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Gravitational theories  with second-order equations on S[g] = ∫ ddx −g ℒ(Riem, ∇) gμν(x)dxμdxν = qab(y)dyadyb + φ(y)2γij(θ)dθidθ j

 ,     Horndeski theory

,  ,   — iff   ,   [Boyanov & Carballo-Rubio 2025, Carballo-Rubio 2025]

S[g]
g(q,φ)

!= SH[q, φ] = ∫ d2y −q[h2 − h3 □ φ + h4ℛ2D − 2∂χh4[(□φ)2 − ∇a ∇bφ∇a ∇bφ]] χ = ∇aφ∇aφ 2D

α = h2 + χ∂φ(h3 − 2∂φh4) β = χ∂χ(h3 − 2∂φh4) − ∂φh4 ω = ∂χα − ∂φβ ω = 0 → α = ∂φΩ β = ∂χΩ

2

 ℒ(Riem, ∇)

   general quasi-topological gravity (QTG)
[JB & Carballo-Rubio 2026, JB 2026 1]
ω = 0 ⇔ : d ≥ 4

[Mazza 2026]
ω ≠ 0

[Lovelock 1970, Oliva et al 2010, Myers et al 2010, Dehghani et al 2011, Cisterna et al 2017,
Bueno et al 2019–26]

  non-polynomial  QTGs —  generic
[Bueno et al 2025, JB & Carballo-Rubio 2026, JB 2026 1, Colleaux 2026]
⊃ d = 4 ℒ(Riem, ∇) Ω(φ, χ)

Reversely: [JB & Carballo-Rubio 2026, JB 2026 1, Colleaux 2019] 

    :      Generic  Horndeski theories are reduced  gravities. ∀ q, φ ∃ d ≥ 4 S[g] S[g]
g(q,φ)

= SH[q, φ] → 2D d ≥ 4

  polynomial  QTGs incl. Lovelock (only GR in ) — ⊃ d ≥ 5 ℒ(Riem) d = 4 Ω(φ, χ) = φd−1 ∑
n

αn( k − χ
φ2 )

n

,   ,   Rabcd = ℛqa[cqd]b Raibj = − φ∇a ∇bφγij Rijkl = 2φ2(k − χ)γi[kγl] j

{iRiem,∇}
g(q,φ)

⊃ {ℛ,
□ φ
φ

,
[∇a ∇bφ]2

φ2
, ψ =

1 − χ
φ2

, ϕ =
χ

φ2 } ↦ {ℐRiem,∇} ∋ S[g]



Birkhoff theorem for general QTGs  reconstruction of QTG vacuum solutions+

Birkhoff theorem for general QTGs: [Carballo-Rubio 2025, JB & Carballo-Rubio 2026, JB 2026 1]

   — offshell Bianchi identity: 

      ,       e.o.m.:  ,  ,   

General QTGs have  static vacuum solutions with  algebraic equation.

 
Reconstruction of QTG vacuum solutions: [Boyanov & Carballo-Rubio 2025, Carballo-Rubio 2025, JB & Carballo-Rubio 2026, JB 2026 1]

1.          — :  solution to 

2.    — : -dimensional vacuum solution to 

Generic  static spacetimes with mass  are -dimensional vacuum solutions to a general QTG.

ℰμν
g(q,φ)

=
1
−g

δS
δgμν

g(q,φ)
= φ2−d[ 1

−q
δSH

δqab ]δa
μδb

ν −
1

2(d − 2)
φ5−d[ 1

−q
δSH

δφ ]γijδi
μδ j

ν = 0 ∇μℰμν = 0

gμν(x)dxμdxν = − n(t, r)2 f(t, r)dt2 +
dr2

f(t, r)
+ r2dΩ2 → φ(y) = r χ(y) = f(t, r) → ∂t f = 0 ∂rn = 0

d
dr

Ω(r, f(r)) = 0

gttgrr = − 1 Ω(r, f(r)) = 2M

f(r, M) → M(r, f ) → Ω(φ, χ) := 2M(φ, χ) → hi(Ω(φ, χ)) → SH[q, φ] (q, φ) 2D SH[q, φ]

SH[q, φ] → SQTG[g] g d SQTG[g]

gttgrr = − 1 M d

3

Examples of  regular black holes
with , 

d = 4
Ω(r, f ) ∼ r3h(ψ) ψ = (1 − f )/r2
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Application 1 — Unified  black hole thermodynamics from general QTGsgttgrr = − 1

       — identification:   — s.t.  onshell

Realisation of functions  in : [Boyanov & Carballo-Rubio 2025, JB & Carballo-Rubio 2026]

,   ,   

Thermodynamic first law: [JB 2026 2]

,   ,       

First law can be derived for generic  asymptotically flat or AdS (singular or regular) black holes when realised as vacuum 
solutions to a general QTG.

f(r) = k +
r2

ℓ2
−

2M
rd−3

+ ⋯ → MADM =
(d − 2)Σd−2

16πG0
2M Ω(r, f ) := MADM ∂rΩ + ∂f Ωf′￼= 0

hi SH[q, φ]

h2(φ, χ) =
16πG0

(d − 2)Σd−2
∂φΩ(φ, χ) h3(φ, χ) = −

32πG0

(d − 2)Σd−2
∂χΩ(φ, χ) h4(φ, χ) = −

16πG0

(d − 2)Σd−2 ∫ dφ∂χΩ(φ, χ)

M = Ω(r+) T =
f′￼(r+)

4π
= −

1
4π

∂r+
Ω(r+)

∂f Ω(r+)
S = − 2π∮ℋ

dd−2x h[ 1
16πG0

δℒ
δRμνρσ

]ϵμνϵρσ =
(d − 2)Σd−2

4G0
h4(r+) = − 4π∫ dr+∂f Ω(r+) →

δM = TδS

gttgrr = − 1
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Application 2 — Asymptotic formation of inner-extremal regular black holes

Static inner-extremal regular black holes: [Carballo-Rubio et al 2022]

    no mass inflation

Vaidya solutions of 2D Horndeski theories with : [Boyanov & Carballo-Rubio 2025]

    e.o.m.:  ,  ,      

Reversely: Generic  are Vaidya solutions to general QTGs.

Asymptotic gravitational collapse into inner-extremal regular black hole from horizonless compact object: [JB 2026 3]

deformed metric: ,   approximate extremality 

κ− =
1
2

f′￼(M, r)
r−

= 0 →

ω = 0

Tμν =
·M(v)

4πr2
∂μv∂νv ⇔ tab =

·M(v)
8π

∂av∂bv → βn∂v f = 2 ·M ∂rn = 0
d
dr

Ω(r, f(v, r)) = 0 → Ω(r, f(v, r)) = 2M(v)

f(M(v), r)

κ̃− =
1
2

∂r f̃(M(v), r)
r̃−

→ 0 M(v) → ∞
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Application 2 — Asymptotic formation of inner-extremal regular black holes

 ,    ,   

Example: 

f̃(M(v), r) =
(r − 1

3 M(v))3(r − 2M(v))+M(v)4−qLq

r4 − M(v)r3 + 127
54 M(v)2r2 − 19

27 M(v)3r + 2
27 M(v)4+M(v)4−qLq

r̃− = r− +𝒪(M1−q/3) κ̃− ∼ −
CL2q/3

M2q/3+1
+ 𝒪(M−q−1)

q = 4
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[JB 2026 3]



Application 3 — Non-singular cosmologies

FLRW ansatz:

,   ,      —-   here: ,   

equations of motion:  ,  ,  

three qualitatively different non-singular scenarios in UV:

qab(y)dyadyb = − dτ2 + a(τ)2 dr2

1 − kr2
φ(y) = a(τ)r χ = ∇aφ∇aφ = 1 − (k2 + ·a2)r2 k = 0 ψ =

1 − χ
φ2

= (
·a
a )

2

= H2

Ω(φ, χ)φ−(d−1) = h(ψ) =
16πG

(d − 2)(d − 1)
ρ = ϱ ·ρ = − (d − 1)(ρ + p)H p = wρ
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[JB & Magueijo 2026]



[JB & Magueijo 2026]

Application 3 — Non-singular cosmologies
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Summary

1. Generic  Horndeski theories are reduced  gravities  Solving  Horndeski theory  solving -dimensional vacuum gravity.

2. QTGs (a.k.a. gravitational theories whose reduction is a  Horndeski theory satisfying ) have  static vacuum 
solutions with  satisfying  algebraic equation.

3. Any  static spacetime with mass  is (and can be reconstructed explicitly as) a -dimensional gravitational vacuum 
solution.

4. The first law of thermodynamics  can be derived for any  asymptotically flat or adS singular or regular black hole 
when realised as QTG vacuum solution.

5. Generic dynamical  spacetimes of the form   are exact Vaidya solutions of a general QTG.

2D d ≥ 4 → 2D = d

2D ω = 0 gttgrr = − 1
gtt = − f(r) Ω(r, f(r)) = 2M

gttgrr = − 1 M d

δM = TδS gttgrr = − 1

gttgrr = − 1 gtt = f(M(v), r)
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