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The QCD phase diagram

Quark-Gluon Plasma
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High densities: Pawlowski, Rennecke, Sattler, [Eur. Phys. J. Spec. Top. (2026)]

Fu, Pawlowski, Rennecke [Phys. Rev. D 101 (2020), 054032]
Gao, Pawlowski [Phys.Lett.B820(2021) 136584]
Gunkel, Fischer [Phys.Rev.D 104 (2021) 5, 054022]

Low densities: Bellwied et al. (WB) [Phys.Lett.B 751 (2015) 559-564]
Bazavov et al. (HotQCD) [Phys.Lett.B 795 (2019) 15-21]
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The QCD phase diagram

Quark-Gluon Plasma
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175 LH . . . .
¢ 4 Dynamical Chiral Symmetry Breaking
150 .
FAIR Critical Endpoint (CEP) at (T ~ (110 + 10, 630 £ 30)MeV
=) |
— 100
= = Crossover line . .
T5F . DSE Gunkel et al. i Direct access to phase structure using the
gy L o DSE: Gao et al. functional Renormalization Group
——;~‘FRG: Fu et al.
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High densities: Pawlowski, Rennecke, Sattler, [Eur. Phys. J. Spec. Top. (2026)]

Fu, Pawlowski, Rennecke [Phys. Rev. D 101 (2020), 054032]
Gao, Pawlowski [Phys.Lett.B820(2021) 136584]
Gunkel, Fischer [Phys.Rev.D 104 (2021) 5, 054022]

Low densities: Bellwied et al. (WB) [Phys.Lett.B 751 (2015) 559-564]
Bazavov et al. (HotQCD) [Phys.Lett.B 795 (2019) 15-21]
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High-density QCD: some relevant channels and physics

Quark-Gluon Plasma
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Fu, Pawlowski, Rennecke [Phys. Rev. D 101 (2020), 054032]
Gao, Pawlowski [Phys.Lett.B820(2021) 136584]
Gunkel, Fischer [Phys.Rev.D 104 (2021) 5, 054022]

Low densities: Bellwied et al. (WB) [Phys.Lett.B 751 (2015) 559-564]
Bazavov et al. (HotQCD) [Phys.Lett.B 795 (2019) 15-21]

Inhomogeneities in QCD High densities

Franz R. Sattler



High-density QCD: some relevant channels and physics

Quark-Gluon Plasma

T

200 - SE=S
175 F LHC T
RHIC.- .,.-'°
150 KL i
= 1256 7
=
— 100 7
&~ 2
= = Crossover line
75 —_— DS.E‘.' Gunkel et al. _
50k DSE: Gao et al. <q/‘}/0 q
——--FRG: Fu et al. y
IR ) aensch, Rennecke, von Smekal °
95| @4 Lattices WB  1ppyc peyp 110 (2024) 3, 036018] \ °},
A Lattice: HotQCD °e
OO 200 400 600 800 1000 .'..
Hadronic Phase 115 [MeV]
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Gao, Pawlowski [Phys.Lett.B820(2021) 136584]
Gunkel, Fischer [Phys.Rev.D 104 (2021) 5, 054022]

Low densities: Bellwied et al. (WB) [Phys.Lett.B 751 (2015) 559-564]
Bazavov et al. (HotQCD) [Phys.Lett.B 795 (2019) 15-21]
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High-density QCD: some relevant channels and physics

Quark-Gluon Plasma
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Pawlowski, Rennecke, Sattler, [Eur. Phys. J. Spec. Top. (2026)]

Fu, Pawlowski, Rennecke [Phys. Rev. D 101 (2020), 054032]
Gao, Pawlowski [Phys.Lett.B820(2021) 136584]
Gunkel, Fischer [Phys.Rev.D 104 (2021) 5, 054022]

Bellwied et al. (WB) [Phys.Lett.B 751 (2015) 559-564]
Bazavov et al. (HotQCD) [Phys.Lett.B 795 (2019) 15-21]

(qq) () ~ const

(homogeneous condensation)

<(QQ)(QQ)>(0, m) ~ Sin(q . w) e—x2/mi
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High-density QCD: some relevant channels and physics

Quark-Gluon Plasma
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Inhomogeneities in QCD

Around/At the CEP:

Spatial modulations,
Inhomogeneous phases
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Truncation

FEETTUGRA000 “x
Glue sector @n00000
e ->-- )*'
Quark-gluon | _, o ,
sector Ny=2+1

Matter sector
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Matter sector

Truncation
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: Apparent convergence
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[arXiv:2408.08413]
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N Truncation
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Apparent convergence
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Dynamical hadronisation

= +
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Fu, Huang, Pawlowski, Tan, Zhou
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Dynamical hadronisation

X5l X

(Resonant)

Fu, Huang, Pawlowski, Tan
[SciPost Phys. 14 (2023) 4, 069]
Fu, Huang, Pawlowski, Tan, Zhou
[Phys.Rev.D 112 (2025) 5, 054047]

Full momentum dependence
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Dynamical hadronisation
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TensorBases
Mathematica package

[J. Braun, J. Pawlowski, A. Geilel, FRS,
N. Wink, Annals Phys. 484 (2026)]

Inhomogeneities in QCD

In[2]:=

out[2]=

out[3]=

out[4]=

* Automatically derived * Library of tensor bases,
projectors extendable by everyone

Needs["TensorBases'"]

TBGetProjector["transAqbq", 1, {pl, mu, a}, {p2, d2, A2, F2}, {p3, d3, A3, F3}]
TBGetInnerProduct["transAqbg"] [TBGetPrajector, 1, TBGetBasisElement, 1] // FormTrace // Simplify
TBGetInnerProduct["transAqbg"] [TBGetProjector, 1, TBGetBasisElement, 8] // FormTrace // Simplify

ok
——————ideltaFundFlav[F2, F3] gamma[nu$20834, d2, d3] TCol[a, A2, A3] transProj[pl, mu, nu$20834]
6Nf - 6 Nc? Nf
i 4
[0}
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TensorBases
Mathematica package

[J. Braun, J. Pawlowski, A. Geilel, FRS,
N. Wink, Annals Phys. 484 (2026)]

DiFfRG
framework

[FRS, J. Pawlowski, Comput.Phys.Commun. 327 (2026)]

Inhomogeneities in QCD

In[2]:=

out[2]=

out[3]=

out[4]=

* Automatically derived * Library of tensor bases,
projectors extendable by everyone

Needs["TensorBases'"]

TBGetProjector["transAqbq", 1, {pl, mu, a}, {p2, d2, A2, F2}, {p3, d3, A3, F3}]

TBGetInnerProduct["transAqbg"] [TBGetPrajector, 1, TBGetBasisElement, 1] // FormTrace // Simplify

TBGetInnerProduct["transAqbg"] [TBGetProjector, 1, TBGetBasisElement, 8] // FormTrace // Simplify
ok

721‘1deltaFundFlav[F2, F3] gamma[nu$20834, d2, d3] TCol[a, A2, A3] transProj[pl, mu, nu$20834]
6Nf - 6Nc*Nf

1

[¢]

Vertex and/or derivative expansions of fRG systems
Hydrodynamic methods for full field dependences (FE/FV)
Full momentum dependences, numerical Matsubara sums
Performance portable: (many) GPUs, CPUs accelerated

Franz R. Sattler



TensorBases
Mathematica package

[J. Braun, J. Pawlowski, A. Geilel, FRS,
N. Wink, Annals Phys. 484 (2026)]

DiFfRG
framework

[FRS, J. Pawlowski, Comput.Phys.Commun. 327 (2026)]

FunKit

[FRS, 2605.28935]

Inhomogeneities in QCD

* Automatically derived
projectors

* Library of tensor bases,
extendable by everyone

Needs["TensorBases "]

In[z]:= TBGetProjector["transAqbq", 1, {pl, mu, a}, {p2, d2, A2, F2}, (p3, d3, A3, F3}]
TBGetInnerProduct["transAqbg"] [TBGetPrajector, 1, TBGetBasisElement, 1] // FormTrace // Simplify
TBGetInnerProduct["transAqbg"] [TBGetProjector, 1, TBGetBasisElement, 8] // FormTrace // Simplify

ok

out[2]= 721‘1deltaFundFlav[F2, F3] gamma[nu$20834, d2, d3] TCol[a, A2, A3] transProj[pl, mu, nu$20834]
6Nf - 6Nc*Nf

out[3]= 1

out[d]= @

— Vertex and/or derivative expansions of fRG systems

— Hydrodynamic methods for full field dependences (FE/FV)
— Full momentum dependences, numerical Matsubara sums
— Performance portable: (many) GPUs, CPUs accelerated

In[16]:= fFRGAA = FTakeDerivatives ['lr.letter'icthuat'ion, {A['il] a A['iz] }] // FTruncate // FPlot // FRoute // FPrint;

i1

° ’o\ . ®
=1 = e =1 et
i2 i1 s \\l e i2 ""-\‘ il *i 2)
°

i2

] GA".~\"(7111 "1) r.-im,if_{”{ph'!l — P, *Il)(;A'A( Ul — P — Il) T an a9 ac (*Ph -’1-}’11 = 11) GAuqule 7f1) a!RA'A” (711- ll)

i
- f (—Gealll?, ~U") Tamzeca(pr, 7 = p1, =14") Geeae (17 = p1, o1 = ) Catnasee (—p1, 87, 1 = 1) G (17, —10) B0 R o (10, —17) )
1

[ (FCan ) C s~ = ) Goer s — 10,1 — 22) Psvor (-a o — 17,1%) Gones (1. ORen (1. 1))

[i5

1 = ; e
+ j (—; G o qe(l, —=1) T o peae(—p1.prs =l ) Gacas (=, 1) Qe Rae aa (hy, —11])
1y <
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* Automatically derived * Library of tensor bases,

TensorBases projectors extendable by everyone

Mathematica paCkage Needs["TensorBases' "]

[J. Braun, J. Pawlowski, A. Geilel, FRS,
N. Wink, Annals Phys. 484 (2026)]

In[z]:= TBGetProjector["transAqbq", 1, {pl, mu, a}, {p2, d2, A2, F2}, (p3, d3, A3, F3}]
TBGetInnerProduct["transAqbg"] [TBGetPrajector, 1, TBGetBasisElement, 1] // FormTrace // Simplify
TBGetInnerProduct["transAqbg"] [TBGetProjector, 1, TBGetBasisElement, 8] // FormTrace // Simplify

ok

out[2]= 721‘1deltaFundFlav[F2, F3] gamma[nu$20834, d2, d3] TCol[a, A2, A3] transProj[pl, mu, nu$20834]
6Nf - 6Nc*Nf

out[3]= 1

Open Source, see github.com/satfra

DiFfRG — Vertex and/or derivative expansions of fRG systems
— Hydrodynamic methods for full field dependences (FE/FV)
framework — Full momentum dependences, numerical Matsubara sums
735, o [FERIETEh (GRS AT G, 27 (e — Performance portable: (many) GPUs, CPUs accelerated

In[16]:= fFRGAA = FTakeDerivatives ['lr.letter'icthuat'ion, {A['il] a A['iz] }] // FTruncate // FPlot // FRoute // FPrint;
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Tpe= 156.0 + 0.4MeV
1.0 , ,

Lattice data from T[MeV]
Borsanyi et al (Wuppertal-Budapest), JHEP 09, 073 (2010)
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Tpe= 156.0 + 0.4MeV
1.0 . .

T2 =155 — 158MeV

We have control over Partial systematic error estimate from
. Gauge _con5|stency * Regu l®ator variation Lattice data from T[MeV]
e UV-limit * LEGO Borsanyi et al (Wuppertal-Budapest), JHEP 09, 073 (2010)
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2 4 6

UB UB “B
T=T l—k|=— ] + Xl =—]| +X3|=—]| +...
o b 78 Tpe

200

180
‘ this work ‘ lattice [52] ‘ lattice [364] ‘ lattice [54] ‘ RG [42] ‘ DSE [57]

o EE KX
__________ N < K ‘ 0.0160(21) ‘ 0.015(4) ‘ 0.0144(26) ‘ 0.0153(18) ‘ 0.0142(2) ‘ 0.0147(5)

[52] A. Bazavov et al, Phys. Lett. B795 (2019)

[364] Bonati et al, Phys. Rev. D98.5 (2018) 054510

[54] Borsanyi, et al, Phys. Rev. Lett. 125.5 (2020) 052001

[42] Fu, Jan M. Pawlowski, and Fabian Rennecke Phys. Rev. D 101.5 (2020), 054032
[57] Gao, Pawlowski Phys. Lett. B 820 (Oct. 2021), 136584
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We have control over Partial systematic error estimate from
. Gauge .Con5|stency . Regulftor variation Lattice data from T[MeV]
e UV-limit * LEGO

Borsanyi et al (Wuppertal-Budapest), JHEP 09, 073 (2010)
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Moat Regime

T T T T T T T b I #
180 L |[—— T=110Mev |
200 = T'=115MeV g =630 MeV
= ——— T=120MeV
5 1001 | —— r=15Mev 7
180 =3 —_— T=130MeV
@ 140 »7
() -S— :{-g‘\ 120 Nunney Castle, England
e %b e.g. bilayer graphene, see McCann, Koshino,
§ 140 Reports on Progress in physics 76.5 (2013): 056503
: Crossover line 100
120 B2 7 moat y (@q)(x) ~ const
i o moat /' 80 1 1 i 1 1 | 1
/ 0 50 100 150 200 250 300 350 400
| ==+ fRG:Fuetal. H
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)] ————— Fu, Pawlowski, Pisarski, Rennecke, Wen, Yin () (7g))(0, ) ~ sin(q - ) e /™3
0 Lattice: HotQCD [Phys.Rev.D 111 (2025) 9, 094026]
'/I 1 1
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Deeper moat

Stable?
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200
180
160 b
% 140 | == Crossover line
Z. 7 moat
& 120 k o moat X
I |nhomogeneous instabili.;y'.
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First calculation with fully
self-consistent moat regime!

Inhomogeneities in QCD
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450
400
350
300
250
200
150

100
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The moat and inhomogeneous condensation

Moat Regime

Nunney Castle, England
e.g. bilayer graphene, see McCann, Koshino,
Reports on Progress in physics 76.5 (2013): 056503

{qq)(x) ~ const

(homogeneous condensation)

<(qCI)(Qq)>(0, w) ~ Sin(q . 33) e—a;Q/mi

Deeper moat

Stable?
Inhomogeneous

Instability

(q9)(x) ~ sin(q - x) (777)

Franz R. Sattler



Moat Regime
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Dilepton production
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Thermal precondensation in gauge-fermion theories

Pastor-Gutiérrez, Pawlowski, Sattler arXiv: 2602.11265 [hep-ph]

What is precondensation?

Condensate exists only on certain length-scales,
often close to a 2" order PT
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Thermal precondensation in gauge-fermion theories

Pastor-Gutiérrez, Pawlowski, Sattler arXiv: 2602.11265 [hep-ph]

What is precondensation?

Condensate exists only on certain length-scales,
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often close to a 2" order PT
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Previously discussed, e.g. in

* Cold atoms: BCE-BCS crossover Boettcher, Pawlowski, Diehl [1204.4394]
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* Condensed matter: Dirac semi-metals Tolosa-Simedn, Classen, Scherer [2503.04911]
* Gauge-fermion: diquark condensate in 2-colour QCD khan, Pawlowski, Rennecke, Scherer [1512.03673]
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Thermal precondensation in gauge-fermion theories

Pastor-Gutiérrez, Pawlowski, Sattler arXiv: 2602.11265 [hep-ph]
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often close to a 2" order PT
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Thermal precondensation in gauge-fermion theories
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* Gauge-fermion: diquark condensate in 2-colour QCD khan, Pawlowski, Rennecke, Scherer [1512.03673]
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Existence of the CEP?
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Thermal precondensation in gauge-fermion theories

Pastor-Gutiérrez, Pawlowski, Sattler arXiv: 2602.11265 [hep-ph]

What is precondensation?

Condensate exists only on certain length-scales,
often close to a 2" order PT

Previously discussed, e.g. in

* Cold atoms: BCE-BCS crossover Boettcher, Pawlowski, Diehl [1204.4394]

* Condensed matter: Dirac semi-metals Tolosa-Simedn, Classen, Scherer [2503.04911]

* Gauge-fermion: diquark condensate in 2-colour QCD khan, Pawlowski, Rennecke, Scherer [1512.03673]

* Chiral QCD with Ny = 2,3, 4
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Overview with recent strangeness-neutral fRG results
(from Fu, Huang, Pawlowski, Rennecke, Wen 2603.13455 [hep-ph])
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High-density QCD: some relevant channels and physics

Quark-Gluon Plasma
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High-density QCD: some relevant channels and physics
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High-density QCD: some relevant channels and physics
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High-density QCD: some relevant channels and physics

Quark-Gluon Plasma
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QCD from the fRG perspective
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Macroscopic order o5 = lim V2 /dsf d’y (6(z)a(y))
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. 3 3 A A
Macroscopic order o5 = lim V2 /d rd’y (6(x)o(y))

Local order (x;7) = Vi /dS?J (o(z)a(y)) 0 (7“2 — (x — y)2)
fO’ ‘
orecondensation (m; T) . # 0, i
Condens?etr?gci?]_as Zi:liéz range of %\\\\\\\\\\\\\\ “ -
\O’
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Macroscopic order

Local order 0o (CB; 7“) -

Precondensation 2/ N
00 (ma T) = 4
Condensate on a finite range of

length-scales

%&\\\\\\\\\\\\\\\ ‘\ ——

fRG N

Inhomogeneities in QCD Precondensation Franz R. Sattler




Z|J] = /[Dso]e—s[@Hfdde(w)w(w)

Inhomogeneities in QCD A brief introduction to the functional RG Franz R. Sattler



Wilsonian approach:

Integrate out momentum shells d
_ —Slel+ ) d%xJ(x)p(x)
Z[J] = [ [DyleSl¥lHS
Ll¢] Sl¢]

k—0 % k=A
k-ok k

IR uv
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Wilsonian approach:

Integrate out momentum shells

Z|J] = [Dgp]ke_s[‘pr d%xJ(z)p(x)

['[¢] Ll¢] Sle]

k—0 % k=A
k-ok k

IR uv
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Wilsonian approach:

Integrate out momentum shells

['[¢] Ll¢] Sle]

k—0 % k=A
k-ok k

IR uv

Introduce mass-like
Regulator

Inhomogeneities in QCD

2] = / Dl Sl daT @)

[D(,O]k — [Dg@]ren 6_% fddeO(CC)Rk(:C)(p(gj)

A brief introduction to the functional RG
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Wilsonian approach:

Integrate out momentum shells

ZilJ] = [ [Dp)pe Sl d?zJ(z)p ()

['[¢] Ll¢] Sle]

k—0 % k=A
k-ok k

IR uv

Introduce mass-like [D(’O:Ik _ [D@]ren 6—% fdd;ccp(.ic)Rk (CC)(,O(.CIZ)

Regulator

We can now take derivatives

with respect to k
Obtain differential equation! ZAUV [J] — Z[J]
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Wilsonian approach:

Integrate out momentum shells

Z|J] = [Dgp]ke_s[‘pr d%xJ(z)p(x)

['[¢] Ll¢] Sle]

k—0 % k=A
k-ok k

IR uv

Simplify the notation a bit: J,p% := / Ji(z)o" ()

x

Introduce mass-like [D(’O:Ik _ [D@]ren 6—% fdd;ccp(.ic)Rk (CC)(,O(.CIZ)

Regulator

We can now take derivatives

with respect to k
Obtain differential equation! ZAUV [J] — Z[J]
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Wilsonian approach:

Integrate out momentum shells

['[¢] Ll¢] Sle]

k—0 % k=A
k-ok k

IR uv

. 1 _a b
Introduce mass-like — 5@ Rk b
_ 2 y @
Regulator [DSO]]@ - [D(.O] remn €
We can now take derivatives
with respect to k
Obtain differential equation! ZAUV [J] — Z[J]

Inhomogeneities in QCD A brief introduction to the functional RG

Franz R. Sattler
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Schwinger functional

Connected diagrams N -+ N/ —+ ...
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Wi |J| = log Z|J]

Connected diagrams — | |
/ \Con _ /\ e o o

Schwinger functional

1
Polchinski equation k@ka [(I)] — 5 (G%b —+ (I)a’(I)b) ]CakRk,ab
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Wi[J| = log Z|J]|

Schwinger functional

Connected diagrams > < — (\ -+ >< -+ ...
° ° ° 1
Polchinski equation koL W, [(I)] = 5 (G%b 4 (I)G’(I)b lfakRk,ab
1 1
_— —e— — ——5—0—4-1—0——4—
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Wi[J| = log Z|J]|

Schwinger functional

onnected diagrams N N/
C ted diag K = __—|—/\—|—...
L . 1
Polchinski equation kaka [(I)] — 5 (G%b _I_ (I)a,(I)b ka/@Rk,ab
= @ — ——%—O——F%—O———F...
e = T v
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Wi|J] = log Zy|J]

Schwinger functional

Connected diagrams > < — (\ + >< + ...
C . 1 ab afb
Polchinski equation kaka [(I)] — 5 (Gk + P ka/@Rk,ab
e - 1O 1.0QQ
® ¢ ={p)w o N 2 3 "
: . 1 Q)
' S S L
1PI effective action I’k[(I)] :maX(Ja o — W[J]) _ %(I)aRkvab(I)b
(Gibbs Free Energy) y

1PI diagrams

Franz R. Sattler
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Schwinger functional

Connected diagrams

Polchinski equation

&

8

2 £
%‘I’—@)W
>

(ﬁ.

1PI effective action
(Gibbs Free Energy)

1PI diagrams
Wetterich equation

Wetterich [Phys.Lett.B 301 (1993) 90-94]

Inhomogeneities in QCD

Wi |J| = log Z|J]

Y < W
L)

1
kO Wi [®] = (ng + OB ) k) Ry, ap

SRR OROEEEE

1
4

AUV

1
8trk[(1)] — §GabatRk,a,b t:1n< k )

A brief introduction to the functional RG Franz R. Sattler



Flow of 1PI effective
action .
(Gibbs free energy): ;
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Flow of 1PI effective
action
(Gibbs free energy):

'

Infinite tower of

functional equations

Inhomogeneities in QCD

al'l¢] =

T[] = -

aTP[p] =
aTP] =

I V(g] =

1
_ b
=
1 Ry R
2 \\‘ ,'l
N
—TI‘ Gk 3;Rk
1
ETI‘ FS) (Gk O:Ry, Gk) .
STr|0Y = 2T G T | (G 0iRe G )
ST T - 6TV G T + 6T G T G T | (G iR G
. ST =8 G — 6 G + 181 Gu I Gi Iy

+ 12T G T G T - 24 G T G T Gi T - Gi T | (G 9,Ri G )

Franz R. Sattler



Flow of 1PI effective
action
(Gibbs free energy):

'

Infinite tower of

functional equations

Inhomogeneities in QCD

1
5’tFk[ ] §G atRk ,ab
g ‘®. Ss N
1 N 1; N 1
2 2 \\‘ ’ll
~ .~ (_ _-
ar(¢] = —Ter ;R Quantum Equation §T°
| of Motion (EoM) 56
alr(l)[é] — ETI‘ FS) (Gk O Ry Gk) .
a!r(Z) [¢] [r(4) 2 1-'(3) Gk r(3)] (Gk ang Gk)
AT = - 1[I0 610 Gr) + 670 6T G| Gk i),
OLIG] = - LTrO 81 6,1 - 610 G 4 181 6,10 G

+ 12T G T G T - 24 G T G T Gi T - Gi T | (G 9,Ri G )

EoM

Franz R. Sattler



Flow of 1PI effective
action
(Gibbs free energy):

'

Infinite tower of

functional equations

'

Choice of truncation

Inhomogeneities in QCD

1
5’tFk[ ] §G atRk ,ab
g ‘®. Ss N
1 N 1; N 1
2 2 \\‘ ’ll
~ .~ (_ _-
ar(¢] = —Ter ;R Quantum Equation §T°
| of Motion (EoM) 56
alr(l)[é] — ETI‘ FS) (Gk O Ry Gk) .
a!r(Z) [¢] [r(4) 2 1-'(3) Gk r(3)] (Gk ang Gk)
AT = - 1[I0 610 Gr) + 670 6T G| Gk i),
OLIG] = - LTrO 81 6,1 - 610 G 4 181 6,10 G

+ 12T G T G T - 24 G T G T Gi T - Gi T | (G 9,Ri G )

EoM

Franz R. Sattler



1
Wetterich 0’y = §GabatRk,ab
equation
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1
Wetterich 0’y = §GabatRk,ab
equation

flowing field reparametrization

& = O[]
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Wetterich
equation

Generalized
Flow equation

Gies, Wetterich [Phys.Rev. D 65 (2002), 065001]
Pawlowski [Annals Phys. 322 (2007) 2831-2915]

Inhomogeneities in QCD

1
Oy = §Gab8tRk,ab

flowing field reparametrization

d = O[P]
\ 4
) 1 ik
((‘% + @&@) Fk — §Gac 5281; + 2@ Rk,ab
A brief introduction to the functional RG Franz R. Sattler



TensorBases

Mathematica package

With J. Braun,
J. Pawlowski, A. GeifSel,
N. Wink

FunKit
Mathematica package

DiFfRG framework
C++ library

Inhomogeneities in QCD

* Library of tensor bases, extendable by everyone
* Automatically derived projectors

In24]= fRGAA = TakeDerivatives[WetterichEquation, {A[i1], A[i2]}] // FTruncate // FSimplify[#, "Symmetries" » symmetryP2] & // FPlot // FRoute // FPrint;
traceExprAA = F[TBGetProjector ["AA", 1, {i1, i2} /. fRGAA["1-Loop"]["ExternalIndices"]], (fRGAA["1-Loop"]["Expression"] /. MakeDiagrammaticRules[])]
FlowAA =FormTrace[traceExprAA] // dressingRules // FORMSimplify // PropParam;

MakeCppFunction [FLowAA ["1-Loop"], "Name" » "FlowAA", "Parameters" » {"11", "p", "cos", "gS", "ZA", "Zc", "ZA3", "ZccbA"}]

®
L
®
R
2
2 ‘\ I/ o .
®
/(—2(/4-\(“(/1.—’1) Pavzapm(l,pr =l =p1) Geaa (b = propr = ) Tesgnan (b = prs =l 1) Gang (b =) O Rz (1, = 1))
I
+ /('v‘-\“‘\“(’ll-ll) Lacavam(l 4 pry =l =p1) Gacar(=l = pry o+ pr) Tasacan (B, =l = prop1) Gasp (=0, h) O Rpas (=l 1)
()
1 p
i /(’5(".1\".1\"(’“',L)F.r\*.nl"ﬂ'.r\\(,lv7’1-’]71vl'1)G.r\‘.ﬂ\’(’llv’l)()tR.‘l’A‘(fll‘/l))
Jy

out27]= auto FlowAA (const auto &11, const auto &p, const auto &cos, const auto &gS, const auto &ZA, const auto &Zc,
const auto &ZA3, const auto &ZccbA)
{
return -4. «
dtZA (pow (1 powr <6 k 0.16666666666666666667

* Code generation for large fRG systems
* Hydrodynamic methods for full field dependences
* GPU accelerated

Our code is open Source, see github.com/satfra

Franz R. Sattler



Gauge consistency

Slavnov-Taylor Identities (STIs) encode the gauge consistency in a gauge-fixed setting.
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Gauge consistency

Slavnov-Taylor Identities (STIs) encode the gauge consistency in a gauge-fixed setting.

In terms of BRST transformations sAf, = Dzbcb, sq = —gc™t®q, sc* = —gfabccbcc, sc® = —F[A].

/(JA-sA—JC-sc—JC-56>:O.
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Gauge consistency

Slavnov-Taylor Identities (STIs) encode the gauge consistency in a gauge-fixed setting.

In terms of BRST transformations sAf, = Dzbcb, sq = —gc™t®q, sc* = —gfabccbcc, sc® = —F[A].

/(JA-sA—JC-sc—JC-56>:O.

Adding a regulator leads to modifications at k > 0.

1
/(JA §A — J.-sc— Jz-s¢) = 5(5(1)“}%@1,(1)”) :
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Gauge consistency

Slavnov-Taylor Identities (STIs) encode the gauge consistency in a gauge-fixed setting.

In terms of BRST transformations sAf, = Dzbcb, sq = —gc™t®q, sc* = —gfabccbcc, sc® = —F[A].

/(JA-sA—JC-sc—JC-56>:O.

Adding a regulator leads to modifications at k > 0.

1
/(JA §A — J.-sc— Jz-s¢) = 5(5(1)“}%@1,(1)”) :

In the perturbative regime, the STIs lead at k=0 to

qqA(P) = Ceea (D) = a3 (P) = aas (D).
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Gauge consistency o T T
QggA
20 T Og5A T
Non-perturbative — g3
]..5' = Oyt T
1.OF 1
Perturbati
0.5k ve
o 101 10° 10
In the perturbative regime, the STIs lead at k=0 to k [GGV]

qqA(P) = Ceea (D) = a3 (P) = aas (D).
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Gauge conSIstency 2'5 1 1 LI IIII 1 1 1 LIL III| 1 1 1 LI IIII
QggA
. . = c— (Xes
We make sure to fulfil perturbative STIs, 2.0 : =
, Non-perturbative R
which already leads to excellent results A
for the full STIs, see e.g. L3 — o
Bonini, D'Attanasio, Marchesini, Nucl.Phys.B 437 (1995) 163-186
Bonini, D'Attanasio, Marchesini, Phys.Lett.B 346 (1995) 87-93
Ellwanger, Hirsch, Weber, Z.Phys.C 69 (1996) 687-698, 1 0 i |
I.:.i.slélr.mer, Maas, Pawlowski, Annals Phys. 324 (2009) 2408-2437 - .
Cyrol, Fister, Mitter, Pawlowski, Strodthoff, Phys.Rev.D 94 (2016) 5, 054005 Perturbati
Pawlowski, Schneider, Wink, arXiv:2202.11123 [hep-th]
ve
0.5F
Particularily important: Gauge-
consistency of the quark-propagator 0.0 S — —
With Kockler, Pawlowski : 10—1 100 101
In the perturbative regime, the STIs lead at k=0 to k [GGV]

QggA(D) = Qeza(p) = aus(p) = a4 (D) -

Inhomogeneities in QCD Systematic checks: Gauge consistency Franz R. Sattler



Do we depend on the UV cutoff?
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2.0

Do we depend on the UV cutoff?

1.5
i~
S 1.0 .
0.5 AUV = 25GeV .
AUV =20 GeV
S— AUV = 15GeV
MR R R | ) MR SRR |
10° 10
k [GeV]
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2.0

1.5

0.5

AUV = 25GeV
AUV =20 GeV
— AUV = 15GeV

e
k [GeV]

20.0 T T T
175} 4
15.0F 4
125
< 100
7o .
50k AUV = 25GeV 1
’ AUV =20 GeV
25— AUV = 15GeV 1
i “Jor
k[GeV]

end on the UV cutoff?

* Start of rebosonisation does
not influence matter:
fixed Point

Inhomogeneities in QCD

Systematic checks: Intial scale

Franz R. Sattler



2.0

1.5

0.5 AUV = 25GeV .
AUV =20 GeV
S— AUV = 15GeV
1 R | L Ll
10° 10
k [GeV]
o " -y
AUV = 20GeV
AUV = 15GeV ]

04F

mg [GeV]

k[GeV]

10°

Do we depend on the UV cutoff?

20.0 — T T T
17.5F i
150k | * Start of rebosonisation does
izl i not influence matter:
SR fixed Point
75F .
50k AUV = 25GeV i
’ AUVZZOGQV
25— AUV:15GGV 1
ST i
k[GeV]
102: T L R L | T
E0.140
* Low-energy quantities: ol :J
e e E 0.138
Error due to initial cutoff - a
~ 1MeV =, [ 0.136
g 1005- e
- AUv:25G€V :
10*1 E AUV =20 GeV E
f e AUV:].E)GGV;
102 T T T T e T

k [GeV]

Inhomogeneities in QCD

Systematic checks:

Intial scale

Franz R. Sattler



Grossi, Wink [SciPost Phys.Core 6 (2023) 071]
Koenigstein, Steil, Wink, Grossi, Braun

[Rev.D 106 (2022) 6, 065012]

lhssen, Sattler, Wink

[Phys.Rev.D 107 (2023) 11, 114009]

lhssen, Pawlowski, Sattler, Wink
[Comput.Phys.Commun. 300 (2024) 109182]
lhssen, Pawlowski, Sattler, Wink

[Phys.Rev.D 111 (2025) 3, 036030]

* Flow equation does not
depend on lower n-point
functions

Inhomogeneities in QCD

Hydrodynamic approach to fRG

kORI = Flow[l®), ... T(n+2)]

Hydrodynamic approach to fRG
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Grossi, Wink [SciPost Phys.Core 6 (2023) 071]
Koenigstein, Steil, Wink, Grossi, Braun

[Rev.D 106 (2022) 6, 065012]

lhssen, Sattler, Wink

[Phys.Rev.D 107 (2023) 11, 114009]

lhssen, Pawlowski, Sattler, Wink
[Comput.Phys.Commun. 300 (2024) 109182]
lhssen, Pawlowski, Sattler, Wink

[Phys.Rev.D 111 (2025) 3, 036030]

* Flow equation does not
depend on lower n-point
functions

* Full information contained
in curvature mass of pion

Inhomogeneities in QCD

Hydrodynamic approach to fRG

kORI = Flow[l®), ... T(n+2)]

U(IO) — ap‘/eff(p) — m72r,curv

6(0) Vesr(p) ~ T[] ,_,

Hydrodynamic approach to fRG Franz R. Sattler



Grossi, Wink [SciPost Phys.Core 6 (2023) 071]
Koenigstein, Steil, Wink, Grossi, Braun

[Rev.D 106 (2022) 6, 065012]

lhssen, Sattler, Wink

[Phys.Rev.D 107 (2023) 11, 114009]

lhssen, Pawlowski, Sattler, Wink
[Comput.Phys.Commun. 300 (2024) 109182]
lhssen, Pawlowski, Sattler, Wink

[Phys.Rev.D 111 (2025) 3, 036030]

* Flow equation does not
depend on lower n-point
functions

Full information contained
in curvature mass of pion

Convection-Diffusion
equation with
sources(sinks)

Inhomogeneities in QCD

Hydrodynamic approach to fRG

kORI = Flow[l®), ... T(n+2)]

2
U(IO) — ap‘/eff(p) — m72r,curv

5@(0) Vast(p) ~ T(@)

p=0

kOku(p) = 0pFr(u, Opu, p)

Hydrodynamic approach to fRG

Franz R. Sattler



« Ground state is at u(P ) (Curvature mass)
minimum of V' (p)
equivalently,
atu(p) = 0.

N

Ground state p= 2

(S_F - 0 u(p) = apv(p) = m?r,curv(p)
Inhomogeneities in QCD 0P lEoM Franz R. Sattler



« Ground state is at u(P ) (Curvature mass)
minimum of V' (p)
equivalently,
atu(p) = 0.

N

* Quarks act as sinks.

Ground state p= 2

(S_F - 0 u(p) = apv(p) = m?r,curv(p)
Inhomogeneities in QCD 0P lEoM Franz R. Sattler



« Ground state is at u(P ) (Curvature mass)
minimum of V' (p)
equivalently,
atu(p) = 0.

N

* Quarks act as sinks.

* Mesons introduce
advection and
diffusion.

Ground state p= 2

(S_F - 0 u(p) = apv(p) = m?r,curv(p)
Inhomogeneities in QCD 0P lEoM Franz R. Sattler



* First-order transitions

0.08 T 1 1 T 1
—— k=027 GeV
—— k=0.25 GeV
0.063 —— k=022 GeV )
— — k=018 GeV
= 0.04F
2,
=
= 0.02}
0.00 \

1 1 1 1 1
0.0000  0.0005 0.0010 0.0015 0.0020 0.0025  0.0030
p[GeV?]

Inhomogeneities in QCD Hydrodynamic approach to fRG Franz R. Sattler



* Possible generation of

hocks in 1) * Nonanalytic features of u(p)

? : N 0.6 —— ky =650 MeV | // ————————
RERA i, g kg = 320 MeV
E ’.".......Qll‘.l...t.t.'.....".:. k@ = 200 MeV d
8 c o 5 049 —— k, =19 MeV
g —2 o RO L ¢~ | /
2 o e v
0 4 .ta.t.t.ttt'..t.t....'..'. e ] .L_D. /
g oe '.O. w0 7777777
£ -6f |®@k=1306MeV | oo o eeess® e ] S e
5 © k=106.0MeV| °, " o i
— _8 * OOO
o ® k=913 MeV 000000006000000°° N ‘ —_—
X ” . T H ’
N -10 ® k=71.0 MeV '“... .' ] o) !
- 9 k=367 MeV o 0 2|0 4i0 | 6i0 8i0 100 120
“Hooo o001 0002 0003 0004 0005 * First-order transitions > [MeV]
Field value p 0.08
Grossi, lhssen, Pawlowski, Wink k=0.27 GeV Ihssen, Pawlowski, Sattler, Wink

[Phys.Rev.D 111 (2025) 3, 036030]

[Phys.Rev.D 104 (2021) 1, 016028] —_— k=0.25 GeV
Koenigstein, Steil, Wink, Grossi, Braun 0.06 F . -
[Rev.D 106 (2022) 6, 065012] — k=022Gev
Koenigstein, Steil = —— k=0.18 GeV
[Phys.Rev.D 106 (2022) 6, 065013] > 0.04+ i
[Phys.Rev.D 106 (2022) 6, 065014] CQD) '

<

= 0.02 .

0.00 \

1 1 1 1 1
0.0000  0.0005 0.0010 0.0015 0.0020 0.0025  0.0030
p[GeV?]

Inhomogeneities in QCD Hydrodynamic approach to fRG Franz R. Sattler




10° « Pion mass squared m,2

* Possible generation of :
> 8 * Nonanalytic features of u(p)
shocks in u(p) o - /
2 : - * Quantitative accessto 069 — K, =650 Mev | /]
i, : . L kg = 320 MeV
C g"........lI..l...'...'.....".:. Ch I ral ll m It. ko = 200 MeV f
_2 ‘e o Ihssen, Pawlowski, Sattler, Wink 5 049 — k, =19 MeV v/
. [arXiv:2408.08413 (2024)] > : /
-4 'Qgtt-o-o-n-'..o.ttotc't."' e .L_D.
ae 0.0. 024 A S
6] (@ k=1306MeV | o o eeessss® e g Vg
© k= 106.0 MeV * o i
8@ k=913MeV |  co.tuorsmuneoore®™™ o L
_10 |® k=71.0Mev . )
® k=367 MeV T ——— ;

_1ok , . . . . . - 0 20 40 60 80 100 120

Y000 0001  0.002 0003 0004  0.005 * First-order transitions o [MeV]

Field value p 0.08

Grossi, Ihssen, Pawlowski, Wink — k=027 GeV Ihssen, Pawlowski, Sattler, Wink
[Phys.Rev.D 104 (2021) 1, 016028] — k=095 GeV [Phys.Rev.D 111 (2025) 3, 036030]
Koenigstein, Steil, Wink, Grossi, Braun 0.06 k=022 -

[Rev.D 106 (2022) 6, 065012] — k=022 GeV

Koenigstein, Steil — —— k=0.18 GeV

[Phys.Rev.D 106 (2022) 6, 065013] S 04k -

[Phys.Rev.D 106 (2022) 6, 065014] Che

<
S 0.02F =
0.00 \
0.0000  0.0005 0.0010 0.0015 0.0020 0.0025 0.0030
p[GeV?]

Inhomogeneities in QCD

Hydrodynamic approach to fRG
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10° « Pion mass squared m,2

* Nonanalytic features of u(p)

/

)

* Possible generation of
shocks in u(p) _ -
2 . - * Quantitative accessto 069 — &, =650 Mev
i, : . L kg = 320 MeV
C g.'........l.......'...'........:. Ch I ral ll m It. k@ = 200 MeV
_2 ‘e o’ Ihssen, Pawlowski, Sattler, Wink 5 049 — k, =19 MeV
. [arXiv:2408.08413 (2024)] > :
_4 'Qg-o-o-o-n-'.oo.ttoac't."' L .L_D.
oe ..O. b
6] @ k=1306MeV | oo o eeesss® e g
© k=1060MeV| °, o . FE FV
8@ k=913MeV |  co.tuorsmuneoore®™™ o
-10l |®@ k=71.0 MeV "“ ! Grossi, Wink [SciPost Phys.Core 6 (2023) 071]
LI TTTY 'Y
® k=236.7 MeV fosene . .
_1ok , . . . . . - 0 20 40
000 0001 0002 0003 0004  0.005 * First-order transitions
Field value p 0.08 . . . . .
Grossi, lhssen, Pawlowski, Wink — k=027 GeV
[Phys.Rev.D 104 (2021) 1, 016028] — k=0.25 GeV
Koenigstein, Steil, Wink, Grossi, Braun 0.06 k=022 G -
[Rev.D 106 (2022) 6, 065012] — k=022GeV
Koenigstein, Steil = —— k=0.18 GeV
[Phys.Rev.D 106 (2022) 6, 065013] - i
[Phys.Rev.D 106 (2022) 6, 065014] g
<
S 0.02F =
0.00 \
1 1 1 1 1
0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030
p[GeV?]
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60 30
o [MeV]

100 120

lhssen, Pawlowski, Sattler, Wink
[Phys.Rev.D 111 (2025) 3, 036030]
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Finite element methods for couplings

/1. Put it on a Mesh
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Finite element methods for couplings

/1. Put it on a Mesh

2. Choose basis functions . .
+ sensible time

N . .
N ] = (B0 osraron
ﬁ‘!é Dy = [Phys.Rev.D 107 (2023) 11, 114009]
<l

/ 3. Discretise the PDE
O+ 0. F(u) =0
Y
/m ((atuﬁ)cbn = F(u’,j)axgbn) dz = —/ F* - i ¢, da

oDk

Inhomogeneities in QCD Hydrodynamic approach to fRG Franz R. Sattler



Systematic errors I:
The LEGO®principle

K s5A

T Qg3
6— ....... CVCEA -

(g4
4 -
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Systematic errors I:
The LEGO®principle

sk — i :
— i
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k |GeV]
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Systematic errors I:
The LEGO®principle

10!
Quark-Meson Quark-Gluon
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Systematic errors I:
The LEGO®principle

Quark-Meson
dominance

Quark-Gluon
dominance

1.0
0.8F
=> Systematic error estimates from subsystems; %; )
preliminary estimate 10%. 04k
=> Low-energy effective theories. = 5
02k — quAqb) i
R quas) i
0.0== 101 ' k; |
k [GeV]

Franz R. Sattler
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Systematic errors I:
The LEGO®principle

Separate LEGO® blocks:

* Gluesubsystem  { g0} = {as, a4, Qeeal} Quark-Meson Quark-Gluon
dominance dominance
» Mattersubsystem  { A} = {he(p0), Ap.n(po)} T i e
1.0
» Interface blocks  {Aipter} = {74}
0.8
= Systematic error estimates from subsystems; 5 or
preliminary estimate 10%. 04k
= Low-energy effective theories. = 5
02— Sy
— qud))
0.0 = s
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1

8,T4[®] = =Tr G104 Ri

2

Systematic errors ll:

Regulator dependences

Easy regulator variation thanks to
numerical framework: Observable Value
' ' [ — Ty (frc/fx)x 1.2168"5:9968
—_— c=2b= .
2.0 U —_— =20b=0 | fr.x [MeV] 93.243:7
I ——= flat
L or l a miy [MeV] 311.62077
S
3 1.0} Ms,y [MeV] 446.7793
Bk Mo [MeV] 214.7%53
0L0.x [MeV] 67.1°50
. 0 Ho b 20 2 30 Chiral limit observables
p2/k2

Ihssen, Pawlowski, Sattler, Wink
[arXiv:2408.08413]

Franz R. Sattler
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T ) b2 _=/\
1.00 1.00
% — T =0MeV = — up = 30MeV
g 075' T:lOOMeV- i 0.75F — ,LLB:33OMGV -
g a0 T:15OMGV_ g BT = ,LLB:57OM6V |
"l \ _ r \ _
T  — ——  — —— — SIS WY —— il L1l L1l ] l .
0-00 %02 107! 10° 10t 0.-00=75-2 10~ 10Y 10
? p[GeV] p [GeV]
Momentum Silver Blaze symmetry
dependence of quark

propagator
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Lattice data from Boucaud et al. Lattice data from Ilgenfritz et al
[Phys.Rev.D 98 (2018) 11, 114515]

[Eur. Phys. J. C78.2 (2018), p. 127]
T 1 T T | I T T T 1

- S : T 2.5
2.0
15F
N
~
— 1.0t
05F 17
b 1/Z4jattice
""" ¢ 0.0 == 100
Vv
p[GeV] D [GeV]
Vacuum: fRG and lattice results fit except in Temperature dependence of Gluon propagator
deep infrared (solution branches) fits lattice calculations well.
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