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From sampling to optimisation



Exact Renormalisation Group 
 

Finite computable approximation
↔

Controlled error 
estimates

Relation between 
different schemes

Regulator 
(in)dependence

Gauge-invariant 
formulations

Real time 
formulations

Emergent degrees 
of freedom

Sampling and ML 
applications

Optimal expansion 
schemes
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Low order 
expansions



The RG as a transport task

• Original idea: Compression of information under repeated block-spinning transformations


 Keep the number of sites intact/infinite lattice


• Consider infinitesimal field reparametrisations


 Change of variables in the path integral and changing distribution


 Continuity equation for the overall distribution


• Most modern momentum space RG does not use block-spinning anymore:


 (Non-linear) Fokker-Planck dynamics:


Polchinski-type kernel:

→

→

→

→

·ϕ : ϕi(x) ↦ ϕi+1(x)

d pt[ϕ]
dt

= − ∫x

∂
∂ϕ(x) { ·ϕt[ϕ] pt[ϕ]}Wegner, J. Phys. C 7 (1974) 2098

pt[ϕ] ∝ e−St[ϕ]

·ϕ(ϕ) =
1
2

𝒞(ϕ)
∂

∂ϕ
St(ϕ)

Diffusion

Gradient flowSelection/Filtering of propagating modes, e.g. 𝒞 ∝ − G∂tRk G

+ ·ϕr(ϕ)

Scale 
transformations

Additional

Reparametrisations

ϕ → ϕ + δt ·ϕ(ϕ) C
orrelation length

Lattice I

Lattice II

‚Blocking’

C
orrelation length

pt → pt + δt
∂
∂t

p[ϕ]

Wegner flow



Scale transformations in the path integral

Zt[J] = ∫ Dϕ pt[ϕ] eJ Ôϕ,t[ϕ]Consider the generating functional for a theory:

Scale dependent distribution: pt[ϕ] =
1
𝒩

e−St[ϕ] e.g. St = S + ΔSt

 Use the scale dependent (composite) operator:→ Ôϕ,t[ϕ]

Wegner flow Change of the 
composite operator

Two strategies

Current coupled to some generic operator

Ôϕ,t0[ϕ] = ϕ as a book-keeping device

Some effective degree of freedom
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up

∂tZt[J] = ∫ Dϕ { ∂t pt[ϕ] + J ∂tÔϕ,t pt[ϕ]} eJ Ôϕ,t[ϕ] 1) ∂tZt ≡ 0 ⇒  completely absorbs the flowÔϕ

2) ∂tZt ≠ 0 ⇒  corrects the existing flowÔϕ

  is in the co-moving coordinate frame of the block spinning, i.e.            (passive transformation)ϕ ∂tϕ = 0

Sampling

Modifications in fRG



Sampling with the RG-flow

• We use  to reconstruct the coarse-graining map 


• For general holomorphic operators  one can show


 This is valid for any pair  that fulfills the Wegner equation


 Physics-informed kernels: pick a suitable constraint to fix the pair, e.g.


- Langevin evolution


- Diffusion models: Talk by L. Wang


- Polchinski kernel: Talk by Y. Ashida, M. Gubinelli


- …

∂tZ = 0

O[ϕ]

→ (pt[ϕ], ·ϕ[ϕ])
→

RG-Flow , with passive transformation ∂t pt ≠ 0 ∂tϕ = 0 t1t0

Ôϕ,t0[ϕ]

ϕt1[Ôϕ,t0[ϕ]] = ϕ

Takeaway:  

Integrating  for microscopic transformations 
gives us a map for the field transformation 

·ϕ[ϕ]

ϕt = ϕt0 + ∫
t

t0

ds ·ϕs[ϕs]

∫ Dϕ pt[ϕ]O[ϕ] = ∫ Dφ p0[φ]O[ϕt[φ]]

FI, Kapust, Pawlowski, arxiv:2510.26678

FI, Kapust, Pawlowski, arxiv:2603.03159

Sample  with , where pt ϕt(ϕ0) ϕ0 ∼ p0

Inverse map: 

Active transformation: 

Sample from easy distr.

Map to t = t1

Observable in a hard theory

https://arxiv.org/abs/2510.26678


The physics-informed mindset
Allowing general time-dependent paths for distributions 

 does not guarantee the desired physical distribution Ft = {St, pt, …}

…so we impose a trajectory analytically. Then the Wegner equation

∂tSt + ·ϕ
δ

δϕ
St =

δ
δϕ

·ϕ

…is a differential equation at every time-slice!

RG1 + ·ϕRG2 =
δ

δϕ
·ϕ

FI, Kapust, Pawłowski, arxiv:2510.26678
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Ŝt(ω) =
1
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m2(t)ω2 +

ε(t)

4
ω4
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= (→2 , 1/2)Analytic interpolation between couplings

Example: zero-dimension  - theoryϕ4

Task: solve an ODE in  at every time-sliceϕ

https://arxiv.org/abs/2510.26678


• Compute PIKs separately at every time-slice


• Linearity of the equation allows for 
systematic improvements
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• Evolve samples separately with

ϕt = ϕt0 + ∫
t

t0

ds ·ϕs[ϕs]
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PIK

HMC

• This is an optimal transport flow

• Sample operators along this trajectory

⟨O⟩t =
1
N ∑

n

O[ϕn,t]

FI, Kapust, Pawlowski, arxiv:2510.26678
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https://arxiv.org/abs/2510.26678


Part 1 (Strategy 1): Conclusion and outlook
PIK is an umbrella for sampling based strategies:


 Fixing a target action  allows to sample this distribution directly <> Contrast to the Polchinski flow or complex Langevin


 We have only used general reparametrisation freedom: 0d does not know about scale transformations


 Particularly interesting for complex actions/systems with a sign problem

→ St

→

→

<latexit sha1_base64="tp3T7CxzMOc9xQK9gt/KXq44FMY="></latexit>

p0 dµ0 → R
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0-dim toy model of a real time theory
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1+0 dim theory: 

Quantum harmonic oscillatorPIK implements a contour 

deformation to remain weight 
preservingFI, Kapust, Pawlowski, arxiv:2603.03159

Complex contour deformation

No guessing involved!



Generalised RG flows: Strategy 2

d pt(ϕ)
dt

= − ∫x

∂
∂ϕ(x) [ ·ϕt(ϕ) pt(ϕ)] (∂t + ∫x

·ϕ[ϕ]
δ

δϕ ) Γϕ[ϕ] =
1
2

Tr [Gϕ[ϕ](∂t + 2
δ ·ϕ
δϕ ) Rk]

Wegner flow 
Pawlowski, Annals Phys. 322 (2007) 2831Wegner, J. Phys. C 7 (1974) 2098

Generalized flow equation Wetterich equation
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ω̇ = 0
Wetterich, PLB 301 (1993) 90

Legendre transform

Sampling Direct computation & optimisation

Scale transformation implemented with regulator  Remaining reparametrisation freedom→General field transformations

⋮

∂tZt[J] = ∫ Dϕ { ∂t pt[ϕ] + J ∂tÔϕ,t pt[ϕ]} eJ Ôϕ,t[ϕ]

Wegner flow Change of the 
composite operator

pt[ϕ] =
1
𝒩

e−S[ϕ]−ΔSt[ϕ]Implement the scale suppression/
Regulator as usual

By allowing  we remain with a 
very general reparametrisation freedom

∂tZt ≠ 0 ∂tÔϕ,t

·ϕ = ⟨∂tÔϕ,t⟩ , ϕ = ⟨Ôϕ,t⟩

Scale 
transformations

Reparametrisations



= ∂̃t∂t

+∂̃t +∂̃t

Lets go back to the generalised RG…

• Example: Rebosonization 


Absorb the divergence into a Yukawa coupling


Ansatz:


Introduces corrections to the Yukawa coupling!


For linear transformations


Implementation in QCD 

(∂t + ∫x

·ϕ[ϕ]
δ

δϕ ) Γϕ[ϕ] =
1
2

Tr [Gϕ[ϕ](∂t + 2
δ ·ϕ
δϕ ) Rk]

·ϕ = 0 Implements Wetterich RG (previous example)

·ϕ ≠ 0 Corrections of loop-order allow for optimization

Tree-level corrections change the theory

where = 0

(φ)

(p1 + p3)
2 = 0

(p2 + p4)
2 = 0

p1

p2 p3

p4

+=
s

Key insights: 


(1)   is a functional and can be truncated the same as the effective action    


(2)  This additional freedom allows to implement constraints in the RG flow

·ϕ[ϕ] Γ[ϕ]

·ϕ = Aa(ϕ) ψ̄Maψ Aa(ϕ) → ∂tga = 0

Fukushima, Pawlowski, Strodthoff, Annals Phys. 446 (2022) 169106

Gies, Wetterich, PRD 65 (2002) 065001

Fu, Pawlowski, Rennecke, PRD 101 (2020) 5, 054032 

FI, Pawlowski, Sattler, Wink, PRD 113 (2026) 9, 094038

λi =
h2

Z2
ψ(m2

i + p2 + Rk)

Effectively, a four-fermi vertex with a non-
trivial momentum dependence is considered


 No divergence→

= ∂̃t∂t

∝ hϕaψ̄Maψ

Talk by F. Rennecke, F. R. Sattler, …

10°3 10°2 10°1 100 101

k [GeV]

10°1

100

101

102 Æ ll̄A

Æ ss̄A

ÆA3

Æ cc̄A

ÆA4

k2 ∏(º)

k2 ∏(æ)



…but there is more than that
Generally we can consider the pair and implement some physical constraint with it:

(Γϕ[ϕ], ·ϕ[ϕ])
Physics-informed RG

FI, Pawlowski, Annals Phys. 481 (2025) 170177

FI, Pawlowski, PRD 113, 076003 (2026

Reconstruction & observables: Generalised operator flow

observable propagator insertion DoF for optimisation

(i) Trade intricate diffusion eq. for a simple linear diff. eq.

Advantages

(ii) Optimised and more versatile expansion schemes

(a)  Ground state expansion

(b)  Feed-down flows

Disadvantage: Reconstruction!

…

(∂t + ∫x

·ϕ
δ

δϕ ) 𝒪t[ϕ] = −
1
2

Tr [GT (∂t + 2
δ ·ϕ
δϕ ) GT

δ2

δϕ2
𝒪t[ϕ]] + Fϕ

PIRG idea

(∂t + ∫x

·ϕ
δ

δϕ ) ΓT[ϕ] = RG1[ΓT] + RG2[ΓT]
δ ·ϕ
δϕ

Γϕ,t0[ϕ] Γϕ,t1[ϕ]
(Γϕ,t[ϕ], ·ϕt[ϕ]) Step 1: Solve approximate flow for  

<latexit sha1_base64="KpQgREpThYt11dMyHlbxGaZpEJs=">AAACAXicbVA9SwNBEN3zM8avqI1gsxgECwl3ItEyaKFlBPMBSQhzm02yZPfu2J0TwxEb/4qNhSK2/gs7/42b5ApNfDDweG+GmXl+JIVB1/12FhaXlldWM2vZ9Y3Nre3czm7VhLFmvMJCGeq6D4ZLEfAKCpS8HmkOype85g+uxn7tnmsjwuAOhxFvKegFoisYoJXauf3mNSgF7QRPaBP5A2qVQBSNRu1c3i24E9B54qUkT1KU27mvZidkseIBMgnGNDw3wlYCGgWTfJRtxoZHwAbQ4w1LA1DctJLJByN6ZJUO7YbaVoB0ov6eSEAZM1S+7VSAfTPrjcX/vEaM3YtWIoIoRh6w6aJuLCmGdBwH7QjNGcqhJcC0sLdS1gcNDG1oWRuCN/vyPKmeFrxioXh7li9dpnFkyAE5JMfEI+ekRG5ImVQII4/kmbySN+fJeXHenY9p64KTzuyRP3A+fwDk5Jc1</latexit>

!t,app

Example: Direct Computation

<latexit sha1_base64="mzK0KiZQr+ONNsmSjUM38/A3zZ8=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ae2Q8mkmTY0kxmSO0IZ+hduXCji1r9x59+YtrPQ1gOBwzn3kHtPkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilx94gxl4yEn3slytu1Z2DrBIvJxXI0eiXv2yYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN34233hKzqwyIGGs7VNI5urvREYjYyZRYCcjiiOz7M3E/7xuiuG1nwmVpMgVW3wUppJgTGbnk4HQnKGcWEKZFnZXwkZUU4a2pJItwVs+eZW0LqperVq7v6zUb/I6inACp3AOHlxBHe6gAU1goOAZXuHNMc6L8+58LEYLTp45hj9wPn8Av36Q/A==</latexit>

ω̇t

Step 2: Use                         as target action  

Solve generalized flow for 

ΓT = Γt,app



The ground state-expansion
Topology in the anharmonic oscillator

• Quantum mechanics: i.e. 1+0 dimensional QFT


 Setup with tunneling


 Consider the energy gap between ground state and the first excited state ∆ E


 Behavior at large imaginary times


This is all known from the Schrödinger equation 

 but also: Expansion about Instanton solution

→
→

→

→

-4 -2 2 4
ϕ

-2

2

4

6

VΛ(ϕ)

VΛ( ̂q) = −
1
2

̂q2 +
λ
8

̂q4

⟨ ̂q(0) ̂q(τ)⟩ = ∑
n

|⟨0 |q |n⟩ |2 exp( − (E0 − En)τ)

⟨ ̂q(0) ̂q(τ)⟩ ∝ exp(−ΔE τ)

Testing ground for novel methods with non-perturbative physics 


 In particular where fRG has struggled before→

<latexit sha1_base64="v+eHhf0zWgsCx1/lrRudxjvOMz8="></latexit>

!E(ωω → 0) ↑ 1√
ωω

e→ainst/εω

BKT-type scaling



The anharmonic oscillator in the fRG
Chose a simple truncation with the derivative expansion (LPA)


Solve the PDE for the Wetterich equation, and extract 

Γk[ϕ] = ∫τ [ 1
2

(∂τϕ)2 + Vk(ϕ)]
ΔE = V(2)(ϕeom)

Tunneling

Solve the generalized equation in the same truncation for Γk

With an optimized kernel:

(Ground state expansion)

·ϕ(ϕ) → ∂t(∂p2Γ(2)
k [ϕ]) = 0

The optimized kernel eliminates the next order of the expansion scheme.

Results in a field dependent anomalous dimension:

Bonanno, FI, Pawlowski, SciPost Phys. Core 9, 005 (2026)

This allows the extraction of the instanton 
scaling up to 1-2% exactness!


.        ainst,ex = 1.886... ainst,FF = 1.910(2)



The ground-state expansion

p + k

−k
k

p p

Γk[ϕ] = ∫τ [ 1
2

(∂τϕ)2 + Vk(ϕ)] Γk[ϕ] = ∫τ [ 1
2

Z(ϕ)(∂τϕ)2 + Vk(ϕ)]
Zeroth-order expansion First-order expansion

In this formulation the self-energy diagrams get momentum 
dependent corrections:


It creates e.g. a momentum dependent Tadpole diagram 
for all n-point functions
→

Consider the standard derivative expansion:

RG-flow now accounts for 
fluctuation physics of order p2

∂tΓ(2)
k [ϕ] ∝

Γ(2)
k = p2 + m̃2(ϕ)

Consider an expansion about the classical dispersion:
·ϕ(ϕ) → ∂tZ(ϕ) ≡ 0

Z(ϕ) ≡ 1
Effective action looks zeroth-order again, 
but includes momentum dependent 
physics of all orders of tadpole diagrams 
via ·ϕ

Vertex has no field dependence  
No momentum dependent tadpole

→

+

∝ Z(2)(ϕ)p2

 Baldazzi, Ben Ali Zinati, Falls, SciPost Phys. 13 (2022) 4, 085

 FI, Pawlowski, arXiv:2305.00816

 Bonanno, FI, Pawlowski, SciPost Phys.Core 9 (2026) 005



The ‚absorption strategy‘

E.g. Hard-wiring the modified Nielsen-Identities

FI, Pawlowski, PRD 112 (2025) 10, 105005

The ground-state expansion can be thought of as a multi-loop scheme (to infinite order):

∼ p2

-correction to the flowp2 Appears in the loop-correction Appears in the loop-correction

∼ p2

∼ p2

∼ p2

Contains some  

corrections

∼ p4

=
δ ·ϕ
δϕ

Rk

Loop-correction ∂tRk

In this sense it is related to the very successful multi-loop fRG (Fermionic 6-pt vertex is absorbed)


 But automatically includes all orders (resummed scheme)


Application to Gauge theories (and other symmetry constraints): Absorb terms that break the gauge invariance of the scheme! 

while feeding back their flow via implicit higher loop-corrections

→

→

Kugler, von Delft, PRL 120, 057403 (2018)

Kugler, von Delft, PRB 97, 035162 (2018)



On the web tomorrow… …since an entire week now

The regulator breaks gauge invariance.

Exact relations are around, e.g. modified Ward identities, Slavnov-Taylor, modified Nielsen Identities.

 Embed a gauge invariant flow of your choice in the PIK⇒ Constraint fixes Γk

 Compute difference to the exact solution with ⇒ ·Φ Contains relevant and 
symmetry breaking terms 

Identify

Extract

Reinsert

∂tΓΦ,rp[ḡ + Φ] =
1
2

Tr GΦ[ḡ + Φ]∂tRk[g] + FΦ[ḡ + Φ]



Conclusion
• Generalised flows connect many of the topics of the conference!


 Sampling strategies


 Flows of the 1PI effective action


• Analytical access is very interesting to optimize the sampling task and understand AI 
algorithms


 Complex actions + sign problem


• Optimisation in the Wetterich equation


 Test approximations


 Absorption of couplings for faster convergence


Relevance counting preserved in gauge invariant formulations

→

→

→

→

→

→
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Thank you for your attention!


