
Adam Rançon
Laboratoire PhLAM – Université de Lille

Non-Gaussian statistics of the order parameter 
across a continuous phase transition

ERG 2026, University of Sussex
02/09/2026

with I. Balog, B. Delamotte, F. Rose, L. Šaravanja and S. Sahu,
PRL ’22 , PRE ’25, SciPost Phys. ’25,  PRE ’25, PRE ‘26

as well as N. Dupuis, T. Roscilde and the group of D. Clément
Allemand et al. Nature ‘26



Introduction



Introduction

Statistics/probability needed for complex systems (many degrees of freedom, correlations, etc.)

Ex: biology, demographics, engineering, finance, statistical physics, …



Introduction

Statistics/probability needed for complex systems (many degrees of freedom, correlations, etc.)

Ex: biology, demographics, engineering, finance, statistical physics, …

When d.o.f independent or weak correlations: Central Limit Theorem (CLT) and generalization (Levy distribution)



Introduction

Statistics/probability needed for complex systems (many degrees of freedom, correlations, etc.)

Ex: biology, demographics, engineering, finance, statistical physics, …

Sum of  
independent 

random events

Normal distribution

When d.o.f independent or weak correlations: Central Limit Theorem (CLT) and generalization (Levy distribution)



Central Limit Theorem

Take N random i.i.d variables                  (coin flips, spins, Brownian motion, Ising at T=∞)

Distribution of the sum for large N,



Central Limit Theorem

Take N random i.i.d variables                  (coin flips, spins, Brownian motion, Ising at T=∞)

Distribution of the sum for large N,

Law of large number

s =
1

N

∑

i

si



Central Limit Theorem

Take N random i.i.d variables                  (coin flips, spins, Brownian motion, Ising at T=∞)

Distribution of the sum for large N,

Central Limit Theorem (CLT)Law of large number

s =
1

N

∑

i

si



Strongly correlated variables ?



Generalization to strongly correlated variables ?

Generalization of the CLT?

Renormalization group !

Strongly correlated variables ?

NB: connection between RG and CLT undertood already in the 70’s (Jona-Lasino)



Generalized CLT for strongly correlated variables

Correlations:
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hsisji = G(|i� j|)

Weak correlations: Similar to i.i.d.’s: standard CLT

Example: Second order phase transitions

Strong correlations:

Standard model of statistical physics: Ising model
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P ({si}) / e�H/T

Energy of configuration: 

Number of spins:
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H = �J

X

hi,ji
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N = Ld
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Distribution of the magnetization

High temperature phase: many independent blocks
Weak correlations and gaussian distribution 

3D Ising model at T=Tc

Xu and Landau ‘20

Stable law 
for strongly correlated variables

Exactly at Tc : Strong correlations and non-Gaussian distribution

standard CLT
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Scaling form of the PDF

In the limit                         , the probability obeys scaling form
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Scaling form of the PDF

3D Ising

In the limit                         , the probability obeys scaling form
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L, ⇠ ! 1

PL(s, T ) = Lβ/νP (sLβ/ν , L/ξ)

• Depends on the ratio

• Universal form (but depends on BC)

• Becomes Gaussian for 
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⇣ = L/⇠
Key points:

ξ ! L
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Understanding the scaling of typical magnetization fluctuations

Block-spins are not independent, or we would recover the standard CLT

≠

We can’t glue systems of size L/2 to get a system of size L because of long-range correlations
K. Binder: Ising Model Block Distribution Functions 
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Fig. 11. Scaled block distribution function at criticality for three-dimensional blocks with periodic (a) and free (b) boundary conditions. 
The temperatures were chosen such that U L equals the fixed-point value U* expected from the treatment  of Sect. IV 

T=0 
fixpoint 

0.6 
nontriviel 
fixpoint -I" 

0.4 * ~  
k~T/J 
2.60 
2.48 
2./,4 
2 ./,0 

0.2 2.36 2.32 
2.30 
2.28 

]d :2J  : 2.2/, 
2.20 

T=oo v 2.16 
~ 0  i i i J 

fixpoint 0.1 0.2 0.3 L -1 

T oU~-~~------~ 
fixpoint I ~ ~ . . ~ a , . . , ~  

0.6 

0.4 

0.2 

T = O O ~ O L , ~  
fixpoint 0 0.1 02 0.3 0.4 0.5 

Id=~l 

!21 

kBTIJ symbol d 3 L,.10 e 
* z~ L,5 I | 

=0 fixed point ~s?  9 '  '02 2 
L, 65 ~, 4 70 v 

§ / .  o _ _ _ ~ ~  
0.2 

01 

0 01 02 L -~ 03 

symbol kl}T/J 
a 7.00 
v 680 
e 6.75 
 9 6.65 
* 660 
§ 6.55 
* 6.50 
z~ 6,40 
o 6.20 

Fig. 12. Variation of the cumulant  U L with inverse block size 
L -~ for d = 2  (a), d = 3  (b) and d = 4  (e) for various 
temperatures 

Boundary conditions matter 
(Binder ‘81)



Understanding the scaling of typical magnetization fluctuations

Can we still compute the stable law?

Block-spins are not independent, or we would recover the standard CLT

≠

We can’t glue systems of size L/2 to get a system of size L because of long-range correlations
K. Binder: Ising Model Block Distribution Functions 
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Functional RG

Scale-dependent Gibbs energy
(Wetterich ‘93)
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�



Functional RG

Scale-dependent Gibbs energy
(Wetterich ‘93)

<latexit sha1_base64="GWSpbun70K+Ws3bgebmImEhUbIc="></latexit>

@k�k =
1

2
Tr

⇣
@kRk(�

(2)
k +Rk)

�1
⌘

<latexit sha1_base64="heZxAd/GoHht+03yYvewsM72z0o="></latexit>

e��k[�] =

Z
D'e�H[']� 1

2 (��').Rk.(��')+
��k
�� .('��)

<latexit sha1_base64="qyOAFRYkF9IavbKZGp9ZJAaMcUE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXinosevFYwX5Au5Zsmm1js8mSZIWy7H/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvpn67SeqNJPi3kxi6kd4KFjICDZWao0f0jMv65crbtWdAS0TLycVyNHol796A0mSiApDONa667mx8VOsDCOcZqVeommMyRgPaddSgSOq/XR2bYZOrDJAoVS2hEEz9fdEiiOtJ1FgOyNsRnrRm4r/ed3EhFd+ykScGCrIfFGYcGQkmr6OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvMWXl0nrvOpdVGt3tUr9Oo+jCEdwDKfgwSXU4RYa0AQCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AKJKO3g==</latexit>

k�1

<latexit sha1_base64="3aULPWOMxJvxnPptqjmbqE8f3NA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRgx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1FjpQfRue+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5F9fz+vFK7zuMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w8dro2z</latexit>

lG

Fixed point (non convex)

<latexit sha1_base64="N1xNeIg6Nz/7fzC1hFVhKz1Nwcc=">AAACF3icbVDLSgMxFM34rPVVdekmWIQqWGekqMuiG5cVnLbQaUsmvW3DZDJjkhHK0L9w46+4caGIW935N6aPhbYeCBzOOZebe/yYM6Vt+9taWFxaXlnNrGXXNza3tnM7u1UVJZKCSyMeybpPFHAmwNVMc6jHEkjoc6j5wfXIrz2AVCwSd3oQQzMkPcG6jBJtpHauiN12UPDiPjvyFAvhHget9KQzdFvHhRHzfNDk1BPJcJxp5/J20R4DzxNnSvJoiko79+V1IpqEIDTlRKmGY8e6mRKpGeUwzHqJgpjQgPSgYaggIahmOr5riA+N0sHdSJonNB6rvydSEio1CH2TDInuq1lvJP7nNRLdvWymTMSJBkEni7oJxzrCo5Jwh0mgmg8MIVQy81dM+0QSqk2VWVOCM3vyPKmeFZ3zYum2lC9fTevIoH10gArIQReojG5QBbmIokf0jF7Rm/VkvVjv1sckumBNZ/bQH1ifPy+gnrk=</latexit>

Uk(�) ' k�dU⇤(k��/⌫�)
<latexit sha1_base64="8MUQ0zF675PA7px2Jog6pO5ZH3w=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJR6jyU=</latexit>

�

return to convexity

<latexit sha1_base64="/qPjZdA5lRh8SCzZVHX3QQ9UcF0=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWoW5KIkVdFt24rGDaQhPCZDpph04uzEyEGoqv4saFIm59D3e+jdM2C239YeDjP+cw5/xByplUlvVtlFZW19Y3ypuVre2d3T1z/6Atk0wQ6pCEJ6IbYEk5i6mjmOK0mwqKo4DTTjC6mdY7D1RIlsT3apxSL8KDmIWMYKUt3zxy/FHNTYfszFUJcubom1Wrbs2ElsEuoAqFWr755fYTkkU0VoRjKXu2lSovx0Ixwumk4maSppiM8ID2NMY4otLLZ9tP0Kl2+ihMhH6xQjP390SOIynHUaA7I6yGcrE2Nf+r9TIVXnk5i9NM0ZjMPwozjvSh0yhQnwlKFB9rwEQwvSsiQywwUTqwig7BXjx5Gdrndfui3rhrVJvXRRxlOIYTqIENl9CEW2iBAwQe4Rle4c14Ml6Md+Nj3loyiplD+CPj8wfMrpQr</latexit>

Uk(�) ! U(�)
<latexit sha1_base64="bmYo6StmxcTTBUHJD1cUBr2pFIo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa67z7xXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndRPb87r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNe043e</latexit>

⇠
<latexit sha1_base64="EsUXQCVtBq4y73jg2L4sJIh3P3Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCmd4zZ</latexit>
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Functional for the rate function

Balog et al ‘22



Functional for the rate function

Define a “flowing” probability distribution and rate function
<latexit sha1_base64="DnzPotGubXmT/D2qk5VOfRQrDW8="></latexit>

Pk(m) = exp(�L
d
Ik(m)) =

Z
D' �

✓
m� L

�d

Z

x
'

◆
exp(�H(')� 1/2'.Rk.')

Balog et al ‘22

Problem: flow of the rate function is not closed



Functional for the rate function

Define a “flowing” probability distribution and rate function

Define a (scale-dependent) “constraint effective action”

with 

<latexit sha1_base64="iaNclhO8MKCQB9QeANA5CcPT6jc="></latexit>

exp(��̂k[�]) =

Z
D' exp

 
�H(')� 1/2(�� ').R̂k.(�� ') +

��̂k

��
.('� �)

!

<latexit sha1_base64="esfapRoIDA1HhO5rEHLpnWlHa/8="></latexit>

R̂k(q) =

(
1, if q = 0,

Rk(q), if q > 0.

Flow equation of   closed and 
<latexit sha1_base64="Fy0r52TD3eyvZaUruVzO8P5e6Kw=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCp7ArQT0GPegxgnlAdll6J5NkyMzsMjMrhCX+ihcPinj1Q7z5N04eB00saCiquunuilPOtPG8b6ewtr6xuVXcLu3s7u0fuIdHLZ1kitAmSXiiOjFoypmkTcMMp51UURAxp+14dDP1249UaZbIBzNOaShgIFmfETBWitxyMASDg1sQAqJRN0iHLIzcilf1ZsCrxF+QClqgEblfQS8hmaDSEA5ad30vNWEOyjDC6aQUZJqmQEYwoF1LJQiqw3x2/ASfWqWH+4myJQ2eqb8nchBaj0VsOwWYoV72puJ/Xjcz/aswZzLNDJVkvqifcWwSPE0C95iixPCxJUAUs7diMgQFxNi8SjYEf/nlVdI6r/oX1dp9rVK/XsRRRMfoBJ0hH12iOrpDDdREBI3RM3pFb86T8+K8Ox/z1oKzmCmjP3A+fwBCgZSJ</latexit>

�̂k[�]
<latexit sha1_base64="TCWyQ4aRUWdUPW9oDtRzXN2jf3E=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoMQm7ArQW0CQQu1i2AekF2Wu5NJMuzM7jIzK4SQxsZfsbFQxNZ/sPNvnDwKTTxw4XDOvdx7T5BwprRtf1uZpeWV1bXsem5jc2t7J7+711BxKgmtk5jHshWAopxFtK6Z5rSVSAoi4LQZhFdjv/lApWJxdK8HCfUE9CLWZQS0kfz84a0fFsVJxe2Dxu41CAF+2HaTPqsIz88X7JI9AV4kzowU0Aw1P//ldmKSChppwkGptmMn2huC1IxwOsq5qaIJkBB6tG1oBIIqbzj5YoSPjdLB3ViaijSeqL8nhiCUGojAdArQfTXvjcX/vHaquxfekEVJqmlEpou6Kcc6xuNIcIdJSjQfGAJEMnMrJn2QQLQJLmdCcOZfXiSN05JzVirflQvVy1kcWXSAjlAROegcVdENqqE6IugRPaNX9GY9WS/Wu/Uxbc1Ys5l99AfW5w/wjJeb</latexit>

Ik(m) = �̂k[� = m]

<latexit sha1_base64="DnzPotGubXmT/D2qk5VOfRQrDW8="></latexit>

Pk(m) = exp(�L
d
Ik(m)) =
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✓
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Balog et al ‘22

Problem: flow of the rate function is not closed



Flow equation for the rate function
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Flow equation for the rate function

Simple approximation: “Local Potential Approximation”
<latexit sha1_base64="pGIsWsYbOdvvC5agXbFipDnO1HQ="></latexit>

@kIk(m) =
1

2Ld

X

q

@kR̂k(q)

q2 + R̂k(q) + I 00k (m)q≠0

Balog et al ‘22



Flow equation for the rate function

Simple approximation: “Local Potential Approximation”
<latexit sha1_base64="pGIsWsYbOdvvC5agXbFipDnO1HQ="></latexit>

@kIk(m) =
1

2Ld

X

q

@kR̂k(q)

q2 + R̂k(q) + I 00k (m)q≠0

Balog et al ‘22

<latexit sha1_base64="dEZQa/JPfStQxqoX4PaK0p0iDu0=">AAACEXicbVDNSsNAGNzUv1r/qh69BIvQCtZEinosetFbBdMWmrZsNpt2ye4m7G6EEvoKXnwVLx4U8erNm2/jpu1BWwcWhpnv49sZL6ZEKsv6NnJLyyura/n1wsbm1vZOcXevKaNEIOygiEai7UGJKeHYUURR3I4FhsyjuOWF15nfesBCkojfq1GMuwwOOAkIgkpL/WL5th+WWcWNRRSryAx76Yk/dnrH5Yy5Hlbw1OXJmFX6xZJVtSYwF4k9IyUwQ6Nf/HL9CCUMc4UolLJjW7HqplAogigeF9xE4hiiEA5wR1MOGZbddJJobB5pxTeDSOjHlTlRf2+kkEk5Yp6eZFAN5byXif95nUQFl92U8DhRmKPpoSChps6e1WP6RGCk6EgTiATRfzXREAqIlC6xoEuw5yMvkuZZ1T6v1u5qpfrVrI48OACHoAxscAHq4AY0gAMQeATP4BW8GU/Gi/FufExHc8ZsZx/8gfH5A+q+nHY=</latexit>

Ik(m) / k�dU⇤(k��/⌫m)

<latexit sha1_base64="8MUQ0zF675PA7px2Jog6pO5ZH3w=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJR6jyU=</latexit>

�
Fixed point (non convex)

<latexit sha1_base64="qyOAFRYkF9IavbKZGp9ZJAaMcUE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXinosevFYwX5Au5Zsmm1js8mSZIWy7H/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvpn67SeqNJPi3kxi6kd4KFjICDZWao0f0jMv65crbtWdAS0TLycVyNHol796A0mSiApDONa667mx8VOsDCOcZqVeommMyRgPaddSgSOq/XR2bYZOrDJAoVS2hEEz9fdEiiOtJ1FgOyNsRnrRm4r/ed3EhFd+ykScGCrIfFGYcGQkmr6OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvMWXl0nrvOpdVGt3tUr9Oo+jCEdwDKfgwSXU4RYa0AQCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AKJKO3g==</latexit>

k�1

<latexit sha1_base64="3aULPWOMxJvxnPptqjmbqE8f3NA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRgx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1FjpQfRue+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5F9fz+vFK7zuMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w8dro2z</latexit>

lG



Flow equation for the rate function

Simple approximation: “Local Potential Approximation”
<latexit sha1_base64="pGIsWsYbOdvvC5agXbFipDnO1HQ="></latexit>

@kIk(m) =
1

2Ld

X

q

@kR̂k(q)

q2 + R̂k(q) + I 00k (m)q≠0

Balog et al ‘22

<latexit sha1_base64="QWtP7ZwrCJBXHbuZYpNF+zSVI34=">AAACDnicbVDLSgMxFM3UV62vUZduBkuhFawzUtRl0Y2Ciwr2AZ22ZNK0DU0yIckIZZgvcOOvuHGhiFvX7vwb08dCWw8EDufcy805gaBEadf9tlJLyyura+n1zMbm1vaOvbtXU2EkEa6ikIayEUCFKeG4qommuCEkhiyguB4Mr8Z+/QFLRUJ+r0cCtxjsc9IjCGojdezcTZ4VfCFDoUPnth0fd5Nq+yhvmB9gDU98HiWs0LGzbtGdwFkk3oxkwQyVjv3ld0MUMcw1olCppucK3Yqh1ARRnGT8SGEB0RD2cdNQDhlWrXgSJ3FyRuk6vVCax7UzUX9vxJApNWKBmWRQD9S8Nxb/85qR7l20YsJFpDFH00O9iDom+rgbp0skRpqODIFIEvNXBw2ghEibBjOmBG8+8iKpnRa9s2LprpQtX87qSIMDcAjywAPnoAyuQQVUAQKP4Bm8gjfryXqx3q2P6WjKmu3sgz+wPn8AeMqbIw==</latexit>

I(m) / L�dU⇤(L�/⌫m)

flow stops (non convex)

<latexit sha1_base64="bmYo6StmxcTTBUHJD1cUBr2pFIo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa67z7xXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndRPb87r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNe043e</latexit>

⇠
<latexit sha1_base64="EsUXQCVtBq4y73jg2L4sJIh3P3Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCmd4zZ</latexit>

L

9

FIG. 5. Rate functions rescaled by Ld as a function of s̃ at ⇣ =
3 (top), ⇣ = 0 (middle) and ⇣ = �3 (bottom) obtained from

FRG with the “exponential regulator” Rk(q) = ↵k2e�q2/k2

and ↵ = 4.65. For each value of ⇣, the solid line shows the
results for L = 104 in units of a mesoscopic scale k�1

⇤ at which
the system becomes scale invariant. Symbols are for L = 103

(circles) and 102 (squares). The rate functions have been
normalized as explained in the main text. This shows that the
rate function obeys the expected scaling form I(s, ⇠1, L) =
L�3I⇣(s̃).

the flow in terms of dimensionless quantities, i.e. inte-
grate Eq. (25), until min(kL, k⇠1) ' 4. Then we switch
to dimensionful quantities, i.e. integrate Eq. (22), and
run the flow until termination. For finite L, the sum
over discrete momenta can be very demanding numeri-
cally. Therefore, we do numerical integration over the
continuous variable q/k instead of sums over discrete mo-
menta until kL ' 40. By varying all parameters of our
numerical integration of the flows, we have checked that
our results are converged.

B. Determination of ⇣

To compare the FRG results to the MC simulations,
it is necessary to compute ⇣ for various RG flow initial
conditions. At LPA, the correlation length in the disor-
dered phase and in the thermodynamic limit is obtained
from [42]

⇠2
1,FRG = lim

L!1

1

U 00

k=0(m = 0)
. (35)

In practice, we solve the flow of the e↵ective potential
of an infinite system, Eq. (27) with M = 0, starting
from an initial condition which is the fixed point potential
Ũ⇤ perturbed by a quadratic term �, �̃2/2. For � = 0,
the system is critical, while it flows to the disordered
(ordered) phase for � > 0 (� < 0). For small �, the
correlation length behaves as

⇠1,FRG ⇡ ⇠+�
�⌫LPA , (36)

with ⌫LPA ' 0.65, (instead of the “exact” ⌫ = 0.62997
from conformal bootstrap [59]), and ⇠+ is a non-universal
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FIG. 6. Rate functions at ⇣ = 0 obtained from FRG with

the “exponential regulator” Rk(q) = ↵k2e�q2/k2
with ↵ =

0.75 (magenta), ↵ = 2.5 (black), ↵ = 4.65 (blue), the “Litim
regulator” Rk(q) = ↵(k2 � q2)✓(k2 � q2) with ↵ = 1 (red)
and ↵ = 2 (green), and the “Wetterich regulator” Rk(q) =
↵q2/(exp(q2/k2)� 1) with ↵ = 0.75 (gray), ↵ = 6.05 (cyan).
The rate functions have been normalized as explained in the
main text. The di↵erent results are almost indistinguishable.
The inset is a zoom in the tail, showing the same data (with
symbols and dashed line) and the very weak spread induced
by the regulator dependence.

number. Note that ⌫LPA and ⇠+ depend slightly on the
regulator, which we take into the account to determine
⇠1,FRG.
To compute the rate function for a given ⇣FRG � 0, at

a given L, the procedure is the following. We first solve
the flow of the e↵ective potential in the thermodynamic
limit, tuning � such that the correlation length obtained
from the flow is equal to L/⇣FRG. Then, we compute the
rate function by solving the flow (with finite L) for the
same initial condition (recall that for kL � 1, the flows
of Ik and Uk are identical, and that they have the same
initial condition). We have checked that our results obey
scaling, i.e. changing the couple (L, �) at fixed ⇣LPA gives
the same solution, see Fig. 5. In our comparison with MC
simulations, we choose L = 10000. For negative ⇣FRG,
the initial condition is the value of � (which is negative)
such that ⇠1,FRG(��) = L/|⇣FRG|.

C. Regulator dependence

The results showed in the main text were obtained by
solving the LPA equations using the “exponential regu-
lator” Rk(q) = ↵k2e�q2/k2

, where ↵ = 4.65 is the op-
timized value at LPA for this regulator (i.e. the value
obtained from the Principle of Minimal Sensitivity, for
which the critical exponent ⌫ varies the least when chang-
ing ↵, see [53] for details). The dependence of the rate
function on the regulator is very weak, as observed in
Fig. 6 for ⇣ = 0 and Fig. 7 for ⇣ = 4.
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FIG. S7. Finite-size scaling analysis of 3D quantum rotors. Cumulants up to order n = 6 computed using the quantum
rotor model. The di!erent colors represent di!erent temperatures, T/(2JnQR) = 1.0 (green) and T/(2JnQR) = 1.5 (red). The
linear system size L is encoded in the shading, ranging from L = 10 (lighter curves) to L = 20 (darker curves). The top row
shows the bare computation, for which the amplitude, position, and range of the critical regime depend both on temperature
and system size. For n > 2, the cumulants were rescaled as ωn → ω̃n ↑ 10→n+2 to have convenient axis units. The bottom row
shows the result of the rescaling analysis, for which the cumulants collapse onto a universal curve (see text for details). The
shaded area represents roughly the region exhibiting non-Gaussian statistics, where ωn ↓= 0 at all orders, while the vertical line
corresponds to u = uc.

for all L. Then, for a given temperature and n, the curves
Lnω/εωn(u, L) plotted as a function of εu are expected
to collapse for all L on a single curve.

However, to obtain the collapse of curves taken at dif-
ferent temperatures, we need to fix two non-universal
amplitudes, associated with the amplitude of the or-
der parameter and to a length scale. Note that
ωn has the dimension of the order parameter to the
power n, which implies that fn has the dimension
(order parameter)n(length)nω/ε , and that du has the di-
mension of a length to the power 1/ϑ. These two
amplitudes could be obtained, for instance, from f1(0)
and f →

1(0), and using them to rescale all cumulants and

εu = u/uc → 1 appropriately.
In practice, it is more convenient to define ω̃n =

ωn(u, L)/ω1(uc, L)n and find A(T ) such that ω̃1 plotted
as a function of du = A(T )εuL1/ε collapse on a single
curve for all T . Then, all ω̃n plotted as a function of their
corresponding du also collapse on a single curve (which
depends on n).
The curves shown in the inset of Fig. 4 correspond to

the universal curves shown in Fig. S7. The lines cor-
respond to the average of the universal curves over the
di!erent sizes and temperatures. The shaded areas rep-
resent the dispersion of the di!erent curves obtained with
this method.

3D O(2) universality class
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How to see the non-Gaussianity?

Need system large enough to be critical,
but small enough not to be in the Gaussian regime !

Cold atom experiments can be in this regime!
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FIG. 2. Single-atom detection in momentum space and full counting statistics. a. Ultracold 4He→ atoms, released
from 3D optical lattices, are detected one-by-one after a free fall onto a micro-channel plate. Their positions and times of arrival
allow us to reconstruct their in-trap momenta. b. Reconstructed 3D momenta as a function of u = U/J . |ω|2 and N designate
respectively the number of detected atoms in the central mode (k/kd → 0, in red), associated with the condensate, and in the
first Brillouin zone (↑0.5 ↓ ki/kd ↓ 0.5, i = x, y, z, blue box). c. Probability distribution of the atom number N near the
critical point before (grey) and after (blue) post-selection (see Methods). d. Probability distribution of the condensate atom
number N0 = |ω|2 near the critical point. e. Probability distributions of the order parameter |ω|. The dashed lines in (i) and
(iii) correspond to the expected shapes for the distributions calculated from the measured mean value ↔|ω|2↗ (see text).

a pair of micro-channel plates, allowing to measure the
momentum ⊋k of individual atoms with a detection e!-
ciency of about 50% (Fig. 2a,b). More details on the ex-
perimental apparatus can be found in our previous works
[10, 62, 63] and in the Methods. We show in Fig. 2b exem-
plary single-shot experimental realisations. For u < uc,
we measure the typical 3D di”raction pattern associated
with a superfluid with long-range phase coherence. Deep
in the Mott insulator regime (u > uc), where phase coher-
ence is lost, the 3D momentum distribution is featureless.
In the following, for each experimental shot we denote N
the total detected atom number in the the first Brillouin
zone (blue cube in Fig. 2b corresponding to all momen-
tum states ki < kd/2, i = x, y, z) and N0 = |ω|2 the de-
tected atom number in a sphere of radius |εk| = 0.03kd
centred on k = 0 (Methods). Here, kd = 2ϑ/d is the
lattice momentum, with d the lattice constant.

Our experiment is naturally subject to fluctuations of
the atom number N , associated with the preparation of
ultracold lattice gases. The probability distribution of
such fluctuations, here obtained from about 1200 experi-
mental repetitions, is represented in Fig. 2c in the vicinity
of uc. A key asset of our detection method is that it o”ers
the full counting statistics (FCS) of both N and N0 [46].
While the statistics of N are well described by a bell-
shaped (Gaussian) distribution, the statistics associated
with N0 = |ω|2 (Fig. 2d) shows a completely di”erent be-

haviour, with large relative fluctuations. Such a feature is
characteristic of the phase transition between the super-
fluid state with sizeable →|ω|↑ /

↓
N and the normal state

with →|ω|↑ /
↓
N ↔ 0. For any value of u, the measured

statistics of N0 is slightly influenced by the fluctuations
of the total number N (see SI, section ). Post-selecting
on N (see Fig. 2c) further reduces this e”ect.

We reconstruct the probability distribution function
P (|ω|) of the amplitude of the order parameter |ω| from
the measured FCS of N0. The PDFs shown in Fig. 2e
exhibit drastic di”erences depending on the value of u.
In the ordered (superfluid) regime, the distribution has a
maximum around |ω0| ↗ 10, capturing the macroscopic
population of the lowest energy (condensate) mode. Its
shape is well matched by a Gaussian distribution, as
expected from the Poissonian statistics for N0 = |ω|2

that result from sampling randomly a small fraction of
the condensate atoms [46]. In the disordered (Mott)
phase, the PDF is di”erent, taking a maximum value for
|ω0| = 0. Once more, it is well adjusted by a Gaussian
distribution, as expected from the expected thermal
statistics [46, 64]. The PDF near the phase transition
u ↗ 36 strongly contrasts with both the ordered and
disordered regimes. It features a relatively large width,
with significant values in the range 0 ↘ |ω| <

≃ 7,
capturing the large fluctuations of the order param-
eter near the phase transition. The overall shape of

3D O(2) universality class

Finite temperature: classical phase transition!!
~ 4000 atoms



Measuring the PDF of the order parameter in cold atoms
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visible. As stated above, when universal, these di!er-
ences are accounted for by the two scale factors A(S)
and B(S) (along with the value of uc(S)) for each isen-
tropic trajectory. The universal scaling function ω̃n of
the order-parameter cumulants can be obtained directly
from Eq. (2),

ω̃n

(
ε = A

u→ uc

uc

)
=

ωn(u)

Bn
. (4)

Below, we determine the scale factors A and B from the
collapse of the cumulants ωn onto their universal form ω̃n.

The results of the collapse are shown in Fig. 2b. We
arbitrarily choose the low-entropy dataset to build a ref-
erence set of cumulants through a bootstrap procedure
(see Appendix D). We then numerically optimize the non-
universal parameters A(Si), B(Si) and uc(Si) of all three
datasets (i = 0, 1, 2) to collapse all six cumulants simul-
taneously. Details on the collapse procedure are given in
the Appendix D, where we also show that the factors A
and B depend only weakly on the details of the collapse
procedure.

We obtain an excellent collapse of cumulants at all or-
ders (see Fig. 2b). We emphasize that the cumulants
are independent parameters of a probability distribution;
their simultaneous collapse using only two scale factors is
thus a first indication of universal behavior across multi-
ple quantities. Furthermore, the observed collapse indi-
cates that the cumulants’ critical behavior is essentially
independent of the entropy. This observation validates
a posteriori the hypothesis that the corrections to scal-
ing are similar across datasets. The mean curve of the
collapsed cumulants (black line in Fig. 2) therefore rep-
resents a good approximation of the scaling function of
the order-parameter cumulants.

IV. CRITICAL EXPONENTS AND UNIVERSAL
PROBABILITY DISTRIBUTIONS OF THE

CONDENSATE ORDER PARAMETER

Within the critical regime but away from the critical
point, i.e. for ϑ ↑ L, finite-size e!ects are negligible,
and thermodynamic quantities are expected to exhibit
power laws characterized by critical exponents. To
test this expectation, we study the scaling of the first
two cumulants in their universal form ω̃1 and ω̃2, i.e.
combining all datasets together (see Appendix E for
details of the analysis). The first-order cumulant ω̃1

characterizes the order-parameter amplitude and scales
as ω̃1 ↓ (ε→→ε)ω in the ordered phase [7], where ε→ ↔= 0
accounts for finite size e!ects. As shown in Fig. 3a, our
observation is compatible with this power-law scaling,
and the fitted exponent ϖ = 0.34(1) is consistent with
the critical exponent of the 3DXY universality class,
ϖ3DXY = 0.348 [33]. In the disordered phase, the second-
order cumulant is expected to behave as ω̃2 ↓ ε

↑ε [7].
The experimental results shown in Fig. 3b exhibit such
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FIG. 3. Universal statistics of the order parameter.
a. Power-law scaling of the first cumulant ω̃1 of the order
parameter with the critical exponent ε in the ordered phase.
The solid black line is a power-law fit yielding ε = 0.34(1). b.
Power-law scaling of the second cumulant ω̃2 with the critical
exponent ϑ in the disordered phase. The solid black line is a
power-law fit yielding ϑ = 1.3(2). The data point in light gray
are excluded from the fitting range (see SI). c. Probability

distribution P̃(|ϖ̃|, ϱ) of the order parameter in universal units
across the critical point. The solid curves are guides to the
eye. The markers (circles, squares and pentagons) refer to the
entropy of each dataset (respectively S0/N → 0.7kB, S1/N →
0.9kB, S2/N → 1.2kB).

a power-law scaling, with a fitted exponent ϱ = 1.3(2)
compatible with that of the 3DXY universality class
(ϱ3DXY = 1.317). Thus, the cumulants measured at
di!erent entropies not only collapse in universal units,
but also align on power laws with the critical exponents
of the system’s universality class.

The non-universal scale factors A and B are ex-
pected to be identical for all observables, including the
order-parameter probability distribution. By inserting
the values obtained from collapsing the cumulants into
Eq. (2), we determine the rescaled order-parameter PDF
P̃, shown in Fig. 3c. We find that P̃ evolves smoothly
with the rescaled distance ε to the critical point, inde-
pendently of the entropy at which it is measured. These
findings show that the rescaled PDF P̃ e!ectively cor-
responds to the universal scaling function of the order-
parameter probability distribution. We emphasize that
this result relies crucially on the direct measurement of
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FIG. 2. Universal scaling of the order parameter cumulants. a. The upper panels show the bare cumulants ωn measured
in the experiment as a function of the interaction strength u for the three di!erent entropies per particle (S0/N → 0.7kB,
S1/N → 0.9kB, S2/N → 1.2kB). b. The lower panels show the rescaled cumulants ω̃n (circles: S0/N → 0.7kB; squares:
S1/N → 0.9kB; pentagons: S2/N → 1.2kB) as well as the corresponding universal scaling functions (black curves, guide to the
eye). The non-universal parameters A, B and uc are determined by collapsing the first 6 cumulants ωn of the order parameter
distribution measured at di!erent entropies. Errorbars indicate the 68% bootstrap confidence interval (see Appendix A).

range correlations and the order-parameter statistics be-
come non-Gaussian [10, 29–31]. These complex statisti-
cal properties are captured by the probability distribu-
tion P(|ω|, u) of the order-parameter amplitude |ω|, as
u is varied [10]. On the other hand, the spatial struc-
ture of critical fluctuations is encoded in the two-point
correlation function, G(1)(x,x→

, u) = →â†(x)â(x→)↑, where
â
†(x) is the bosonic creation operator at position x. In

the framework of the renormalization group (RG), both
quantities can be expressed in their universal form by
introducing two system-specific scale factors A and B.
These two factors correspond to the rescaled distance
ε = A(u ↓ uc)/uc to the critical point and the rescaled
order-parameter amplitude |ω̃| = |ω|/B (see Fig. 1a).

Although critical fluctuations at a finite-temperature
phase transition are classical in the thermodynamic limit,
quantum fluctuations enter the universal scaling func-
tions as corrections to the classical scaling. This addi-
tional dependence is set by the ratio L/LT (or ϑ/LT ),
where LT is the crossover length that separates short-
distance quantum fluctuations from long-distance ther-
mal (classical) fluctuations [7] and L is the system size.
We have recently reported the observation of such correc-
tions to the (classical) 3DXY scaling [10]. In the present
work, the ratio L/LT does not vary significantly between
datasets (see Appendix B). Since corrections to classical
scaling usually depend only weakly on L/LT , we assume
them to be identical across all experimental datasets,
therefore neglecting their dependence in the universal
scaling functions. In addition, L is constant as well in
our experiments, so its contribution does not need to
be made explicit either. Thus, the order-parameter dis-
tribution and the two-point correlation function can be

written in the scaling forms,

P(|ω|, u) = P̃
(
|ω̃| = |ω|

B
, ε = A

u↓ uc

uc

)
(2)

and

G
(1)(|x↓ x→|, u) = B

2

εω↑3ε
G̃

(1)

(
|x↓ x→|

ϑ
, ε

)
, (3)

where P̃ and G̃
(1) are universal scaling functions. We re-

fer to the Appendix C for a derivation of Eqs. (2) and (3)
and the precise meaning of the scale factors A and B. Al-
though the existence of these scaling forms is well estab-
lished, their explicit determination remains a non-trivial
task. In practice, they have become accessible recently
through methods such as functional RG [32], numerical
simulations, or experiments. In the absence of explicit
determinations, phenomenological forms may also pro-
vide useful analytical parametrizations (see below).

III. COLLAPSE OF ORDER-PARAMETER
CUMULANTS

We start by identifying the entropy-dependent scale
factors A and B through the cumulants ϖn of the con-
densate order parameter. A detailed description of the
measurement protocol of ϖn can be found in our previous
work [10]. The cumulants ϖn are plotted in Fig. 2a for
the three datasets. Across all isentropic crossings of the
superfluid transition, the measured cumulants exhibit a
qualitatively similar evolution with u. The quantitative
di!erences between the behavior at di!erent entropies —
for instance the critical value uc(S) — are also clearly

order parameter susceptibility

Paquiez et al., to be published 



Experiments vs numerics

magnetization susceptibility
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Origin of the difference and challenges for the FRG community

- Quantum system at finite temperature : imaginary time direction of size β + projective measurement

P (s) ∝ Tr

(

e
−βĤ

∣

∣
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∑

i
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〉〈

∑

i

si

∣
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∣

)

Constraint on the zero-momentum mode at the boundary in time

Quantum fluctuations irrelevant at finite temperature… but only for large enough systems!

- Spatial boundary conditions different from periodic boundary conditions: atoms in harmonic trap…
(Numerical simulations do not change qualitatively the variation of the cumulants)

Challenges for the community

How to describe projective measurements in FRG?

How to implement better boundary conditions (e.g. free/Dirichlet BC)
[Already messy in large N]



Conclusion

• CLT is the rule, but strong correlations (e.g. criticality) can give rise to universal non-Gaussian PDFs

• This non-Gaussianity can be observed in mesoscopic systems (not in the thermodynamic limit!)

• Cold atoms experiments offer a unique platform for this

• Observation of universal non-Gaussian cumulants, but different from expected XY universality class

• Universal effect of finite size corrections induced by quantumness… Compute with FRG???
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FIG. S9. Finite-size scaling analysis of 3D quantum rotors in the low-temperature regime. Cumulants up to order
n = 6 computed using the quantum rotor model. The di!erent rows correspond to di!erent temperatures, T/(2JnQR) = 0.5
(top row, red), T/(2JnQR) = 0.1 (middle row, green) and T/(2JnQR) = 1/2L (bottom row, violet). The linear system size L

is encoded in the shading. The numerical data on each row shows the result of the rescaling analysis, for which the cumulants
collapse onto a universal curve (see text for details). Note that the distance to the transition for the top and middle rows are
rescaled using the critical exponent ω from the 3D XY universality class, while in the bottom row we use the exponent ωq = 0.5
associated to the 4D XY universality class of the quantum phase transition.
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Family of rate functions

Shape of rate function at LPA correct 
for all 𝜻 up to global constant 
(true also at 1-loop Sahu et al ‘24)

Balog et al ‘22
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Convergence of the method

Error bar estimated following Balog et al ‘19 & De Polsi et al ‘20 Rose et al ‘25
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Tail of distribution given by tail of rate function 
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Universal Large Deviations in the regime 



Critical rare event

Tail of distribution given by tail of rate function 

Fisher ‘66, Tsypin ’94, Bruce ‘95

Can be generalized to           model 

Balog et al ‘25

Power law prefactor observed: MC Ising 3D, hierarchical model, large n, FRG LPA (n=1,2,3) 

Universal Large Deviations in the regime 



Non-universal large deviations and finite size correction



Non-universal large deviations and finite size correction

For            , proba has to be non-universal: transition from universal to non-universal rare events?     



Non-universal large deviations and finite size correction

For            , proba has to be non-universal: transition from universal to non-universal rare events?     

Correction to scaling induced by finite size (established explicitely in large n)



Non-universal large deviations and finite size correction

For            , proba has to be non-universal: transition from universal to non-universal rare events?     

Correction to scaling induced by finite size (established explicitely in large n)

non-universal 
amplitudes universal 

critical exponents
(irrelevant)

universal 
irrelevant perturbations



Non-universal large deviations and finite size correction

For            , proba has to be non-universal: transition from universal to non-universal rare events?     

Correction to scaling induced by finite size (established explicitely in large n)

non-universal 
amplitudes universal 

critical exponents
(irrelevant)

universal 
irrelevant perturbations

Finite-size corrections-to-scaling generalizes Cramer’s series!



Return to convexity
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Universality of critical PDF: rate function
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Universality of the cumulants?

QMC simulations (by T. Roscilde) of quantum rotators (XY universality class) with periodic BC
16
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FIG. S7. Finite-size scaling analysis of 3D quantum rotors. Cumulants up to order n = 6 computed using the quantum
rotor model. The di!erent colors represent di!erent temperatures, T/(2JnQR) = 1.0 (green) and T/(2JnQR) = 1.5 (red). The
linear system size L is encoded in the shading, ranging from L = 10 (lighter curves) to L = 20 (darker curves). The top row
shows the bare computation, for which the amplitude, position, and range of the critical regime depend both on temperature
and system size. For n > 2, the cumulants were rescaled as ωn → ω̃n ↑ 10→n+2 to have convenient axis units. The bottom row
shows the result of the rescaling analysis, for which the cumulants collapse onto a universal curve (see text for details). The
shaded area represents roughly the region exhibiting non-Gaussian statistics, where ωn ↓= 0 at all orders, while the vertical line
corresponds to u = uc.

for all L. Then, for a given temperature and n, the curves
Lnω/εωn(u, L) plotted as a function of εu are expected
to collapse for all L on a single curve.

However, to obtain the collapse of curves taken at dif-
ferent temperatures, we need to fix two non-universal
amplitudes, associated with the amplitude of the or-
der parameter and to a length scale. Note that
ωn has the dimension of the order parameter to the
power n, which implies that fn has the dimension
(order parameter)n(length)nω/ε , and that du has the di-
mension of a length to the power 1/ϑ. These two
amplitudes could be obtained, for instance, from f1(0)
and f →

1(0), and using them to rescale all cumulants and

εu = u/uc → 1 appropriately.
In practice, it is more convenient to define ω̃n =

ωn(u, L)/ω1(uc, L)n and find A(T ) such that ω̃1 plotted
as a function of du = A(T )εuL1/ε collapse on a single
curve for all T . Then, all ω̃n plotted as a function of their
corresponding du also collapse on a single curve (which
depends on n).
The curves shown in the inset of Fig. 4 correspond to

the universal curves shown in Fig. S7. The lines cor-
respond to the average of the universal curves over the
di!erent sizes and temperatures. The shaded areas rep-
resent the dispersion of the di!erent curves obtained with
this method.

Same cumulants than that obtain from classical MC of XY model and classical phi^4 theory



Probability distribution and RG fixed points

Direct connection between the probability distribution and RG fixed point quantities we compute?

Wilson’s RG 
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Fixed point coupling constants

Link between Wilson’s RG and probability distribution:
Bruce ‘81, Domb and Chen ‘96, Rudnik et al. ‘98,…

Based on perturbative RG, inclusion of finite size ad hoc…
    and fixed point couplings are scheme dependent!?!
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P (m) / e�H
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Comparison fixed point vs rate function


