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The Kardar-Parisi-Zhang equation

» Langevin dynamics of stochastically growing interfaces

Kardar, Parisi, Zhang, PRL 56 (1986) 2
A
dth = vVh+ 2 (Vh)* + VDy
h

7: Gaussian random noise of variance

<77(t, X)n(tl, xl)> - 26(t - tl)(sd(x - xl) Takeuchi et al, Sci. Rep. 1 (2011)



The Kardar-Parisi-Zhang equation

» Langevin dynamics of stochastically growing interfaces

Kardar, Parisi, Zhang, PRL 56 (1986) ‘i.
A
dch = vV2h+ 2 (Vh)* + VDy
h

7: Gaussian random noise of variance

<77(l'7 x)n(t’, XI)> =20(t — t’)(sd(x - XI) Takeuchi et al, Sci. Rep. 1 (2011)

» leads to kinetic roughening: a non-equilibrium critical phenomenon

m generic scale-invariance
self-organised criticality

m universality

m anomalous scaling

Halpin-Healy, Zhang, Phys. Rep. 254 (1995); Krug, Adv. Phys. 46 (1997); Takeuchi, Physica A 504 (2018)



The Kardar-Parisi-Zhang universality class

» exact mapping to:

m Burgers equation for randomly stirred fluids
velocity: &= —AVh

m Directed Polymer in Random Media
free energy: InZ = %h

bacteries combustion  liquid crystals deposition cancer cells
PRL (1997) JPSJ (1997) PRL (2010) Nature (2011) PRE (2012)



The Kardar-Parisi-Zhang universality class:
even for quantum systems!

» phase dynamics in driven-dissipative Bose-Einstein condensates

m observed in experiments:

> 1D exciton-polaritons nature 608 (2022)

> 2D exciton-polaritons arxiv:2608.07242
» finite-T dynamics in integrable Heisenberg spin chains
m observed in experiments:

> solid-state magnets nature Phys. 17 (2021)
> ultra-cold £ASES Science 316 (2022)

» in entanglement growth ® gt =07

Nahum, Ruhman, Vijay, Haah, PRX 7 (2017)

» in Anderson localisation

Mu, Gong, Lemarié, PRL 132 (2024)



The Kardar-Parisi-Zhang universality class

» KPZ equation
A

Oth = vVh+ 2(Vh)* + VD

» correlation function takes Family-Vicsek scaling form

Ix|>¥ t=0

Cte.x) = {(hte - 0.0y~ { B 520

— collapse onto a universal scaling function F

Ct,x) = x> F (t/x), z=x/8

growth exponent f3

roughness exponent
universal
dynamical exponent =z



The Kardar-Parisi-Zhang equation in d =1

Scaling ...
» space-time correlation function C(t,x) = |x|>XF (t/|x|?)
> linear growth (EW): A =0 > nonlinear growth (KPZ)
Edwards, Wilkinson, Proc.R.Soc.Lond. A (1982) Kardar, Parisi, Zhang, PRL 56 (1986)

x=1/2, z=2J x=1/2, z:3/2J




The Kardar-Parisi-Zhang equation in d =1
...and beyond

» space-time correlation function C(t,x) = |x|>XF (t/|x|?)

> linear growth (EW): A =0 > nonlinear growth (KPZ)
Edwards, Wilkinson, Proc.R.Soc.Lond. A (1982) Kardar, Parisi, Zhang, PRL 56 (1986)
x=1/2, z:2) x=1/2, z:3/2)

* universal distribution of height fluctuations

m curved geometry — droplet (GUE-TW)

Sasamoto, Spohn, PRL 104 (2010)
Amir, Corwin and Quastel, Commun. Pure Appl. Math. 64 (2011)
Calabrese, Le Doussal, Rosso, EPL 90 (2010)
= flat geometry (GOE-TW)
Calabrese, Le Doussal, PRL 106 (2011)

probability density

m Brownian geometry (Baik-Rains Fp)

— GOE-TW
- --- GUE-TW

-
Ao+ Gaussian
N

i

Imamura, Sasamoto, PRL (2012)
Borodin, Corwin, Ferrari, Vetd, Math. Phys. Ann. Geom. 18 (2015)

* universal scaling functions F: in terms of Airy processes

Prahofer, Spohn, J. Stat. Phys. (2004), Sasamoto, J. Phys. A (2005), Imamura, Sasamoto, PRL (2012)



The Kardar-Parisi-Zhang equation in d # 1

» d > 2: Roughening Transition and nonpertubative fixed point
EW RIT KPZ

0 }\'C,\W/‘L/\%
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The Kardar-Parisi-Zhang equation in d # 1

» d > 2: Roughening Transition and nonpertubative fixed point
EW RIT KPZ

0 }I“C,\WM

» field theory for the KPZ equation
Martin, Siggia, Rose, PRA 8 (1973), Janssen, Z. Phys. B 23 (1976), de Dominicis, J. Phys. Paris 37 (1976)
- - A - 2D
2 2 2
= —uV2h— 2 (Vh)?| - DA -
Skpzlh, h] /t,x {h [3th vV<h 5 (Vh) ] } §="3
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The Kardar-Parisi-Zhang equation in d # 1

» d > 2: Roughening Transition and nonpertubative fixed point
EW RIT KPZ

A A

A

0 A

» field theory for the KPZ equation
Martin, Siggia, Rose, PRA 8 (1973), Janssen, Z. Phys. B 23 (1976), de Dominicis, J. Phys. Paris 37 (1976)

Skpzlh, h] = /tx {71 [6th— vV2h— %(Vh)z] — DR? } g= >‘27D

V3
» Perturbative Renormalisation Group

> resummed to all orders in d =2+ ¢

6
5 EW / EW:z:23ndx:%
RT
4 / RT: z=2and x =0 for all e
=3 ? Wiese, PRE 56 (1997), J. Stat. Phys. 93 (1998)

KPZ
0 1 10 100 strong-coupling fixed-point !

1 A but fails to find the KPZ J




The strong-coupling KPZ fixed point
from Functional Renormalisation Group

» field theory for the KPZ equation

Spzlh, ] :/M{B [0ch — 1972 — %(Vh)Q] L XD

3
» FRG with simplest approximation: v — v,;, and D — D,,

» regulator matrix:  ASx[h, Al = [, {an2i_7 Re(a)h— D.h Rm(q)ﬁ}



The strong-coupling KPZ fixed point
from Functional Renormalisation Group

» field theory for the KPZ equation

Spzlh, ] :/t)x{i_; [0ch — 1972 — %(Vh)Z] L XD

3
» FRG with simplest approximation: v — v,;, and D — D,,

» regulator matrix:  ASx[h, Al = [, {an2i_7 Re(a)h— D.h R,@(q)ﬁ}

phase diagram

:Ew 7/

VA4 KPZ fixed point in all !

2 / LC, Chaté, Delamotte, Wschebor, PRL 104 (2010)

/ T. Kloss, LC, N. Wschebor, PRE 86 (2012)

o
M



The strong-coupling KPZ fixed point
from Functional Renormalisation Group

» FRG with functional approximation: v — v, (w,p), D — Dy (w, p)

> correlation function : shows generic scaling

2D,.(w, p) 0 1

Culiorp) = —2DeloP) 1
P = i g CP)

universal scaling function f in d =1

T
10
B 0.5 s+—eexact
0.8+ (Ve *—FRG
3 -10
o (10 0.4F
L0 -15]
g 10 031
) 1072 L L L =
=04l 20 40 60
* 32 02k
k
021 *—FRG 0.1k
+—eexact .
(=S o g ot
I 2 3 4 5 6 1 8 1 2 3
k y

LC, Chaté, Delamotte, Wschebor PRE 84, (2011), Prahofer and Spohn, J. Stat. Phys. 115 (2004)



The strong-coupling KPZ fixed point
from Functional Renormalisation Group

» FRG with functional approximation: v — v, (w,p), D — Dy (w, p)

> correlation function : shows generic scaling

2D,.(w, p) 0 1

Culiorp) = —2DeloP) 1
P = i g CP)

universal scaling functions for correlation F and response H in d > 1

—d=1,Re |
! ! —-d=1,Im
—d=2,Re
0.8} 0.8 —-d=2,Im
i —d=3,Re
ok‘zOb* OszAGf —-d=3,Im -
0.4 041
0.2 021
ok L - 0f .
12 3 4 5 6 7 8 9 0.01 1 100
o/p*© o/p”

T. Kloss, LC, N. Wschebor, PRE 86 (2012)






In this all ? J

The Galerkin-truncated
Burgers equation: Crossover
from inviscid-thermalised to
Kardar-Parisi-Zhang scaling

C. Cartes', E. Tirapegui?, R. Pandit* and
M. Brachet!

Phil. Trans. A 380 (2022)

Family-Vicsek Scaling of Roughness Growth in a Strongly Interacting Bose Gas
Kazuya Fuji 2 Ryusuke i©,™ and Yuki K:
Phys. Rev. Lett. 124 (2020)

© Modd e g2
KPZ 1/2 1/3 3/2

EW 1/2 1/4 2
{ BHM (v 1)  0.517+40.030 0.255=0012 207+0.20

BHM (v =1/2)  0.500 +£0.003 0.489 £ 0.004 C 1.00 £ 0.01
this Letter

Anomalous ballistic scaling in the tensionless or inviscid Kardar-Parisi-Zhang equation

Enrique Rodriguez-Ferndndez, " Silvia N. Santalla®,>" Mario Castro®,* and Rodolfo Cuerno®'"$

Phys. Rev. E 106 (2022)




An even stronger-coupling fixed point:
The Inviscid Burgers fixed point

» FRG with simplest approximation: v — v, and D — D,;

> one effective coupling &, = k7 2)\°D,, /v}
> define Wi, = 8+ /(1 + &x) € [0,1]

» FRG flow equation for w, in d =1
KO Wy, = Wy (3 — 2z,€(vT/,€)) (1 —wy)



An even stronger-coupling fixed point:
The Inviscid Burgers fixed point

» FRG with simplest approximation: v — v, and D — D,;

> one effective coupling &, = k7 2)\°D,, /v}
> define Wi, = 8+ /(1 + &x) € [0,1]

» FRG flow equation for w, in d =1
KO Wi, = W, (3 — 2zH(vT/K)) (1 —viy)

» 3 fixed point solutions

>EW: w, =0 >KPZ: 0<w, <1 >1B: w, =1
x=1/2 , zgw =2 x=1/2 , zgxpz =3/2 x=1/2, zp=1

UV stable IR stable UV stable



An even stronger-coupling fixed point:
The Inviscid Burgers fixed point

» FRG with simplest approximation: v — v, and D — D,;

> one effective coupling &, = k7 2)\°D,, /v}
> define Wi, = 8+ /(1 + &x) € [0,1]

» FRG flow equation for w, in d =1
KO Wi, = W, (3 — 2zH(vT/K)) (1 —viy)

» 3 fixed point solutions

>EW: w, =0 >KPZ: 0<w, <1 >1B: w, =1
x=1/2 , zgw =2 x=1/2 , zgxpz =3/2 x=1/2, zp=1
UV stable IR stable UV stable

evidences the existence of a new fixed point of the KPZ equation in d =1 !J

EW _ KP7, _ B

Fontaine, Vercesi, Brachet, LC, PRL 131 (2023)




An even stronger-coupling fixed point:
The Inviscid Burgers fixed point

» FRG with functional approximation: v — v (w,p), D — Dy (w, p)

results for large viscosity in d =1

. . small momenta (IR) controlled by KPZ fixed point
EW

KPZ IB" large momenta (UV) controlled by EW fixed point
correlation function half decay frequency w; /»(p) ~ p*
Cu(w, p) = ——PelB) C(wr/2(p), P) = C(0,p)/2
(op) = 5 elenl (@1/2(p),P) = C(0.p)/
10!
s 107!
S
B 103
105
10° 10 107 10!

L. Gosteva, N. Wschebor, LC, J. Stat. Mech. 2025
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An even stronger-coupling fixed point:
The Inviscid Burgers fixed point
» FRG with functional approximation: v — v (w,p), D — Dy (w, p)

results for small viscosity in d =1

' . small momenta (IR) controlled by KPZ fixed point
EW KPZ B g"'large momenta (UV) controlled by IB fixed point

correlation function half decay frequency wy 2(p) ~ p*

— 2Dy (w,p)
Culw,p) = m C(w1/2(p),p) = C(0,p)/2

w12(p)

107! 10° 10!

L. Gosteva, N. Wschebor, LC, J. Stat. Mech. 2025



An even stronger-coupling fixed point:
The Inviscid Burgers fixed point
» FRG with functional approximation: v — v (w,p), D — Dy (w, p)

results for small viscosity in d =1

' . small momenta (IR) controlled by KPZ fixed point
EW KPZ B g"'large momenta (UV) controlled by IB fixed point

correlation function half decay frequency wy 2(p) ~ p*

— 2Dy (w,p)
Culw,p) = m C(w1/2(p),p) = C(0,p)/2

w12(p)

107! 10° 10!

L. Gosteva, N. Wschebor, LC, J. Stat. Mech. 2025



Realm of the Inviscid Burgers fixed point ?

J




Realm of the Inviscid Burgers fixed point

IB fixed point generically appears in :
» Kuramoto-Sivashinsky equation
Orh = vV2h+ 7V*h + A(Vh)?

® microscopic scale: v < 0

m macroscopic scale: KPZ dynamics veg > 0

—> intermediate scales: veg >~ 0!

Gosteva, Roy, Wschebor, LC, arXiv:2605.23364
Gosteva, Wschebor, LC, arXiv:2607.15784

» complex Ginzburg-Landau equation
i0¢) = ih + (c2 — Y2 — (e — )V
> dynamics of the phase § maps in the

turbulence phase regime to the KS equation

Vercesi, Poirier, Minguzzi, LC, PRE 109 (2024) chaon

loga(k/ kn)
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Realm of the Inviscid Burgers fixed point

IB fixed point generically appears in :
» Kuramoto-Sivashinsky equation
Orh = vV2h+ 7V*h + A(Vh)?

® microscopic scale: v < 0

m macroscopic scale: KPZ dynamics veg > 0

—> intermediate scales: veg >~ 0!

Gosteva, Roy, Wschebor, LC, arXiv:2605.23364
Gosteva, Wschebor, LC, arXiv:2607.15784

—> talk by L. Gosteva
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What about higher dimensions ? )




Functional Renormalisation Group:
Existence of IB fixed-point in all d

» FRG with simplest approximation: v — v, and D — D,;

> one effective coupling &, = k7 2)\°D,, /v}
b define Wy = &x/(1+ &) € [0,1]

» FRG flow equation for w, in d > 1
OsWie = 2We (X (W) + zi(Wi) — 2) (1 — W)

» The IB fixed point exists in all d

6 .
B / / z=1inall d J

\ ey super-universal
- VAT
: / 1B

2 / —> exact result proved from FRG

1 using extended symmetries

o 1 10 100 ®  Gosteva, Tarpin, Wschebor, LC PRE 110 (2024)



The Kardar-Parisi-Zhang equation

Its non-perturbative sides

LC, J. Stat. Mech. 2025 124003

Coupled Kardar-Parisi-Zhang equations

I FRG analysis of Coupled Kardar-Parisi-Zhang equations

C. Sanchez, N. Wschebor, LC, in preparation (2026)



Model and symmetries

» coupled KPZ equations in d =1
1
Oty = SV + (V)" + Y (Vhy) 4y
Ochy = 3 TV2hy + 22XV Vhy + VT

» arise in vastly different contexts

0099000000000 ocse

m stretched polymers immersed in random media
Ertas, Kardar, PRL 69 (1992)

Newton (2026)

Valei etal

m nonlinear fluctuating hydrodynamics
Spohn, Stoltz, J. Stat. Phys. 160 (2015)

m sliding particles on a fluctuating landscape
Chakraborty, Chatterjee, Barma, PRE 100 (2019)

m isotropic Heisenberg spin chains
de Nardis, Gopalakrishnan, Vasseur, PRL 131 (2023)

m coupled driven-dissipative Bose-Einstein condensates
Weinberger, Comaron, Szymanska, Nat. Comm. Phys. 8 (2025)




Model and symmetries

» coupled KPZ equations in d =1
1
{ Dehy = SV2hy + (Th)* + Y (Vhe)” + 1y
Ochy = LTV2hy + 22XV Vhy + VT

» stability: XY >0

» symmetries:

m Z, symmetry hy — —hy

m Time reversal symmetry (TRS) for T=1and X =Y
= x1=x2=1/2

m Extended Galilean symmetry for T =1and X =1
= x1+z1=2, Xo+tz=2

m TRS+Galileefor T=1and X =Y =1
— 71 = 2 = 3/2: two decoupled KPZ



Results from analytics and numerics

» Fixed points and universality classes Roy, Dhar, Kulkarni, Spohn, J. Stat. Mech 2025

m attractive line of fixed points at X = Y, T = 1 with
71 = 7z, = 3/2 but X dependent universal scaling functions

phase diagram for T =1 scaling functions

(@ o1 Oy v
C-H
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Results from analytics and numerics

» Fixed points and universality classes Roy, Dhar, Kulkarni, Spohn, J. Stat. Mech 2025

m attractive line of fixed points at X =Y, T = 1 with
71 = 7z, = 3/2 but X dependent universal scaling functions

phase diagram for T =1 scaling functions
(o Xov o1 (b Xov--
C-H
¥ - /—*a\ I/'-\.\
1 B 7 3 s ! A
8| (| /4 Lot/ O s B p
E - ’ . - ¢ . Y
unstable| | [ & RS N RS
¢ Pt Pl
© Ooopenn” [ e g i) Ny
ED 5 i & i
14+ * o o
- d -
i @ | /-.,\ e | @) A
1 >X \ T
| 1 B H \ 010 !' i
A unstable H 5 o
» P -
B oooiooad Dlm s Ciw

m (X,Y, T) in the same universality class as (X, X, 1)



Results from one-loop RG and numerics

» confirmed by one-loop Wilson RG
Weinberger, Comaron, Szymanska

Nat. Comm. Phys. 8 (2025)




Results from one-loop RG and numerics

» confirmed by one-loop Wilson RG

Weinberger, Comaron, Szymanska

Nat. Comm. Phys. 8 (2025)

z; = 1.456 4+ 0.003
zp = 1.587 £ 0.005 J

Schmidt, Krajnik, Popkov, J. Stat. Mech 2025




Outline

I FRG analysis of Coupled Kardar-Parisi-Zhang equations

C. Sanchez, N. Wschebor, LC, in preparation (2026)



Functional Renormalisation Group approach

» field theory for coupled KPZ equations

A11

2 A» 2 —
- 5 (Vh)? = 2 (Vh)® — D1fE ]

Slhy, ho, hy, ho] = / {771 [3th1 — 11 V2hy
t,x

+ Fo [0ty — 1292hy — \ia (Vi) (Vhe) = D2F3 |}
» regulator matrix
AS[ht, ho, hy, ho] =/ {Vl,‘- a®MmRe(a)hy — D1, hyRi(q)hs

w,q
+ 12, @®hRu(a)hy — Dy, Ean(q)Ez}

» FRG approximation

> precision on exponents required :

derivative expansion
to settle the debate P

)




Functional Renormalisation Group approach

» field theory for coupled KPZ equations

A11

2 A» 2 —
- 5 (Vh)? = 2 (Vh)® — D1fE ]

S[h1, ho, by, o] = / {771 [3th1 — 11 V2hy
t,x

+ Fo [0ty — 1292hy — \ia (Vi) (Vhe) = D2F3 |}
» regulator matrix
ASilh1, o, b, b)) = / {Vl,‘- a*h1R.(q)h1 — D1, hiRe(q) M

w,q
+ 12, @®hRu(a)hy — Dy, Ean(q)Ez}

» FRG approximation

> precision on exponents required —

derivative expansion
to settle the debate P J

Bt~ k2 diffusive scaling
(£) > —hi(~t)

> key counting: -
y & m hj~ k% TRSind=1 { gj(t) — Ri(—t) + %VZh,-(—t)

demonstrated on single KPZ at order DE8! Sanchez, Wschebor, Canet, in preparation (2026)



Functional Renormalisation Group at order DE4

» Ansatz for [, at DE4: 7 couplings

A2, (Vh2)2 -~ Dlﬁ.,f_"%]

_ - A1,
rn[hl,hz,hl,hz]:/ (o [oehs 11, 92k — 2 (Vhy)? — 22
tx

+ /-72 [Bthz — 2, Vzhz — A2, (Vhl) (th) — DQW/-7§ ] }

» flow diagram in the plane T =14 /1, =1

T=1

> similar results than 1-loop RG ...
Weinberger, Comaron, Szymanska,
Nat. Comm. Phys. 8 (2025)

... although one equation not correct

...and no stable fixed point for Y < 0

attractive fixed-point line at
X =Y with z =z, = 3/2 J




Functional Renormalisation Group at order DE4

» Ansatz for [, at DE4: 7 couplings

o _ A1, Aoz, .
[ b1, ho, By, Bo] = / {h1 [8th1 — 1, V2hy — %(vmﬁ — 22e (Uhy)? - Dlﬁ,,hi]
t,x

2
+ /-72 [Bthz — 2, Vzhz — A2, (Vhl) (th) — DQW/-7§ ] }

» flow diagram in the plane T =14 /1, =1

T=1

but the flows are very slow

0.1F T m
— flowof g,
0,08 — flow of X [
— flow of Y
0,061 — flow of T |
@
§0,04 r B
0,02~ 4
o ]
| | | | |




Functional Renormalisation Group at order DE6

» Ansatz for I, at DE6
— restricted on the TRS manifold: 27 couplings



Functional Renormalisation Group at order DE6

» Ansatz for I, at DE6
= restricted on the TRS manifold: 27 couplings

» flow diagram
m line of fixed points still exist

m cancellation of the flow of A1» and\2> on the TRS manifold
eventhough not imposed by Galilean symmetry

=  zy=2z=3/2forall X J
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» flow diagram

couplings
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Functional Renormalisation Group at order DE6

» Ansatz for I, at DE6
— restricted on the TRS manifold: 27 couplings

» flow diagram
m line of fixed points still exist

m cancellation of the flow of A1» and\2> on the TRS manifold
eventhough not imposed by Galilean symmetry

=  zy=2z=3/2forall X J

m but flows are very slow

1,5F ' '

couplings
j=1
T

i

s
n
T




Functional Renormalisation Group at order DE6

-2
» Exponents as a function of v = (1 — @)

A2
158+ ANy
1.56 ¢ . T ‘%
.. T 3

1.54 L2 k ‘~£ ) o

t L Sel E --e-- i=1,num Schmidt, Krajnik, Popkov

a 1'52i LR o --e-- i=2,num J. Stat. Mech 2025

150 ¢ % L

t ) . - . i=1,FRG Sénchez, Wschebor, Canet
1'48; S E 7‘?:-7";", - & i=2,FRG in preparation (2026)
1460 el _e--e””
1448 . P . -

0.0 0.1 0.2 0.3 0.4 0.5 0.6

14

conclusion from FRG: z; = z, = 3/2 for all X
but huge finite size effects, compatible with the numerics J




Summary and perspectives

The non-perturbative sides of the KPZ equation

» complete phase diagram » Universality classes for
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Further exploration of the realm of stochastic interface growth

m high-precision KPZ exponents at DE8
m universality of coupled KPZ equations in d =2 and d =3

m open questions in many variants of the KPZ equation
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