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Luttinger fermions in nonrelativistic field theory

> Effective ﬂeld theory Of lOW energy degrees Of freedom near (ABRIKOSOV,BENESLAVSKII'7 1)
quadratic band touching/crossing points (QBT/QBC): (MOON ET AL'13; JanssEN, HERBUT'15)

L =491 (0; = G390 ¥ + Lin
> For (—Gj; 90;0;)? = (—0%)?, the Gj; satisfy a Clifford-type algebra (Asrikosov'74)

2 d
{Gy Guuy = =030+ = (3udi + dudy)



Luttinger fermions in nonrelativistic field theory

> Effective ﬂeld theory Of lOW energy degrees Of freedom near (ABRIKOSOV,BENESLAVSKII'7 1)
quadratic band touching/crossing points (QBT/QBC): (MOON ET AL'13; JanssEN, HERBUT'15)

L =491 (0; = G390 ¥ + Lin

> For (—Gj; 90;0;)? = (—0%)?, the Gj; satisfy a Clifford-type algebra (Asrikosov'74)
2 d
{Gjj, G} = *ﬁ&ﬁkz + T (k6 + 0id)
> Can be spanned by Euclidean Dirac algebra, (Janssen,HERBUT'15)

Gj = agw\, where {v4,v8} =20451l, A B=1,...,



Luttinger fermions in nonrelativistic field theory

> Effective ﬂeld theory Of lOW energy degrees Of freedom near (ABRIKOSOV,BENESLAVSKII'7 1)
quadratic band touching/crossing points (QBT/QBC): (MOON ET AL 13; JANSSEN, HERBUT'15)

L= d}T (aT - Gij aiaj) ¢ + Lint

> For (—Gj; 0;0;)* = (—0%)?, the Gj; satisfy a Clifford-type algebra (Asrikosov'74)
2 d
{Gij, Gu} = _ﬁ(sijékl to (k61 + did)
! u b u cond-mat applications:

-j= % Luttinger semi-metals (LUTTINGER'56)
- Pyrochlor-iridates, HgTe (MOON.XU,Kim,BALENTS 13)
- nematic quantum criticality (JANSSEN, HERBUT'15)

” ~ - Bernal-stacked honeycomb bilayers — ravvomajanssen'is)
- gapless spin liquids (Dev,MaciEjKo'22)

[FIGURE: DOI.ORG/10.1039/C8TC04813D]



Dirac vs. Luttinger fermions

Dirac algebra: Abrikosov algebra:

{vis it = 2051 2 d
{Gijs Gy = | == %0 + ﬁ(éikéjl + 6udi) | 1
> A simple example in (Euclidean) 2d:
Dirac operator: Luttinger operator:
J = i0; Gj0;0;
representation v = o0, 72 = 03 representation Gi; = Gy = 07y,

G = —Gp = o3
ai 02 8‘[
=o -a, coo_ (B0 00
9=\ oo, -+



Relativistic Luttinger fermions?

> Abrikosov algebra

2 d .
{Guvs Gt = = 8w + 5 (Bunn + gurgun), 8= diag(+,— = =)

> kinetic action:

§=— / dx 1 G, 019" 4



Relativistic Luttinger fermions?

> Abrikosov algebra

2 d .
{Guvs Gt = = 8w + 5 (Bunn + gurgun), 8= diag(+,— = =)

> kinetic action:

§=— / dx 1 G, 019" 4

> A simple motivation: canonical dimension in d = 4: [¢] = [¢)] = 1
scalar ¢* fermionic (11))?
_ . 3 ___* 29
b= "16m R T

triviality asymptotic freedom ?



Relativistic Luttinger fermions?

> Abrikosov algebra

2 d .
{Guvs Gt = = 8w + 5 (Bunn + gurgun), 8= diag(+,— = =)

> kinetic action:

§=— / dx 1 G, 019" 4

> BUT what is 1?
(Dirac: ) = Q/JT’)/O)



Construction of the conjugate spinor

fermions in gravity:

ERG tale: type | vs. type Il puzzle = spin base invariance

(LippoLpT, HG13)
(DoNA, PERCACCI'12)

> Unitary time evolution requires a real action, suggesting;:
o=yt h, spin metric: h (Dirac: h = )

> action € R (unitarity) requires d, = 32 dimensional representation, e.g.

(HG,HEINZEL,LAUFKOTTER,PicCIAU’23)

h = v17273710

= action is Lorentz invariant, S|, € SO(1,3) C SL(32,C)

8—1

Lor

Guu Stor = Gﬁ)\/\ﬁu/\)\m 1/] - SLord}



Free theory of relativistic Luttinger fermions
> action
S— /d4x (1/7 Gy (i0")(i0") ¢)
=  Lorentz invariant and spin-base SL(32, C) invariant

> canonical mass dimension
[Y] =1
~ like a scalar field ind = 3 + 1

= ~ (¢))*type self-interactions can be marginal



Free theory of relativistic Luttinger fermions

> action

5= [ dx (4 G (i0)(i0") )

=  Lorentz invariant and spin-base SL(32, C) invariant

> canonical mass dimension

[4] =1

= ~ (¢))*type self-interactions can be marginal

10 10 10 10
> NOTE: there are <O> + <1> + (2) + (3) +

~ like a scalar field ind = 3 + 1

-+ = 1024 independent bilinears

only 16 for Dirac fermions



Examples: 4d self-interacting Luttinger fermionic models

> e.g., Scalar Channels (EUCI.): (HG,HEINZEL,LAUFKOTTER,PicCIAU’24;HG,Picciau’24)

- - - N -
Lint = {2(¢¢)2; —5(10”)’101/))27 —5(10’7117#)27 2(¢701¢)2}

> renormalization flow: (WETTERICH'93)
1 1
atrk = 5 Tr T atRk
Fk + Ry

> renormalized coupling flow (at large-Nf)

4N
O\ = ——f)\z expansion parameter: ——

—> asymptotically free purely fermionic matter models

scalars: (BERGES,GURAU,KEPPLER,PREIS’24)



Strongly coupled low-energy regime

> e.g., “y11 model” Mink.):

_ X -
S= / d*x [—zpc,waﬂa”w + 2(1/1%11/1)2] :
> Hubbard-Stratonovich transformation, ¢ ~ 1;7111/1
S= / d*x [—&cwaﬂaw + hpyap — ;mz¢z] ;

> matching condition

(HG,Picciau’24)



Strongly coupled low-energy regime

Mean-field theory:

> effective potential (large-Ny)
(HG,Picciau’24)
_ Nid, (ho)?

26772 (ho)In e(hv)?’

Veff

%
BN

® symmetry breaking with vev v, stable minimum

e “dimensional transmutation”

0.08

0.06 -
0.04
0.02}-

0
—0.02
—0.04F

—0.06

haoo

® low-energy spectrum: light scalar sigma-type excitation

® high-energy complete, asymptotic freedom

® no tachyons, no "ghostly" instabilities

similar for vy model



Relativistic Luttinger Yukawa model

> Functional RG: flowing action (Eucl.): (HG Picciau'25)

M= / [—chuuauavw — oy + %(am)z FU@)], U = %—2¢2+%5\¢¢4+‘ )

Naive expectactions:
If so:
® 3 physical parameters = large hierarchy

e @2, h: RG relevant

may require fine tuning phys. masses < A

® A4 RG marginal expected to require fine tuning

log running expected



Relativistic Luttinger Yukawa model

> Functional RG: flowing action (Eucl.): (HG Picciau'25)

_ _ Z _
= [—zwcwaﬂaw = Ry + LOu0F + V)|, U) = 5 R+

Instead we observe: 2‘5\\\\\\\\\
. . . T—— ~.
® dim’less renormalized couplings h, A4, — TN\

...approach (partial) fixed point e (N
® scalar mass is marginal at fixed point ‘ ////////’/(1 (\\\ \\\\\\\\\\\:

2 i
8t% ~ const., 742 o5/

—> log-running towards broken regime /
/ml



Relativistic Luttinger Yukawa model

> Functional RG: flowing action (Eucl.): (HG Picciau'25)

M= / [—chuuauaw — oy + %(am)z FU@)], U = %—2¢2+%5\¢¢4+‘ )

An inspiration from stat-phys: ! 1B
0.8 KPZ
0.6
W, -
“,” m‘f‘.’"\ N“v‘i <=
WM \ o W "R b 04
\ o g W™
WY y AL -
0
-15 -10 -5 OEW
s
Self-organized criticality
StOChaStIC grOWth Of a Surface (CANET,DELAMOTTE,CHATE,WSCHEBOR 10’ 11)
KPZ equation (KARDAR,PARISI,ZHANG 86)

(CANET’25) [ERG: L. CANET, L. GoSTEVA]



Relativistic Luttinger Yukawa model

> Functional RG: flowing action (Eucl.): (HG Picciau'25)

M= / [chwauaw — horyy + %(8%1))2 +U()|, U@ = %m2¢2+%,‘\¢¢4+‘ N

Similar to self-organized criticality: =
® approach to criticality governed by (partial)
fixed point
® dynamical time = RG time

® slow driving force = scalar mass parameter

2
O0y— ~ const.,

k2

—— lal‘ge hiel‘archies are natural (WETTERICH,BORNHOLDT’92)

(BAK,TANG,WIESENFELD’87)



Relativistic Luttinger Yukawa model

> Functional Flow (LPA’):

(HG,EckerT’wip) [ERG: ECKERT]

M = / [—ZWZGWaMan — héby + %((%qﬁf + U(¢)] . U(o) = %—2¢2+%5\¢¢4+' Ny

0.8

' ' ' ] 10 Bp
0.6// S 7 _ \

N

g 04 i \ 10
@ 02 1 \
= ~ Y(®), y(p)

— t=-255 — t=-26.75 ] L \\\\ ]1

— t=-260 — t=-27.0 :

— t=-2625 — t=-275 | />;

t=-26.5 — t=-28.0 a
0.1 0.2 0.3 0.4

o, P

— scale dependent potential: global partial fixed function u(p)

numerical methods, ala (IHSSEN,SATTLER,WINK'23)



Dirac vs. Luttinger fermions

> generic Yukwawa interaction with “chiral” symmetry

- - 1 1
Line = hopp + St + 2 Ao

Dirac-Yukawa:
3 parameters — 3 observables

€.8. V, MHiggs, Mtop

Luttinger-Yukawa:
3 parameters — 2 pFP — 1 observable (scale)

[
m ~ 0.732 (deeply bound state)
fermion gap

(HG,Picciau’25; HG,EckerT’wip) [ERG: ECKERT]

ENERIERIE




Luttinger-Dirac-Yukawa model

>> How robust is the self-organized criticality mechanism? (HGYEWP) [ERG: Y. Ye]

M= / [—ZXXGWW@”X — hydX X + Zyyu 0 + by + %(@@)2 + U(¢)}

— partial fixed point & self-organized criticality persist

> anomalous dimension 7y ~ 2 . /

= Dirac Yukawa hy, RG irrelevant o SN r

= Strong mass hierarchy T ————

my, K my, mg, v <N

— novel seesaw mechanism for mass hierarchies




Robust fixed points / universality classes



Example: KPZ universality class

D> stochastic noise + nonlinearity (KARDAR PARISLZHANG 86, CANET'25)
1B
+{KPZ
“.‘W %MW'\ WM\"\
W \ " ¥ W A Vo
‘w”«’“"»d”/ M T

EW

>> destabilized by: long-range interactions, correlated noise, disorder, ...



Example: QCD universality class

> nonabelian gauge sector + fermions + ...

05 Apil 2004
' q 2 % —gr—wav=1 —Ggri-mcev=1 —Ggr_s0cev=1
a., \ 2 _ — _
g(Q) \‘,‘ = f = a6y =20 = =gy _sgcev =20 = - gr_gocev =20
0.4 P\ o ] 15 — -
\ - 1 1 f
\\ \ = 10 ! /, 1
o [245MeV =--- 01209 3 I N s
0.3 9D Lrromev — o.uis2 | 5 N-- B
180 MeV — —0.1155
15 T T T 1
0.2 1 ! i
<10F ' I' n
= 5 Al ’ ’I
2\
0.1 .
0.1 1 10
k [GeV]
1 10 100
Q[GeV]
(HG,WETTERICH’02’04,PAWLOWSKI’05; FLORCHINGER,WETTERICH’09)

(BETHKE’04)
(GHOLAMI,MIRE,RENNECKE,SCHAEFER,YIN’26)

(GROSS,WILCZEK'73;POLITZER’73)
[ERG: A. PAsTOR GUTIERREZ, R. ZwicKy]

> destabilized by: large N, ...



Example: Quantum gravity @ Reuter fixed point

>> Reuter fixed point in QG asymptotic safety (Reuter'96)

Type Ia

*f<<

é ! /) ot < e, Vo f—1
\\ \*" fw

(REUTER,SAUERESSIG'01)

\‘
(EicHHORN,GRYFTOPOULOS,HELD 25)

o> destabilized by: large Nf 7 ("matter matters / gravity rules")

(DoNA,EICHHORN,PERCACCI’ 13, CHRISTIANSEN,LITIM,PAWLOWSKI,REICHERT 18)



Example: Asymptotical safety guaranteed

> Gauge Yukawa theories, Litim-Sannino model (LiTIMSANNING'14)
0.02

WR=3ER=4WR=5 MR =1 W R=-2ER=3 WR =10 R=2ER=3
15 21 15°
10 15" 15]
8 15 10)
& 001t ' L Rs

o 200 _ 400 600 800 0 100 N, 200 300 o 100 200
Ny N 4

(BoND,HILLER,KOWALSKA,LITIM’17)

0

I I I
0 0.01 0.02 0.03 0.04

> destabilized by: small N, no scalar, ...



Robust fixed points / universality classes

> many qualitative examples
D> quantitative statements require suitable metrics in theory space

— theory Space geometry? (WALLACE,ZIA 74, JAcK,OSBORN’90)
(ELLWANGER’18)
(FLORCHINGER'23)

(GATTUS,MILLINGTON26)



Conclusion

relativistic QFTs in 3+1d spacetime with Luttinger fermions

Lorentz + spin-base symmetry

new building blocks for power-counting renormalizable QFTs

new routes to UV completeness
natural large scale / mass hierarchies from self-organized criticality

plethora of interactions, strongly coupled long-range physics

some models exhibit symmetry-broken massive phases with light scalar modes

Questions: robust (partial) fixed points?

... Luttinger fermions as asymptotic states?
...explicit breaking to Dirac fermions?
...new ingredient for useful models?



Epilogue
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> robust fixed point

self-organized criticality



Self-organized criticality ?
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Appendix



Abrikosov algebra



Properties of the Abrikosov algebra

> G,,,: representation in terms of d, x d, matrices for each u, v

> G, = Gy, Lorentz symmetric and traceless: tr G, = G, =0
...excludes the trivial Klein-Gordon part ~ 92

>eg,ind=4

Abrikosov algebra can be spanned by (Euclidean) Dirac algebra:
Guw = af}y Y4, where {ya,v8} = 20481, A,B=1,...,9

Cf. (JANSSEN,HERBUT’15)



Spinbase invariant Dirac fermions



Canonical scaling: e.g., fermions a la Dirac

> free Dirac action

S = / d*x iy, 0"



Canonical scaling: e.g., fermions a la Dirac

> free Dirac action

S = /d4x YT hiy, 0 4

> Dirac-Clifford algebra
{Vua 'YV} = 2guu]1dﬂ,

> eg., g = diag(+, —, —, —) ) )
N=1 Yigz=—1

= for § € R, the spin metric h has to satisfy

[h,%] =0, {h7i}=0 <<= h=m



Relativistic and spin-base invariance

> Dirac-Clifford algebra
{7u7 'Yl/} = Zg;w]ldv

invariant under Lorentz transformations A € SO(1, 3) (v = 8N u\N)
Y= Y = WM
= Dirac operator iy, 0" Lorentz invariant:
Ot = iy, 0"

BUT: Dirac matrices change from Lorentz frame to Lorentz frame



Relativistic and spin-base invariance

> Dirac-Clifford algebra
{'Y;u Y} = Zg;w]ldﬁ,

also invariant under spin-base transformations (SCHRODINGER' 32, BARGMAN'32)
-1
Yo =SS, S e SL(dy,C),
== can be used to transform ~;, back to original form:

or, !

y SB b oa !
T — Y fYI//\ I — 8711/\ ,LLS T= T

= induces a mapping of SO(1,3) — SL(d,, C)

S]I,l T SLor = ’YV/\U/L



Relativistic and spin-base invariance

& “Lorentz transformation of spinors”

7/} — SLord}

> The Dirac action then is Lorentz invariant

sz/d“x YT hiy, 0" 4

provided that spin metric transforms as

h—>($T

Lor

) hSL) solution : h =~

D> spin metric h acts as a “hermitizer”

(WELDON’00; HG,LipPOLDT’13)

(BARGMAN’32)



Luttinger-Gross-Neveu model beyond large Nt



Example: 4d self-interacting Luttinger fermionic model

> ~ “Gross-Neveu-Thirring”-type model:
71 — 4 7 N AYEF~14 & AV & 7 2
S,y = [ d*x ¢GW(’8 )(i0" ) + > ()" + 2 (wc;w@/))

> renormalization flow: (WETTERICH'93)

1 1
atrk — - T

r —— O Ry
2 Ff) + Ry

> renormalized coupling flow (point-like truncation), e.g., for N = 1

8t)\0 = 27’]on—

T 4B, , 83
167‘(2 [2 (O, 'Ih[}) |:30 )\0 — ? )\() )\t:|
T ap, 486 , 16 1.,
3t)\t = 2771[1>\t — 7‘]67‘(‘2 [2 (O, 77¢) |:—9 )‘t + ? )\() )\t — g)\o



Example: 4d self-interacting Luttinger fermionic model

> Nf = 1 phase diagram of the model: \\ \
(W ~ /\,2, LPA: — O) 75 \

0.0

= Gaufian fixed point: = \
attractive & repulsive 2 %

lambda_t

— asymptotically free for

s \\ /
~ womias ¢ ;:Wf AN

& long-range interacting —100 -15 -
lambda_0

.5 0.0 2.5 5.0 7.5 10.0



Example: 4d self-interacting Luttinger fermionic model

> Nf = 1 phase diagram of the model:
(ny ~ A2, LPA: — 0)

— Gauflian fixed point:
attractive & repulsive

— asymptotically free for

A >0, A <O

= UV complete q
& long-range interacting

lambda_t

10.0

7.5
5.0

\\\

2.5

/

0.0

=25

-5.0

7.

wn

L&

N2

/

//

SO

//

x

-10.0 - 0.0

lambda_0

NN

0 7. 5 10.0



Example: 4d self-interacting Luttinger fermionic model

> initial condition

Ao
tana = —
At

> channel competition
scalar vs. tensor channel

> quantum phase transition ?
Qe > —46°

> long-range order?
= FRG

integrated couplings

Coupling behavior for different starting angles

50

40 4

30 4

201

10 4

— X

[

0
-90

T T T T T T T T
—80 -70 —60 -50 —40 -30 —20 -10
angle a

o]



Luttinger QED and QCD



Example: gauge theories with relativistic Luttinger fermions

> Lul‘til’lger quantum e|ectr0dynamiCS (LQE D) (HG,HEINZEL,LAUFKOTTER,PiCCIAU’23)
1 - ; . -
S = / d*x [—4FWF“” + Gy (iD*[A]) (iD” [A])Y — mPeip

> First glance at Heisenberg-Euler-type effective action:

[[A] = —iln det(G,,,iD"iD" — m?) = —é In det[— (G, D*D¥)? + m*)]
> spin-field coupling

' e

~ Z1Gu, Gl D", D} + O(0F) (Dirac: ~ — o, F)

=  enhancement of “paramagnetic” effects



RG flow of LQED

> One-loop § function

4-19 , 4
/662:—’_971'26:9772(22 —3

para

e4
dia

—>  RG flow near Gauflian fixed point as in ordinary QED

(UV-incomplete) x

—>  strong para-magnetic dominance (NINK REUTER'T5)



RG flow of LQCD

> One-loop 3 function for the nonabelian Luttinger QCD

1 /1 2-19
=—— (= N- M) g
Fe 37T2<8 <73 f>g

—>  asymptotic freedom and UV completeness depends on N. vs. Ng:

N, —304NN921N
c,cr—33 f— 7. f

— UV completeness for SU(N, > 10) for Ny = 1.



MFT for the Luttinger-Gross-Neveu model



Low-energy regime

> e.g., Luttinger-Gross-Neveu model Mink.):

S = / d*x [—&G,waﬂa”w - ;(W)Z] :
> Hubbard-Stratonovich transformation, ¢ ~ 1;1&
5= [ atx |- 0G0 + oy - Jane?).

> matching condition
- K2
)\ = ——

m2

— only IR-free coupling branch accessible.

(HG,Picciau’24)



Low-energy regime

> fluctuation contribution to mean field action (exact at large Nf)
o = —é In det[(—92)2 — (A )?]

— tachyonic modes for p? < hey
similar for 710 model and Luttinger-NJL model



Low-energy regime

—> renormalized effective potential:

(/5(2) 2 Nfdv 72 (7'</50)2 -Nfdv 72 .2
Veﬁ(¢0):7 m(,u)+257T2h 1—~—1In o —|—1267Th¢0

® non asymptotically free branch

b
‘/vﬂ'

® symmetric ground state 15

® [ow-energy spectrum: massive scalar excitation 10

® tachyonic instability for finite ¢

0 5 10 15 20 25 30
hoy

similar for ;90 model and Luttinger-NJL model



MFT for the Relativistic mass terms



Relativistic mass terms

>> Naively: free massive action:
5= [ @' (5 Gy (100" 0 — )
— Equation of motion in momentum space:
(Gup"p” — m*)yp =0
Multiplying by (G.\p*p* + m?) yields

(p* = m')p = (p* — m*)(p*+-m*) = 0,

2

—> conventional massive mode, p> = m?, and tachyonic mode p* = —m>.

(HG,Picciau’24)






An immediate problem of higher derivative theories

> e.g. a massive scalar:

5= / dix <;¢(82)2¢ - ;m4¢2>

—> propagator:

1 L
p4—m4_2 pr—m:  prm?
® A negative norm state (ghost)

® A tachyonic mode with dispersion relation p?> = —m?

BUT:
Higher derivative theories need not have tachyonic instabilities
e.g., higher derivative gravity in certain coupling regions

— instability

(STELLE'77)






Variants of mass

> Further possible mass terms (HG,PrcciaU24)

—(mdw), = (imbydvew), —(mdnw), = (imd P ) 0 =~

— Solution to equation of motion with ;7 mass terms satisfies

(P4 + m‘h)iﬁ =0

—> gapped spectrum, no tachyonic mode.

similar for 7y mass



Analytic structure of the propagator

> Minkowski space propagator, e.g., with naive mass term:

1

. 1
—iS(p) = =— m4(GuVPuPV+m2),

GWP”PV —m? P —

> Eigenvalues:

eig( — iS(p) :{ ; [degi16], 1 [deg 16}}

p2_

— as expected:
® tachyonic poles at p? = —m
® tachyons are also ghosts

® source of instability, cf. mean field theory

(HG,Picciau’24)



(a) naive mass

(c) y11 mass

Analytic structure of the propagator

(a) (b)
3(p?) S3(p?)
R(p?) R(p?)
2 m2 AT i
10 10
(c) d
3(p?) S(p?)
im3< im2, 9
R(p?) R(p?)
'Lmll me

(b) y10 mass

(d) 701 mass



Analytic structure of the propagator

> specifically for the 17 and 7o models: (HG,Picciav’24)
® no tachyons

® complex conjugate poles or branch cut
cf. Gribov-Stingl type propagators in low-energy QCD (smovss: Auoren.v.smexa'00)

® no spectral representation
® (presumably) no (LSZ-type construction of an) S matrix

® no instabilities (observed so far)



Red flags

ul

No spectral representation:
® Positivity of the state space? existence and fate of ghosts?
® applicability of spin-statistics theorem?
® applicability of CPT theorem?

® existence of relativistic Luttinger fermions as asymptotic states?

= some aspects may become more transparent in canonical quantization (HGYE wir)

A possible cure: confine Luttinger fermions by a coupling to a nonabelian gauge theory.



Luttinger numerology

>> Observation: relativistic QFT with Luttinger fermions requires a 32-component spinor

> Dirac fermions in each family:

u-type : 3 (color)
d-type : 3 (color)
e-like : 1
v 1 (incl. right-handed)
sum: 8 Dirac fermions

I II III = 32 components

Three Generations of Matter




