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Quantum criticality in clean electronic systems
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T > 0  critical singularities controlled by the classical 

 (Wilson-Fisher) F-P   

What is the correct low-energy action to describe the QCP ?

General setup: 

Keimer et. al., Nature 518, 179 (2015) 



    Hertz - Millis theory (1976, 1993) 
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Z =

Z
D[ ̄, ]e�Smic[ ̄, ]

known dominant instability - order parameter  
Hubbard - Stratonovich transformation   
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Z =

Z
D[ ̄, ,�]e�Sfb[ ̄, ,�]

(decoupled fermionic interactions)  

integrate fermions out  
<latexit sha1_base64="kOtgHUs6JsmVInReAbuBMDo8Mw4=">AAACI3icbVDLSsNAFJ3UV62vqks3g0VwY0nEF4JQ1IXLivaBSQyT6bQdOpmEmYlQQv7Fjb/ixoVS3LjwX5y0pWjrgYEz59zLvff4EaNSmeaXkZubX1hcyi8XVlbX1jeKm1t1GcYCkxoOWSiaPpKEUU5qiipGmpEgKPAZafi9q8xvPBEhacjvVT8iboA6nLYpRkpLXvHcCZDqYsSSh/TCoVxN/tepE3UpJI/JwUS7S73ET+3McFOvWDLL5hBwllhjUgJjVL3iwGmFOA4IV5ghKW3LjJSbIKEoZiQtOLEkEcI91CG2phwFRLrJ8MYU7mmlBduh0I8rOFR/dyQokLIf+Loy21ZOe5n4n2fHqn3mJpRHsSIcjwa1YwZVCLPAYIsKghXra4KwoHpXiLtIIKx0rAUdgjV98iypH5atk/Lx7VGpcjmOIw92wC7YBxY4BRVwA6qgBjB4Bq/gHXwYL8abMTA+R6U5Y9yzDf7A+P4BfEGmCw==</latexit>

Z =

Z
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attempt an expansion of            in powers of   
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Sb[�] �! SH [�] (Hertz action)

( The problematic point ! ) 
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q := (q0, ~q)



The problem with H-M:  

PHYSICAL REVIEW B 110, L121102 (2024)
Letter

Generalized Hertz action and quantum criticality of two-dimensional Fermi systems

Mateusz Homenda * and Pawel Jakubczyk †

Institute of Theoretical Physics, Faculty of Physics, University of Warsaw, Pasteura 5, 02-093 Warsaw, Poland

Hiroyuki Yamase ‡

Research Center for Materials Nanoarchitectonics, National Institute for Materials Science, Tsukuba 305-0047, Japan

(Received 28 May 2024; revised 1 August 2024; accepted 1 August 2024; published 5 September 2024)

We reassess the structure of the effective action and quantum critical singularities of two-dimensional Fermi
systems characterized by the ordering wave vector Q⃗ = 0⃗. By employing infrared cutoffs on all the massless
degrees of freedom, we derive a generalized form of the Hertz action, which does not suffer from problems of
singular effective interactions. We demonstrate that the Wilsonian momentum-shell renormalization group (RG)
theory capturing the infrared scaling should be formulated keeping Q⃗ as a flowing, scale-dependent quantity.
At the quantum critical point, scaling controlled by the dynamical exponent z = 3 is overshadowed by a broad
scaling regime characterized by a lower value of z ≈ 2. This, in particular, offers an explanation of the results of
quantum Monte Carlo simulations pertinent to the electronic nematic quantum critical point.

DOI: 10.1103/PhysRevB.110.L121102

Introduction. Quantum criticality in Fermi systems con-
stitutes a highly relevant and largely open problem for
condensed matter theory. Its significance stems from the
growing experimental evidence demonstrating non-Fermi-
liquid behavior of thermodynamic as well as transport
properties at the onset of different ordered states in a diversity
of compounds; the high-Tc cuprate superconductors being the
most prominent examples [1]. A persistent question concerns
the structure of the low-energy effective action to correctly
capture the critical singularities at quantum criticality in Fermi
systems. The traditional approach, developed by Hertz [2] and
later extended by Millis [3], borrowed the spirit of the Wilso-
nian theory of classical critical phenomena [4,5]. It proposed
to integrate out the original degrees of freedom, resulting in
an exact representation of the problem in terms of an effective
order parameter action. In the subsequent step, this action was
expanded in powers of the ordering field, truncating at quartic
order; the two-point function was replaced by its low mo-
mentum and frequency asymptotic form, and the (supposedly
irrelevant) momentum and frequency structure of the bosonic
self-interaction was disregarded. This leads to a relatively
simple Hertz action [2,3,6]

SH [φ] =
∫

q
φ−q⃗,−q0

[
m2 + Zq⃗2 + A

|q0|
|q⃗|

]
φq⃗,q0 + u

∫

x
φ(x)4,

(1)

describing the propagation of a damped collective bosonic
mode φ, where the interaction with fermions is described
by the so-called Landau damping term ∼|q0|/|q⃗|, q0 being
the frequency and q⃗ the momentum of the order param-
eter field. Here {m2, Z, A, u} are constants, q := (q0, q⃗),

*Contact author: mateusz.homenda@fuw.edu.pl
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∫
q := 1/(2π )3

∫
dq0

∫
d2q, and

∫
x :=

∫
dτ

∫
d2x encom-

passes integration over space and the imaginary time τ . The
form ∼|q0|/|q⃗| is valid for instabilities occurring at ordering
wave vector Q⃗ = 0⃗.

In contrast to classical statistical physics systems, this
procedure involves integrating out gapless particle-hole exci-
tations across the Fermi surface, the consequence of which
becomes revealed by inspection of the nature of the mo-
mentum and frequency expansion of the bosonic interaction
vertices (for example, the fermionic box diagram), which
turns out to be singular at T = 0 [7–10]. For this reason, quan-
tum critical Fermi systems (at least in dimensionality d = 2
and temperature T = 0) cannot be adequately described by a
purely bosonic action characterized by local interactions.

The above issues motivated development of a diversity
of approaches that retain the fermionic degrees of freedom,
which are coupled to order parameter fluctuations [9,11–27].
These theoretical routes come with their own questions. One
of these concerns the transition between the microscopic and
effective low-energy action. This is transparent, for instance,
in the analysis concerning generation of the damped dynamics
of the bosonic mode. As emphasized in previous literature
(see, in particular, Ref. [15]), appearance of the ∼|q0|/|q⃗|
term requires that the fermions be integrated out down to the
Fermi level. It is not conceivable to generate the standard Lan-
dau damping term by a Wilsonian-type renormalization group
(RG) flow until the cutoff on fermions is completely removed
and therefore the fermionic degrees of freedom become once
and for all integrated out of the theory. As a consequence, ac-
counting for the Landau damping (in its standard form) within
such approaches requires fully dressing the boson propagator
with self-energy before calculating any loops that involve
internal boson lines in the coupled Bose-Fermi theory.

In the present Letter, we systematically readdress the the-
ory of quantum criticality in Fermi systems featuring Q⃗ = 0⃗

2469-9950/2024/110(12)/L121102(6) L121102-1 ©2024 American Physical Society

( Focus on d=2 and Q=0 instabilities at T=0 )
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x := (⌧, ~x)

Landau damping
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Sb[�] �! S(2)
b [�] + S(4)

b [�] + . . .
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S(2)
b [�] =

Z

q
��q [1� �0(q)]�q

Discontinuous function of q (at q=0)  

Problem more severe for interaction vertices.  

form valid for 
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|q0|/|~q| ⌧ 1

singular quartic vertex 

replaced by a local interaction coupling 
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Introduction. Quantum criticality in Fermi systems con-
stitutes a highly relevant and largely open problem for
condensed matter theory. Its significance stems from the
growing experimental evidence demonstrating non-Fermi-
liquid behavior of thermodynamic as well as transport
properties at the onset of different ordered states in a diversity
of compounds; the high-Tc cuprate superconductors being the
most prominent examples [1]. A persistent question concerns
the structure of the low-energy effective action to correctly
capture the critical singularities at quantum criticality in Fermi
systems. The traditional approach, developed by Hertz [2] and
later extended by Millis [3], borrowed the spirit of the Wilso-
nian theory of classical critical phenomena [4,5]. It proposed
to integrate out the original degrees of freedom, resulting in
an exact representation of the problem in terms of an effective
order parameter action. In the subsequent step, this action was
expanded in powers of the ordering field, truncating at quartic
order; the two-point function was replaced by its low mo-
mentum and frequency asymptotic form, and the (supposedly
irrelevant) momentum and frequency structure of the bosonic
self-interaction was disregarded. This leads to a relatively
simple Hertz action [2,3,6]

SH [φ] =
∫

q
φ−q⃗,−q0

[
m2 + Zq⃗2 + A

|q0|
|q⃗|

]
φq⃗,q0 + u

∫

x
φ(x)4,

(1)

describing the propagation of a damped collective bosonic
mode φ, where the interaction with fermions is described
by the so-called Landau damping term ∼|q0|/|q⃗|, q0 being
the frequency and q⃗ the momentum of the order param-
eter field. Here {m2, Z, A, u} are constants, q := (q0, q⃗),
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∫
q := 1/(2π )3

∫
dq0

∫
d2q, and

∫
x :=

∫
dτ

∫
d2x encom-

passes integration over space and the imaginary time τ . The
form ∼|q0|/|q⃗| is valid for instabilities occurring at ordering
wave vector Q⃗ = 0⃗.

In contrast to classical statistical physics systems, this
procedure involves integrating out gapless particle-hole exci-
tations across the Fermi surface, the consequence of which
becomes revealed by inspection of the nature of the mo-
mentum and frequency expansion of the bosonic interaction
vertices (for example, the fermionic box diagram), which
turns out to be singular at T = 0 [7–10]. For this reason, quan-
tum critical Fermi systems (at least in dimensionality d = 2
and temperature T = 0) cannot be adequately described by a
purely bosonic action characterized by local interactions.

The above issues motivated development of a diversity
of approaches that retain the fermionic degrees of freedom,
which are coupled to order parameter fluctuations [9,11–27].
These theoretical routes come with their own questions. One
of these concerns the transition between the microscopic and
effective low-energy action. This is transparent, for instance,
in the analysis concerning generation of the damped dynamics
of the bosonic mode. As emphasized in previous literature
(see, in particular, Ref. [15]), appearance of the ∼|q0|/|q⃗|
term requires that the fermions be integrated out down to the
Fermi level. It is not conceivable to generate the standard Lan-
dau damping term by a Wilsonian-type renormalization group
(RG) flow until the cutoff on fermions is completely removed
and therefore the fermionic degrees of freedom become once
and for all integrated out of the theory. As a consequence, ac-
counting for the Landau damping (in its standard form) within
such approaches requires fully dressing the boson propagator
with self-energy before calculating any loops that involve
internal boson lines in the coupled Bose-Fermi theory.

In the present Letter, we systematically readdress the the-
ory of quantum criticality in Fermi systems featuring Q⃗ = 0⃗

2469-9950/2024/110(12)/L121102(6) L121102-1 ©2024 American Physical Society

Landau damping

form valid for 
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|q0|/|~q| ⌧ 1

highly singular quartic vertex 

replaced by a local interaction 

Remarks: Problem arises because of integrating out the 

 soft (fermionic) modes 

Landau damping generated from fermions at the FS

Necessity of keeping fermions well recognized in literature

Result of H-M: QCP governed by a classical-like F-P 

in effective dimensionality D=d+z, z=3.

Still many interesting and important predictions! 



Fermion self-energy (one loop) 

of these corrections is weak coupling,

g ! EF: (4)

This condition is valid away from the QCP, that is, when
M2

0 " k2F. In the low-energy theory, at low enough temperatures
and frequencies, it is not justified to neglect vertex corrections.
However, those vertex corrections that contribute to Σ(k) can be
neglected if we are in a regime where ∣Σ(ωn)∣ ≪ ωn. As shown in
Fig. 1b, the lowest fermionic frequency in our QMC simulation is
ω0 = πT = 0.157 with T = t/20 and the corresponding fermionic
self-energy ∣Σ(kF, ω0)∣ = 0.058, so this condition is satisfied. A
longer discussion on this is presented in another work by
some of us65.
In our QMC study, we are always in the regime ∣Σ(ωn)∣ ≪ ωn, and

Eq. (4) is obeyed, so without further discussion we will assume that
vertex corrections are negligible. Then, Π, Σ are described by the
coupled self-consistent equations,

#iΣðkÞ ¼ gT
X

n

Z
d2p

2πð Þ2
G pþ kð ÞD pð Þ; (5)

ΠðqÞ ¼ 2NfgT
X

n

Z
d2p

2πð Þ2
G pþ qð ÞG pð Þ: (6)

Here Nf is the number of fermion flavors (Nf = 2 in the model of
section “The lattice model, phase diagram and QMC self-energy”)
and the factor 2 in Π comes from spin summation.
In principle, Eqs. (5) and (6) have momentum integrals over the

entire Brillouin zone, which means that they still include
contributions to the self-energies that come from high energies.
One of these is a static contribution to Π. This contribution just
renormalizes the mass towards the QCP, that is, M2

0 in Eq. (3) is
replaced by

M2 ¼ M2
0 # ΠðΩm ¼ 0;q ¼ 0Þ: (7)

Thus, M2 can be tuned to a QCP by varying g, or alternatively by
varying M2

0 (this is what is done in the QMC simulations). An
additional static contribution renormalizes D0 and we absorb it
into g. There are also static contributions to Σ, but they do not
change the critical dynamics so we absorb them into the
fermionic dispersion. Then, there are dynamical contributions that
we will now compute.
Beyond neglecting vertex corrections, we further assume that

the fermionic dispersion can be linearized near the FS, which
means that the theory describes a low-energy effective theory
near the FS. Then, integrating over linearized fermionic dispersion
we obtain,

Πðq;ΩmÞ ¼ 2iNfgT
X

n

Z
dθ
2π

VFðθÞ
Θðωn þ ΩmÞ # ΘðωnÞ

iΩm # υFðθÞq cosðθ# θqÞ
; (8)

where Θ(x) is the step function, the density of states VFðθÞ ¼
kFðθÞ=υFðθÞ and kF, υF are the Fermi vector and velocity at an
angle θ on the FS, as given in Table 1. In Eq. (8), as ∣Σ(ωn)∣ ≪ ωn, we
neglected contributions from self-energy and assumed that the kF

and υF vector are approximately parallel. For the fermionic self-
energy we get,

ΣðkF;ωnÞ ( gT
X

l

Z
pdp
2π

σðωlÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
l þ υ2FðθkÞp2

q 1

M2 þ p2 þ c#2ðωn # ωlÞ2 þ Πðpn̂ðθkÞ;ωn # ωlÞ
;

(9)

where σ(x) is the sign function and n̂ðθkÞ ¼
ð#υFy ;υFx Þ

υF

"""
θ¼θk

is an unit

vector pointing parallel to the FS at the angle θk. In a C4 symmetric
system, we can replace n̂ by υF=υF, since the unit vector only
determines the value of υF(θ) in Eq. (8).
We first evaluate the bosonic self-energy which to leading

order is,

ΠðΩm;qÞ ( g
NfVFðθqÞ

π

jΩmj
υFðθqÞq

; (10)

where the C4 symmetry of the lattice is used to replace υF(θ ± π/2)=
υF(θ) and similarly for VF. Next, we turn to the fermionic self-energy.
Plugging Eq. (10) into Eq. (9) yields,

ΣðkF;ωnÞ (
gT
2π

X

l

Z1

0

σðωlÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
l þ ω2

q ω2 dω

ω3 þ ðυ2FM2 þ ðυF=cÞ2ðωn # ωlÞ2Þωþ ω2
bjωn # ωlj

:

(11)

In Eq. (11) we rescaled momentum to frequency ω = υFp, and
hid the explicit angular dependence υF = υF(θk) for conciseness.
The frequency scale introduced by Π is

ωb ¼
gNfkFυF

π

# $1=2

: (12)

From Eq. (11) we can read the relevant frequency scales for Σ
(ωn). The typical scale of the ωl sum is ωl ~ ωn due to the sign
function, that is, typical internal frequencies are constrained to be
on order of the external frequency.
We now show that at finite-temperature, but as long as ∣Σ(ωn)∣ ≪

ωn the fermionic self-energy in Eq. (5) splits into two parts: thermal
and quantum (for detailed derivations and discussions see, e.g.,
refs 16,21,34,43,65). The quantum part recovers the zero-temperature
fermionic self-energy, while the thermal part takes on a very
simple form and scales as 1/ωn. Thus, after simply deducting this
1/ωn term, the finite-temperature self-energy directly provides
the zero-temperature behavior of fermions, although the
measurement is done at finite temperature, at which thermal
fluctuations has a significant contribution. This is one of the key
conclusions of this work. We separate the summation in Eq. (11)
into two parts

ΣðωnÞ ¼ ΣTðωn; T ≠ 0Þ þ ΣQðωn; TÞ; (13)

where ΣT is the ωl = ωn piece of the sum in Eq. (11), namely

ΣTðωnÞ (
gT

2πωn
S υFM

jωnj

# $
; (14)

where

SðxÞ ¼ cos h#1ð1=xÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1# x2

p (
log ð2=xÞ; x ! 1

π=ð2xÞ; x ) 1

%
: (15)

As SðxÞ vanishes rapidly at large x, it predicts that ΣT only
contributes significantly at finite temperature and close enough to
the QCP (πT ≳ υF υFM). In that regime, as noted in the introduction,
α(T, ωn) = ωnΣT(ωn) depends at most logarithmically on frequency
at the smallest ωn, α(T, ωn) ≈ α(T).
The quantum part includes all other terms in the Matsubara

sum. This sum can be approximately replaced by an integral,
which immediately recovers the T = 0 form of the fermionic

Fig. 4 The diagrammatic representation of bosonic self-energy Π(q)
and fermionic self-energy Σ(k).
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⌃ ⇠ |k0|2/3

(at QCP)

Non-Fermi liquid

Keimer et. al., Nature 518, 179 (2015) 



Earlier work on coupled f-b flows   
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Typically use the fully dressed (H-M) propagator to compute loop integrals

Wilsonian RG 
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=)Conventional Landau damping cannot appear 

until all fermions become integrated out completely.  

Present focus: 

Set up RG where the Bose propagator involves only 

contributions from integrating out high energy fermions. 

Integrate out fermions along with bosons.    

Use Wetterich framework.

 (Mostly F-T RG)

What replaces it at finite scales? 



Cutoff scale(s):  
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FIG. 2. A schematic plot of the regularized dispersion ξk⃗ +
Rf (k⃗). Including the regulator introduces a deformation of the dis-
persion in a strip of extension 2"F (") around the Fermi level. In
the inset, the black line represents the Fermi surface and gray shell
designates the area of the deformation.

taking

"F = (" − "0)θ (" − "0), (9)

with "0 > 0, such that "F becomes zero at positive ". In
what follows, we will perform a detailed comparison between
the pictures emergent for "0 = 0 and "0 > 0 (Hertz-Millis
case).

The flow equation represented by the terms depicted in
Fig. 1 is exact, but can be solved only approximately. Its
present truncation is devised such that it encompasses the
Hertz-Millis theory if "F is scaled to zero first [e.g., when
one takes "0 > 0 in Eq. (9)], but does not require this in any
way. The gradual generation of the dynamics of the boson
propagator can be followed upon reducing " towards zero.
The key present approximation amounts to disregarding the
Fermi self-energy [$"(k) = 0] and the flow of the Yukawa
coupling g as well as other fermionic interactions generated
by the flow. This allows us to write the contribution to the
flow of the boson propagator represented by the first diagram
in Fig. 1 as

X(q,"F ) = −2g2
∫

k
∂"R f (k⃗)G̃0(k)2(G̃0(k + q) + G̃0(k − q)),

(10)

where the scale-dependent (regularized) fermion propaga-
tor is given by G̃0(k)−1 = [−ik0 + ξk⃗ + R f (k⃗)]. To simplify
the calculations and highlight the theoritical insight clearly,
we employ the standard quadratic dispersion, ξk⃗ = (k⃗2 −
k2

F )/2m f . We then evaluate the integrals in Eq. (10) and sub-
sequently integrate over the cutoff scale, which results in the
momentum and frequency structure of the boson propagator
(generated from integrating the fermions from the UV cutoff
scale "u down to the scale "). Computing

B(q⃗, q0,"F (")) :=
∫ "

"u

d"′X , (11)

we obtain

B(q⃗, q0,"F ) = B<θ (−|q⃗| + "F ) + B>θ (|q⃗| − "F ) , (12)

where

B< = −N<

|q⃗|"F

q2
0 + 4v2

F "2
F

, (13)

B> ≈ −N<

q⃗2

q2
0 + 4v2

F q⃗2

+N>

q0

|q⃗|

[
arctan

2vF |q⃗|
q0

− arctan
2vF "F

q0

]
, (14)

andN< = N>v3
F = 4g2kF vF /π2 [37]. The above expressions

are essential for the present Letter. Equation (13) follows from
exactly evaluating the integrals of Eq. (10) for |q⃗| < "F and
subsequently integrating over the cutoff scale according to
Eq. (11). Equation (14) results from evaluating Eq. (10) for
|q⃗| ≫ "F retaining the terms, which generate the standard
Landau damping ∼|q0|/|q⃗| if we first take "F → 0 and subse-
quently consider |q⃗|

q0
→ ±∞; the dropped terms are regular in

q in the limit "F → 0 and we make no assumptions concern-
ing the relative magnitude of |q0| and vF |q⃗|. Concerning the
structure of B(q⃗, q0,"F ), we emphasize that (i) for "F → 0
it recovers, via B>, the standard Landau damping term of the
Hertz action and (ii) it takes minimum at (q0, |q⃗|) = (0,"F ),
which indicates that the ordering wave vector depends on the
cutoff scale and falls at |Q⃗"| = Q" = "F , thus scaling to zero
under RG. Note, in particular, that artificially putting Q" = 0
suppresses the flow of the mass generated from fermionic
bubble. This explains (and evades) the unwelcome features
of the mass flow under the Wilsonian RG, discussed in Ref.
[15]. Observe that the mass flow is generated from B< [evalu-
ated at (q0, |q⃗|) = (0,"F )]. In the present generalization of
the Hertz-Millis approach, we will parametrize the flowing
inverse boson propagator as

'(2)
" = Z (|q⃗| − Q")2 + Aq2

0 + m2
" + B(q⃗, q0,"F (")) .

(15)

The essential modification of the standard Hertz action
amounts to replacing the term ∼|q0|/|q⃗| occurring in Eq. (1)
with the formula B(q⃗, q0,"F ) obtained above, such that
fermionic fluctuations are included only down to the scale
"F (") (which is sent to zero as " → 0). We emphasize
that the RG flow of the boson propagator will be strongly
influenced by the first term in Eq. (12), corresponding to |q⃗|
small.

The dynamical exponent. We now examine the conse-
quences of the term B< for the dynamical exponent z of the
order parameter field. If we first take "F → 0 setting "0 > 0
in Eq. (9) [thus removing the term B< from B in Eq. (15)], and
subsequently consider the limit vF |q⃗|/q0 → ±∞, we recover
the Hertz result z = zH = 3, proceeding along the standard
path [6].

The situation radically changes if we instead integrate both
bosons and fermions in parallel by considering Eq. (9) with
"0 = 0 ("F = "), in which case B< plays a prominent role.
The anticipated value of z resulting from the q0 dependence of
B< can be deduced by putting |q⃗| = " in B< and expanding
for q0 ≪ 2vF ". The leading term renormalizes the mass m2

"

in Eq. (15) and the second term is proportional to q2
0/"

2. We
find that the B< term in '(2)

" scales as "2 (thus leading to scale
invariant propagator) provided q0 ∼ |q⃗|2, which corresponds

L121102-3
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it is illogical to use the standard Landau-damped Bose
propagator in RG theory of coupled Bose-Fermi systems
because it appears only after the fermions become com-
pletely removed from the theory. On the other hand, ob-
servable physical quantities depend on the precise form
of the Bose propagator. A notable case that permits
an unbiased Wilsonian RG analysis without addressing
the Landau damping is the chiral non-Fermi liquid [34],
where exact critical exponents can be deduced.

An approach to this generic problem pertinent to in-
stabilities at ordering wavevector →

𝐿 = →0 was recently pro-
posed by us [35] implementing the modern formulation of
Wilsonian nonperturbative RG relying on the Wetterich
equation [36, 37], applied to a system of coupled fermionic
and order-parameter fluctuations. This leads to a gener-
alization of the Hertz action, which recovers the standard
form only in an undesirable procedure of integrating out
fermions before the bosons. On the other hand, it encom-
passes the same physics and yields a consistent picture,
free of singular e!ective interactions, where fermions and
bosons are treated on equal footing and integrated out
in parallel. Ref. [35] concentrated on bosonic properties
and the emergent order-parameter action neglecting the
Fermi self-energy terms. The present paper constitutes
a continuation of that avenue, accounting, inter alia, for
those e!ects. We additionally elaborate on the relation
between the two cuto! scales present in our approach
and clarify how, at RPA-type level, it leads to the dy-
namical exponent 𝑀𝐿 = 3. This picture however breaks
down, when both the self-energy e!ects and the flow of
the Yukawa vertex are taken into account.

Throughout the present paper we restrict to the case
of instabilities occurring at zero ordering wavevector →

𝐿.
The primary one-loop prediction concerning the bosonic
properties in this case is the mean-field nature of the
critical exponents at 𝑁 = 0. This can be understood
[3, 4, 11, 38] by considering that integrating fermions
out generates a bosonic action in e!ective dimensionality
𝑂e! := 𝑂 + 𝑀𝐿, where 𝑂 is the spatial dimension and 𝑀𝐿

the dynamical critical exponent that characterizes scal-
ing of correlation time with correlation length, 𝑃 ↑ 𝑄

𝑀𝐿 .
According to the one-loop result, the low-energy order-
parameter dynamics is governed by the Landau damping
term ↑ |𝑅0 |/| →𝑅 | in the propagator, where 𝑅0 and →𝑅 de-
note bosonic Matsubara frequency and momentum, re-
spectively. By comparing the Landau damping term with
the standard quadratic term | →𝑅 |

2 in the boson propagator,
one obtains 𝑀𝐿 = 3. In consequence, for two-dimensional
systems 𝑂e! = 5, which exceeds the upper critical dimen-
sion 𝑂up = 4. These are the main one-loop characteristics
of the bosonic sector at 𝑁 = 0. In reference to fermions,
we will use the phrases ”one-loop” and ”RPA-type” inter-
changeably. Concerning the fermionic properties, we in-
voke the broadly known one-loop result [11] stating that
the Fermi propagator 𝑆 𝑁 for small frequencies 𝑇0 behaves
as:

𝑆
↓1
𝑁
(𝑇0, |

→
𝑇 | = 𝑇 𝑁 ) ↑ ↓𝑈 sgn(𝑇0) |𝑇0 |

𝑂

, (1)

where →
𝑇 denotes the fermionic wavevector and 𝑇 𝑁 is the

Fermi momentum. At one loop level one obtains 𝑉 = 2/3,
which implies non-Fermi liquid behavior.
We emphasize that the precise values of 𝑀𝐿 and 𝑉 in

𝑂 = 2 have never been well established in literature be-
yond the robust one-loop result. The situation is in-
triguing considering that perturbation theory corrects
the value 𝑉 = 2/3 only at three-loop level [10], while,
as already mentioned, a four-loop calculation leads to
contributions to 𝑀𝐿 that have no clear interpretation [18]
and rather point towards foundational problems of the
applied approach. The picture provided by the quan-
tum Monte Carlo simulations is also far from definitive
with regard to numbers. The study of peculiar electronic-
nematic systems shows 𝑀𝐿 ↔ 2 scaling [39] while simula-
tions of Ref. [40] yield a bosonic susceptibility inconsis-
tent with the Hertz form ↑ |𝑅0 |/| →𝑅 |. These deviations
were however later attributed to finite size [41] and ther-
mal e!ects [42, 43]. Interestingly, simulations of the 𝑊𝑋

model of itinerant ferromagnetism provide evidence for
𝑀𝐿 = 2 and 𝑉 = 1/2 [44]. The latter result is also con-
sistent with a recent renormalization group analysis of
isotropic Fermi gas interacting with U(1) gauge field,
which is expected to belong to the same universality class
[33]. Notably, at Hertz-Millis level, these values of 𝑀𝐿

and 𝑉 are characteristic to instabilities featuring order-
ing wavevector →

𝐿 ω →0. For more recent insights into this
problem see [45].
In the present work we develop an approach based on a

starting point, in which the propagators are only gradu-
ally dressed upon decreasing the RG cuto! scale and the
problems encountered in the previous studies are absent.
The outline of the paper is the following: In Sec. II we

introduce the model and discuss the applied functional
RG approach. In Sec. III we analyze non-self-consistent
truncations of the Wetterich equation leading to a gen-
eralization of the Hertz action, flow of the self-energy to
a non-Fermi liquid state, and the associated RG fixed
point. We also demonstrate how the standard Hertz ac-
tion is recovered by a dubious procedure of scaling the
cuto! on fermionic degrees of freedom to zero much faster
than the one applied on the bosonic ones. In Sec. IV we
self-consistently include the flow of the self-energy and
the Yukawa vertex. We demonstrate non-existence of
the non-Fermi liquid RG fixed point at the considered
truncation level. In Sec. IV.C we speculate on the possi-
bility of reemergence of the second-order quantum phase
transition with →

𝐿 = →0 if additionally four-point functions
involving both fermions and bosons were taken into ac-
count. We summarize the paper in Sec. V, and technical
details are presented in the Appendices.

II. MODEL AND FUNCTIONAL
RENORMALIZATION GROUP

We analyze the coupled flows of fermionic and order-
parameter fluctuations employing a modern version of
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We reassess the structure of the effective action and quantum critical singularities of two-dimensional Fermi
systems characterized by the ordering wave vector Q⃗ = 0⃗. By employing infrared cutoffs on all the massless
degrees of freedom, we derive a generalized form of the Hertz action, which does not suffer from problems of
singular effective interactions. We demonstrate that the Wilsonian momentum-shell renormalization group (RG)
theory capturing the infrared scaling should be formulated keeping Q⃗ as a flowing, scale-dependent quantity.
At the quantum critical point, scaling controlled by the dynamical exponent z = 3 is overshadowed by a broad
scaling regime characterized by a lower value of z ≈ 2. This, in particular, offers an explanation of the results of
quantum Monte Carlo simulations pertinent to the electronic nematic quantum critical point.
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Introduction. Quantum criticality in Fermi systems con-
stitutes a highly relevant and largely open problem for
condensed matter theory. Its significance stems from the
growing experimental evidence demonstrating non-Fermi-
liquid behavior of thermodynamic as well as transport
properties at the onset of different ordered states in a diversity
of compounds; the high-Tc cuprate superconductors being the
most prominent examples [1]. A persistent question concerns
the structure of the low-energy effective action to correctly
capture the critical singularities at quantum criticality in Fermi
systems. The traditional approach, developed by Hertz [2] and
later extended by Millis [3], borrowed the spirit of the Wilso-
nian theory of classical critical phenomena [4,5]. It proposed
to integrate out the original degrees of freedom, resulting in
an exact representation of the problem in terms of an effective
order parameter action. In the subsequent step, this action was
expanded in powers of the ordering field, truncating at quartic
order; the two-point function was replaced by its low mo-
mentum and frequency asymptotic form, and the (supposedly
irrelevant) momentum and frequency structure of the bosonic
self-interaction was disregarded. This leads to a relatively
simple Hertz action [2,3,6]

SH [φ] =
∫

q
φ−q⃗,−q0

[
m2 + Zq⃗2 + A

|q0|
|q⃗|

]
φq⃗,q0 + u

∫

x
φ(x)4,

(1)

describing the propagation of a damped collective bosonic
mode φ, where the interaction with fermions is described
by the so-called Landau damping term ∼|q0|/|q⃗|, q0 being
the frequency and q⃗ the momentum of the order param-
eter field. Here {m2, Z, A, u} are constants, q := (q0, q⃗),
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∫
q := 1/(2π )3

∫
dq0

∫
d2q, and

∫
x :=

∫
dτ

∫
d2x encom-

passes integration over space and the imaginary time τ . The
form ∼|q0|/|q⃗| is valid for instabilities occurring at ordering
wave vector Q⃗ = 0⃗.

In contrast to classical statistical physics systems, this
procedure involves integrating out gapless particle-hole exci-
tations across the Fermi surface, the consequence of which
becomes revealed by inspection of the nature of the mo-
mentum and frequency expansion of the bosonic interaction
vertices (for example, the fermionic box diagram), which
turns out to be singular at T = 0 [7–10]. For this reason, quan-
tum critical Fermi systems (at least in dimensionality d = 2
and temperature T = 0) cannot be adequately described by a
purely bosonic action characterized by local interactions.

The above issues motivated development of a diversity
of approaches that retain the fermionic degrees of freedom,
which are coupled to order parameter fluctuations [9,11–27].
These theoretical routes come with their own questions. One
of these concerns the transition between the microscopic and
effective low-energy action. This is transparent, for instance,
in the analysis concerning generation of the damped dynamics
of the bosonic mode. As emphasized in previous literature
(see, in particular, Ref. [15]), appearance of the ∼|q0|/|q⃗|
term requires that the fermions be integrated out down to the
Fermi level. It is not conceivable to generate the standard Lan-
dau damping term by a Wilsonian-type renormalization group
(RG) flow until the cutoff on fermions is completely removed
and therefore the fermionic degrees of freedom become once
and for all integrated out of the theory. As a consequence, ac-
counting for the Landau damping (in its standard form) within
such approaches requires fully dressing the boson propagator
with self-energy before calculating any loops that involve
internal boson lines in the coupled Bose-Fermi theory.

In the present Letter, we systematically readdress the the-
ory of quantum criticality in Fermi systems featuring Q⃗ = 0⃗
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<latexit sha1_base64="jQ8JbAASGB0NrSMRLF0Zt42suPo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRC9C0IvHiOYByRJmJ51kyOzsMjMrxCWf4MWDIl79Im/+jZNkDxotaCiquunuCmLBtXHdLye3tLyyupZfL2xsbm3vFHf3GjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU/95gMqzSN5b8Yx+iEdSN7njBor3T1ennaLJbfszkD+Ei8jJchQ6xY/O72IJSFKwwTVuu25sfFTqg xnAieFTqIxpmxEB9i2VNIQtZ/OTp2QI6v0SD9StqQhM/XnREpDrcdhYDtDaoZ60ZuK/3ntxPQv/JTLODEo2XxRPxHERGT6N+lxhcyIsSWUKW5vJWxIFWXGplOwIXiLL/8ljZOyVylXbs9K1assjjwcwCEcgwfnUIUbqEEdGAzgCV7g1RHOs/PmvM9bc042sw+/4Hx8A+GdjY0=</latexit>

z = 3



1PI (Wetterich) FRG, ”simplest” truncation 
4

FIG. 1. Feynman diagrams representing the flow of the
self-energies. The wiggly (straight) line denotes the boson
(fermion) propagator 𝐿

𝐿/ 𝑀 dressed by fluctuations down to
the cuto! scale ω (or ω 𝑀 ). The strikethrogh indicates the
single scale propagator S

𝐿/ 𝑀 . Contributions involving 4-point
functions with fermionic legs were omitted.

III. GENERALIZED HERTZ ACTION
AND THE NON-FERMI LIQUID FIXED POINT

In perturbation theory the standard Landau damping
is generated at one-loop level, and does not require ac-
counting for self-energy contributions. In what follows we
explain how that result is recovered in our present frame-
work by a questionable procedure of integrating fermionic
degrees of freedom via the flow much faster than the
bosonic ones and how improvement can be achieved in
the present methodology. We subsequently present a de-
tailed discussion concerning the structure of the regu-
larized bubble diagram (second line in Fig. 1) and the
relation between the scales ω and ω 𝑀 , which, in our ap-
proach, is fixed by the magnitude of the flowing ordering
wave-vector →

𝑀ω. This characteristic is crucial for values
of scaling exponents.

Having in mind the goal of recovering the standard
one-loop theory from the Wetterich flow and setting up
a starting point for more elaborate analysis, we propose
a truncation of the Wetterich equation, which is summa-
rized as follows:
1. We neglect the Fermi self-energy in the loop integrals
of the flow equations.
2. We disregard the flow of the Yukawa coupling and
the higher order interactions generated by the RG flow
except for the bosonic self-interaction 𝑁, which is treated
as a flowing local coupling.

Truncations reaching beyond this level will be dis-
cussed in Sec. IV. Note that there is no preimposed
parametrization of the momentum and frequency depen-
dencies of the flowing propagators. As we discuss below,
the truncation allows for making contact with the Hertz-
Millis framework at any time by scaling ω 𝑀 to zero before
ω. Presence of the fermionic cuto! prevents generation
of singular bosonic interactions. With the above spec-

ified truncation, we obtain the following flow equations
for the self-energies:

𝑂ωε(𝑀
↑
) = ↓

∫
𝑁

S𝐿 (𝑀)ϑ (3)
𝑂𝑂𝑂

𝐿𝐿 (𝑀 +𝑀
↑
)ϑ (3)

𝑂𝑂𝑂

+
1

2

∫
𝑁

S𝐿 (𝑀)ϑ (4)
𝑂𝑂𝑂𝑂

+ 2𝑃2 (𝑂ωω 𝑀 )

∫
𝑃

S 𝑀 ,0 (𝑄)𝐿 𝑀 ,0 (𝑄 +𝑀
↑
)

+ 2𝑃2 (𝑂ωω 𝑀 )

∫
𝑃

S 𝑀 ,0 (𝑄)𝐿 𝑀 ,0 (𝑄 ↓𝑀
↑
) ,

(9)

𝑂ωϖ(𝑄 ↑
) = ↓ 𝑃

2

∫
𝑁

S𝐿 (𝑀)𝐿 𝑀 ,0 (𝑄
↑
↓𝑀)

↓ 𝑃
2
(𝑂ωω 𝑀 )

∫
𝑁

S 𝑀 ,0 (𝑄
↑
↓𝑀)𝐿𝐿 (𝑀) ,

(10)

where

𝐿 𝑀 ,0 (𝑄) :=
1

↓𝑅𝑆0 + 𝑇 →
𝑄
+ 𝑈 𝑀 (𝑄)

, S 𝑀 ,0 := ↓(𝑂ω 𝐿
𝑈 𝑀 ) (𝐿 𝑀 ,0)

2
.

(11)

Throughout the paper we concentrate on the quantum
critical state, which is achieved by tuning the bare bo-
son mass such that it scales to zero in the limit ω ↔ 0.
The flow equation for the mass 𝑉

2
𝐿
= ε(𝑀 = 0) includes

contributions from the fermion loop, boson bubble, and
boson tadpole. In fact, we checked that disregarding the
purely bosonic contributions does not a!ect our results.
The present framework is di!erent from the approaches

relying on perturbation theory. In the latter, the
one-loop boson self-energy is computed using the bare
fermion propagator, leading to the |𝑊0 |/| →𝑊 | Landau damp-
ing term. This is subsequently inserted into the one-loop
fermion self-energy diagram, which yields the |𝑆0 |2/3 con-
tribution. The scheme implemented here is entirely dif-
ferent: both the propagators are equipped with their cut-
o!s and the corresponding scales are sent to zero ”in par-
allel”. The perturbative procedure can be mimicked by
sending the cuto! on fermions (ω 𝑀 ) to zero first, which
fully dresses the Bose propagator and therefore should
recover the standard Landau damping via the last two
terms in Eq. (9). If the limit ω ↔ 0 is considered only
subsequently, one anticipates to recover the Hertz-Millis
type flow of bosons from the first two terms in Eq. (9)
and also obtain the non-Fermi liquid from Eq. (10). As
we discuss in Sec. III.A.1, this is indeed what happens.
The point is that taking the limit ω 𝑀 ↔ 0 first leads
to the known problem of singular Bose interactions and
should therefore be avoided.

A. Regularized fermionic bubbble

We begin with a discussion of the fermionic contribu-
tion to the bosonic self-energy flow as represented by the
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instabilities and develop a Wilsonian RG approach, where
both the bosonic and fermionic propagators become equipped
with momentum cutoffs and, upon lowering these, generate
the RG flow, leading to a generalization of the Hertz ac-
tion. Our goal is to develop an approximate approach fully
encompassing the Hertz-Millis framework, but at the same
time refraining from completely integrating femions out, such
that the singular effective bosonic interactions never appear.
We demonstrate that the RG flow of the bosonic properties
involves a completely different, not previously recognized
contribution, which encodes a structure richer than the con-
ventional Hertz-Millis theory.

Generalized Hertz action. Our approach relies on the
nonperturbative RG framework in the Wetterich formulation
[28–30]. This methodology has, in recent years, led to several
important insights concerning key problems of condensed
matter theory, critical systems, in particular. Examples in-
clude identification of strong-coupling fixed points for the
Kardar-Parisi-Zhang problem in d > 1 [31], resolution of the
problem of dimensional reduction and its breaking for the
random field Ising model [32], discovery of nonperturbative
multicritical RG fixed points for the O(N ) models in d = 3
[33], and invalidation [34] of the predictions of perturbative
approaches concerning nonanalyticity of the critical expo-
nents as function of d and N . In our approach, we integrate
the coupled fermionic ({ψ̄,ψ}) and bosonic (φ) fluctuating
fields out of the partition function via a renormalization group
flow. The central object is the scale-dependent effective action
#$[ψ̄,ψ,φ], which continuously interpolates between the
bare effective action S[ψ̄,ψ,φ] and the full effective action
(free energy) when the infrared cutoff $ is lowered from the
UV scale towards zero. Below, we suppress the arguments
of # for readability. The evolution of # upon varying $ is
governed by the exact Wetterich flow equation

#̇ = βb + β f , (2)

where

βb = 1
2 Tr

{
Ṙb

(
#̃(2)

φφ

)−1[
1 − #̃(2)

φψ

(
#̃(2)

ψψ

)−1
#̃(2)

ψφ

(
#̃(2)

φφ

)−1]−1}
,

(3)

β f = 1
2 Tr

{
Ṙ f

(
#̃(2)

ψψ

)−1[
1 − #̃(2)

ψφ

(
#̃(2)

φφ

)−1
#̃(2)

φψ

(
#̃(2)

ψψ

)−1]−1}
.

(4)

The quantity #̃ := # + &S denotes the action # supple-
mented with the regulator term &S = 1

2'(R'T ), which is
quadratic in the fields ' = (ψ̄,ψ,φ) and contains bosonic
(Rb) and fermonic (R f ) components. The quantity #̃(2) de-
notes the second (functional) field derivative of #̃ with the
relevant fields specified by the subscript in each case. By Ẋ ,
we mean ∂$X . Finally, the trace (Tr) sums over the field com-
ponents, momenta, and frequencies. Our notation is equivalent
to that introduced in Ref. [35] (for details and derivations, see
also Ref. [36]) with the exception that φ is a real scalar in our
case. Differentiating the flow equation [Eq. (2)] with respect
to fields gives rise to a hierarchy of flow equations for the one-
particle irreducible vertex functions. We concentrate on the
RG flow equation for the bosonic two-point function, obtained
by taking the second functional derivative of Eq. (2) with

FIG. 1. Terms contributing to the flow of the bosonic two-point
function. Dressed (scale-dependent) fermion and boson propagators
are depicted as full and dashed lines, respectively. Black triangles
and rectangles represent the bosonic vertices, while dotted (grey)
triangles and rectangles stand for fermion-boson interactions. The
stroked lines represent the single-scale propagators: S f for fermion
and Sb for boson propagators (see the main text).

respect to φ. The resulting equation [29,30,35,36] involves
terms represented via one-loop Feynman diagrams depicted
in Fig. 1.

The expressions involve the flowing fermion propagator
G̃ := (#̃(2)

ψψ )
−1

supplemented with a momentum cutoff R$
f (k⃗):

G̃k,k′,σ,σ ′ =
(
−ik0 + ξk⃗ + R$

f (k⃗) + +$(k)
)−1

δk,k′δσ,σ ′ (5)

[with k := (k0, k⃗)]; the flowing regularized boson propagator
G̃b := (#̃(2)

φφ )
−1

, interaction vertices, as well as the so-called
single-scale propagators defined as

S f := −
(
#̃(2)

ψψ

)−1Ṙ f
(
#̃(2)

ψψ

)−1
, (6)

Sb := −
(
#̃(2)

φφ

)−1Ṙb
(
#̃(2)

φφ

)−1
. (7)

In Fig. 1, the single-scale propagators correspond to stroked
lines. The bare (microscopic) action contains only contribu-
tions quadratic in fields and a Yukawa-type term coupling the
bosonic field with two fermionic variables [6]. In addition, the
bare boson propagator carries no momentum and frequency
dependence. These dependencies are generated by gradually
integrating the fermions out via the contribution to the flow
given by the first diagram in Fig. 1.

The flow parameter $ appearing in the Wetterich equa-
tion is identified with the bosonic momentum cutoff ($b =
$). The precise form of the bosonic cutoff will be specified
later. We will use the following form of the cutoff function on
fermions:

R f (k⃗) =
{

(ξkF +$F − ξk⃗ )θ ($F − (|k⃗| − kF )) for |k⃗| ! kF

(ξkF −$F − ξk⃗ )θ ($F − (kF − |k⃗|)) for |k⃗| < kF .

(8)

The quantity $F = $F ($) is a function of $. The effect of
adding R f (k⃗) to the dispersion ξk⃗ amounts to deforming it in a
sliver of extension 2$F around the Fermi level, as depicted in
Fig. 2. We expect that our conclusions are completely insen-
sitive to the precise choice of the momentum cutoff function
R f (k⃗).

The Hertz-like approach corresponds in our framework to
sending $F to zero before $. This can be realized, e.g., by
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FIG. 2. A schematic plot of the regularized dispersion ξk⃗ +
Rf (k⃗). Including the regulator introduces a deformation of the dis-
persion in a strip of extension 2"F (") around the Fermi level. In
the inset, the black line represents the Fermi surface and gray shell
designates the area of the deformation.

taking

"F = (" − "0)θ (" − "0), (9)

with "0 > 0, such that "F becomes zero at positive ". In
what follows, we will perform a detailed comparison between
the pictures emergent for "0 = 0 and "0 > 0 (Hertz-Millis
case).

The flow equation represented by the terms depicted in
Fig. 1 is exact, but can be solved only approximately. Its
present truncation is devised such that it encompasses the
Hertz-Millis theory if "F is scaled to zero first [e.g., when
one takes "0 > 0 in Eq. (9)], but does not require this in any
way. The gradual generation of the dynamics of the boson
propagator can be followed upon reducing " towards zero.
The key present approximation amounts to disregarding the
Fermi self-energy [$"(k) = 0] and the flow of the Yukawa
coupling g as well as other fermionic interactions generated
by the flow. This allows us to write the contribution to the
flow of the boson propagator represented by the first diagram
in Fig. 1 as

X(q,"F ) = −2g2
∫

k
∂"R f (k⃗)G̃0(k)2(G̃0(k + q) + G̃0(k − q)),

(10)

where the scale-dependent (regularized) fermion propaga-
tor is given by G̃0(k)−1 = [−ik0 + ξk⃗ + R f (k⃗)]. To simplify
the calculations and highlight the theoritical insight clearly,
we employ the standard quadratic dispersion, ξk⃗ = (k⃗2 −
k2

F )/2m f . We then evaluate the integrals in Eq. (10) and sub-
sequently integrate over the cutoff scale, which results in the
momentum and frequency structure of the boson propagator
(generated from integrating the fermions from the UV cutoff
scale "u down to the scale "). Computing

B(q⃗, q0,"F (")) :=
∫ "

"u

d"′X , (11)

we obtain

B(q⃗, q0,"F ) = B<θ (−|q⃗| + "F ) + B>θ (|q⃗| − "F ) , (12)

where

B< = −N<

|q⃗|"F

q2
0 + 4v2

F "2
F

, (13)

B> ≈ −N<

q⃗2

q2
0 + 4v2

F q⃗2

+N>

q0

|q⃗|

[
arctan

2vF |q⃗|
q0

− arctan
2vF "F

q0

]
, (14)

andN< = N>v3
F = 4g2kF vF /π2 [37]. The above expressions

are essential for the present Letter. Equation (13) follows from
exactly evaluating the integrals of Eq. (10) for |q⃗| < "F and
subsequently integrating over the cutoff scale according to
Eq. (11). Equation (14) results from evaluating Eq. (10) for
|q⃗| ≫ "F retaining the terms, which generate the standard
Landau damping ∼|q0|/|q⃗| if we first take "F → 0 and subse-
quently consider |q⃗|

q0
→ ±∞; the dropped terms are regular in

q in the limit "F → 0 and we make no assumptions concern-
ing the relative magnitude of |q0| and vF |q⃗|. Concerning the
structure of B(q⃗, q0,"F ), we emphasize that (i) for "F → 0
it recovers, via B>, the standard Landau damping term of the
Hertz action and (ii) it takes minimum at (q0, |q⃗|) = (0,"F ),
which indicates that the ordering wave vector depends on the
cutoff scale and falls at |Q⃗"| = Q" = "F , thus scaling to zero
under RG. Note, in particular, that artificially putting Q" = 0
suppresses the flow of the mass generated from fermionic
bubble. This explains (and evades) the unwelcome features
of the mass flow under the Wilsonian RG, discussed in Ref.
[15]. Observe that the mass flow is generated from B< [evalu-
ated at (q0, |q⃗|) = (0,"F )]. In the present generalization of
the Hertz-Millis approach, we will parametrize the flowing
inverse boson propagator as

'(2)
" = Z (|q⃗| − Q")2 + Aq2

0 + m2
" + B(q⃗, q0,"F (")) .

(15)

The essential modification of the standard Hertz action
amounts to replacing the term ∼|q0|/|q⃗| occurring in Eq. (1)
with the formula B(q⃗, q0,"F ) obtained above, such that
fermionic fluctuations are included only down to the scale
"F (") (which is sent to zero as " → 0). We emphasize
that the RG flow of the boson propagator will be strongly
influenced by the first term in Eq. (12), corresponding to |q⃗|
small.

The dynamical exponent. We now examine the conse-
quences of the term B< for the dynamical exponent z of the
order parameter field. If we first take "F → 0 setting "0 > 0
in Eq. (9) [thus removing the term B< from B in Eq. (15)], and
subsequently consider the limit vF |q⃗|/q0 → ±∞, we recover
the Hertz result z = zH = 3, proceeding along the standard
path [6].

The situation radically changes if we instead integrate both
bosons and fermions in parallel by considering Eq. (9) with
"0 = 0 ("F = "), in which case B< plays a prominent role.
The anticipated value of z resulting from the q0 dependence of
B< can be deduced by putting |q⃗| = " in B< and expanding
for q0 ≪ 2vF ". The leading term renormalizes the mass m2

"

in Eq. (15) and the second term is proportional to q2
0/"

2. We
find that the B< term in '(2)

" scales as "2 (thus leading to scale
invariant propagator) provided q0 ∼ |q⃗|2, which corresponds
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FIG. 2. A schematic plot of the regularized dispersion ξk⃗ +
Rf (k⃗). Including the regulator introduces a deformation of the dis-
persion in a strip of extension 2"F (") around the Fermi level. In
the inset, the black line represents the Fermi surface and gray shell
designates the area of the deformation.

taking

"F = (" − "0)θ (" − "0), (9)

with "0 > 0, such that "F becomes zero at positive ". In
what follows, we will perform a detailed comparison between
the pictures emergent for "0 = 0 and "0 > 0 (Hertz-Millis
case).

The flow equation represented by the terms depicted in
Fig. 1 is exact, but can be solved only approximately. Its
present truncation is devised such that it encompasses the
Hertz-Millis theory if "F is scaled to zero first [e.g., when
one takes "0 > 0 in Eq. (9)], but does not require this in any
way. The gradual generation of the dynamics of the boson
propagator can be followed upon reducing " towards zero.
The key present approximation amounts to disregarding the
Fermi self-energy [$"(k) = 0] and the flow of the Yukawa
coupling g as well as other fermionic interactions generated
by the flow. This allows us to write the contribution to the
flow of the boson propagator represented by the first diagram
in Fig. 1 as

X(q,"F ) = −2g2
∫

k
∂"R f (k⃗)G̃0(k)2(G̃0(k + q) + G̃0(k − q)),

(10)

where the scale-dependent (regularized) fermion propaga-
tor is given by G̃0(k)−1 = [−ik0 + ξk⃗ + R f (k⃗)]. To simplify
the calculations and highlight the theoritical insight clearly,
we employ the standard quadratic dispersion, ξk⃗ = (k⃗2 −
k2

F )/2m f . We then evaluate the integrals in Eq. (10) and sub-
sequently integrate over the cutoff scale, which results in the
momentum and frequency structure of the boson propagator
(generated from integrating the fermions from the UV cutoff
scale "u down to the scale "). Computing

B(q⃗, q0,"F (")) :=
∫ "

"u

d"′X , (11)

we obtain

B(q⃗, q0,"F ) = B<θ (−|q⃗| + "F ) + B>θ (|q⃗| − "F ) , (12)

where

B< = −N<

|q⃗|"F

q2
0 + 4v2

F "2
F

, (13)

B> ≈ −N<

q⃗2

q2
0 + 4v2

F q⃗2

+N>

q0

|q⃗|

[
arctan

2vF |q⃗|
q0

− arctan
2vF "F

q0

]
, (14)

andN< = N>v3
F = 4g2kF vF /π2 [37]. The above expressions

are essential for the present Letter. Equation (13) follows from
exactly evaluating the integrals of Eq. (10) for |q⃗| < "F and
subsequently integrating over the cutoff scale according to
Eq. (11). Equation (14) results from evaluating Eq. (10) for
|q⃗| ≫ "F retaining the terms, which generate the standard
Landau damping ∼|q0|/|q⃗| if we first take "F → 0 and subse-
quently consider |q⃗|

q0
→ ±∞; the dropped terms are regular in

q in the limit "F → 0 and we make no assumptions concern-
ing the relative magnitude of |q0| and vF |q⃗|. Concerning the
structure of B(q⃗, q0,"F ), we emphasize that (i) for "F → 0
it recovers, via B>, the standard Landau damping term of the
Hertz action and (ii) it takes minimum at (q0, |q⃗|) = (0,"F ),
which indicates that the ordering wave vector depends on the
cutoff scale and falls at |Q⃗"| = Q" = "F , thus scaling to zero
under RG. Note, in particular, that artificially putting Q" = 0
suppresses the flow of the mass generated from fermionic
bubble. This explains (and evades) the unwelcome features
of the mass flow under the Wilsonian RG, discussed in Ref.
[15]. Observe that the mass flow is generated from B< [evalu-
ated at (q0, |q⃗|) = (0,"F )]. In the present generalization of
the Hertz-Millis approach, we will parametrize the flowing
inverse boson propagator as

'(2)
" = Z (|q⃗| − Q")2 + Aq2

0 + m2
" + B(q⃗, q0,"F (")) .

(15)

The essential modification of the standard Hertz action
amounts to replacing the term ∼|q0|/|q⃗| occurring in Eq. (1)
with the formula B(q⃗, q0,"F ) obtained above, such that
fermionic fluctuations are included only down to the scale
"F (") (which is sent to zero as " → 0). We emphasize
that the RG flow of the boson propagator will be strongly
influenced by the first term in Eq. (12), corresponding to |q⃗|
small.

The dynamical exponent. We now examine the conse-
quences of the term B< for the dynamical exponent z of the
order parameter field. If we first take "F → 0 setting "0 > 0
in Eq. (9) [thus removing the term B< from B in Eq. (15)], and
subsequently consider the limit vF |q⃗|/q0 → ±∞, we recover
the Hertz result z = zH = 3, proceeding along the standard
path [6].

The situation radically changes if we instead integrate both
bosons and fermions in parallel by considering Eq. (9) with
"0 = 0 ("F = "), in which case B< plays a prominent role.
The anticipated value of z resulting from the q0 dependence of
B< can be deduced by putting |q⃗| = " in B< and expanding
for q0 ≪ 2vF ". The leading term renormalizes the mass m2

"

in Eq. (15) and the second term is proportional to q2
0/"

2. We
find that the B< term in '(2)

" scales as "2 (thus leading to scale
invariant propagator) provided q0 ∼ |q⃗|2, which corresponds

L121102-3

boson propagator generated from 

integrating fermions down to the scale   

GENERALIZED HERTZ ACTION AND QUANTUM … PHYSICAL REVIEW B 110, L121102 (2024)

FIG. 2. A schematic plot of the regularized dispersion ξk⃗ +
Rf (k⃗). Including the regulator introduces a deformation of the dis-
persion in a strip of extension 2"F (") around the Fermi level. In
the inset, the black line represents the Fermi surface and gray shell
designates the area of the deformation.

taking

"F = (" − "0)θ (" − "0), (9)

with "0 > 0, such that "F becomes zero at positive ". In
what follows, we will perform a detailed comparison between
the pictures emergent for "0 = 0 and "0 > 0 (Hertz-Millis
case).

The flow equation represented by the terms depicted in
Fig. 1 is exact, but can be solved only approximately. Its
present truncation is devised such that it encompasses the
Hertz-Millis theory if "F is scaled to zero first [e.g., when
one takes "0 > 0 in Eq. (9)], but does not require this in any
way. The gradual generation of the dynamics of the boson
propagator can be followed upon reducing " towards zero.
The key present approximation amounts to disregarding the
Fermi self-energy [$"(k) = 0] and the flow of the Yukawa
coupling g as well as other fermionic interactions generated
by the flow. This allows us to write the contribution to the
flow of the boson propagator represented by the first diagram
in Fig. 1 as

X(q,"F ) = −2g2
∫

k
∂"R f (k⃗)G̃0(k)2(G̃0(k + q) + G̃0(k − q)),

(10)

where the scale-dependent (regularized) fermion propaga-
tor is given by G̃0(k)−1 = [−ik0 + ξk⃗ + R f (k⃗)]. To simplify
the calculations and highlight the theoritical insight clearly,
we employ the standard quadratic dispersion, ξk⃗ = (k⃗2 −
k2

F )/2m f . We then evaluate the integrals in Eq. (10) and sub-
sequently integrate over the cutoff scale, which results in the
momentum and frequency structure of the boson propagator
(generated from integrating the fermions from the UV cutoff
scale "u down to the scale "). Computing

B(q⃗, q0,"F (")) :=
∫ "

"u

d"′X , (11)

we obtain

B(q⃗, q0,"F ) = B<θ (−|q⃗| + "F ) + B>θ (|q⃗| − "F ) , (12)

where

B< = −N<
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andN< = N>v3
F = 4g2kF vF /π2 [37]. The above expressions

are essential for the present Letter. Equation (13) follows from
exactly evaluating the integrals of Eq. (10) for |q⃗| < "F and
subsequently integrating over the cutoff scale according to
Eq. (11). Equation (14) results from evaluating Eq. (10) for
|q⃗| ≫ "F retaining the terms, which generate the standard
Landau damping ∼|q0|/|q⃗| if we first take "F → 0 and subse-
quently consider |q⃗|

q0
→ ±∞; the dropped terms are regular in

q in the limit "F → 0 and we make no assumptions concern-
ing the relative magnitude of |q0| and vF |q⃗|. Concerning the
structure of B(q⃗, q0,"F ), we emphasize that (i) for "F → 0
it recovers, via B>, the standard Landau damping term of the
Hertz action and (ii) it takes minimum at (q0, |q⃗|) = (0,"F ),
which indicates that the ordering wave vector depends on the
cutoff scale and falls at |Q⃗"| = Q" = "F , thus scaling to zero
under RG. Note, in particular, that artificially putting Q" = 0
suppresses the flow of the mass generated from fermionic
bubble. This explains (and evades) the unwelcome features
of the mass flow under the Wilsonian RG, discussed in Ref.
[15]. Observe that the mass flow is generated from B< [evalu-
ated at (q0, |q⃗|) = (0,"F )]. In the present generalization of
the Hertz-Millis approach, we will parametrize the flowing
inverse boson propagator as

'(2)
" = Z (|q⃗| − Q")2 + Aq2

0 + m2
" + B(q⃗, q0,"F (")) .

(15)

The essential modification of the standard Hertz action
amounts to replacing the term ∼|q0|/|q⃗| occurring in Eq. (1)
with the formula B(q⃗, q0,"F ) obtained above, such that
fermionic fluctuations are included only down to the scale
"F (") (which is sent to zero as " → 0). We emphasize
that the RG flow of the boson propagator will be strongly
influenced by the first term in Eq. (12), corresponding to |q⃗|
small.

The dynamical exponent. We now examine the conse-
quences of the term B< for the dynamical exponent z of the
order parameter field. If we first take "F → 0 setting "0 > 0
in Eq. (9) [thus removing the term B< from B in Eq. (15)], and
subsequently consider the limit vF |q⃗|/q0 → ±∞, we recover
the Hertz result z = zH = 3, proceeding along the standard
path [6].

The situation radically changes if we instead integrate both
bosons and fermions in parallel by considering Eq. (9) with
"0 = 0 ("F = "), in which case B< plays a prominent role.
The anticipated value of z resulting from the q0 dependence of
B< can be deduced by putting |q⃗| = " in B< and expanding
for q0 ≪ 2vF ". The leading term renormalizes the mass m2

"

in Eq. (15) and the second term is proportional to q2
0/"

2. We
find that the B< term in '(2)

" scales as "2 (thus leading to scale
invariant propagator) provided q0 ∼ |q⃗|2, which corresponds
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FIG. 2. A schematic plot of the regularized dispersion ξk⃗ +
Rf (k⃗). Including the regulator introduces a deformation of the dis-
persion in a strip of extension 2"F (") around the Fermi level. In
the inset, the black line represents the Fermi surface and gray shell
designates the area of the deformation.
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one takes "0 > 0 in Eq. (9)], but does not require this in any
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propagator can be followed upon reducing " towards zero.
The key present approximation amounts to disregarding the
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coupling g as well as other fermionic interactions generated
by the flow. This allows us to write the contribution to the
flow of the boson propagator represented by the first diagram
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subsequently integrating over the cutoff scale according to
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which indicates that the ordering wave vector depends on the
cutoff scale and falls at |Q⃗"| = Q" = "F , thus scaling to zero
under RG. Note, in particular, that artificially putting Q" = 0
suppresses the flow of the mass generated from fermionic
bubble. This explains (and evades) the unwelcome features
of the mass flow under the Wilsonian RG, discussed in Ref.
[15]. Observe that the mass flow is generated from B< [evalu-
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the Hertz-Millis approach, we will parametrize the flowing
inverse boson propagator as
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The essential modification of the standard Hertz action
amounts to replacing the term ∼|q0|/|q⃗| occurring in Eq. (1)
with the formula B(q⃗, q0,"F ) obtained above, such that
fermionic fluctuations are included only down to the scale
"F (") (which is sent to zero as " → 0). We emphasize
that the RG flow of the boson propagator will be strongly
influenced by the first term in Eq. (12), corresponding to |q⃗|
small.

The dynamical exponent. We now examine the conse-
quences of the term B< for the dynamical exponent z of the
order parameter field. If we first take "F → 0 setting "0 > 0
in Eq. (9) [thus removing the term B< from B in Eq. (15)], and
subsequently consider the limit vF |q⃗|/q0 → ±∞, we recover
the Hertz result z = zH = 3, proceeding along the standard
path [6].

The situation radically changes if we instead integrate both
bosons and fermions in parallel by considering Eq. (9) with
"0 = 0 ("F = "), in which case B< plays a prominent role.
The anticipated value of z resulting from the q0 dependence of
B< can be deduced by putting |q⃗| = " in B< and expanding
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FIG. 2. A schematic plot of the regularized dispersion ξk⃗ +
Rf (k⃗). Including the regulator introduces a deformation of the dis-
persion in a strip of extension 2"F (") around the Fermi level. In
the inset, the black line represents the Fermi surface and gray shell
designates the area of the deformation.

taking

"F = (" − "0)θ (" − "0), (9)

with "0 > 0, such that "F becomes zero at positive ". In
what follows, we will perform a detailed comparison between
the pictures emergent for "0 = 0 and "0 > 0 (Hertz-Millis
case).

The flow equation represented by the terms depicted in
Fig. 1 is exact, but can be solved only approximately. Its
present truncation is devised such that it encompasses the
Hertz-Millis theory if "F is scaled to zero first [e.g., when
one takes "0 > 0 in Eq. (9)], but does not require this in any
way. The gradual generation of the dynamics of the boson
propagator can be followed upon reducing " towards zero.
The key present approximation amounts to disregarding the
Fermi self-energy [$"(k) = 0] and the flow of the Yukawa
coupling g as well as other fermionic interactions generated
by the flow. This allows us to write the contribution to the
flow of the boson propagator represented by the first diagram
in Fig. 1 as

X(q,"F ) = −2g2
∫

k
∂"R f (k⃗)G̃0(k)2(G̃0(k + q) + G̃0(k − q)),

(10)

where the scale-dependent (regularized) fermion propaga-
tor is given by G̃0(k)−1 = [−ik0 + ξk⃗ + R f (k⃗)]. To simplify
the calculations and highlight the theoritical insight clearly,
we employ the standard quadratic dispersion, ξk⃗ = (k⃗2 −
k2

F )/2m f . We then evaluate the integrals in Eq. (10) and sub-
sequently integrate over the cutoff scale, which results in the
momentum and frequency structure of the boson propagator
(generated from integrating the fermions from the UV cutoff
scale "u down to the scale "). Computing

B(q⃗, q0,"F (")) :=
∫ "

"u

d"′X , (11)

we obtain
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F = 4g2kF vF /π2 [37]. The above expressions

are essential for the present Letter. Equation (13) follows from
exactly evaluating the integrals of Eq. (10) for |q⃗| < "F and
subsequently integrating over the cutoff scale according to
Eq. (11). Equation (14) results from evaluating Eq. (10) for
|q⃗| ≫ "F retaining the terms, which generate the standard
Landau damping ∼|q0|/|q⃗| if we first take "F → 0 and subse-
quently consider |q⃗|

q0
→ ±∞; the dropped terms are regular in

q in the limit "F → 0 and we make no assumptions concern-
ing the relative magnitude of |q0| and vF |q⃗|. Concerning the
structure of B(q⃗, q0,"F ), we emphasize that (i) for "F → 0
it recovers, via B>, the standard Landau damping term of the
Hertz action and (ii) it takes minimum at (q0, |q⃗|) = (0,"F ),
which indicates that the ordering wave vector depends on the
cutoff scale and falls at |Q⃗"| = Q" = "F , thus scaling to zero
under RG. Note, in particular, that artificially putting Q" = 0
suppresses the flow of the mass generated from fermionic
bubble. This explains (and evades) the unwelcome features
of the mass flow under the Wilsonian RG, discussed in Ref.
[15]. Observe that the mass flow is generated from B< [evalu-
ated at (q0, |q⃗|) = (0,"F )]. In the present generalization of
the Hertz-Millis approach, we will parametrize the flowing
inverse boson propagator as

'(2)
" = Z (|q⃗| − Q")2 + Aq2

0 + m2
" + B(q⃗, q0,"F (")) .

(15)

The essential modification of the standard Hertz action
amounts to replacing the term ∼|q0|/|q⃗| occurring in Eq. (1)
with the formula B(q⃗, q0,"F ) obtained above, such that
fermionic fluctuations are included only down to the scale
"F (") (which is sent to zero as " → 0). We emphasize
that the RG flow of the boson propagator will be strongly
influenced by the first term in Eq. (12), corresponding to |q⃗|
small.

The dynamical exponent. We now examine the conse-
quences of the term B< for the dynamical exponent z of the
order parameter field. If we first take "F → 0 setting "0 > 0
in Eq. (9) [thus removing the term B< from B in Eq. (15)], and
subsequently consider the limit vF |q⃗|/q0 → ±∞, we recover
the Hertz result z = zH = 3, proceeding along the standard
path [6].

The situation radically changes if we instead integrate both
bosons and fermions in parallel by considering Eq. (9) with
"0 = 0 ("F = "), in which case B< plays a prominent role.
The anticipated value of z resulting from the q0 dependence of
B< can be deduced by putting |q⃗| = " in B< and expanding
for q0 ≪ 2vF ". The leading term renormalizes the mass m2
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in Eq. (15) and the second term is proportional to q2
0/"

2. We
find that the B< term in '(2)

" scales as "2 (thus leading to scale
invariant propagator) provided q0 ∼ |q⃗|2, which corresponds
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FIG. 2. A schematic plot of the regularized dispersion ξk⃗ +
Rf (k⃗). Including the regulator introduces a deformation of the dis-
persion in a strip of extension 2"F (") around the Fermi level. In
the inset, the black line represents the Fermi surface and gray shell
designates the area of the deformation.
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"F = (" − "0)θ (" − "0), (9)

with "0 > 0, such that "F becomes zero at positive ". In
what follows, we will perform a detailed comparison between
the pictures emergent for "0 = 0 and "0 > 0 (Hertz-Millis
case).

The flow equation represented by the terms depicted in
Fig. 1 is exact, but can be solved only approximately. Its
present truncation is devised such that it encompasses the
Hertz-Millis theory if "F is scaled to zero first [e.g., when
one takes "0 > 0 in Eq. (9)], but does not require this in any
way. The gradual generation of the dynamics of the boson
propagator can be followed upon reducing " towards zero.
The key present approximation amounts to disregarding the
Fermi self-energy [$"(k) = 0] and the flow of the Yukawa
coupling g as well as other fermionic interactions generated
by the flow. This allows us to write the contribution to the
flow of the boson propagator represented by the first diagram
in Fig. 1 as

X(q,"F ) = −2g2
∫
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∂"R f (k⃗)G̃0(k)2(G̃0(k + q) + G̃0(k − q)),

(10)

where the scale-dependent (regularized) fermion propaga-
tor is given by G̃0(k)−1 = [−ik0 + ξk⃗ + R f (k⃗)]. To simplify
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sequently integrate over the cutoff scale, which results in the
momentum and frequency structure of the boson propagator
(generated from integrating the fermions from the UV cutoff
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∫ "

"u
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are essential for the present Letter. Equation (13) follows from
exactly evaluating the integrals of Eq. (10) for |q⃗| < "F and
subsequently integrating over the cutoff scale according to
Eq. (11). Equation (14) results from evaluating Eq. (10) for
|q⃗| ≫ "F retaining the terms, which generate the standard
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quently consider |q⃗|
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structure of B(q⃗, q0,"F ), we emphasize that (i) for "F → 0
it recovers, via B>, the standard Landau damping term of the
Hertz action and (ii) it takes minimum at (q0, |q⃗|) = (0,"F ),
which indicates that the ordering wave vector depends on the
cutoff scale and falls at |Q⃗"| = Q" = "F , thus scaling to zero
under RG. Note, in particular, that artificially putting Q" = 0
suppresses the flow of the mass generated from fermionic
bubble. This explains (and evades) the unwelcome features
of the mass flow under the Wilsonian RG, discussed in Ref.
[15]. Observe that the mass flow is generated from B< [evalu-
ated at (q0, |q⃗|) = (0,"F )]. In the present generalization of
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with the formula B(q⃗, q0,"F ) obtained above, such that
fermionic fluctuations are included only down to the scale
"F (") (which is sent to zero as " → 0). We emphasize
that the RG flow of the boson propagator will be strongly
influenced by the first term in Eq. (12), corresponding to |q⃗|
small.

The dynamical exponent. We now examine the conse-
quences of the term B< for the dynamical exponent z of the
order parameter field. If we first take "F → 0 setting "0 > 0
in Eq. (9) [thus removing the term B< from B in Eq. (15)], and
subsequently consider the limit vF |q⃗|/q0 → ±∞, we recover
the Hertz result z = zH = 3, proceeding along the standard
path [6].
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bosons and fermions in parallel by considering Eq. (9) with
"0 = 0 ("F = "), in which case B< plays a prominent role.
The anticipated value of z resulting from the q0 dependence of
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FIG. 2. A schematic plot of the regularized dispersion ξk⃗ +
Rf (k⃗). Including the regulator introduces a deformation of the dis-
persion in a strip of extension 2"F (") around the Fermi level. In
the inset, the black line represents the Fermi surface and gray shell
designates the area of the deformation.
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what follows, we will perform a detailed comparison between
the pictures emergent for "0 = 0 and "0 > 0 (Hertz-Millis
case).

The flow equation represented by the terms depicted in
Fig. 1 is exact, but can be solved only approximately. Its
present truncation is devised such that it encompasses the
Hertz-Millis theory if "F is scaled to zero first [e.g., when
one takes "0 > 0 in Eq. (9)], but does not require this in any
way. The gradual generation of the dynamics of the boson
propagator can be followed upon reducing " towards zero.
The key present approximation amounts to disregarding the
Fermi self-energy [$"(k) = 0] and the flow of the Yukawa
coupling g as well as other fermionic interactions generated
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flow of the boson propagator represented by the first diagram
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sequently integrate over the cutoff scale, which results in the
momentum and frequency structure of the boson propagator
(generated from integrating the fermions from the UV cutoff
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Eq. (11). Equation (14) results from evaluating Eq. (10) for
|q⃗| ≫ "F retaining the terms, which generate the standard
Landau damping ∼|q0|/|q⃗| if we first take "F → 0 and subse-
quently consider |q⃗|

q0
→ ±∞; the dropped terms are regular in

q in the limit "F → 0 and we make no assumptions concern-
ing the relative magnitude of |q0| and vF |q⃗|. Concerning the
structure of B(q⃗, q0,"F ), we emphasize that (i) for "F → 0
it recovers, via B>, the standard Landau damping term of the
Hertz action and (ii) it takes minimum at (q0, |q⃗|) = (0,"F ),
which indicates that the ordering wave vector depends on the
cutoff scale and falls at |Q⃗"| = Q" = "F , thus scaling to zero
under RG. Note, in particular, that artificially putting Q" = 0
suppresses the flow of the mass generated from fermionic
bubble. This explains (and evades) the unwelcome features
of the mass flow under the Wilsonian RG, discussed in Ref.
[15]. Observe that the mass flow is generated from B< [evalu-
ated at (q0, |q⃗|) = (0,"F )]. In the present generalization of
the Hertz-Millis approach, we will parametrize the flowing
inverse boson propagator as

'(2)
" = Z (|q⃗| − Q")2 + Aq2

0 + m2
" + B(q⃗, q0,"F (")) .

(15)

The essential modification of the standard Hertz action
amounts to replacing the term ∼|q0|/|q⃗| occurring in Eq. (1)
with the formula B(q⃗, q0,"F ) obtained above, such that
fermionic fluctuations are included only down to the scale
"F (") (which is sent to zero as " → 0). We emphasize
that the RG flow of the boson propagator will be strongly
influenced by the first term in Eq. (12), corresponding to |q⃗|
small.

The dynamical exponent. We now examine the conse-
quences of the term B< for the dynamical exponent z of the
order parameter field. If we first take "F → 0 setting "0 > 0
in Eq. (9) [thus removing the term B< from B in Eq. (15)], and
subsequently consider the limit vF |q⃗|/q0 → ±∞, we recover
the Hertz result z = zH = 3, proceeding along the standard
path [6].

The situation radically changes if we instead integrate both
bosons and fermions in parallel by considering Eq. (9) with
"0 = 0 ("F = "), in which case B< plays a prominent role.
The anticipated value of z resulting from the q0 dependence of
B< can be deduced by putting |q⃗| = " in B< and expanding
for q0 ≪ 2vF ". The leading term renormalizes the mass m2

"

in Eq. (15) and the second term is proportional to q2
0/"

2. We
find that the B< term in '(2)

" scales as "2 (thus leading to scale
invariant propagator) provided q0 ∼ |q⃗|2, which corresponds
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FIG. 2. A schematic plot of the regularized dispersion ξk⃗ +
Rf (k⃗). Including the regulator introduces a deformation of the dis-
persion in a strip of extension 2"F (") around the Fermi level. In
the inset, the black line represents the Fermi surface and gray shell
designates the area of the deformation.

taking

"F = (" − "0)θ (" − "0), (9)

with "0 > 0, such that "F becomes zero at positive ". In
what follows, we will perform a detailed comparison between
the pictures emergent for "0 = 0 and "0 > 0 (Hertz-Millis
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X(q,"F ) = −2g2
∫

k
∂"R f (k⃗)G̃0(k)2(G̃0(k + q) + G̃0(k − q)),

(10)

where the scale-dependent (regularized) fermion propaga-
tor is given by G̃0(k)−1 = [−ik0 + ξk⃗ + R f (k⃗)]. To simplify
the calculations and highlight the theoritical insight clearly,
we employ the standard quadratic dispersion, ξk⃗ = (k⃗2 −
k2

F )/2m f . We then evaluate the integrals in Eq. (10) and sub-
sequently integrate over the cutoff scale, which results in the
momentum and frequency structure of the boson propagator
(generated from integrating the fermions from the UV cutoff
scale "u down to the scale "). Computing

B(q⃗, q0,"F (")) :=
∫ "

"u

d"′X , (11)

we obtain

B(q⃗, q0,"F ) = B<θ (−|q⃗| + "F ) + B>θ (|q⃗| − "F ) , (12)

where

B< = −N<

|q⃗|"F

q2
0 + 4v2

F "2
F

, (13)

B> ≈ −N<
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q2
0 + 4v2

F q⃗2

+N>

q0

|q⃗|

[
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q0

− arctan
2vF "F

q0

]
, (14)

andN< = N>v3
F = 4g2kF vF /π2 [37]. The above expressions

are essential for the present Letter. Equation (13) follows from
exactly evaluating the integrals of Eq. (10) for |q⃗| < "F and
subsequently integrating over the cutoff scale according to
Eq. (11). Equation (14) results from evaluating Eq. (10) for
|q⃗| ≫ "F retaining the terms, which generate the standard
Landau damping ∼|q0|/|q⃗| if we first take "F → 0 and subse-
quently consider |q⃗|
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q in the limit "F → 0 and we make no assumptions concern-
ing the relative magnitude of |q0| and vF |q⃗|. Concerning the
structure of B(q⃗, q0,"F ), we emphasize that (i) for "F → 0
it recovers, via B>, the standard Landau damping term of the
Hertz action and (ii) it takes minimum at (q0, |q⃗|) = (0,"F ),
which indicates that the ordering wave vector depends on the
cutoff scale and falls at |Q⃗"| = Q" = "F , thus scaling to zero
under RG. Note, in particular, that artificially putting Q" = 0
suppresses the flow of the mass generated from fermionic
bubble. This explains (and evades) the unwelcome features
of the mass flow under the Wilsonian RG, discussed in Ref.
[15]. Observe that the mass flow is generated from B< [evalu-
ated at (q0, |q⃗|) = (0,"F )]. In the present generalization of
the Hertz-Millis approach, we will parametrize the flowing
inverse boson propagator as

'(2)
" = Z (|q⃗| − Q")2 + Aq2

0 + m2
" + B(q⃗, q0,"F (")) .

(15)

The essential modification of the standard Hertz action
amounts to replacing the term ∼|q0|/|q⃗| occurring in Eq. (1)
with the formula B(q⃗, q0,"F ) obtained above, such that
fermionic fluctuations are included only down to the scale
"F (") (which is sent to zero as " → 0). We emphasize
that the RG flow of the boson propagator will be strongly
influenced by the first term in Eq. (12), corresponding to |q⃗|
small.

The dynamical exponent. We now examine the conse-
quences of the term B< for the dynamical exponent z of the
order parameter field. If we first take "F → 0 setting "0 > 0
in Eq. (9) [thus removing the term B< from B in Eq. (15)], and
subsequently consider the limit vF |q⃗|/q0 → ±∞, we recover
the Hertz result z = zH = 3, proceeding along the standard
path [6].

The situation radically changes if we instead integrate both
bosons and fermions in parallel by considering Eq. (9) with
"0 = 0 ("F = "), in which case B< plays a prominent role.
The anticipated value of z resulting from the q0 dependence of
B< can be deduced by putting |q⃗| = " in B< and expanding
for q0 ≪ 2vF ". The leading term renormalizes the mass m2
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in Eq. (15) and the second term is proportional to q2
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2. We
find that the B< term in '(2)

" scales as "2 (thus leading to scale
invariant propagator) provided q0 ∼ |q⃗|2, which corresponds
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q0 > 0

This must not be ignored.
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FIG. 5. Dynamical part of the function 𝐿0 (𝑀0, 𝑀,ω 𝐿 ). Lin-
ear scaling is clearly visible in the frequency range between
2𝑁 𝐿ω 𝐿 and 𝑁 𝐿𝑂ω (see the main text). Quadratic dependence
on frequency sets in for 𝑀0 < 2𝑁 𝐿ω 𝐿 . The inset shows the
same data in linear scale.

of the upper integration limit in the second term, which
is of order 𝑃ω (see Appendix C for details). Note that,
by virtue of the result of the previous section, we have
𝑃ω = ω 𝐿 /𝑂ω → 1. We obtain:

𝐿0 (𝑀0,𝑂ω,ω 𝐿 ) = ↑A

[
3

2
↑
3ω 𝐿

𝑂ω
+
1

2

𝑀
2
0

𝑀
2
0 + 𝑁

2
𝐿
𝑂

2
ω

↑

ω 𝐿

𝑂ω

𝑀
2
0

𝑀
2
0 + 4𝑁2

𝐿
ω2

𝐿

+
2𝑀0
𝑁 𝐿𝑂ω

(
arctan

(2𝑁 𝐿ω 𝐿

𝑀0

)

↑ arctan
( 𝑁 𝐿𝑂ω

𝑀0

) )]
+ O

(
𝑄

2)
. (26)

The range of variation of the above expression, treated
as a function of 𝑀0 spans the interval 𝑀0 ↓ (2𝑁 𝐿ω 𝐿 , 𝑁 𝐿𝑂ω),
which contains frequencies for which 𝑄 ↔ 𝑂

2
ω. In this

regime we expand the first arctan(𝑅) function around
𝑅 = 0 and the second one around infinity. This leads to a
contribution of order |𝑄 | and yields a simple parametriza-
tion of the flowing bubble and the bosonic propagator:

𝐿0 (𝑀0,𝑂ω,ω 𝐿 ) ↗ ↑
3A

2
+ 2𝑂2

ω + A 𝑆

|𝑀0 |

𝑁 𝐿𝑂ω
, (27)

𝑇𝑀 ↗
1

ε𝑈2
𝑀
+ 3𝑂2

ω + (| ↘𝑀 | ↑𝑂ω)
2 + A𝑆

|𝑁0 |

𝑂 𝐿𝑃ω

. (28)

For an illustration see Fig. 5. We note a!nity of the
above expression to the Hertz-Millis form pertinent to
the antiferromagnetic-type transition where the ordering
wavevector ↘

𝑂 ϑ ↘0 and the (one-loop) dynamical exponent
of the Bose field 𝑉𝑀 = 2. However, taking note of the
analysis of the previous section and requiring that the
distinct terms in 𝑇

↑1
𝑀

all scale as ω2, we obtain

|𝑀0 | ↔ 𝑂
3
ω ↔ ω 𝐿 , (29)

which leads to 𝑉𝑀 = 3, in agreement with the Hertz-Millis
theory. Note that, in spite of the very di”erent forms of
the Bose propagators, the same value of 𝑉𝑀 is obtained
in our approach if fermions are scaled out much faster
than bosons - see Sec. III.A.1, resulting in the standard
Hertz-Millis propagator instead of the form of Eq. (28).
The key point of the above analysis is the identification

of the relation 𝑂ω ↔ ω ↔ ω1/3
𝐿

, establishing the relative
rate at which the distinct degrees of freedom need to be
scaled. The earlier reasoning of Ref. [35] disregarded an-
alytical contributions to the regularized static part of the
bubble, which led to the flawed result ω 𝐿 ↔ ω ↔ 𝑂ω and
𝑉𝑀 = 2. The other point to note is that the expanded
form of Eq. (28) is valid only for small 𝑄, but the com-
plete formula for 𝐿0 (𝑂,ω 𝐿 ), derived and implemented
in Ref. [35] necessarily spanned the entire range of mo-
menta and frequencies, although it neglected analitycal
contributions in 𝑄.
We emphasize once again that the above calculation

entirely evades the step of integrating the fermionic de-
grees of freedom before the bosons and constitutes a ro-
bust starting point for further developments accounting,
in particular, for self-energy e”ects — see Sec. IV.

B. Fermion self-energy

We now explain how the one-loop result for the Fermi
self-energy and the associated non-Fermi liquid state is
recovered in our approach relying on the generalized
Hertz action of the previous sections. We define:

ϖ(𝑊0) := ϖ(𝑊0, ↘𝑊 = 𝑊 𝐿 𝑋𝑄) (30)

and concentrate for now on the imaginary part:

ϖ̃(𝑊0) := 𝑊0 ↑ Im [ϖ(𝑊0)] . (31)

The non-Fermi liquid propagator is generated from the
Fermi-Bose loop [Eq. (10)], which reduces to the form:

𝑌ωϖ̃(𝑊0) = 2𝑍2
∫
𝑃

(𝑌ωω 𝐿 ) 𝑌ω 𝐿
𝑎 𝐿 (𝑊 𝐿 𝑋𝑄 + ↘𝑀)

𝑈
2
𝑀
+ | ↘𝑀 |2 + 𝐿0 (𝑀0, 𝑀,ω 𝐿 ) + 𝑎𝑀 ( | ↘𝑀 |)

(𝑀0 ↑ 𝑊0) 𝑏 (𝑊 𝐿 𝑋𝑄 + ↘𝑀)[
(𝑀0 ↑ 𝑊0)

2 +
(
𝑏 (𝑊 𝐿 𝑋𝑄 + ↘𝑀)

)2]2

+𝑍
2

∫
𝑃

𝑌ω𝑎𝑀 ( | ↘𝑀 |)(
𝑈

2
𝑀
+ ω2

𝑀
+ 𝐿0 (𝑀0, 𝑀,ω 𝐿 )

)2
𝑀0 ↑ 𝑊0

(𝑀0 ↑ 𝑊0)
2 +

(
𝑏 (𝑊 𝐿 𝑋𝑄 + ↘𝑀)

)2 ,

(32)

where we introduced 𝑏 (↘𝑊) = 𝑐 ↘
𝑅
+ 𝑎 𝐿 (

↘
𝑊). The term in-

volving 𝑌ω 𝐿
𝑎 𝐿 is crucial, dropping the contribution with

𝑌ω𝑎𝑀 has no important impact on the results of this sec-
tion. The bosonic propagator introduces a characteristic
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FIG. 6. Evolution of 𝐿ω (𝑀0) upon reducing the cuto! scale ω 𝐿 . In the calculation presented in the left panel we disregarded
the term involving 𝑁ω𝑂𝑀. In both cases we reach the anticipated non-Fermi liquid scaling with 𝐿 → 2/3. For low frequencies
and finite ω we observe the crossover back to the Fermi liquid behavior. The frequency 𝑀0 (ω 𝐿 ), identified with this crossover,
is plotted in Fig. 7. The initial boson mass was tuned so that the system reaches quantum critical scaling.

FIG. 7. The crossover frequency estimated via 𝐿ω (𝑀0) = 𝐿
↑
+

0.1 → 0.77 (𝐿↑ is a fixed point value). There is no visible
di!erence between the two variants of the calculation. We
deduce that 𝑀0 ↓ ω 𝐿 ↓ ω3.

FIG. 8. Frequency dependence of 𝑃↔1
𝐿

from integrating the
flow down to ω 𝐿 → 0. At low frequencies we recover the RPA-

type scaling ↓ 𝑀
2/3
0 . The inset shows the same data in loga-

rithmic scale. There is no visible di!erence between the two
variants of the calculation.

Comparing the two limits, we obtain the relation:

𝐿 = 1 ↔ 𝑄 𝐿 , (41)

thus leading to the RPA value 𝐿 = 2/3 at the present
approximation level.
The present section demonstrated how the framework

of the Wetterich equation recovers the previously estab-
lished one-loop results for bosonic and fermionic prop-
erties at the ↗

𝑅 = ↗0 quantum critical point of itinerant
Fermi systems. We contrasted the flawed procedure (sim-
ilar in spirit to the Hertz-Millis theory) of scaling ω 𝐿 to
zero before the bosonic cuto! ω (Sec. III.A.1) with the
more satisfactory one, where fermions and bosons are in-
tegrated out in parallel leading, for the bosonic sector, to
the generalized Hertz action. The obtained fixed point
governing the critical singularities is of Gaussian nature
and leads, after correct account of the scaling of the flow-
ing ordering wavevector ↗

𝑅ω, to the value 𝑆𝑀 = 3 for the
dynamical exponent of the Bose field. It also recovers the
RPA result for the Fermi self-energy exponent 𝐿 = 2/3.
We emphasize that in spite of the fact that, at this ap-

proximation level, the two paths lead to the same values
of the scaling exponents, the latter one evades the prob-
lem of generating singular e!ective Bose interactions and
the singular Landau-damping term. In the sections to
follow, we address the question of stability of the fixed
point obtained above, upon taking account of the scaling
of the Yukawa coupling 𝑇 and inclusion of self-energy into
the Fermi loop governing the flow of the Bose propagator.
Before proceeding we briefly comment on the nu-

merical procedures implemented in this section. We
evaluate ε̃(𝑀0) on a logarithmic frequency grid with
120 points. The resulting set of flow equations is in-
tegrated using an adaptive version of the Dormand-
Price method. The internal momentum and fre-
quency integrals are calculated numerically at each
time step for each of the external frequencies 𝑀0 us-
ing the Gauss-Legendre quadrature. If not specified
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FIG. 1. Feynman diagrams representing the flow of the
self-energies. The wiggly (straight) line denotes the boson
(fermion) propagator 𝐿

𝐿/ 𝑀 dressed by fluctuations down to
the cuto! scale ω (or ω 𝑀 ). The strikethrogh indicates the
single scale propagator S

𝐿/ 𝑀 . Contributions involving 4-point
functions with fermionic legs were omitted.

III. GENERALIZED HERTZ ACTION
AND THE NON-FERMI LIQUID FIXED POINT

In perturbation theory the standard Landau damping
is generated at one-loop level, and does not require ac-
counting for self-energy contributions. In what follows we
explain how that result is recovered in our present frame-
work by a questionable procedure of integrating fermionic
degrees of freedom via the flow much faster than the
bosonic ones and how improvement can be achieved in
the present methodology. We subsequently present a de-
tailed discussion concerning the structure of the regu-
larized bubble diagram (second line in Fig. 1) and the
relation between the scales ω and ω 𝑀 , which, in our ap-
proach, is fixed by the magnitude of the flowing ordering
wave-vector →

𝑀ω. This characteristic is crucial for values
of scaling exponents.

Having in mind the goal of recovering the standard
one-loop theory from the Wetterich flow and setting up
a starting point for more elaborate analysis, we propose
a truncation of the Wetterich equation, which is summa-
rized as follows:
1. We neglect the Fermi self-energy in the loop integrals
of the flow equations.
2. We disregard the flow of the Yukawa coupling and
the higher order interactions generated by the RG flow
except for the bosonic self-interaction 𝑁, which is treated
as a flowing local coupling.

Truncations reaching beyond this level will be dis-
cussed in Sec. IV. Note that there is no preimposed
parametrization of the momentum and frequency depen-
dencies of the flowing propagators. As we discuss below,
the truncation allows for making contact with the Hertz-
Millis framework at any time by scaling ω 𝑀 to zero before
ω. Presence of the fermionic cuto! prevents generation
of singular bosonic interactions. With the above spec-

ified truncation, we obtain the following flow equations
for the self-energies:

𝑂ωε(𝑀
↑
) = ↓

∫
𝑁

S𝐿 (𝑀)ϑ (3)
𝑂𝑂𝑂

𝐿𝐿 (𝑀 +𝑀
↑
)ϑ (3)

𝑂𝑂𝑂

+
1

2

∫
𝑁

S𝐿 (𝑀)ϑ (4)
𝑂𝑂𝑂𝑂

+ 2𝑃2 (𝑂ωω 𝑀 )

∫
𝑃

S 𝑀 ,0 (𝑄)𝐿 𝑀 ,0 (𝑄 +𝑀
↑
)

+ 2𝑃2 (𝑂ωω 𝑀 )

∫
𝑃

S 𝑀 ,0 (𝑄)𝐿 𝑀 ,0 (𝑄 ↓𝑀
↑
) ,

(9)

𝑂ωϖ(𝑄 ↑
) = ↓ 𝑃

2

∫
𝑁

S𝐿 (𝑀)𝐿 𝑀 ,0 (𝑄
↑
↓𝑀)

↓ 𝑃
2
(𝑂ωω 𝑀 )

∫
𝑁

S 𝑀 ,0 (𝑄
↑
↓𝑀)𝐿𝐿 (𝑀) ,

(10)

where

𝐿 𝑀 ,0 (𝑄) :=
1

↓𝑅𝑆0 + 𝑇 →
𝑄
+ 𝑈 𝑀 (𝑄)

, S 𝑀 ,0 := ↓(𝑂ω 𝐿
𝑈 𝑀 ) (𝐿 𝑀 ,0)

2
.

(11)

Throughout the paper we concentrate on the quantum
critical state, which is achieved by tuning the bare bo-
son mass such that it scales to zero in the limit ω ↔ 0.
The flow equation for the mass 𝑉

2
𝐿
= ε(𝑀 = 0) includes

contributions from the fermion loop, boson bubble, and
boson tadpole. In fact, we checked that disregarding the
purely bosonic contributions does not a!ect our results.
The present framework is di!erent from the approaches

relying on perturbation theory. In the latter, the
one-loop boson self-energy is computed using the bare
fermion propagator, leading to the |𝑊0 |/| →𝑊 | Landau damp-
ing term. This is subsequently inserted into the one-loop
fermion self-energy diagram, which yields the |𝑆0 |2/3 con-
tribution. The scheme implemented here is entirely dif-
ferent: both the propagators are equipped with their cut-
o!s and the corresponding scales are sent to zero ”in par-
allel”. The perturbative procedure can be mimicked by
sending the cuto! on fermions (ω 𝑀 ) to zero first, which
fully dresses the Bose propagator and therefore should
recover the standard Landau damping via the last two
terms in Eq. (9). If the limit ω ↔ 0 is considered only
subsequently, one anticipates to recover the Hertz-Millis
type flow of bosons from the first two terms in Eq. (9)
and also obtain the non-Fermi liquid from Eq. (10). As
we discuss in Sec. III.A.1, this is indeed what happens.
The point is that taking the limit ω 𝑀 ↔ 0 first leads
to the known problem of singular Bose interactions and
should therefore be avoided.

A. Regularized fermionic bubbble

We begin with a discussion of the fermionic contribu-
tion to the bosonic self-energy flow as represented by the
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FIG. 5. Dynamical part of the function 𝐿0 (𝑀0, 𝑀,ω 𝐿 ). Lin-
ear scaling is clearly visible in the frequency range between
2𝑁 𝐿ω 𝐿 and 𝑁 𝐿𝑂ω (see the main text). Quadratic dependence
on frequency sets in for 𝑀0 < 2𝑁 𝐿ω 𝐿 . The inset shows the
same data in linear scale.

of the upper integration limit in the second term, which
is of order 𝑃ω (see Appendix C for details). Note that,
by virtue of the result of the previous section, we have
𝑃ω = ω 𝐿 /𝑂ω → 1. We obtain:

𝐿0 (𝑀0,𝑂ω,ω 𝐿 ) = ↑A

[
3

2
↑
3ω 𝐿

𝑂ω
+
1

2

𝑀
2
0

𝑀
2
0 + 𝑁

2
𝐿
𝑂

2
ω

↑

ω 𝐿

𝑂ω

𝑀
2
0

𝑀
2
0 + 4𝑁2

𝐿
ω2

𝐿

+
2𝑀0
𝑁 𝐿𝑂ω

(
arctan

(2𝑁 𝐿ω 𝐿

𝑀0

)

↑ arctan
( 𝑁 𝐿𝑂ω

𝑀0

) )]
+ O

(
𝑄

2)
. (26)

The range of variation of the above expression, treated
as a function of 𝑀0 spans the interval 𝑀0 ↓ (2𝑁 𝐿ω 𝐿 , 𝑁 𝐿𝑂ω),
which contains frequencies for which 𝑄 ↔ 𝑂

2
ω. In this

regime we expand the first arctan(𝑅) function around
𝑅 = 0 and the second one around infinity. This leads to a
contribution of order |𝑄 | and yields a simple parametriza-
tion of the flowing bubble and the bosonic propagator:

𝐿0 (𝑀0,𝑂ω,ω 𝐿 ) ↗ ↑
3A

2
+ 2𝑂2

ω + A 𝑆

|𝑀0 |

𝑁 𝐿𝑂ω
, (27)

𝑇𝑀 ↗
1

ε𝑈2
𝑀
+ 3𝑂2

ω + (| ↘𝑀 | ↑𝑂ω)
2 + A𝑆

|𝑁0 |

𝑂 𝐿𝑃ω

. (28)

For an illustration see Fig. 5. We note a!nity of the
above expression to the Hertz-Millis form pertinent to
the antiferromagnetic-type transition where the ordering
wavevector ↘

𝑂 ϑ ↘0 and the (one-loop) dynamical exponent
of the Bose field 𝑉𝑀 = 2. However, taking note of the
analysis of the previous section and requiring that the
distinct terms in 𝑇

↑1
𝑀

all scale as ω2, we obtain

|𝑀0 | ↔ 𝑂
3
ω ↔ ω 𝐿 , (29)

which leads to 𝑉𝑀 = 3, in agreement with the Hertz-Millis
theory. Note that, in spite of the very di”erent forms of
the Bose propagators, the same value of 𝑉𝑀 is obtained
in our approach if fermions are scaled out much faster
than bosons - see Sec. III.A.1, resulting in the standard
Hertz-Millis propagator instead of the form of Eq. (28).
The key point of the above analysis is the identification

of the relation 𝑂ω ↔ ω ↔ ω1/3
𝐿

, establishing the relative
rate at which the distinct degrees of freedom need to be
scaled. The earlier reasoning of Ref. [35] disregarded an-
alytical contributions to the regularized static part of the
bubble, which led to the flawed result ω 𝐿 ↔ ω ↔ 𝑂ω and
𝑉𝑀 = 2. The other point to note is that the expanded
form of Eq. (28) is valid only for small 𝑄, but the com-
plete formula for 𝐿0 (𝑂,ω 𝐿 ), derived and implemented
in Ref. [35] necessarily spanned the entire range of mo-
menta and frequencies, although it neglected analitycal
contributions in 𝑄.
We emphasize once again that the above calculation

entirely evades the step of integrating the fermionic de-
grees of freedom before the bosons and constitutes a ro-
bust starting point for further developments accounting,
in particular, for self-energy e”ects — see Sec. IV.

B. Fermion self-energy

We now explain how the one-loop result for the Fermi
self-energy and the associated non-Fermi liquid state is
recovered in our approach relying on the generalized
Hertz action of the previous sections. We define:

ϖ(𝑊0) := ϖ(𝑊0, ↘𝑊 = 𝑊 𝐿 𝑋𝑄) (30)

and concentrate for now on the imaginary part:

ϖ̃(𝑊0) := 𝑊0 ↑ Im [ϖ(𝑊0)] . (31)

The non-Fermi liquid propagator is generated from the
Fermi-Bose loop [Eq. (10)], which reduces to the form:

𝑌ωϖ̃(𝑊0) = 2𝑍2
∫
𝑃

(𝑌ωω 𝐿 ) 𝑌ω 𝐿
𝑎 𝐿 (𝑊 𝐿 𝑋𝑄 + ↘𝑀)

𝑈
2
𝑀
+ | ↘𝑀 |2 + 𝐿0 (𝑀0, 𝑀,ω 𝐿 ) + 𝑎𝑀 ( | ↘𝑀 |)

(𝑀0 ↑ 𝑊0) 𝑏 (𝑊 𝐿 𝑋𝑄 + ↘𝑀)[
(𝑀0 ↑ 𝑊0)

2 +
(
𝑏 (𝑊 𝐿 𝑋𝑄 + ↘𝑀)

)2]2

+𝑍
2

∫
𝑃

𝑌ω𝑎𝑀 ( | ↘𝑀 |)(
𝑈

2
𝑀
+ ω2

𝑀
+ 𝐿0 (𝑀0, 𝑀,ω 𝐿 )

)2
𝑀0 ↑ 𝑊0

(𝑀0 ↑ 𝑊0)
2 +

(
𝑏 (𝑊 𝐿 𝑋𝑄 + ↘𝑀)

)2 ,

(32)

where we introduced 𝑏 (↘𝑊) = 𝑐 ↘
𝑅
+ 𝑎 𝐿 (

↘
𝑊). The term in-

volving 𝑌ω 𝐿
𝑎 𝐿 is crucial, dropping the contribution with

𝑌ω𝑎𝑀 has no important impact on the results of this sec-
tion. The bosonic propagator introduces a characteristic
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scale 𝐿0 → ω𝐿𝐿 , e!ectively acting as a cut-o! for frequen-
cies above 𝐿0. In the analysis to follow, we pursue two
strategies. In the first calculation, we directly numeri-
cally integrate Eq. (32) using bosonic propagator given
in Eq. (28), which yields the entire profile of ε̃(𝑀0) includ-
ing all the relevant regimes both as function of frequency
𝑀0 and cuto! scale ω 𝑀 (one can use ω equivalently). We
define the flowing exponent:

𝑁ω (𝑀0) :=
𝑂 ln

(
ε̃(𝑀0)

)
𝑂 ln(𝑀0)

, (33)

which encodes the scale dependence of the function. The
corresponding results demonstrating the flow of 𝑁ω (𝑀0)

are given in Fig. 6. Due to the presence of the cuto! at fi-
nite ω, the bosonic field acquires non-zero mass 𝑃2

𝑁
→ ω2,

which suppresses the non-Fermi liquid scaling and re-
stores the Fermi liquid in deep infrared as long as ω > 0.
Directly at the QCP, the frequency range of this scaling
will shrink and ultimately vanish as ω is reduces towards
zero. On the other hand, if the system becomes detuned
from criticality the bosonic mass would freeze at a certain
scale ω̃ and stay finite till the end of the flow. We clearly
see that for 𝑀0 > 𝑀0 we recover the anticipated scaling of
the self-energy governed by the exponent 𝑁 ↑ 2/3, while
for 𝑀0 < 𝑀0 the self-energy crosses back to the Fermi liq-
uid behavior (𝑁 = 1). In the UV regime we recover linear
dependence of ε on frequencies. The scale dependence of
the crossover frequency and the frequency profile of 𝑄↓1

𝑀

at the QCP are presented in Figs. 7 and 8. The crossover
frequency coincides with the frequency scale imposed by
a bosonic propagator 𝑀0 → ω 𝑀 → ω3

→ 𝐿0.
In the other, simplified variant of the calculation, we

take advantage of the fact that for 𝑀0 ↔ 𝐿0, we can
expand the RHS of Eq. (32) in powers of 𝑀0. As a result
we find that 𝑂ωε̃(𝑀0) → 𝑀0. This allows us to adopt a
commonly applied parametrization:

ε̃(𝑀0) ↑ 𝑅 𝑀 𝑀0 for 𝑀0 < ω𝐿𝐿
, (34)

where 𝑅 𝑀 depends on the scale ω 𝑀 . In this regime, the
frequency dependence of the Fermi self-energy can be en-
tirely determined from its low-energy expansion:

𝑂ωε̃(𝑀0) = 2𝑆2
∫
𝑂

(𝑂ωω 𝑀 ) 𝑂ω 𝑀
𝑇 𝑀 (𝑀 𝑀 𝑈𝑃 + ↗𝐿)

𝑃
2
𝑁
+ | ↗𝐿 |2 + 𝑉(𝐿0, 𝐿,ω 𝑀 )

𝑅 𝑀 (𝐿0 ↓ 𝑀0) 𝑊 (𝑀 𝑀 𝑈𝑃 + ↗𝐿)[
𝑅
2
𝑀
(𝐿0 ↓ 𝑀0)

2 +
(
𝑊 (𝑀 𝑀 𝑈𝑃 + ↗𝐿)

)2]2

+𝑆
2

∫
𝑂

𝑂ω𝑇𝑁 ( | ↗𝐿 |)(
𝑃

2
𝑁
+ ω2

𝑁
+ 𝑉0 (𝐿0, 𝐿,ω 𝑀 )

)2
𝑅 𝑀 (𝐿0 ↓ 𝑀0)

𝑅
2
𝑀
(𝐿0 ↓ 𝑀0)

2 +
(
𝑊 (𝑀 𝑀 𝑈𝑃 + ↗𝐿)

)2 . (35)

Note that in this approach we may easily include the
self energy in the loop, which amounts to multiplying
the frequencies by 𝑅 𝑀 (as done in the above equation).

The flow of 𝑅 𝑀 is extracted from Eq. (35) by taking the
derivative with respect to frequency at 𝑀0 = 0, which
leads to:

𝑂ω𝑅 𝑀 = ↓2𝑆2𝑅 𝑀

∫
𝑂

(𝑂ωω 𝑀 ) 𝑂ω 𝑀
𝑇 𝑀 (𝑀 𝑀 𝑈𝑃 + ↗𝐿)

𝑃
2
𝑁
+ | ↗𝐿 |2 + 𝑉(𝐿0, 𝐿,ω 𝑀 )

𝑊 (𝑀 𝑀 𝑈𝑃 + ↗𝐿)[
𝑅
2
𝑀
𝐿
2
0 +

(
𝑊 (𝑀 𝑀 𝑈𝑃 + ↗𝐿)

)2]2
()
*
1 ↓

4𝑅2
𝑀
𝐿
2
0

𝑅
2
𝑀
𝐿
2
0 +

(
𝑊 (𝑀 𝑀 𝑈𝑃 + ↗𝐿)

)2 +,-
+

↓ 𝑆
2
𝑅 𝑀

∫
𝑂

𝑂ω𝑇𝑁 ( | ↗𝐿 |)(
𝑃

2
𝑁
+ ω2

𝑁
+ 𝑉0 (𝐿0, 𝐿,ω 𝑀 )

)2
1

𝑅
2
𝑀
𝐿
2
0 +

(
𝑊 (𝑀 𝑀 𝑈𝑃 + ↗𝐿)

)2 ()
*
1 ↓

2𝑅2
𝑀
𝐿
2
0

𝑅
2
𝑀
𝐿
2
0 +

(
𝑊 (𝑀 𝑀 𝑈𝑃 + ↗𝐿)

)2 +,-
.

(36)

We then examine the power counting dictating the
scaling of 𝑅 𝑀 . On the RHS of Eq. (36) the bosonic prop-

agator scales as 𝑄𝑁 → 𝑋
↓2
ω → ω↓2/3

𝑀
, and the fermionic

part as → 𝑌
↓4
𝑀
ω↓4

𝑀
. The frequency integral yields an ad-

ditional factor 𝑌 𝑀ω 𝑀 /𝑅 𝑀 , while the momentum integrals

contributes 𝑋ωω 𝑀 → ω4/3
𝑀

. In total we obtain:

𝑂ω 𝑀
𝑅 𝑀 → ↓

𝑆
2
𝑅 𝑀 𝑌

2
𝑀
ω 𝑀

2𝑍3
𝑌 𝑀ω 𝑀

𝑅 𝑀︸︷
d𝑄0

1

𝑌
4
𝑀
ω4

𝑀︸︷
𝑀 𝑅𝑆𝑇𝑈𝑉𝑊𝑈𝑋

1

ω2/3
𝑀︸︷

𝑁𝑉𝑌𝑉𝑊𝑈𝑋

ω4/3
𝑀︸︷

d𝑄2

= ↓
𝑆
2

𝑌 𝑀ω
4/3
𝑀


𝑍ω 𝑀

=====↘ 𝑎 𝑀 =
1

3
, (37)

where the exponent 𝑎 𝑀 is defined by

𝑎 𝑀 := ↓
1

𝑅 𝑀

𝑏𝑅 𝑀

𝑏 lnω 𝑀

. (38)

Interestingly 𝑅 𝑀 cancels out in Eq. (37), which sug-
gests that the result 𝑎 𝑀 = 1/3 may remain unchanged no
matter if we retain or neglect the fermionic self-energy
on the RHS of the loop integral. This is reminiscent of
the behavior obtained at RPA [60], where results from
the self-consistent and non self-consistent variants of the
analysis yield the same behavior of the self-energy.
The relation between 𝑁 and 𝑎 𝑀 can be derived

from continuity of ε̃(𝑀0) at 𝑀0 = 𝑀0. Within the
present parametrization, for small enough frequencies the
fermionic propagator can be written as:

ε̃(𝑀0 < 𝑀0) → ω 𝑀

↓𝑎 𝑀
𝑀0

𝑏0≃𝑏
↓
0

↓↓↓↓↓↓≃ ω 𝑀

↓𝑎 𝑀 ω 𝑀 , (39)

while for frequencies from the IR non-Fermi liquid region
we get :

ε̃(𝑀0 < 𝑀0 < 𝑀
𝑐𝑑

0 ) → 𝑀
𝑒

0

𝑏0≃𝑏
+
0

↓↓↓↓↓≃ (ω 𝑀 )
𝑒

. (40)

The ”simplest” non self-consistent truncation recovers key 
features of previous (RPA-type) approaches.    
The problem of singular bosonic interactions avoided.   
Account of the flow of        indispensable.  
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FIG. 9. Numerical solution of Eq.(47). The numbers indicate
slope fits to the numerical data. In this calculation we set
A

→ = 1.

To explain the problem, we first analyze the limit:

lim
ω↑0

𝐿𝐿 (0, | ↓𝑀 | = ω 𝑀 ,ω 𝑀 ) ↔ ε𝑁2
𝑁
. (48)

A straightforward calculation yields:

𝐿𝐿 (0, | ↓𝑀 | = ω 𝑀 ,ω 𝑀 ) = A
→

∫ ω 𝐿

↗

d𝑂 𝑂
𝑂
ω 𝑀

𝑂
2
=

A
→

1

𝑃 ↘ 1
ω𝑂

𝑀

ω 𝐿↑0
↘↘↘↘↘↑



0 for 𝑃 ≃ (0, 1)

𝑄𝑅𝑆𝑇𝑈 for 𝑃 = 0

↘↗ for 𝑃 < 0

. (49)

As already noted, for 𝑃 > 0 the flow converges to a state
with 𝑉ω↑0 > 0, while for 𝑃 < 0 we obtain an unphysical
behavior of the mass. It follows that occurrence of a
critical state (within the present truncation level) should
require that

𝑃 = ↘2𝑊𝑃 + 𝑊 𝑀 = 0 . (50)

One may demonstrate that the present procedure then
leads to the superficially appealing result

𝑋𝑁 = 3𝑌 = 3(1 + 𝑊 𝑀 ) . (51)

However, inspection of the Fermi self-energy flow reveals
a problem. We evaluate the flow of 𝑍 𝑀 , and take note of
the fact that, at the fixed point:

𝑃 = ↘2𝑊𝑃 + 𝑊 𝑀 = 0 =⇐
𝑎
2
ω

𝑍 𝑀

↑ 𝑄𝑅𝑆𝑇𝑈 , (52)

which leads to

𝑏ω 𝐿
𝑍 𝑀 ↔ ↘

𝑎
2
ω𝑍 𝑀 𝑐

2
𝑀
ω 𝑀

2𝑑3
𝑐 𝑀ω 𝑀

𝑍 𝑀︸︷︷︸
d𝑄0

1

𝑐
4
𝑀
ω4

𝑀︸︷︷︸
𝑀 𝑅𝑆𝑇𝑈𝑉𝑊𝑈𝑋

1

ω2/3
𝑀︸︷︷︸

𝑁𝑉𝐿𝑉𝑊𝑈𝑋

ω4/3
𝑀︸︷︷︸

d𝑄2

↔

↘
𝑎
2
ω

𝑐 𝑀ω
4/3
𝑀

↔ ↘
𝑒
→
𝑍 𝑀

𝑓 𝑀ω
4/3
𝑀

. (53)

This behavior is incompatible with the scaling assumed
in Eq. (42) for any finite value of 𝑊 𝑀 .
In conclusion to this section: we proposed a step

beyond the treatment discussed in Sec. III, by self-
consistently introducing the scaling of frequency depen-
dence of the self-energy as well as the Yukawa interaction
coupling. At the same time we kept the momentum de-
pendencies in the Fermi self-energy unrenormalized. The
obtained result indicates no possibility of realizing a sen-
sible non-Fermi liquid fixed point within this procedure.
In what follows, we extend the truncation by addition-
ally allowing for RG scaling of the Fermi velocity and
demonstrate that this does not remove the inconsistency.

B. Scaling of 𝑐 𝑀

We now extend the truncation by additionally allowing
for the flow of the Fermi velocity. We impose

𝑔𝑌,ω =
𝑐 𝑀 ,ω

2𝑓 𝑀

( |↓𝑓 |
2
↘ 𝑓

2
𝑀
) (54)

and the fixed point scaling 𝑐 𝑀 ,ω = 𝑐
→

𝑀
ω↘𝑍𝑀 𝐿

𝑀
, which defines

𝑊𝑎 𝑀 . We also introduce

𝑃 := ↘2𝑊𝑃 + 𝑊 𝑀 + 𝑊𝑎 𝑀 , 𝑌 := 1 + 𝑊 𝑀 ↘ 𝑊𝑎 𝑀 . (55)

The flow of 𝑐 𝑀 ,ω is reflected in the flowing bubble diagram

via the redefinition of the regularized dispersion 𝑕ω (↓𝑓) =
𝑔 ↓
𝑌,ω + 𝑖 𝑀 (

↓
𝑓) and via an entirely new term appearing in

𝑏ω𝑖 𝑀 . The scaling form of the regularized bubble, here
denoted by X𝐿𝑋, is given by:

X𝐿𝑋 (𝑀0, 𝑀,ω 𝑀 ) =

A
→ω𝑂

𝑀

𝑀

[
(1 ↘ 𝑊𝑎 𝑀 ) 𝑗

(
𝑈,𝑘

)
+ 𝑊𝑎 𝑀 𝑗𝑌2

(
𝑈,𝑘

) ]
,(56)

where 𝑈 = ω 𝑀 /𝑀 and 𝑘 =
𝑏
→

𝐿

𝑎
→

𝐿

𝑄0

𝑄
𝑁
. The derivation of the

above formula and the form of the function 𝑗
𝑌
2

(
𝑈,𝑘

)
are

presented in Appendix B (for a plot of 𝑗
𝑌
2 (𝑈) see also

Fig. 3). Following the path described in the previous
sections, we analyze the minimum of the inverse propa-
gator and extract its behavior for ω 𝑀 ↑ 0. We obtain

d
d𝑄

(
𝑀
2
+ 𝐿(0, 𝑀,ω 𝑀 )

)
𝑄=𝑐ω

=

= 2𝑉ω +
𝑃

𝑉ω
𝐿𝐿𝑋 (0,𝑉ω,ω 𝑀 ) ↘

A
→

ω1+𝑂
𝑀

𝑉
2
ω

[
(1 ↘ 𝑊𝑎 𝑀 ) 𝑗

(ω 𝑀

𝑉ω


+ 𝑊𝑎 𝑀 𝑗𝑌2

(ω 𝑀

𝑉ω


= 0 .(57)

We have performed a detailed analysis of the solutions
to Eq. (57) depending on 𝑃, 𝑊𝑎 𝑀 , and ω 𝑀 . Our analysis
indicates a generic lack of possibility of obtaining an RG
fixed point with properties reminiscent of the RPA-type
behavior discussed in Sec. III. Our conclusion is summa-
rized in the diagram of Fig. 10. In the physically most

Inclusion of self energy (parametrized via Z-factors) and scaling of  

the Yukawa coupling.

No possibility of obtaining a fixed point 

with properties similar to RPA. 
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Instability towards a modulated phase? 

Instability towards a first-order transition? 

[e.g. Chubukov et. al.,  PRL 92, 147003 (2004)]  

Substantially higher-level truncation necessary to 
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FIG. 13. Exemplary diagrams which contribute to
𝐿ω𝑀ω (𝑁,𝑂).

dering wavevector to a non-vanishing value or an inverse
propagator featuring two minima (pointing towards pos-
sible first order transition) accompanied by a large value
of the scaling exponent 𝑃𝐿 𝑀 .

Existence of a non-Fermi liquid fixed point within the
self-consistent treatment is however not ruled out upon
including higher order terms, which are absent in the
initial action of Eq. (2), but become generated by the RG
flow. We speculate on this possibility below in Sec. IV.C.

C. Fermion-boson 4-point vertex

Let us now consider the following contribution to the
flow of the boson self-energy

X𝑁 (𝑁,ω 𝑀 ) = →2

∫
𝑂

𝑄 𝑀 (𝑂) 𝑀ω (𝑁,𝑂) , (62)

which involves the 4-point fermion-boson vertex 𝑀ω

𝑀ω (𝑁,𝑂) :=
𝑅
4εω [𝑆,𝑆, 𝑇]

𝑅𝑇𝑃𝑅𝑇→𝑃𝑅𝑆𝑂 ,↑𝑅𝑆𝑂 ,↑

. (63)

In standard treatments (including our own analysis thus
far), this contribution is neglected for several reasons.
First, the 4-point vertex is absent in the bare action.
Furthermore, evaluating it strictly at the minimum of
the inverse propagator, 𝑂 = {𝑈0 = 0, |↓𝑈 | = 𝑈 𝑀 }, yields
zero, since Eq. (62) involves an integral over a second-
order pole. Therefore, any non-trivial result can only
arise from the frequency-dependent part of 𝑀ω (𝑁,𝑂) that
is generated during the integration of the flow.

Fig. 13 depicts representative diagrams that contribute
to 𝐿ω𝑀ω (𝑁,𝑂). Only the first of these — the box diagram
— can be constructed from vertices present already in
the bare action. Below we consider only this diagram.
While we retain the scaling of the Yukawa coupling and
the fermionic self-energy, for simplicity, we omit the flow
of the Fermi velocity. Consequently, Eq. (62) can be
rewritten as follows:

X𝑁 (𝑁,ω 𝑀 ) = 2

∫
𝑂1

𝑄 𝑀 (𝑂1,ω 𝑀 )

∫ ω 𝐿

ω 𝐿 ,𝑀𝑁

d𝑉

{
𝑊
4
𝑄

∫
𝑂2

𝑋
2
𝑀
(𝑂2, 𝑉)𝑋𝑅 (𝑂1 → 𝑂2, 𝑉)

[
𝑄 𝑀 (𝑂2 +𝑁, 𝑉) + 𝑄 𝑀 (𝑂2 →𝑁, 𝑉)

]
+

+ 2𝑊4
𝑄

∫
𝑂2

𝑄 𝑀 (𝑂2, 𝑉)𝑋 𝑀 (𝑂2, 𝑉)𝑋𝑅 (𝑂1 → 𝑂2, 𝑉)

[
𝑋 𝑀 (𝑂2 +𝑁, 𝑉) → 𝑋 𝑀 (𝑂2 →𝑁, 𝑉)

]}
.

(64)

By inserting the box diagram into the tadpole diagram
contributing to the flow of the boson self-energy, we intro-
duced two distinct flowing scales, ω 𝑀 and 𝑉. We distin-
guish the scale dependence of the propagators explicitly.
As in the previous section, we take the limit ω 𝑀 ,𝑆𝑇 ↔ ↗.
Collecting all terms that depend on the integration vari-
able 𝑂1, we define:

𝑌 (𝑂 , 𝑉,ω 𝑀 ) := →𝑊
2
𝑄

∫
𝑂1

𝑄 𝑀 (𝑂1,ω 𝑀 )𝑋𝑅 (𝑂1 → 𝑂 , 𝑉) . (65)

Notice that for 𝑉 = ω 𝑀 , this function resembles the flow of
the fermionic self-energy [see Eq. (10)]. We can therefore
approximate this term as:

𝑌 (𝑂 , 𝑉,ω 𝑀 ) ↘ →𝑍𝐿ω 𝐿
𝑎 𝑀 ,ω 𝐿

𝑈0 = 𝑍 𝑃 𝑀

𝑎 𝑀 ,ω 𝐿

ω 𝑀 𝑎 𝑀 ,𝑄

𝑎 𝑀 ,𝑄𝑈0 . (66)

Substituting this result and taking the limit 𝑈 𝑀 ≃

𝑏𝑐𝑑(ω,ω 𝑀 , 𝑒) we obtain the static expression:

X𝑁 (0, 𝑒,ω 𝑀 ) ↘ 2𝑃 𝑀

𝑎 𝑀 ,ω 𝐿

ω 𝑀

∫ ω 𝐿

↗

d𝑉
A𝑄

𝑎 𝑀 ,𝑄𝑒

𝑓

(
𝑉

𝑒

)
. (67)

For the definition and details of the scaling function 𝑓 (𝑔),
see Appendix F. The contribution from this vertex to the
bosonic propagator is obtained by integrating over the
scale:

𝑕𝑁 (0, 𝑒,ω 𝑀 ) =
∫ ω 𝐿

+↗

d𝑉X𝑁 (𝑒0 = 0, 𝑒, 𝑉) ↘ (68)

↘ 2A⇐
𝑒
𝑈

∫ ω 𝐿 /𝑉

+↗

d𝑔 𝑔𝑈 𝑓 (𝑔)

(
1 →

(
𝑔𝑒

ω 𝑀

)
𝑊 𝐿

)
.

(69)

As before, we determine the flowing ordering wavevector
by solving for the extremum of the bosonic propagator:

d

d𝑒

(
𝑒
2
+ 𝑕𝑋 (0, 𝑒,ω 𝑀 ) + 𝑕𝑁 (0, 𝑒,ω 𝑀 )

)
𝑉=𝑃ω

= 0 . (70)

[e.g. Kirkpatrick and Belitz,  PRB 113, 214414 (2026)]
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lim
⇤!0

Q⇤ > 0



Summary:

Simple non-self-consistent truncation  RPA-type RG fixed point 

(Account of the flow of       indispensable.)  
<latexit sha1_base64="B9V2mY9oVjE6DJV+P93uTt1rzBU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5ctGAf0g4lk8m0oUlmSDJCGfoVblwo4tbPceffmLaz0NYDgcM555J7T5Bwpo3rfjuFtfWNza3idmlnd2//oHx41NZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8sFMEuoLPJQsYgQbKz02B/17Gw7xoFxxq+4caJV4OalAjsag/NUPY5IKKg3hWOue5ybGz7AyjHA6LfVTTRNMxnhIe5ZKLKj2s/nCU3RmlRBFsbJPGjRXf09kWGg9EYFNCmxGetmbif95vdRE137GZJIaKsnioyjlyMRodj0KmaLE8IklmChmd0VkhBUmxnZUsiV4yyevkvZF1atVa83LSv0mr6MIJ3AK5+DBFdThDhrQAgICnuEV3hzlvDjvzsciWnDymWP4A+fzB2kJkCw=</latexit>

Q⇤

Relatively simple extensions instability of the RPA-type FP 
<latexit sha1_base64="XCY//bitIF+kTV2wAo0ny20PuxM=">AAACB3icbVDNS8MwHE39nPOr6lGQ4BA8jVZkepKhFw8eNnAfsJaSpukWlqQlSYVRdvPiv+LFgyJe/Re8+d+YbT3o5oPAy/v9Hsl7Ycqo0o7zbS0tr6yurZc2yptb2zu79t5+WyWZxKSFE5bIbogUYVSQlqaakW4qCeIhI51weDOZdx6IVDQR93qUEp+jvqAxxUgbKbCPPEZ5kHt3xhIhTyfQGTeD4nrlBHbFqTpTwEXiFqQCCjQC+8uLEpxxIjRmSKme66Taz5HUFDMyLnuZIinCQ9QnPUMF4kT5+TTHGJ4YJYJxIs0RGk7V344ccaVGPDSbHOmBmp9NxP9mvUzHl35ORZppIvDsoThj0MSdlAIjKgnWbGQIwpKav0I8QBJhbaormxLc+ciLpH1WdWvVWvO8Ur8u6iiBQ3AMToELLkAd3IIGaAEMHsEzeAVv1pP1Yr1bH7PVJavwHIA/sD5/APm9mL4=</latexit>

lim
⇤!0

Q⇤ > 0

Modulated phase? 

1-st order transition? 

Necessity of higher-order truncation?   




