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Introduction : the OPE

UV divergences - product of operators singular at short distance.

e.g., scalar field: lim,_, ,(@(X)@(y)) = 0 — @(X)Q(Y)|,-x # ©(X)°.
0(z2)

Operator product expansion (OPE):

local operators ]
fory — x,|0i(x)0;(y) = X, fU*(x - y) Ok(x) \ \
¢ number ‘\\ 5,-(y)

« Sum over all local operators O;
- Singularities included in f;;: Wilson coefficients;

; . . . . [Wilson '69, Kadanoff ‘70]
 Valid when Inserted into correlation functions.
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Applications

* Verified to all orders in perturbation and in conformal field theories.
[Zimmerman, Ann Phys ‘73]

 Applied to

* RG theory; perturbative RG formulation; QCD; [Novikov et al. PR 78]

« Cold gases: thermodynamic relations for 3d interacting fermions.

3(H) « c. Related to singular HF tail of momentum distribution p(k) "2 /R
d(1/a) - appears in the OPE expansion of ¢*(-r/2){@(r/2).

Tan contact:

[Braaten & Platter, PRL ‘08]
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Conformal field theories

 Conformal field theories (CFT): OPE = basis for conformal bootstrap (CB).
[Poland et al., RMP “19]

« CFT: Invariant under transforms that preserve angles.
(= scale transforms + special conformal transform)

O;i

J

(0;(x)0;(y)) = : T

| ] |x - y|*4 « A: scaling dimension.
. . _ ifk ° X=X =Xl
(01(21)0;(x:)0x{x3)) = A B Ve A B BV e e . c?-zz OP]E coéfﬁcient.
X12 X23 X13 iR
OPE in CFTs
Cijk

0;(x)0;(y) = 2, oy 0,(x) + spinful fields.

True for all d. [Di Francesco, Mathieu, Senéchal, CFT, Springer]
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Motivation

Near continuous phase transitions: OPE coefficients = universal numbers.

Functional RG (FRG): Interest from field theory community:
- universal quantities.

- Critical exponents; - CB
[De Polsi et al., PRE '20 & many more] [Kos et al. JHEP “16; Cappeli et al. JHEP “19]
« Amplitude ratios; * Fuzzy sphere
[Berges et al., PR '02; Rangon et al., PRE "13; [Zhu et al. PRX '23; Hu et al. PRL ‘23]
De Polsi et al., PRE '21]
* Monte-Carlo
« Scaling functions. [Caselle et al. PRD "15; Hasenbusch, PRB "20]
Leé% ’Izo]se et al., PRB "15; Rose and Dupuis « 4 - £ expansion | |
/ [Dey et al., JHEP "17; Carmi et al., SciPost "21]

Our goal: determine OPE coefficients

in critical O(N) theories.
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The O(N) model

Similar to ¢*theory. ¢p: N-component real field.
1
o] = [ ax {5 (0,0)" + r” + uo(?Y|

Phase transition controlled by the Wilson-Fisher fixed point for d<a.

 N=1,2, 3: universality classes of physical systems (Ising, XY, Heisenberg).
» N=0o: exact results.

At the phase transition: emergent conformal invariance!

Most relevant operators: O, ~ @, O, ~ ©?, O, ~ p*. A=(d-2+n)/2, A=d-1/v, A,=d+w.
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FRG strategy

C..Can be deduced from correlations [Pagani & Sonoda, PRD ‘20]

d-A -
|pq 19720 | p,|9-2Ac

for |pq| > |pal, (Og(P1)0p(P2)O(=p1 = P3)) =

« Strategy: composite operators - add sources K, coupling fX K, O,
Effective action I'[¢,K_]

E.g. for ¢4y, N=2, 4, 6, ...

OPE of ¢;, ¢;, and ¢".

2,1
rEin )(pr O)
-0 _
P |p|An 2,

C11n, = CONst. x lim

Momentum dependency
= BMW scheme

Vertex: 2" = 631/ 6¢;6¢:6K,,

Inn




Success and shortcomings

[Rose, Pagani, Dupuis, PRD ‘22]
| | | |

[Hu,

He, Zu, PRL ‘23]

TABLE I. List of OPE coefficients of primary operators obtained
14| N on the fuzzy sphere. The primary operators in consideration have
’ scaling dimensions A, ~ 0.51815, A, ~ 1.4126, A, =~ 3.8297,
A, = 5.2906, ATW = 3, and A(,W ~ 4.1803. The conformal
1.2 — bootstrap (CB) data is from Ref. [34], where some of unavailable
data is labeled by ‘NA’. We note that our convention for fr,,er,, is
~ 1| . FLysetyy = o= [ AQ Ty m = 0]E(Q) [Ty, m = 0) [30].
o
0.8 | — Operators |Spin|Z2| fas~ (Fuzzy Sphere) fap~ (CB)
o 0 |—| fooe=1.0539(18) fooe & 1.0519
0.6 € 0 |+ feee A2 1.5441(23) feee & 1.5324
€ 0 |+| foger =0.0529(16) | fomer = 0.0530
0.4 | | ‘ ‘ ‘ ] fecer == 1.566(68) feeer = 1.5360
! 0 |- soe A2 0.0515(42 rae == 0.06572
2 2.5 3 35 4 g J S15(42) )
d fgra.€f ~ 1294(51) NA
f(r"rn" ~ 298(13) NA
Touw 2 |+| foor = 0.3248(35) | foor = 0.3261
* [ ]

. d df g ( <d<4) forow % ~0.00007(96)|  furor =0
C112 etermine or I Sin 2— —4 feer ~ 0.8951(35) | feer = 0.8892
and 3d O(N) for all N fror o380 | A

* Tuv 2 - faeauu ~ 0400(33) fgfg"”/ ~ 0.3892
o o I foera,, = 0.18256(69) NA
* Limited success! Cannot be

applied to more complicated

operators... e ...contrary to Fuzzy sphere!
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Issue with higher-order coefficients

Naively O,~@?, O,~p*.
Actual scaling operators = eigenperturbations at the fixed point.

Initial condition can be decomposed onto scaling operators:
¢* ~ a,0, +a,0, +.

2.1
f,n )(P, 0) = #cyqqo|p| 22 +#C114|P|A‘* 2ha s

C,1,always subleading !
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Solution

[Delamotte, De Polsi, Tissier, Wschebor, PRE ‘24]
Connection between [Cabera, De Polsi, Wschebor, PRE ‘25]

 Eigenperturbation near the fixed point M[¢,K,=0]

s~

Velpa] = Tk [¢a, K = 0] — Ty [¢a, K = 0], Yi[@] = exp(At)[d],

- Fixed point equation for %" [¢,K =0]

K=0 _< /I O(m)>.f,f{:u'
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Implementation

Two different fixed points:
* First, find RG fixed point (FP) "[¢,K,=0]

* Then, find 2" FP for 10" [¢] (pyramidal structure of equations)
3,M"0) = 5,Mn) = 5 2 =

(Do —d)1*[6] =~ | TiV16:41(D, + 2,0,)6.

T

1 : (D), =
+ iTl‘ [R;;_G;g : F;;:(ZJ[QD] - G;;}.

2"d FP only reached if sources couples to scaling operator!
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Strategy

Once O, is found (BMW), 2 and pseudo-3-point vertices determined.

{O0n(P)On(-p)) (0i(p)9i(0)0,(-p))
Correct FP?

FP root-finding algorithm = dynamics in theory space.

Start with good initial guess!
« DE: diagonalize stability matrix
« BMW: start from d=3,99... and lower d
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Outline and perspectives

* Preliminary work: extension to O(N), odd and spinful operators, ...
* Long term: connection between conformal constraints and BMW?

Thank you for your attention!
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Solution

[Delamotte, De Polsi, Tissier, Wschebor, PRE ‘24]
Connection between [Cabera, De Polsi, Wschebor, PRE ‘25]

 Eigenperturbation near the fixed point M[¢,K,=0]

[ba] = Tie[da, K = 0] = Tufa, K =0],  9pild] + / Teal® 2] (Dy + 2,0,) da()

xr

- - 1 : -
(@] = exp(A)7 (4], = S Tr[RiGi -, (0] - Gi].
* Fixed point equation for 1" [¢]
(Do —)I"(d] = — [ T30 (Gia)(D, +,0,).
£ = [ I

- — Of: . : R "
K—0 </I (T)>.I,K:U 4 %Tr [Rka .F;(Q)[(;')] Gd
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