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Yukawa couplings

Yukawa couplings (/N generations)

Higgs SU(2) doublet ®, &, = —igpyd*;

fermion doublets, W7, singlets, W% and \IJ’R‘;’, a=1,...,N.
N ) ) v - {Eu,c,t)R) |
Ly == > (YaoWi0cWh + ViU 0WE) + hec. Ve R
a, b=1 Yy — (dvszb)R
9 R f—
(ez.u‘>7_)R7

Ysb and Y;, are arbitrary N x N complex matrices.
Z = ﬁYYT and Z/ = ﬁy/yﬁr are Hermitian, diagonalize with U
and U’ € SU(N):

2\ 2 2\ 2
N=Ulzu, N=UTZU, m=<h>=M:<h>.
4 47

Mixing matrix, V € SU(N)

vV =UU
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Yukawa couplings

The mixing matrix (N = 3)

Physics is independent of global fermion phases:

Ui — e TPwR W2 o e = Ve SU3)/U(L) x U(1),

Vo e mayd =

Double coset

V e U(1)2\SU(3)/U(1)?

1 0 0 (o) 0 s2e_"‘S c3 s3e 0
V=1|(0o0 c1 s1 0 ) 1 0 —s3e ¢ O R
0 —sie ¢ —5eld 0 (e 0 0 1
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Running of the mixing matrix

RG running Fixed points

[B-functions

1-loop S-functions:

dY 1 [3

- = Z(3yyt+ vyt 1Y
dt 1672 [2 (3 + ) } ’
dy’ 1 [3

= Z(3Y'Y"T 4 yyt 1Y

dt 1672 [2 ( * ) ’
dZ 1 ]9 3, o,

b it e 7'7) —aZ
dt ~ 2r [22 (27 +22) —a }
dZ’ 1 [9 3

= = 272 (zZ+7'2) - aZ|.
dt  2n [2 4 (Z2+22) - ]
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Running of the mixing matrix
Fixed points

RG running

Running of the mixing matrix (z = uAUT, Z/ = U'N2U')

dZ dA dZ’ dnN
= — T_ [ U — AN 4
= U(dtU /[A/\]>U - U<dt i ])U,
du dU’
. _ i I i HY
with iU e A =il e
Mixing matrix running, V = UtV
dVv
& =iV — va)
dN 19, 3 TR ~
dt_%[z/\ Z(/\V/\v +V/\V/\) ah| — i[AA],
dN 19, 3 T A
dt_27r[2/\ Z(/\V/\V—i—V/\V/\) | —i[AL N

Brian Dolan RG running of fermion generation mixing angles and phase 5



Running of the mixing matrix

RG running ik pefinis

Fixed points of V at 1-loop

01,03 =0or % and
100 0 10 1 0 0 01 0
Op=0:V*=(0 1 0), (-1 0 o), (0o 0o 1) (0 0 1},
6=0,7 00 1 0 0 1 0 -1 0 100
0 0 1 0 0 1 0o 0 1 0 0 1
p=%:V*=[(o0o 1 0) (0 -1 0) (-1 0 0f (-1 0 0],
5=0 -1 .0 0 1 0 0 0 -1 0 0 -10
0 0 -1 00 -1 0 0 -1 0 0 -1
p=%:V*=(o 1 o) o1 o) (1t 0 o0 (-1 0 0]
S=r 10 0 1.0 0 0 -1 0 0 1 0

6 physically distinct fixed points, no CP violation at any fixed point.
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Running of the mixing matrix
Fixed points

RG running

Fixed Points

1dentify

(50

5 4

Permutahedron
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Running of the mixing matrix
Fixed points

RG running

Fixed points

Fixed points of RG flow, V*

1 00 0 1 0 0 1 0
01 0}, (10 o) (00 1)
0 0 1 0 0 1 1 00
00 0 0 1 0 0
0 1), (1 0o o), (0 1
10 01 0 10

@ The group of permutations on three objects, Ss.

@ Remains true to all orders in perturbation theory.

o These are also fixed points of the left action of U(1)? on
SU(3)/U(1)?: Sz is the Weyl group of SU(3).
U(1)*\SU(3)/U(1)* = S*
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Running of the mixing matrix

RG running ik pefinis

Non-perturbative fixed points

e Assume the RG flow on U(1)?\SU(3)/U(1 )2 lifts to a flow on
the flag manifold, SU(3)/U(1) x U(1), (x = 6).
x U

@ Assume the left action of U(1) x U(1) commutes with this
RG flow.

@ Let s € Sz and f € SU(3)/U(1) x U(1) be a point in the flag
manifold which is a fixed point of s: s(f) = f.
@ Let € : f — ¢(f) be an infinitesimal RG transformation on f.
@ s commutes with € = s(e(f)) = e(s(f)) = e(f)
= ¢(f) is a fixed point of s.
@ There are 6 isolated fixed points of U(1) x U(1)
=  there are no fixed points of s infinitesimally close to f
= ¢(f)="f and f is a fixed point of the RF flow.
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Discussion

Discussion

@ The space of all possible mixing matrices in the Standard
Model is U(1)2\SU(3)/U(1)? ~ S*;

@ The RG generates a diffeomorphism of S* with 6 fixed points,
which are a unitary representation of the Weyl group of SU(3);

@ 0 = 0,7 at all 6 fixed points = CP v/;

@ In the normal hierarchy Vj* = 1 is attractive in the IR;

@ None of this is physically relevant to the Standard Model,

@ Possible relevance to CP-violation in dark matter, if it is a
gauge theory with N generations of SU(2)y chiral fermions?

o N generations, U(1)V-1\SU(N)/u(1)N-1: I(N —1)(N —2)
GP phases and N! fixed points (Weyl group, Sy).
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Discussion

1-loop Feynman diagrams

SU(3) SU@) u(1)
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Discussion

1-loop [B-functions

Define
L=y _ B _YB-n
1= 73 20 2= "3 27 3= 3 20
ity ¥3 i ¥stn
o y:;27yl2 4 y3’2fy{2 . y§2 7y{2
V2 +yh? yi2 4+ yi? 24y

with =1 < z,, 2} <1,

ﬂ Z % ZCP c /2 /ch
dt 327‘(‘2 g zp(1+ z) zb(l +zL)
i& 3sind Z y3z Pbe vzl Qbe
dt 3272 z)(1+z) z(1+2)

with P&, Qbe, pPbe, Qbe all polynomials of
trigonemtric functions of (61, 6>, 63, 9).
72 functions in all!
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Discussion

1-loop [B-functions

33 are identically zero, 39 remain, e.g.

P311 = sin203sin® 6y sin? 03 — cos & cos? B3 sin 261 sin 6>,
p3
P331 sin 293(sin2 61 sin? 6, — cos? 01) — cos § cos 203 sin 267 sin 6,

P3}? = —sin 203 sin? 62,

—sin 203 sin? 01 sin? 6 — cos § sin? 03 sin 2601 sin 6,

P322 = sin 203 sin? 6>,
Pg’z = sin203cos® 0y,
le = —sin 203 sin? 61 — cos § sin? 03 sin 2601 sin 6,
Qg’l = —sin 203 cos? 01 + cosd sin? 63 sin 261 sin 03,
Q_%Q = sin203 sin? 61 — cosd cos? 63 sin 201 sin 63,
Q§2 = sin 263 cos? 0 + cos & cos? O3 sin 201 sin 65.
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Discussion

AY;p

contributes
zZ3y, 722'y, z7'zy, 7'7%Y, 7?2y, 7'ZZ'Y, ZZ"*Y and Z°Y

to Y, with factors Tr(Z?), Tr(ZZ') or Tr(Z'?), when summed
over internal lines.
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Discussion

o 7= U(/\ — i[A, /\]) Ut will be a sum of terms of the form

70 719 743 Z’qn—1zqn{|-|lL_1 Tr(sz Z'PL27pP13 . .. Z/PI,r/)}gp @

Gp,q @ polynomial in gauge and Higgs couplings and lepton
Yukawa couplings.

o At V!

7N 792743 ... 7/9r—1 7Gn
— U(/\Ch V;/\/qz V;T/\qa L V;/\/q"_l V;Jr/\q”)UT.

o VINkV* is diagonal
(V* merely permutes the diagonal entries of A’¥),
= [A, ] is diagonal = [A,A] =0= A e U(1) x U(1) at V*.
@ Physically VI are fixed points of the CKM matrix to all orders
in perturbation theory.

Brian Dolan RG running of fermion generation mixing angles and phase 15



Discussion

Anomalous Dimensions

Eigenvalues of 9,4? at VE, with y2 > y2 > y2, y,f > y2> yf,.

Fixed Point A1 2 3 X

1 i+ i+ v2+y2 2(y¢ +v3)
2 2+ i ity —(Z+yd) 2(y7 + v3)
3 —(vZ +vp) Yi -v? —2y7
4 ~(vZ +vp) Y3 vi Y2+ yp/vd) +y2(L+y2/¥})
5 y? ~p —(vZ +y3) ~2y;
6 -v? (7 +%3) -v3 —2(y? +3)

1 2

6 3
5 4
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