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The Central Limit Theorem : A Recap

» Central Limit Theorem: Independent Identically Distributed Random

Variables
N

» Sum S = Z&Z—, Fluctuations — O(\/N), with N — oo.
i=1

> Sum Wik Fluctuations— Order 1 — Gaussian Law
. . . i o~ 5—s0 2 .
> Gaussian Law : lim P(7% = §) = s Xp[ (=20) } with sg

the mean and o=variance . (N = L for system with size L)
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Central Limit Theorem: A Recap
oe

Generalizing the CLT?

> Independent Correlated Identically Distributed Random Variables
» G,; = (6,6;) (or equivalently the correlation length &)
» Weakly Correlated (3, G; j < 00)

» Main Aim: Build a Limiting distribution for strongly correlated
variables (£ — o0)
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» Strongly Correlated — & — oo = Second-Order Phase Transition
» Framework of Renormalization Group (d < 4):

» Functional Renormalization (already studied: I. Balog , A. Rancon, B.
Delamotte, PRL (2022))

» Perturbative Renormalization (Early but incomplete attempts: e.g. E.
Eisenriegler and R. Tomaschitz PRB (1987))
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Probability Distribution and the Renormalization Group
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Hints from the Monte-Carlo Simulations

Hints from the Monte-Carlo Simulations
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Figure: Different Universal Critical PDFs of the 3d Ising Model [Xu and Landau
2020] (left) and [Balog et. al 2022] (right)

L — o0
> don’t commute!!!
& —

> P(Fo=s) =P (3% =s)with( = lim sgn(T —T.)&

1€ oo —00
(L =/(s2) = VI=T)
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Hints from the Monte-Carlo Simulations

Critical PDF of the Order Parameter

~

Critical PDF
kof the order parameter |

— ~

Interacting FP | | Gaussian FP
d<4 d>4

e d < 4: universal, non-Gaussian critical PDF — Wilson-Fisher Fixed
point

e d = 4: Triviality — Gaussian Fixed point —But does it mean a
Gaussian PDF ?
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Perturbative Approach (d < 4)

(e]

Setting up the Pertubation Theory

v

Lattice Hamiltonian : H = —J > ;.. 6:0;

Universal PDFs — ¢* theory (with periodic boundary conditions).
PDF :
P(s=s /D¢6s—s)exp< /’H[q@]), (1)
1%
where § = % [, ¢(z) and

#(50) = 5 (V@) + 508 @) + gud'@). @
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The Perturbative Approach (d < 4)
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Setting up the Pertubation Theory

with:
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Perturbative Approach (d < 4)
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Setting up the Perturbation Theory

» With a bit of algebra, one can then show:

lim e TmlP@=sl o p(3 =), 5)

M — o0

with T'ps[¢] being the modified Gibbs potential (generator of 1-PIs).

» Rate function (Large Deviation Principle) :
P(3=s) ox e L(s:80, 1), (6)
and thus

Jim Tarlg(a) = s) = LU(s, €oo, L) = I(sLP/" = 5, L/6e = C).
)

LBV = \/(s?) = \/L—dy

Laboratoire de Physique Théorique de la Matiére Condensée, Sorbonne Université




The Perturbative Approach (d < 4)
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Setting up the Perturbation Theory

» With a bit of algebra, one can then show:

lim e TmlP@=sl o p(3 =), ®)

M — o0

with T'ps[¢] being the modified Gibbs potential (generator of 1-PIs).

» Rate function (Large Deviation Principle) :
P(3=s) ox e L(s:80, 1), ©)
and thus

Jim Ta[g(x) = 8] = L (s, oo, L) = 1LY = 5,1/6c = ©).
h (10)
L8l = /(s?) = /L=
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rbative Approach (d < 4)

One-Loop

e-expansion (d < 4)

» Rate function at one-loop (¢ = 4 — d-expansion):

3 1 2 27(2
L(F) =2 (2¢cva? + gt
¢(@) e<26 T+ = r>
9 1 2 1
™ v 9 3 (v

)

F.P. potential at = 0
1

1 v
A 2= + 222
+ 5 e +2z% | +0(e),

Finite-size corrections

> == ,/7.5, (g« = O(e))
» ill-defined ate — 0 = PDFind > 47
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The Perturbative Approach (d < 4)

(o] )

One-Loop

Results at two-loop order (S. Sahu J. Stat. Mech. (2025))

—— Two-loop, ¢ =1
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Figure: Rate function I (3) at two loops

» Further Generalization to O(n)-models: S.Sahu J. Stat. Mech. (2026).




The story at and beyond the upper critical dimension....

» Rigorous Mathematical Results by Aizenman [PRL *81] and
Duminil-Copin [Annals of Mathematics *21].
» Consider the 3-function for the ¢* coupling :

3
B(gr) = —(d — 4)gr + Wg?z + O(g3),

» Hence,ind > 4
= JRr — 0,
as the UV cut-off A — oo (Continuum limir).

In fact, the fixed-point effective potential in the Wetterich-formalism reduces
to (after usual-rescaling):

Us=0 12)

In terms of correlation functions this means in a zero external momentum
configuration (at criticality):

1 (0,0---,0)=0. (13)
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Beyond d(d > 4)
[ Jele}

Discussion on the triviality problem

Hints from one-loop

Increasing ¢
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Discussion on the triviality problem

Hints from one-loop
As show before, obviously the e—expansion fails.....but
» On Triviality of ¢* theory, early hints from the one-loop result:

20

Figure: Value of (. as dimension is varied fromd = 3tod = 4

» Need for a different approach: Large N
Exactly solvable limit of O(IV)-models |

Beginning of a

perturbative series in 1/N

Laboratoire de Physique Théorique de la Matiére Condenst brbonne Unive:




Central Limit Theorem: A Rec bility D

Beyond d(d > 4)
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Discussion on the triviality problem

Finite-size scaling

Finite-size scaling 2<d<4 d > 4*
X XL ~ L*7" Xt ~ L2
Scaling variable §=sLP/"(= L") §=sLY4
Correlation length &~ 1L &~ L4
L Ld 4
li T-T.)— lim ——
¢ Lfoeso0 sgn( )foo Lfoeso0 £

*Berche and Kenna ’12, Brezin and Zinn-Justin ’85, retrieved in our-large-N
analysis




Beyond d¢ (d > 4)

®00000

aw beyond d = 4

Large N calculations for d > 4 case
In the limit of large NV, the gap Eqn for rate function I(p) is given by:

R
3N N 1
= — ]/ - 6“ - 14
P ugR (I'(p) = or) 242 z#% 4m2n2 4+ I'(p) L? 4
/ n

Mean-field contribution -
Infrared fluctuations

Using the fact that y ~ L%?, we have:

2
- Pl S
p=pL%, (h=7) 15)
¢=(0r)'PLY (boo ox 6172) (16)
and consequently:
I'(p) = L5 I'(p), amn
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What replaces the Gaussian law beyond d = 4

Large N calculations for d > 4 case

Rewriting the gap equation Eq. (14) in terms of these new scaling variables
we thus have:

3N - N 1

5= 2"(T(5) — 2\ _ - 18
p uR( (P —¢) it 2 o (18)
L2

d_o

Now we want to study Eq.(18) in the thermodynamic limit or L — oo to find
out the universal rate function. Of course in the limit L. — oo, the
fluctuations die out and we recover:

Ic(8) =sgn(T —T;) >— + — (19)
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What replaces the Gaussian law beyond d = 4

Triviality doesn’t mean Gaussianity !

» All the infrared fluctuations are killed and what survives are the
gaussian fluctuations or the mean field theory.

» However, Mean field theory doesn’t mean a Gaussian PDF

» Rather, what one finds is a family of non—Gaussian PDFs indexed by (

witha (. = 0.
» Fixed Point potential is no longer closely related to the critical rate
function.

» Holds true even at d = 4.
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Beyond d(d > 4)
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What replaces the Gaussian law beyond d = 4

Future plans and Perspectives

» Development of other Non-perturbative methods to tackle this problem

» [s there anything to be learnt about the PDFs at or above the critical
dimension from the FRG methods ?
» An unified FRG framework that works in all dimensions.

» Works beyond large-N.

» d = 4 is unphysical from a Stat-Mech viewpoint, however our results
extend beyond the ¢*-theory.
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Beyond d.

000080

aces the Gaussian law beyond d = 4

Thank you for your attention!




Beyond d(d > 4)

[e]e]e]e]o] }

s the Gaussian law beyond d = 4

Failure of the Usual Perturbation Theory

» The usual 4 — € expansion is organized in terms of dimensionless

coupling constant g with g ~ O(e), which becomes of order € in
2<d< 4.

» However for d > 4, this dimensionless coupling becomes exactly 0.

» This is why the e-expansion fails at d > 4.
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