
Eric OEVERMANN 
Friedrich Schiller University Jena

ERG 2026
02 September 2026

1

Functional Renormalization
of QCD in 1+1 dimensions

Image of Jena: Entdecke-Deutschland.de, 2024

https://entdecke-deutschland.de/bundeslaender/thueringen/jena-willkommen-im-paradies/


Eric OEVERMANN

Contextualization

2

QCD2

QCD

’t Hooft
model

confinement

hadronization

phase
structure

Lund
model

string
theory

adjoint
quarks

quantum
simulation

1+1 dim.

axial gauge

infinite Nc

phenomenology

full
bosonisation

questions

light cone
quantization

pure YM2

For image and rererences see: EO,  Adrian Koenigstein, Stefan Floerchinger, Phys.Rev.D 111 (2025) 

q q̄

q q̄ q q̄

https://doi.org/10.1103/PhysRevD.111.074006


Eric OEVERMANN

Contents

1. Four-fermion interactions from quark-gluon dynamics
QCD in 1+1

Regulator properties

Fierz completness

2. Non-relativistic theory
Access full two-body quark-antiquark bound state and scattering spectrum

3



Eric OEVERMANN

Functional renormalization of QCD in 1+1 dimensions: 
four-fermion interactions from quark-gluon dynamics
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EO, Koenigstein, Floerchinger, Phys.Rev.D 111 (2025) : first FRG paper on QCD in 1+1

https://doi.org/10.1103/PhysRevD.111.074006
https://www.europhysicsnews.org/articles/epn/abs/2019/03/epn2019503p24/epn2019503p24.html
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QCD in 1+1 dimensions
Microscopic action

A. Gauge coupling  of positive energy dimension: super-renormalizable theory
B. No propagating gauge DoF
C. Quarks: 2 components, no spin/angular DoF

Need gauge fixing and IR regularization

g

5

S = ∫ d2x[ψ̄ [γμ (∂μ − i Aμ) + m] ψ +
1

2g2
tr(Fμν Fμν)]
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Fluctuation field gauge variance and background independence are encoded 
in identities that are unmodified by the regulator presence! 
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Technical steps on gauge fixing:

• Background & fluctuation field splitting 

• Gauge fixing term & ghosts

A = Ā + a

Technical steps on regularization:

• Callan-Symanzik type / masslike / 
momentum-independent regulators

• Preserve Osterwalder-Schrader axioms
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Local four-fermion interactions
Truncation of : Fierz complete set of local four-fermion interactionsΓk
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Flow equation can be used to 
determine a Fierz complete basis

1. Write down over complete set of interactions

2. Take 4 functional derivatives of flow eq. 

3. Project the equations / contract indices with 
projectors

4.    Reduce system until it becomes invertible

Mij (k∂kλj) = bi3 interaction terms needed

[procedure similarly decribed in Braun, Geißel, Pawlowski, Sattler and 
Wink (2025) 'Juggling with tensor bases in functional approaches']

https://arxiv.org/abs/2503.05580
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(Some) Results
• Scale at which divergence occurs given by 
• Divergence of four-fermion coupling manifest as soon as non-zero 

(dimensionless couplings)

• Our paper: further discussions, e.g. on large N

gΛ
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[Cresswell-Hogg and Litim (2025) with agreements]
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• Next: resolve momentum dependence of four-fermion vertex, include bound states

https://journals.aps.org/prd/abstract/10.1103/393b-lc5d


Eric OEVERMANN

Non-relativistic QCD in 1+1 dimensions
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EO, Steller, Floerchinger (work in progress)

Example for fully calculable two-body quark-antiquark bound state spectrum via a Hubbard-
Stratonovich transformation
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Non-relativistic action

• Quark field  and anti-quarks  transform under  as

• Independent global  symmetry for quarks and anti-quarks

Time dependent  symmetry: add a potential to temporal derivative

• Galilei invariance of all terms in the action!

χ χ̃ U ∈ SU(N)
χ ↦ U χ , χ̃ ↦ U∗ χ̃

U(1)
U(1)
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S = ∫ℝ2

dt dx [ −
1

4g2
Fz

μν Fμνz + χ†
c i (∂t − iAz

0 Tz)χ +
1

2m
χ†

c (∂x − iAz
1 Tz)2 χ

+χ̃†
c i (∂t − iAz

0 Tz)χ̃ +
1

2m
χ̃†

c (∂x − iAz
1 Tz)2 χ̃]

EoM are type 
Schrödinger eqs. 
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Gauge fixing and IR regularisation

Adding a gluon mass term 

keeps Galilei invariance after gauge fixing

∫ℝ2

dt dx ( −
1

4g2
Fz

μν Fμνz −
m2

gl

2g2
Az

μ Aμz)
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Spatial axial gauge 

Static gluons

No gluon self-
interactions

Az
1 = 0

S = ∫ℝ2

dt dx [ 1
2g2

A0z ∂2
xAz

0 + (χ†Tzχ − χ̃†(Tz)T χ̃) A0z

+χ†
c (i ∂t +

1
2m

∂2
x) χc + χ̃†

c (i ∂t +
1

2m
∂2

x) χ̃c]
Galilei invariance preserved

[c.f. regularization in Goldman, Nefediev and Wagebrunn ’25]

https://link.springer.com/article/10.1140/epjc/s10052-010-1361-z
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Integrate out gauge field
Transition to purely fermionic description
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4

T
a
z =

1

2
(Tz � T

T
z ) = i ImTz =̂T2,5,7 , (30b)

to express eq. (28) as
Z

R3

dt dx dy
h
�G(x� y)

i
(31)
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In this way, we can identify all (anti)quark-(anti)quark
interactions in terms of their irreducible color represent-
ations,

3⌦ 3 = 6� 3 , 3⌦ 3 = 6� 3 , 3⌦ 3 = 1� 8 . (32)

The first term in eq. (31) represents the sextet, the second
one the anti-triplet and so on. One can interpret the
propagator and the prefactors as the effective potential
between the pairs

V (x� y) ⌘

8
>>>><

>>>>:

� 4
9G(x� y), qq singlet,

1
3G(x� y), qq octet,
2
3G(x� y), qq/qq (anti-)sextet,
� 2

3G(x� y), qq/qq (anti-)triplet,

(33)

with G(x � y) given by eq. (27). The singlet and (anti-
)triplet are attractive, while the octet and (anti-)sextet
are repulsive. Going forward we write the prefactors of
the propagator in eq. (33) as SR.

Let us summarize what we achieved. One can illus-
trate e.g. a scattering process of a quark antiquark pair
by Feynman diagrams, see fig. 1. The left Feynman

space

time

� �⇤

�̃ �̃⇤

� �⇤

�̃ �̃⇤

Figure 1. Scattering of a quark-antiquark pair via gluon ex-
change (left) and effective vertex (right).

diagram illustrates a gluon exchange between a quark
and antiquark. By integrating out the gluon field we
obtained the right diagram. Instead of two local quark-
gluon vertices we get one non-local quark vertex that can

be described by a potential between the pair. One could
take a pair with a given color combination at the start, to
obtain all possible results from a gluon exchange without
caring about the explicit form of the gluon.

IV. CHAPTER

This chapter works as a small transition chapter.

• Work out decoupling of n-body sectors;

• Schrödinger propagator with pole in just one half-
plane;

• Equivalence to QM

Having integrated out the gluons, we are left with a
non-locally but instantaneously interacting (Galilei in-
variant) theory of two fields. One can use this as a
starting point for quantum mechanical calculations de-
termining the solutions to the two-particle Schrödinger
equation for fields with a color degree of freedom and
interactions via the potential in eq. (33). Such a study
reveals the bound state degrees of freedom and the con-
tinuous scattering spectrum of the theory. However, we
want to stay in the framework of a field theory and illus-
trate in this concrete example how the connection to the
quantum mechanical Schrödinger equation emerges.

Center of mass and relative coordinates,

xc :=
x+ y

2
, xr := x� y . (34)

Action reads
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,

with, e.g., V1 singlet potential and

(�̃T
�)(t, xc, xr) := �̃

T
c (t, xc � xr/2)�

c(t, xc + xr/2) .
(36)

Use FRG to connect field 
description and two-body 
Schrödinger equation

[Floerchinger ’10]
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two-particle Schrödinger equation in position space can
be split into two independent equations for the relative
and center of mass coordinates,

� 1

'r(xr)

1

2µ

@
2
'r(xr)

@x2
r

+ V (xr) = Er , (60a)

� 1

'c(xc)

1

2M

@
2
'c(xc)

@x2
c

= Ec , (60b)

with E = Er + Ec.

IR regularization and “confinement“

Since the potential vanishes for infinite (anti)quark
separation for the massive gluonic field, we expect to find
continuum solutions to eq. (60a) and bound states for
Er < 0 for an attractive potential, i.e. negative SR. We
anticipate a divergent bound state energy when the mass
mgl approaches zero. Therefore, we continue the discus-
sion below eq. (27) and shift the potential by a constant
that also diverges in the massless limit, but allows us
to recover a linear potential for mgl ! 0. See also the
discussion in ref. [12, sec. 3.4] about the occurring in-
frared divergencies. We implement this shift by simply
replacing V (xr) to be

V (xr) =
SR g

2

2mgl

⇣
1� e�mgl|xr|

⌘ mgl
g !0

�����! SR g
2 |xr|
2

. (61)

This has the consequence that there are no longer states
with negative energy, Er < 0. To excite a bound state of
energy E = Er + Ec, in addition to the center of mass
energy of two (anti)quarks, an extra amount of positive
“binding energy” is required. This can be interpreted as
requiring energy to create an (anti)quark pair from the
vacuum separating the quarks by a finite distance, and
we can understand Er as “creation energy”. Classically,
the potential energy (61) of two (anti)quarks at zero sep-
aration is zero and increases linearly with the separation.
On the other hand, the lower integration limit in eq. (55)
becomes SR g

2
/(2mgl) and the continuum solutions are

removed from the spectrum in the massless limit. Single
(anti)quarks are also removed from the theory because
the U(1) potential V0 in their effective action becomes
infinite. In this way, (geometric) confinement is realized
in the model. We illustrate the potential in fig. 2 for
different gluon mass scales.

continues spectrum

To solve the Schrödinger equation, starting with the
center of mass part, it is immediately clear, that the solu-
tion are a plane waves and without further interest.

The Schrödinger equation for the relative motion is
given by,

� 1

2µ

'
00
r (xr)

'r(xr)
+

SR g
2

2mgl

⇣
1� e�mgl|xr|

⌘
= E . (62)

Figure 2. Original (top) in comparison with the shifted di-
mensionless potential (bottom) for different gluon mass scales.

Introducing dimensionless variables one can rewrite the
Schrödinger equation as,

✏ ' = �'
00 +

1

↵

⇣
1� e�↵|xr|

⌘
' . (63)

with

↵ :=

✓
SR µ

g

◆� 2
3 mgl

SR µ
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g

◆ 2
3 2µ

g2
E . (64)

By using the substitution,

z =
2

↵
3
2

e�
↵
2 xr , '(x) = g(z(xr)) , (65)

for x > 0, the Schrödinger equation reduces to the form
of the Bessel differential equation,

0 = g
00(z) +

1

z
g
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◆
g(z) , (66)

which is solved by Bessel functions of the first kind,

g(z) = AJ⌫(z) +B J�⌫(z) (67)

with

⌫ := i
2

↵

r
✏� 1

↵
. (68)

Note that ⌫ turns real for ✏ < 1/↵, which corresponds
to bound states later on. The solutions in eq. (67)
corresponding to the complex (normalizing) constants
A,B are in general independent. For ⌫ 2 Z however,

[c.f. e.g. Alkhofer and Reinhardt ‘95]

https://link.springer.com/article/10.1140/epjc/s10052-010-1361-z
https://link.springer.com/article/10.1140/epjc/s10052-010-1361-z
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1. Introduce bi-local field via a HS transformation

2. Solve flow equation for propagator  of Gϕ = P−1
ϕ ϕ

Γ(ϕ,2)
k = ∫E,p,q,q′￼

ϕ∗(E, p, q) Pϕ,k(E, p, q, q′￼) ϕ(E, p, q′￼)
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ear in the massless gluon limit (IR) and a delta potential
for heavy gluons (UV). We emphasize that even in the
UV-limit for very heavy gluons a bound-state solution al-
ways exists, which arises from the introduction of the spe-
cific regulator in sec. VI. In the IR-limit “confinement“
is realized for massless gluons and the continuum spec-
trum is removed from the theory. In between those lim-
its, the number of bound-states increases with decreasing
gluon mass and more and more energy is needed for more
bound-states to appear in the spectrum.

VII. TEMPORARY: FEYNMAN DIAGRAMS
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Non-relativistic limit:

• Only non-tour diagrams

• N-body problems decouple
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Spectrum
Poles of  are poles of  with

Solve Schrödinger equation, Jost / scattering solutions

Gϕ(E) (E − H)−1

H = −
1

4m
∂2

∂x2
c

−
1
m

∂2

∂x2
r

+ V1(xr)
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Full Solution

15

ϕ∗(E, p, xr) Ḡϕ(E, p, xr, x′￼r) ϕ(E, p, x′￼r) = ∑
n

φ∗
n (xr) φn(x′￼r)

E − Ec − En

+∫
∞

4/9g2/(2mgl)

dEr

2π
1

E − Ec − Er ∑
i∈{L,R}

(ψi(Er, x′￼r) ψi(Er, xr)Θ(xr − x′￼r) + ψi(Er, xr) ψi(Er, x′￼r)Θ(x′￼r − xr))

• Can express all quantities explicitly and relate to Jost function/solution

IR limit:

• Linear potential

• Continuum removed from spectrum

UV limit:

• Delta potential

• One bound state of vanishing energy
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Summary

Thank you! Questions?

• QCD in 1+1 with the FRG: minimal truncation in glue and quark sector but with Fierz 
complete set of local four-fermion interactions

A. Discussed properties of Callen-Symanzik regulator

B. Fierz completeness determined by flow equation 

C. Divergence of couplings signals formation of mesonic degrees of freedom

• Non-relativistic QCD in 1+1 as example for fully calculable two-body quark-antiquark bound 
state spectrum, e.g., via a Hubbard-Stratonovich transformation
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Equations

*Back-up
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S = ∫ d2x[ψ̄ (γμ Dμ + m) ψ +
1

2g2
tr(Fμν Fμν) +

1
ξg2

tr((Dμ[Ā] aμ) (Dν[Ā] aν)) − 2 tr(c̄ Dμ[Ā] Dμ[A] c)]
ΔSk = ∫ d2x[ψ̄ k ψ +

1
g2

tr(aμ k2 aμ) + 2 tr(c̄ k2c)]
S = ∫t,x [χ† (i ∂t +

1
2m

∂2
x) χ + χ̃† (i ∂t +

1
2m

∂2
x) χ̃] − ∫t,xc,xr

[( χ̃T χ)†(t, xc, xr) V1(xr) ( χ̃T χ)(t, xc, xr) + …]

V1(xr) = −
4
9

g2

2mgl
(1 − e−mgl|xr|)

 Z = ∫ 𝒟χ† 𝒟χ 𝒟χ̃† 𝒟χ̃ eiS[χ,χ̃,χ†,χ̃†] ∝ ∫ 𝒟χ† 𝒟χ 𝒟χ̃† 𝒟χ̃ 𝒟ϕ∗ 𝒟ϕ ei(S+Spb)

Spb = ∫t,xc,xr
[ϕ∗(t, xc, xr) − ( χ̃T χ)†(t, xc, xr)] V1(xr) [ϕ(t, xc, xr) − ( χ̃T χ)(t, xc, xr)]


