"%) ~ 0

Upper critical dimension
— Ho(x)

—> Polynomialy bounded solution: Hermite polynomials
Hi(x)

2 — Hyl)

0(p) ~ A Hn(p), =—— — Hy(x

B0) = AH(g), n= (]
\\
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Perturbative treatment

Goal: Construct an e-expansion in d =d. — ¢

— Linearize by expanding around the Gaussian solution, v(¢) = vo + 0(y)

di(p) — A (¢) — X1(d,n) 7" (¢) + O (8"%) ~ 0

Upper critical dimension

—> Polynomialy bounded solution: Hermite polynomials

() ~ AHn(p),

Odd solutions: d = d. = dan+1 =

2d

d—2

nt2 a0

2n —1

4/13

— Ho(®)
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Perturbative treatment

Goal: Construct an e-expansion in d =d. — ¢

— Linearize by expanding around the Gaussian solution, v(¢) = vo + 0(y)

di(p) — A (¢) — X1(d,n) 7" (¢) + O (8"%) ~ 0

Upper critical dimension
—> Polynomialy bounded solution: Hermite polynomials

N 2d
o(p) = AHn(p), n= 1—9
2 2
Odd solutions: d — de = danss = =2 — 10
2n —1 7
Perturbative potential (n =1, d=6—¢)

v(p) = o+ NHs(9) + XD agHy(p) + O(%?)
q=0

QO

— Ho(®)

Hi(x)
— Ha(x)
— Hs(x)

] \\

~14-107°+ §&'/? (6.1 o —76-107* tp) —c (5.6 21072 p* —3.1- 10—5>
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Complex potential

Coupled fixed point equations
Given v(p) = u(p) + ih(p),
, 1 +u// é , h//
d

O S & L S S S
A S (o T T A e ()
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Complex potential

Cotpled fixed point equations

Assume u(p) =0,
PT-symmetry v* () = v(—p)

W a

d b

v = h(0) =0, A"(0)=g€R

—> Valid fixed point solution: global solutions (with real part bounded from below)
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Complex potential

Cotpled fixed point equations
Assume u(p) =0,
PT-symmetry v* () = v(—¢)
, h// A

T=7 h(0)=0, A"(0)=g€R

— Valid fixed point solution: global solutions (with real part bounded from below)

Large field ¢ — 00 behaviour

® 0<A<d/2: Two (likely) isolated solutions

® Gaussian solution (isolated) h =0

® nontrivial solution (one parameter family)
h(g) ~ BT — ﬁﬁ_% +0 (904_%>
® A <0 : Continuous (two parameters) family
W) ~ gt (140 (¢7%)) + e o 3 (140 (07209771 7) )
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Vanishing A

Newton equation
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Vanishing A

Newton equation

" d " /
W'=—-Uh), h(0)=0, K"(0)=-K(0)=g
sy BT

—> Energy conservation:
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Vanishing A

Newton equation
d

W'=—-Uh), h(0)=0, K"(0)=-K(0)=g
U = ln(lf\/174l212) + V1 - 4h? 00st

—> Energy conservation:

h

1 dz
o=—| —F——/—m
V2 )y JE-U(2)
LPA’" upper bound
For any d, there exists g = go(d) such that

=0
2

9=g0(d)

— Atd=dyp, FE=0 — go(do):ﬂ:\/l—lnz
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Numerical resolution
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Numerical resolution

° |IPA:n=0— Az%

. LPA’:n:M(l— 1+ﬂ)
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Numerical resolution
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Spike plots LPA
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Spike plots LPA
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Spike plots LPA
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Spike plots LPA
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Spike plots LPA
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Spike plots LPA
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Spike plots LPA’
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Spike plots LPA’
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Spike plots LPA’
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Spike plots LPA’

‘rgsing

2 3 4 6
[ o> |
1 ? T
do ~ 2.72
d=4
25, —
20F
15;
10; 8
: /i
5;\
E L L L L L L L L L L L L L L L L L L L L T T
00 0.1 02 03 0.4 05 06

9/13




Spike plots LPA’
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Spike plots LPA’
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Spike plots LPA’
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Spike plots LPA’
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Spike plots LPA’
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Spike plots LPA'
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ip? theory
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Back to spike plots (LPA")
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Back to spike plots (LPA")
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Back to spike plots (LPA")
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i?" 1 theory

Fixed points d < dy
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i@® | 2.5758
i’ | 2.315
i® | 2.200
iptt | 2.1399
ip'® | 2.104
ip'® | 2.080




Conclusion

g@h/ = 7W, h(O) = 0, hW(O) =g € R

2n—+1

® Perturbation theory: Identified weakly coupled iy theories near

d:d2n+1 — &

® (Classified global solutions of the flow equation

® A > 0: isolated global solutions
® A < 0: continuum of solutions

® Numerical results:
® Ay|4=2 with an error of 2.6% — 7% compared to M (2, 5) for i3
® d = dp, the value at which A = 0 for i<p3
® infinite sequence of non-perturbative fixed points annihilating with the ip
n > 1 fixed points

2n+1

Outlook
® Improve the benchmark for i¢® theory

® Understand the non-perturbative fixed points. ..
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