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High-temperature superconductivity
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A (selected) overview on the history of superconductivity:

» 1911: Discovery of superconductivity in mercury cooled with liquid helium down to ~ 4.2 K
|Onnes, Proceedings of the Royal Netherlands Academy of Arts and Sciences (1911)]

» 1957: BCS theory for superconductivity
[Bardeen, Cooper, Schrieffer, Phys. Rev. 108, 1175 (1957)]

» 1986: Discovery of superconductivity in cuprates at ~ 30 K (high 7.)
[Bednorz, Miiller, Z. Phys. B Condensed Matter 64, 189 (1986)]
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Importance of electron-phonon coupling in superconductors

Electron-phonon coupling in cuprates: ) :
Meissner effect in Lag_,Ba,CuOy4

» Substantial effects observed in experiments (isotope effect, ...) ST T T
8 .16 .
[Crawford, Kunchur, Farneth, McCarron III, Poon, PRB 41, 282 (1990)] i Y ~
[Yan et al., PNAS 120, €2219491120 (2023)]
[Chang, Timrov, Park, Zhou, Marzari, Bernardi, PRR 7, L012073 (2025)] 15 B
» Phonon-mediated BCS or Eliashberg theory not sufficient to 5-25 4
describe superconductivity in cuprates (& fRG rclcvant!) g
[Sun, Yang, Wang, Wang, PRB 109, L180508 (2024)] L -3 bl
|[Al-Eryani, Andergassen, Scherer, PRR 7, 043052 (2025)] = .
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Fig. from Crawford, Kunchur, Farneth, McCarron 111, Poon, PRB 41, 282 (1990)
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Temperature flow for electron-phonon systems

T-flow T

Main features of the temperature flow (T-flow):
[Honerkamp, Salmhofer, PRB 64, 184516 (2001)]

» Use T as flow parameter
» Start the flow at T = oo and lower down to 7" of interest
» Each step of the flow is physical

Fig. from Honerkamp, Rohe, Andergassen, Enss, PRB 70, 235115 (2004)
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Temperature flow for electron-phonon systems

Main features of the temperature flow (T-flow):

. ) onlflow
[Honerkamp, Salmhofer, PRB 64, 184516 (2001)] actio

N
™™

» Use T as flow parameter
» Start the flow at T = oo and lower down to 7" of interest
» Each step of the flow is physical

Fig. from Honerkamp, Rohe, Andergassen, Enss, PRE 70, 235115 (2004)

Original formulation of the T-flow:
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Temperature flow for electron-phonon systems

T-flow T

Main features of the temperature flow (T-flow):
[Honerkamp, Salmhofer, PRB 64, 184516 (2001)]

» Use T as flow parameter
» Start the flow at 7" = oo and lower down to 7" of interest
» Each step of the flow is physical
Fig. from Honerkamp, Rohe, Andergassen, Euss, PRI 70, 235115 (2004)
Original formulation of the T-flow:

» Start from a fermionic model with frequency-independent interaction:

1
Slel,e] =T e )Gy wn)elwn) + 7T% D U (v )l (vny )y )Wy mzns)

n1,n2,n3
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[Honerkamp, Salmhofer, PRB 64, 184516 (2001)]
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» Start the flow at T = oo and lower down to 7" of interest

» Each step of the flow is physical

Fig. from Honerkamp, Rohe, Andergassen, Enss, PRB 70, 235115 (2004)

Original formulation of the T-flow:

» Start from a fermionic model with frequency-independent interaction:

S[ = TZ( Vn GO (vn)e (Vn)+ T3 Z Uc (Vm> (1/"2) (”m)c(l’ernzfna)

ni,ng,n3

» Define rescaled fields & (n) = T3/4ct(1,) and é(n) = T3/4c(1/ ):

S[(‘ﬁc} = Z(‘T(n) 71/2('0 (vn) é(n) Z uet (n1)é"(n2)e(ng)e(ny + no — ng)
n — n1,n2,n
Gy i(vn) 1
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Temperature flow for electron-phonon systems

T-flow T

Main features of the temperature flow (T-flow):
[Honerkamp, Salmhofer, PRB 64, 184516 (2001)]

» Use T as flow parameter
» Start the flow at 7" = oo and lower down to 7" of interest
» Each step of the flow is physical
Fig. from Honerkamp, Rohe, Andergassen, Enss, PRI 70, 235115 (2004)
Original formulation of the T-flow:

» Start from a fermionic model with frequency-independent interaction:

Sef, —TZ< vn)Gy 't (vm)e(vm) + Lo S U e () () (g )e(Vny 1m0y )

ni,ng,n3

» Define rescaled fields & (n) = T3/4¢t(v,) and &(n) = T34¢(vy,):
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oo 1. n2.n3

» Define Ga}\ = RAG[T1 = AL/QGJ1 with A =T to use fRG equations with 7" as flow parameter
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[Honerkamp, Salmhofer, PRB 64, 184516 (2001)]

» Use T as flow parameter
» Start the flow at 7" = oo and lower down to 7" of interest
» Each step of the flow is physical
Fig. from Honerkamp, Rohe, Andergassen, Enss, PRI 70, 235115 (2004)
Original formulation of the T-flow:

» Start from a fermionic model with frequency-independent interaction:

Sef, —TZ< vn)Gy 't (vm)e(vm) + Lo S U e () () (g )e(Vny 1m0y )

ni,ng,n3

» Define rescaled fields & (n) = T3/4¢t(v,) and &(n) = T34¢(vy,):

S[(‘ﬁc} = Z(‘T(n) 71/2('0 (vn) é(n + - Z uet (n1)é"(n2)e(ng)e(ny + no — ng)
n — n1,n2,n
oo 1. n2.n3

» Define Ga}\ = RAG[T1 = AL/QGJ1 with A =T to use fRG equations with 7" as flow parameter

/N Only works if the bare interaction U is frequency-independent
For U = U(Vn,, Vny, Vny), a flow parameter in both Gy and U (Go — Goa and U — Uy ) is needed
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Conventional fermionic fRG with interaction flow

Insert regulator in the bare propagator (Go — Go.a)
[Wetterich, PLB 301, 90 (1993)]
[Metzner, Salmhofer, Honerkamp, Meden, Schonhammer, RMP 84, 299 (2012)]

P)
oanry = [

OAF(\*U
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Conventional fermionic fRG with interaction flow

Insert regulator in the bare propagator (Go — Go.a) and in the bare interaction (U — Uy)
for a fermionic theory with S[J7 o = Z CLIG&}IIG2CQZ + Z Z/{alﬂzagmcllcchagca/iz

1,00 aq,02,03,04
12 12,3

Ty

AN
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Conventional fermionic fRG with interaction flow

Insert regulator in the bare propagator (Go — Go.a) and in the bare interaction (U — Uy)

ioni i T ol = T -1 . N DN R
for a fermionic theory with S[c ,c} = ¢ GoayasCas T UaiazasasChy Cy CasCay’

aq,0 aq,02,03,0

AN

/\ Several diagrams with nested loops = Highly inefficient to formulate interaction flow in this language!
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Multiloop fRG and its bosonization with
the single-boson exchange approach



Conventional fRG vs Multiloop fRG

Conventional fRG

Expand Wetterich equation
[Morris, IIMP A09, 2411 (1994)]

Iy =—-1In (/ Dc e’S[CHJC) + J

l} Go — Go

oAl [L‘] = %Tr [(F%)[qf)] + RA)il 6ARA]

MGy

, @
0/\1‘<\n = + m
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Conventional fRG vs Multiloop fRG

Conventional fRG
Expand Wetterich equation
[Morris, LIMP A09, 2411 (1994)]

Iy =—-1In (/ Dc e’S[C]JrJC) + J

l} Go — Go

1 ) -1
OaTalY) = §T1'[(F&2)[7/)] + RA) ('9ARA]

AT =
AT +
Q\Ff\(’.) =

Multiloop fRG
Differentiate Schwinger-Dyson, Bethe-Salpeter equations

[Blaizot, Pawlowski, Reinosa, PLB 696, 523 (2011)]
[Kugler, von Delft, PRL 120, 057403 (2018)]
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Conventional fRG vs Multiloop fRG

Conventional fRG
Expand Wetterich equation
[Morris, LIMP A09, 2411 (1994)]

Iy =—-1In (/ Dc e’S[C]Jch) + J

l} Go — Go

OATA[Y] = %Tt [(rf)w] + RA)A aARA]

AT =
AT +
AT =

Multiloop fRG
Differentiate Schwinger-Dyson, Bethe-Salpeter equations

aizot, Pawlowski, Reinosa, 696, 523 (2
Blai Pawlowski, Rei PLB 696, 523 (2011)
[Kugler, von Delft, PRL 120, 057403 (2018)]

OAXp = Q\( ‘ ) Ondy = O

\U/ o)X = Z'i)\@]f(f)

=1

OAXA = 0p ‘1'\”

iNers

(X
&\Q(\l X _

oo™
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Conventional fRG vs Multiloop fRG

Conventional fRG

Expand Wetterich equation
[Morris, IIMP A09, 2411 (1994)]

OAYA =

EASY

3AFA(\G ) -

Multiloop fRG

Differentiate Schwinger-Dyson, Bethe-Salpeter equations

[Blaizot, Pawlowski, Reinosa, PLB 696, 523 (2011)]
[Kugler, von Delft, PRL 120, 057403 (2018)]

Qxéf\z)x =
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Conventional fRG vs Multiloop fRG

Conventional fRG Multiloop fRG
Expand Wetterich equation Differentiate Schwinger-Dyson, Bethe-Salpeter equations
[Morris, IIMP A09, 2411 (1994)] [Blaizot, Pawlowski, Reinosa, PLB 696, 523 (2011)]

[Kugler, von Delft, PRL 120, 057403 (2018)]

OAYA =0a /‘

ko3

S

!

=2
Il
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Conventional fRG vs Multiloop fRG

Conventional fRG

Expand Wetterich equation
[Morris, IIMP A09, 2411 (1994)]

ko3

S

!

=2
Il

Multiloop fRG

Differentiate Schwinger-Dyson, Bethe-Salpeter equations

[Blaizot, Pawlowski, Reinosa, PLB 696, 523 (2011)]
[Kugler, von Delft, PRL 120, 057403 (2018)]

OAXA =0z ‘

» 1-loop truncation yields same flow equations for the 4-point vertex, with i),\GJ_k < (’)AGXI (Katanin substitution)
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Conventional fRG vs Multiloop fRG

Conventional fRG

Expand Wetterich equation
[Morris, IIMP A09, 2411 (1994)]

ko3

S

!

=%
Il

Multiloop fRG

Differentiate Schwinger-Dyson, Bethe-Salpeter equations

aizot, Pawlowski, Reinosa, K96, 5= 2
Blai Pawlowski, Rei PLB 696, 523 (2011)
[Kugler, von Delft, PRL 120, 057403 (2018)]

OAYA =0a /‘

» 1-loop truncation yields same flow equations for the 4-point vertex, with 0,\06}\ < (’)AGXl (Katanin substitution)

» Much more affordable to go beyond 1-loop truncation with multiloop fRG than with conventional fRG
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Bosonization with the single-boson exchange approach

Single-boson exchange (SBE) decomposition of the 4-point vertex:
[Krien, Valli, Capone, PRB 100, 155149 (2019)]

I =3"¢X+ 7" with 7°7= >< + + .
X

only 2PI diagrams
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Bosonization with the single-boson exchange approach

Single-boson exchange (SBE) decomposition of the 4-point vertex:
[Krien, Valli, Capone, PRB 100, 155149 (2019)]

I =3"¢X+ 7" with 7°7= >< + + .
X

only 2PI diagrams
» Heart of the SBE decomposition:

u"\: : bosonic propagator
+MX(Q, k, k) —U AX: Yukawa coupling

MX : rest function

o (Q.k,K) =

X

AT (QE)wX (Q)AX(Q.K)
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only 2PI diagrams
» Heart of the SBE decomposition:
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+MX(Q, k, k) —U X

: Yukawa coupling
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TQBwX(QAX(QK)

» SBE part of ¢= only contains U-reducible diagrams:
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only 2PI diagrams
» Heart of the SBE decomposition:

w™ : bosonic propagator
A Yukawa coupling
MX : rest function
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Bosonization with the single-boson exchange approach

Single-boson exchange (SBE) decomposition of the 4-point vertex:
[Krien, Valli, Capone, PRB 100, 155149 (2019)]

I =3"¢X+ 7" with 7°7= >< + + .
X

only 2PI diagrams
» Heart of the SBE decomposition:

X w™ : bosonic propagator
KQu) = W]+ (Qk ) U X

Yukawa coupling

MX : rest function
| —
NUQEwX QAN (Qik')

» SBE part of ¢= only contains U-reducible diagrams:

» (Multiloop) fRG flow equations can be formulated for w™®, \X and MX:
[Gievers, Walter, Ge, von Delft, Kugler, EPJB 95, 108 (2022)]

G
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Bosonization with the single-boson exchange approach

Single-boson exchange (SBE) decomposition of the 4-point vertex:
[Krien, Valli, Capone, PRB 100, 155149 (2019)]

I =3"¢X+ 7" with 7°7= >< + + .
X

only 2PI diagrams
» Heart of the SBE decomposition:

X w™ : bosonic propagator
oX(Q, kK = b A Qﬂ +MXQ, k) —U MK i

Yukawa coupling

MX : rest function
| —

TQBwX(QAX(QK)

» SBE part of ¢= only contains U-reducible diagrams:

» (Multiloop) fRG flow equations can be formulated for wX, A\X

and MX:
[Gievers, Walter, Ge, von Delft, Kugler, EPJB 95, 108 (2022)]

056y

ol RS ‘ PRI ‘

A wX(Q) and A¥(Q, k) much simpler objects than ¢*X(Q, k, k') = Room for efficient approximations
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Multiloop SBE fRG results for the 2D Hubbard model

2D Hubbard model Hamiltonian:

[Hubbard, PRSL A 276, 238 (1963)]
|Gutzwiller, PRL 10, 159 (1963)]
[Kanamori, PTP 30, 275 (1963)|

= *tZ(’WFJJJrUZQT Cip 1l Gy M O &OO

OOOOO
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Multiloop SBE fRG results for the 2D Hubbard model

2D Hubbard model Hamiltonian:

[Hubbard, PRSL A 276, 238 (1963)|
[Gutzwiller, PRL 10, 159 (1963)|
[Kanamori, PTP 30, 275 (1963)]

_ i ] i
H=—t Z CipCjo + UZCiTCzTCiiCz‘l
(ij)o @

Multiloop SBE fRG results without rest functions (M™(Q, k, k') = 0):

[Fraboulet, Al-Eryani, Heinzelmann, Kauch, Andergassen, arXiv:2512.11190]
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Multiloop SBE fRG results for the 2D Hubbard model

antiferromagnetism (M)

2D Hubbard model Hamiltonian: g Q

[Hubbard, PRSL A 276, 238 (1963)|
|Gutzwiller, PRL 10, 159 (1963) g 6 g

[Kanamori, PTP 30, 275 (1963)]

HzfthTc +UZCTC de =6
el e ; i T | —o— exact (QMO) a
7 ' o |~ 1loop RG /
Tt 4] = multiloop RG y
=

arXiv:2512.11190]

[Fraboulet, Al-Eryani, Heinzelmann, Kauch, Ande

» Possible to reach quantitative accuracy at loop convergence

Parameters: T' = 0.2t, half filling
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Multiloop SBE fRG results for the 2D Hubbard model

antiferromagnetism (M)

2D Hubbard model Hamiltonian: g
[Hubbard, PRSL A 276, 238 (1963)| Q
|Gutzwiller, PRL 10, 159 (1963)]

[Kanamori, PTP 30, 275 (1963)] Q 6 Q

HzfthTc +UZCTC de =6
el e ; i T | —o— exact (QUO) a
7 ' o |~ 1loop RG /
Tt 4] = multiloop RG y
=

Multiloop SBE fRG results without rest functions (MX(Q, k, k') = 0):

[Fraboulet, Al-Eryani, Heinzelmann, Kauch, Andergassen, arXiv:2512.11190]

» Possible to reach quantitative accuracy at loop convergence

» Weak regulator dependence observed at loop convergence

HESY) 30¢
i
1 1 1
5 i
o 3 i
[ \
S Qflow g 1\
L eeees Tiflow 3 ] 1 I\
t 7 0N
'-""-—..f} P e e .---—___—’ S
M r r X M r T X M r T X M r

r X
Parameters: U = 2.5t, T' = 0.2¢, half filling
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Interaction flow with multiloop SBE fRG flow equations

Multiloop SBE fRG equations barely modified when adding
a regulator also in the bare interaction (U — Uy ):
[Al-Eryani, Gievers, Fraboulet, PRR 8, 023029 (2026)|

iNere

a\ﬂ;“‘\((l) = q b — w) (AU wy

N (NI EINTS

» New terms involving J Uy essentially in (’)’\117:‘\((”

A u)\((Q) much simpler than )\3\((@, k) or A[K(CJ‘ kK
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Interaction flow with multiloop SBE fRG flow equations

Multiloop SBE fRG equations barely modified when adding
a regulator also in the bare interaction (U — Uy ):
[Al-Eryani, Gievers, Fraboulet, PRR 8, 023029 (2026)|

iNere

a\u:_“\((l) = q b — w) (AU wy

N (NI EINTS

» New terms involving J Uy essentially in (’)’\117:‘\(“)

A u)\((Q) much simpler than )\3\((@, k) or A\IK(Q‘ kK
» New flow equations for urf\( directly follows from Dyson equation:
@) =ut = PX = oy (w)) T = oy - PY
A\ Polarization: PX = \XII¥X
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Interaction flow with multiloop SBE fRG flow equations

Multiloop SBE fRG equations barely modified when adding
a regulator also in the bare interaction (U — Uy ):
[Al-Eryani, Gievers, Fraboulet, PRR 8, 023029 (2026)|

iNere

o = Q a?} — wX (Ol wX

N (NI EINTS

» New terms involving J Uy essentially in (’)’\117:‘\(“)
A u)\((Q) much simpler than )\3\((@, k) or A\IK(Q‘ kK
» New flow equations for wf\( directly follows from Dyson equation:
(wx)71 =U'-PX = § (“&()71 =0\U - PY
A\ Polarization: PX = \XII¥X
» Possible to avoid dealing with the inverse Z/IXI using

wi (Oaly ") wX = Onln + wMXTIX (OUn) + (OaU)TIXAXwY + wX AXTIX (Oaldp ) TIX AR w
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Interaction flow with multiloop SBE fRG flow equations

Multiloop SBE fRG equations barely modified when adding
a regulator also in the bare interaction (U — Uy ):
[Al-Eryani, Gievers, Fraboulet, PRR 8, 023029 (2026)|

iNere

o = Q a?} — wX (Ol wX

N (NI EINTS

» New terms involving J Uy essentially in (’)’\117:‘\(“)
A u)\((Q) much simpler than )\?A((Q, k) or A[}f((} kK
» New flow equations for wi( directly follows from Dyson equation:
(wx)71 =U'-PX = § (u&()il =0\U - PY
A\ Polarization: PX = \XII¥X
» Possible to avoid dealing with the inverse Z/IXI using

wi (Oaly ") wX = Onln + wMXTIX (OUn) + (OaU)TIXAXwY + wX AXTIX (Oaldp ) TIX AR w

Use this generalized fRG approach to formulate a T-flow for a
model with retarded interaction (Anderson-Holstein impurity)
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Interaction flow with multiloop SBE fRG flow equations

Multiloop SBE fRG equations barely modified when adding
a regulator also in the bare interaction (U — Uy ): ~0.12 e o (2000
[Al-Eryani, Gievers, Fraboulet, PRR 8, 023029 (2026)] g =8~ T-flow (2025)
|| —0.144
[Ny A
X0 ! 7 DE] ~0.16
el N
—0.18+
o~ 1
WK (OATE ) Xy 010
X(1) )
» New terms involving dyl/y essentially in dyw) & 005
. < [
A u)\((Q) much simpler than )\?A((Q, k) or A\[}\‘(Q kK ]
[=]
» New flow equations for wi( directly follows from Dyson equation: = 0.00
-1 _ -1
(wx) =uUt-rPX = 9, (u&() = O0\U, b P,{(
s » 0.3
A\ Polarization: PX = \XII¥X
» Possible to avoid dealing with the inverse Z/{Xl using /‘CT 0.2
w (Oaly ") wX = OnUn + wMAXTIX (OaUn) + (DU TIXAXwY + wASTIX (DAl TN wY S
[=)]
. . . . =<0.1
Use this generalized fRG approach to formulate a T-flow for a
model with retarded interaction (Anderson-Holstein impurity)

o - i 100 10t
= Cet back the parquet approximation (Z?*' = /) at each step of T

the flow when loop convergence is reached Parameters: U = 1.4, wo = 1, Vg = 0.5, half filling

9/10| ERG Conference September 4, 2026



Conclusion



Conclusion

» Interaction flows with both Go — G a and U — Up very efficiently formulated within
multiloop fRG combined with SBE approach

10/10| ERG Conference September 4, 2026



Conclusion

» Interaction flows with both Go — G a and U — Up very efficiently formulated within
multiloop fRG combined with SBE approach

» Introducing regulators via both Gy — G and U — Up not only useful to extend the
T-flow to electron-phonon systems:

10/10| ERG Conference September 4, 2026



Conclusion

» Interaction flows with both Go — G a and U — Up very efficiently formulated within
multiloop fRG combined with SBE approach

» Introducing regulators via both Gy — G and U — Up not only useful to extend the
T-flow to electron-phonon systems:

e Use Uy to fix useful constraints during the flow (Ward identities, ...) %

e Extended DMFT + fRG for non-local interactions

|Taranto, Andergassen, Bauer, Held, Katanin, Metzner, Rohringer, Toschi, PRL 112, 196402 (2014)] ‘
|Vilardi, Taranto, Metzner, PRB 99, 104501 (2019)]

|Katanin, PRB 99, 115112 (2019)]

[Bonetti, Toschi, Hille, Andergassen, Vilardi, PRR 4, 013034 (2022)]

Fig. from Bonetti ef al., PRR 4, 013034 (2022)
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» Introducing regulators via both Gy — G and U — Up not only useful to extend the

T-flow to electron-phonon systems:

e Use Uy to fix useful constraints during the flow (Ward identities, ...)

e Extended DMFT + fRG for non-local interactions

Bauer, Held, Katanin, Metzner, Rohringer, Toschi, PRL 112, 196402 (2014)]
PRB 99, 104501 \;2“1‘”'

)l

en, Vilardi, PRR 4, 013034 (2022)]

[Taranto, Andergasse
[Vilardi, Taranto, Me
|Katanin, PRB 99, 115
[Bonetti, Toschi, Hille, Ande
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sz

Fig. from Bonetti ef al., PRR 4, 013034 (2022)

» fRG solver publicly available at Al-Eryani, Patricolo, Fraboulet, arXiv:2604.04232
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Multiloop SBE fRG equations:
|Gievers, Walter, Ge, von Delft, Kugler, EPJB 95, 108 (2022)]
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ig. from Fraboulet, Al-Eryani, Heinzelmann, Kauch, Andergassen, arXiv:2512.11190

2D Hubbard model, U = 2.5¢, T' = 0.2¢, half filling
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