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Q: Given how complicated these biological systems are, how is
meaningful modelling ever possible?

A: Even if the microscopic dynamics is complicated, the
underlying symmetry & conservation law may be simple

—> universal hydrodynamic equations of motion
+

Renormalisation group analysis



Universal hydrodynamics (more can be simpler)
-Navier-Stokes

* Incompressible limit for simplicity
* Hydrodynamic variable: velocity v

e Equation of motion (EOM):
0,0 = p~LF , with constraint V-3 = 0

 What is the force field F?



Symmetries + conservation EOM: 3,3 = p~1F

* Symmetries
— Temporal invariance: F does not depend on time
— Translational invariance: F does not depend on position r
— Rotational invariance: F does not depend on a particular direction
— Chiral (parity) invariance: F is not right-handed or left-handed
— G@Galilean invariance: EOM invariant under a boost

e Conservation: momentum conservation
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* Symmetries
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— Rotational invariance: F does not depend on a particular direction
— Chiral (parity) invariance: F is not right-handed or left-handed
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* Conservation: momentum conservation
* To order O(v?,0%) [hydrodynamics], incompressible Navier-Stokes EOM:

0.V = ~VP — (ﬁ- \7)13+‘u\721}’_|_ _|_f
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‘oressure’ (Lagrange multiplier) to Noise term satisfying
enforce incompressibility symmetries & conservation law
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Active fluids # Navier-Stokes

* Symmetries
— Temporal invariance: F does not depend on time
— Translational invariance: F does not depend on position r
— Rotational invariance: F does not depend on a particular direction
— Chiral (parity) invariance: F is not right-handed or left-handed
— G@Galilean invariance: EOM invariant under a boost

* Conservation: momentum conservation
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Hydrodynamic EOM of incompressible active fluids

atﬁ + /10(13 . ﬁ)ﬁ — ,110\7217 + (a() + bovz)ﬁ — ﬁp + E + ...

. g

e A.k.a Toner-Tu EOM in the Gaussian noise

incompressible limit ‘pressure’ (Lagrange multiplier) to
enforce incompressibility

= Advective O(d) model due to spin-
space coupling A (7 - \7)17



Ordered phase in 3D — flocking phase

Mean flocking directionisXand let Vv = (vo + uz)X +u

EOM: |gu; + A(u,. -V, )u, = -V, P+ pu, Viu, + p0%u, +f,

u 3 exact non-renormalisation conditions

u,;@;u,ﬁl — 5+ (’lﬂ,‘tﬂ%) n (@@I)an - 3 scaling relations:
2=2(, z4+x=1, z—2x—(C=d—-1
u r, >br,, x—bx, t—bt u, —bu,
* Neither u, nor noise strength get renormalised D
 Also, Ais not renormalised because of an

emergent pseudo-Galilean invariance of the

4
‘Exact’result: ¢ =5, 2=, x=—7, (d=3)
ordered-phase EOM 9 9 5

Further support from functional RG analysis:
P. Jentsch and C.F. Lee. Can exact scaling exponents be obtained using the renormalization Toner & Tu (1995) PRL

group? Affirmative evidence from incompressible polar active fluids. E-print: arXiv:2307.06725 Chen, Lee, Toner (2018) NJP



https://arxiv.org/abs/2307.06725

Ordered (flocking) phase in 2D

In d = 2, incompressibility removes u, as an independent degree of freedom - a single scalar field

Uy = —’Unayh, Uy = U(}a;.;h.
2 constraints:
y 1 e stationary/FDT relation
L ¥4 N ‘ v \p e KPZ tilt (Galilean) invariance
Incor?lp;rj(smble y y y 9 & 2 scaling exponents
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2D Smectics = (1+1) KPZ
. [Golubovi¢ & Wang (1992) PRL]
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‘Exact’ result: (= 3’ X=—-=, (d

surface growth T|me .

Chen, Lee, Toner (2016) Nat Comm



Critical compressible flocks with an easy axis

A.k.a. Active Ising model (p: number density; ¢: coarse-grained spin/polarisation field):

Continuity eq.: 9;p = —v 0,0 + K, 02p+ K, V* p,

0t + 53:1:*?52 = —K10:p — ﬁlzampz + ﬁi-;@f?f.@ + puVicD — Q@ — ,Bc,b“ + fr —a1pp — {Z}fgpqu.

Terms in standard Ising Model A in blue da, Perturbative 1-loop calculation

Critical order-disorder transition occurs when ag =a; =0 0.06 1

[Nesbitt, Pruessner & Lee (2021) NJP] New generic crit pt
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9 new phases + 10 new
critical points uncovered
using RG since 2015 in
classical (non-quantum)
nonequilibrium systems!

Jentsch & Lee (2026)

Hydrodynamics, Renormalization Group,
and Universality Classes Far from
Equilibrium. E-print: arXiv:2607.02318
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Summary: 2 messages

* Hydrodynamics = simple universal model for complex systems

* RG classifies their universality and determines their scaling
behaviour



Outlook

* An embarrassment of richness: many universality classes

* The challenge now is to organise them
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