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o Topological properties in quantum field theories (QFTs):
• Governed by the global structure of the system rather than local details;
• Aharonov–Bohm effect, instanton-mediated tunneling effect, topological defects, 

quantum anomalies, etc.;

• Nonperturbative approaches should accommodate topological properties;
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o Functional renormalization group (fRG):
• A versatile nonperturbative functional approach with applications;
• How topological sectors are represented and carried through an RG flow is still 

not fully understood;

o Question: 
How can fRG flows faithfully encode topological vacuum structure?

o Strategy: 
Controlled 𝑈(1) quantum mechanics as a benchmark theory [1].

Background & Motivation
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o The model, 𝜃-term, and winding sectors
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Radial mean field limit 𝑟! = 1

Quantum rotor
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𝜃-term

Doesn’t contribute to classical E.o.M.

U(1)-symmetric Q.M.
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ωω = ω+ 2ε
ϑ

ϖ
ϱ

Topological field configurations

Angular Fluctuation
Winding Background
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o Topological vacuum structure

kinetic 
fluctuations

winding 
sector

Partition function

Free energy

Poisson resummation



𝑼(𝟏) Quantum Mechanics as Benchmark
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o Benchmarks of the relaxed 𝑈(1) model

Benchmark: numerical solution of the Schrödinger equation. 
The Hamiltonian in (𝑟, 𝜗) basis reads

Back into the 𝑈 1 -invariant theory:

Schrödinger equation in 𝑟-direction

Quantum number of 
Energy eigenvalues we 

are looking for



𝑼(𝟏) Quantum Mechanics as Benchmark

o Benchmarks of the relaxed 𝑈(1) model

6/15

Energy levels Topological susceptibility

“Zero-temperature limit”

(*Relaxing the radial constraint breaks the exact θ-periodicity.*)
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Functional Flow with Topology
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o Regulator and topology freeze

Standard fRG-LPA setup [2-4]

1PIEA ansatz:

Flow equation (complex basis):

Litim-type regulator (complex variable):

<latexit sha1_base64="rYvbJ2qdYWFGJlTUZCZ98DmggiY="></latexit>

E(ω; g) = Ṽk=0(r
2 = →r↑2, ω)

Complex basis

Cartesian basis (extended) [1]

Level crossing is not recovered



Functional Flow with Topology
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o Regulator and topology freeze

<latexit sha1_base64="ALjOpMN1UjUn3OngrC4tpmwNtk0="></latexit>

!Spol[r,ωω ] = !Sr[r] +!Sε[ωω ]

<latexit sha1_base64="g/7NO/SBhkYPxaCVSnn4D8jrtwk="></latexit>

!Sr[r] =
1

2

∫

ω
r(ω)Rr(ε

2
ω )r(ω)

Cutoff terms

Regulated generating functional

<latexit sha1_base64="ALLIZxtS3QmAGhovBbhu6ak+kYY="></latexit>

!Sω[ωε ] =
1

2

∫

ϑ
ωε(ε)Rω(ϑ

2
ϑ )ωε(ε)

Radial: Angular:

Suppressing the nontrivial winding 
configurations in 𝛽 → ∞

<latexit sha1_base64="reYk5zpxmwxhW1Gjuv00pqdL0UM="></latexit>

!Sω[ωε ] = !Sω[ω] +
2ε2

3
ϑ2ϖ k

<latexit sha1_base64="btqukqy/x1My2RbgNXnSe7FF9+o="></latexit>

Zω[Jω] =

∫
Dω̂ e→S[ε̂]+!Sω[ω̂]+

∫
ε Ja

ω ω̂a

β k = 0

finite β k

large β k

-4 -3 -2 -1 0 1 2 3 4

0.5

1
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o Topological information at UV

<latexit sha1_base64="aOSySKCrghiQKU5Gxlv6gArKqTI="></latexit>

lim
k→↑

e↓!k[ω] →
∑

ε

e
↓S

[
ω e

2ωiε
ϑ

ϖ
]

<latexit sha1_base64="iz8o+JtzXs/F2A8UxfoGAuP+vZQ="></latexit>

!![ω] → S[ω] + ε Vtop,ω(r
2; ϑ)

<latexit sha1_base64="k/uq61iHR4LqigI3zHrgDMHvkwo="></latexit>

e→!k[ω] = lim
ε↑↓

∑

ϑ

∫
Dω̂ e

→S

[
ω̂ e

2ωiε
ϑ

ϖ
]
+”Sk[ω̂→ω]

→ e
∫
ϖ (ω̂→ω) ϱ![ς]

ϱς

Path-integral form of 1PIEA<latexit sha1_base64="k/uq61iHR4LqigI3zHrgDMHvkwo="></latexit>

e→!k[ω] = lim
ε↑↓

∑

ϑ

∫
Dω̂ e

→S

[
ω̂ e

2ωiε
ϑ

ϖ
]
+”Sk[ω̂→ω]

→ e
∫
ϖ (ω̂→ω) ϱ![ς]

ϱς<latexit sha1_base64="DM7VBURA6skq2liJvVqzcBSBXnk="></latexit>

ω̂, ω: trivial winding

UV limit: local fluctuations suppressed

<latexit sha1_base64="fGzhG13vQlX5Bhnrxy7zOgF+5FE="></latexit>

S
[
ω e

2ωiε
ϑ ω

]
= S(ω) +

[
m

2

(2εϑ)2

ϖ
→ iϑϱ

]
r2

<latexit sha1_base64="f2Dnw1VYnfMUsR92zlAsO/1lG/M="></latexit>

Vtop(r
2; ω) = lim

ω→↑
Vtop,ω(r

2; ω)

=
1

2m

(
ω

2ε
r2 → n(ω, r)

r

)2

“Topological” potential

Indicates the 
energy levels
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o Sector-wise RG flow and reconstruction

<latexit sha1_base64="myYRRyE+vdZITqmwg9p1nD7WCfQ="></latexit>

!k[ω] =

∫
dp

2ε

[m
2
ω→(→p)p2ω(p)

]
+

∫

ω
Vk(ω

→ω)

1PIEA ansatz:

<latexit sha1_base64="LziIg7vrohz7Z5yKbBiH/kcImhc="></latexit>

ωtVk =

∫
dp

2ε

m
2 ωtRk(p)

[
m
2 Pk(p) + V → + r2V →→]

[
m
2 Pk(p) + V → + r2V →→

]2 → [r2V →→]2

Flow equation:

“Sector-wise” boundary condition:
<latexit sha1_base64="ZvK+Xo4EBWozLXljwBBu2pq0YcQ="></latexit>

Vn,k=!(r
2) =

1

2mr2

(
n→ ω

2ε
r2
)2

+
g

4
(r2 → 1)2

“Moving cusps”

Boundary condition:
<latexit sha1_base64="0mALnvIF3VFrL4YmZPmy/o0G8mw="></latexit>

Vk=!(r
2) = Vtop(r

2; ω) +
g

4
(r2 → 1)2

Reconstruct
<latexit sha1_base64="NzhTj/m6htIk0juU9FLByo4Lcqc="></latexit>

Vk(r
2; ω) → min

n
Vn,k(r

2; ω)
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Results & Discussion
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o Effective potential flow with scale (Litim-type regulator)



Results & Discussion
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o Energy levels

Litim-type:

CS-type:



Results & Discussion
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o Vacuum energy

Eigenvalues

This work: CS-type

This work: Litim-type



Results & Discussion

14/15

o Varying with 𝑔 and topological susceptibility

Litim-type:
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Summary
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• In the zero-temperature limit, conventional regulators suppress nontrivial winding 
sectors, so a naïve LPA flow does not recover the expected level-crossing structure. 

• In the current work, we demonstrated that summing over winding sectors before the 
RG evolution generates the additional topological potential, which contains the 
information of the different energy branches. 

• Each 𝑛-sector evolves smoothly, while the physical potential is obtained from the 
lower envelope of the sector potentials; the intersections generate the scale-dependent 
cusps .

• Both Litim- and CS-type regulators reproduce the Schrödinger energy levels and 
vacuum-energy structure, while the topological susceptibility approaches the quantum-
rotor limit as 𝑔 → ∞.

• Outlook: extend the idea to genuine gauge theories and higher dimensions?

• Outlook: topologically non-trivial configurations emerge along the RG flow?



Thanks!
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Appendices

o Poisson resummation in quantum rotor

<latexit sha1_base64="0+RdspUWN53P/r1sNMFSbrtNQRY="></latexit>

S[z] =

∫

ω

[
m

2
ż→ż → ω

4ε
(z→ż → ż→z)

]

<latexit sha1_base64="6jHLS8LWghLrmPXddOjgWy+Mtto="></latexit>

Zz[Jz] =

∫
Dẑ e→Sω[z]+

∫
ε Jẑ

<latexit sha1_base64="Hv58+AUe7o1g5H09SBPkypVgsBk="></latexit>

zω(ω) = ei
2ωε
ϑ εz0(ω) ,

with z0(ω + ε) = z0(ω)

<latexit sha1_base64="sUrhuIQZWPf7ZSVtZXv8oU6IvXw="></latexit>

Z =
∑

ω→Z

∫
[Dzω ] e

↑S[zω(ε),z
→
ω(ε)]

= N (ω)
∑

ω→Z
e↑

2ε2m
ϑ ω2+iϑω

<latexit sha1_base64="BBtPwEbTjaSezWGfkF8OoaIFfuI="></latexit>

N (ω) →
∫

[Dz0] e
→

∫ ω
0 dω L =

√
ω

2εm

<latexit sha1_base64="dgZHXfoOgzut1HN+ZXM3+eCkWCc="></latexit>∑

ω→Z
s(ω) =

∑

n→Z

∫ +↑

↓↑
dx s(x)ei2εnx →

∑

n→Z
S(n)

<latexit sha1_base64="aW8iRE3BcqYo35RNS26drqVgcKA="></latexit>

Z = N →(ω)
∑

n↑Z
e↓

ω
2m (n↓ ε

2ϑ )
2

<latexit sha1_base64="KuWYGRDQYHU0Mnz1DfxBrSkMuyI=">AAACInicbVBNS8NAEN34bf2qevSyWAQ9WJIifhwEUQSPFawKTS2b7aRd3GzC7kQoIb/Fi3/FiwdFPQn+GLdtDn49GHi8N8PMvCCRwqDrfjhj4xOTU9Mzs6W5+YXFpfLyyqWJU82hwWMZ6+uAGZBCQQMFSrhONLAokHAV3J4M/Ks70EbE6gL7CbQi1lUiFJyhldrlg9O2oofUDzXjmZdntSinvoQQNxXdLmQfe4DMen4icl+Lbg+3bmrtcsWtukPQv8QrSIUUqLfLb34n5mkECrlkxjQ9N8FWxjQKLiEv+amBhPFb1oWmpYpFYFrZ8MWcblilQ8NY21JIh+r3iYxFxvSjwHZGDHvmtzcQ//OaKYb7rUyoJEVQfLQoTCXFmA7yoh2hgaPsW8K4FvZWynvMxoI21ZINwfv98l9yWat6u9Xd853K0XERxwxZI+tkk3hkjxyRM1InDcLJPXkkz+TFeXCenFfnfdQ65hQzq+QHnM8v43ijVQ==</latexit>

En =
1

2m

(
n→ ω

2ε

)2

Quantum rotor

<latexit sha1_base64="VHseQD7hPkk8Y8YrESI5/bzUOTg=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUSkuhGKblxWsA9oY5lMb9qhk0mYmRRiqL/ixoUibv0Qd/6N0zYLbT1w4XDOvTP3Hj/mTGnH+bZWVtfWNzYLW8Xtnd29ffvgsKmiRFJo0IhHsu0TBZwJaGimObRjCST0ObT80c3Ub41BKhaJe53G4IVkIFjAKNFG6tmlR3yF4SFjuDsmUg9Bk0nPLjsVZwa8TNyclFGOes/+6vYjmoQgNOVEqY7rxNrLzHuMcpgUu4mCmNARGUDHUEFCUF42W36CT4zSx0EkTQmNZ+rviYyESqWhbzpDoodq0ZuK/3mdRAeXXsZEnGgQdP5RkHCsIzxNAveZBKp5agihkpldMR0SSag2eRVNCO7iycukeVZxq5Xq3Xm5dp3HUUBH6BidIhddoBq6RXXUQBSl6Bm9ojfryXqx3q2PeeuKlc+U0B9Ynz8L0pRq</latexit>

z = eiω

Generating functional

Winding configurations

Partition function

Poisson resummation formula

Spectral basis

Canonical 
ensemble

17/15



Appendices

o Derivation of 𝑉"#$

<latexit sha1_base64="aOSySKCrghiQKU5Gxlv6gArKqTI="></latexit>

lim
k→↑

e↓!k[ω] →
∑

ε

e
↓S

[
ω e

2ωiε
ϑ

ϖ
]

<latexit sha1_base64="fGzhG13vQlX5Bhnrxy7zOgF+5FE="></latexit>

S
[
ω e

2ωiε
ϑ ω

]
= S(ω) +

[
m

2

(2εϑ)2

ϖ
→ iϑϱ

]
r2

<latexit sha1_base64="9mbfKBkClszzS28l4WUldmSaYVI="></latexit>

2ωε

ϑ
r2

∫

ω
ϖω ϱ̂ = 0

<latexit sha1_base64="AevJlZBHo3v8A0ue3lOxniTcxgA="></latexit>∫

ω

[
m

2

(2ωε)2

ϑ2
→ i

ε

ϑ
ϖ

]
r2 =

[
m

2

(2ωε)2

ϑ
→ iεϖ

]
r2

<latexit sha1_base64="DM7VBURA6skq2liJvVqzcBSBXnk="></latexit>

ω̂, ω: trivial winding

<latexit sha1_base64="jcjRBvk5gSL7H5C7eN8gGIDkQu0="></latexit>

S =

∫

ω

[
m

2
(ṙ2 + r2ω̇2)→ i

ε

2ϑ
r2ω̇+

g

4
(r2 → 1)2

]

UV limit with unsuppressed windings

Pull out radial meanfield

Summation to 𝑉!"#

18/15



Appendices

o Sector-wise and integrated flows

<latexit sha1_base64="vvzWDRa40cG4eov+qtaDotOywVE="></latexit>

e→!k[ω] = lim
ε↑↓

∑

n

e→!n,k[ω]

Sector-resolved 1PIEA

Flow equation of integrated EA
(besides for cusps)

<latexit sha1_base64="60gNTS2/wTXsc0B6r1JZMegnolY="></latexit>

ωt!k[ε] = lim
ω→↑

∑

n

pnωt!n,k[ε]

<latexit sha1_base64="dPc09x/j1goSLTP2k9ghMcDxwAQ=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFRJb27orunFZwT6giWUynbSDk0mYuVFC6X+4caGIW//FnX/j9CGo6IELh3Pu5d57gkRwDY7zYeWWlldW1/LrhY3Nre2d4u5eW8epoqxFYxGrbkA0E1yyFnAQrJsoRqJAsE5wezH1O3dMaR7La8gS5kdkKHnIKQEj3XgBA+JB7HEZQtYvlhzbKVfOqjXs2K5hp2VDak65Xq5i13ZmKKEFmv3iuzeIaRoxCVQQrXuuk4A/Jgo4FWxS8FLNEkJvyZD1DJUkYtofz66e4COjDHAYK1MS8Ez9PjEmkdZZFJjOiMBI//am4l9eL4Ww7o+5TFJgks4XhanAEONpBHjAFaMgMkMIVdzciumIKELBBFUwIXx9iv8n7RPbrdrVq0qpcb6II48O0CE6Ri6qoQa6RE3UQhQp9ICe0LN1bz1aL9brvDVnLWb20Q9Yb59TfJMW</latexit>

ω → ↑ Selects the minimal 
potential value

Flow “at cusps”

<latexit sha1_base64="ybPOBMy4x425Xd/AkXIW+hGH/tg="></latexit>

lim
ω→↑

∑

n

!n,k[ω
cusp
k ]→ lim

ω→↑

∑

n

!n,k↓εk[ω
cusp
k ]

<latexit sha1_base64="qb3ACoQWaafampUI53wQSWQ9ayw="></latexit>

lim
ω→↑

∑

n

!n,k+εk[ω
cusp
k ]→ lim

ω→↑

∑

n

!n,k[ω
cusp
k ]

<latexit sha1_base64="FGXtOuxzYfUdog2ZU08mryHoUCw=">AAACEnicbVBNS8NAEN34WetX1KOXxSLopSQi6rHoQY8VrApNDJPN1i7dTcLuRCihv8GLf8WLB0W8evLmv3H7cfDrwcDjvRlm5sW5FAY979OZmp6ZnZuvLFQXl5ZXVt219UuTFZrxFstkpq9jMFyKlLdQoOTXueagYsmv4t7J0L+649qILL3Afs5DBbep6AgGaKXI3Q0SLhEipMEpKAVR2Ru0gzvQeVdEvZsy0IqywuSDMHJrXt0bgf4l/oTUyATNyP0IkowViqfIJBjT9r0cwxI0Cib5oBoUhufAenDL25amoLgJy9FLA7ptlYR2Mm0rRTpSv0+UoIzpq9h2KsCu+e0Nxf+8doGdo7AUaV4gT9l4UaeQFDM6zIcmQnOGsm8JMC3srZR1QQNDm2LVhuD/fvkvudyr+wf1g/P9WuN4EkeFbJItskN8ckga5Iw0SYswck8eyTN5cR6cJ+fVeRu3TjmTmQ3yA877Fz6lnn4=</latexit>

ωt!k[ε
cusp
k ]

Sector 1

Sector 2Flow equation change from two 
sides, not well defined

Variation in RG time and the zero-temperature 
limit cannot be exchanged

Moving cusps
(infinite volume 𝛽)

<latexit sha1_base64="Dpk8EVJKhfYVN+IOETWApALdkDk=">AAACInicbZDLSsNAFIYn9VbrLerSzWARKmJJRKouhKIblxXsBZoYJtNpO3SSDDOTQgl9Fje+ihsXiroSfBgnbRba9sDAx/+fw5nz+5xRqSzr28gtLa+sruXXCxubW9s75u5eQ0axwKSOIxaJlo8kYTQkdUUVIy0uCAp8Rpr+4Db1m0MiJI3CBzXixA1QL6RdipHSkmdeNbzB42nJGSLB+1Rz4ogA4ljy8TG8hql7stj1zKJVtiYF58HOoAiyqnnmp9OJcByQUGGGpGzbFldugoSimJFxwYkl4QgPUI+0NYYoINJNJieO4ZFWOrAbCf1CBSfq34kEBVKOAl93Bkj15ayXiou8dqy6l25CQx4rEuLpom7MoIpgmhfsUEGwYiMNCAuq/wpxHwmElU61oEOwZ0+eh8ZZ2a6UK/fnxepNFkceHIBDUAI2uABVcAdqoA4weAIv4A28G8/Gq/FhfE1bc0Y2sw/+lfHzC2GMo5s=</latexit>

V →
k (ωcusp

k ) = V +
k (ωcusp

k )Cusp condition:

<latexit sha1_base64="DmaqkSuD7IbjENH7dRyHB9a8Z7g="></latexit>

ωtε
cusp
k

[
V +,(1)
k (εcusp

k )→ V →,(1)
k (εcusp

k )

]

= →
[
ωtV

+
k (εcusp

k )→ ωtV
→
k (εcusp

k )

]Vary with scale:

<latexit sha1_base64="iESTnwjxNuO4uj1xXCYIy4QzlRw="></latexit>

ωtε
cusp
k = →

(
ωtV

+
k → ωtV

→
k

V +,(1)
k → V →,(1)

k

)

ωcusp
k

<latexit sha1_base64="OJXBFZt4yFItnVTYRKt5Sz2QpnI="></latexit>

pn =
e→!n,k[ω]

∑
m e→!m,k[ω]

<latexit sha1_base64="oBXVAOfVboXmTX7ihez9rSLRTZg=">AAACKnicbVDLSgMxFM34rPVVdekmWAQRKTMi1Y3gY6HLClaFmXG4k2ZsaJIZkoxQhn6PG3/FTRdKceuHmNYiaj0QOJxzLjf3xBln2rjuwJmanpmdmy8tlBeXlldWK2vrNzrNFaFNkvJU3cWgKWeSNg0znN5lioKIOb2NO+dD//aRKs1SeW26GQ0FPEiWMALGSlHlNMhAGQY8Mji4ACEg6vjBI6iszUJ8jCftQt7v7nV636GoUnVr7gh4knhjUkVjNKJKP2ilJBdUGsJBa99zMxMWwz2E0145yDXNgHTggfqWShBUh8Xo1B7etkoLJ6myTxo8Un9OFCC07orYJgWYtv7rDcX/PD83yVFYMJnlhkrytSjJOTYpHvaGW0xRYnjXEiCK2b9i0gYFxNh2y7YE7+/Jk+Rmv+bVa/Wrg+rJ2biOEtpEW2gHeegQnaBL1EBNRNATekGv6M15dvrOwHn/ik4545kN9AvOxyf2bKed</latexit>

ωt!k[ε] = ωt!n→,k[ε]
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n→(ω, k) = argmin
n

Vn,k(ω) 19/15


