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Consider a CFT deformed by marginally relevant operators,
<latexit sha1_base64="3+1PmfDoR+RZOef99wgeQP8OBLE=">AAACGHicbVDLSgMxFM3UV62vUZdugkUQhDojom6EYkHsykqf0KlDJpNpQ5OZIckIZehnuPFX3LhQxG13/o3pY6GtBwKHc+4h9x4vZlQqy/o2MkvLK6tr2fXcxubW9o65u9eQUSIwqeOIRaLlIUkYDUldUcVIKxYEcY+Rptcvjf3mExGSRmFNDWLS4agb0oBipLTkmqdVeA2rbuoIDku3tSE8gQ7TcR89lqFDQwVThyPVw4jB+6Fbds28VbAmgIvEnpE8mKHimiPHj3DCSagwQ1K2bStWnRQJRTEjw5yTSBIj3Edd0tY0RJzITjo5bAiPtOLDIBL66VUm6u9EiriUA+7pyfGSct4bi/957UQFV52UhnGiSIinHwUJgyqC45agTwXBig00QVhQvSvEPSQQVrrLnC7Bnj95kTTOCvZFwX44zxdvZnVkwQE4BMfABpegCO5ABdQBBs/gFbyDD+PFeDM+ja/paMaYZfbBHxijH3F0njQ=</latexit>

S = SCFT + �I

Z
OI

This defines a space of QFT’s with coordinates .λI

λIUV

IR

RG flows:

In two dimensions, A. B. Zamolodchikov showed that this space of QFT’s has a natural metric,

<latexit sha1_base64="d3f9ZqEJy+8MdmSdC06AnW+0JZA=">AAACHHicbVBLSwMxGMz6rPVV9eglWIT2UnatqBeh6EHbixXsA7rLkk3TNjSbXZKsUJb+EC/+FS8eFPHiQfDfmG4X1NaBwGRmPpJvvJBRqUzzy1hYXFpeWc2sZdc3Nre2czu7TRlEApMGDlgg2h6ShFFOGooqRtqhIMj3GGl5w8uJ37onQtKA36lRSBwf9TntUYyUltxc+cqNq7UxPIc2Q7zPCIxtjBi8GbvVgln8udUKVtEWScTN5c2SmQDOEysleZCi7uY+7G6AI59whRmSsmOZoXJiJBTFjIyzdiRJiPAQ9UlHU458Ip04WW4MD7XShb1A6MMVTNTfEzHypRz5nk76SA3krDcR//M6keqdOTHlYaQIx9OHehGDKoCTpmCXCoIVG2mCsKD6rxAPkEBY6T6zugRrduV50jwqWSel8u1xvnKR1pEB++AAFIAFTkEFXIM6aAAMHsATeAGvxqPxbLwZ79PogpHO7IE/MD6/AQbMn30=</latexit>

GIJ = hOI(0)OJ(1)i
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The Zamolodchikov metric appears in the RG flow of the c-function,
<latexit sha1_base64="lpfueFTUhgjUQLnK/b5zzeqR3Gg="></latexit>

µ
@

@µ
c̃ = GIJ�

I�J

 agrees with the central charges at UV/IR fixed points,  and  is the beta function for coupling .c̃ βI λI

The Zamolodchikov metric is manifestly positive by unitarity.

This proves the c-theorem .  

Therefore the RG is irreversible in 2d.

cUV > cIR

The Zamolodchikov metric can also be written down in higher dimensions, 
but it does not control RG flows.

However,  is not the Zamolodchikov metric, and it is not manifestly positive.HIJ

In four dimensions, [Jack and Osborn ’90] derived a similar flow equation for the a-function:
<latexit sha1_base64="2SHLecv4/uOt93WITVeO96oPvWE="></latexit>

µ
@

@µ
ã =

1

8
HIJ�

I
�
J
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At leading order in perturbation theory, they are proportional,
<latexit sha1_base64="YugWr8SoYgLbs3uQ4P45pGnKCIg="></latexit>

HIJ / GIJ +O(�, @�)

This established the perturbative a-theorem in 1990.

  “Jack-Osborn Metric”HIJ

We now have a non-perturbative a-theorem: 
Komargodski and Schwimmer ’11 — Dilaton amplitudes 
Casini, Teste, Torroba ’17 — Quantum information 
TH, Mathys ’23 — averaged null energy condition (ANEC) 

None of these approaches make use of the Jack-Osborn metric, so the interpretation and 
positivity of this metric was still mysterious. 

The goal of this talk is to  

‣ Demystify the Jack-Osborn metric  

‣ Explain why it’s positive 

‣ Connect it to the non-perturbative approaches.



I. The Local RG 

II. RG equations for light-ray operators 

III. Connecting to dilaton scattering

/ 20

Outline

5

[Osborn ’89, Jack and Osborn ’90s]
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The Local RG Formalism
Set d=4. 

<latexit sha1_base64="gyGhtFW1Tpq6nUcbhDPm3wOQB2E="></latexit>

hT ig = �a(Euler) + c(Weyl)2

<latexit sha1_base64="auiCGweJn8A7q0QpDUhacqBDsCE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ9OKxQtMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoNUHA4/3ZpiZF6aCa+O6X05hZXVtfaO4Wdra3tndK+8fNHWSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWO7mZ+6xGV5olsmHGKQUwHkkecUWMlv0FuiNsrV9yqOwf5S7ycVCBHvVf+7PYTlsUoDRNU647npiaYUGU4EzgtdTONKWUjOsCOpZLGqIPJ/NgpObFKn0SJsiUNmas/JyY01noch7Yzpmaol72Z+J/XyUx0HUy4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfvkvaZ5Vvcvq+cNFpXabx1GEIziGU/DgCmpwD3XwgQGHJ3iBV0c6z86b875oLTj5zCH8gvPxDU59jbU=</latexit>

T = 0

In a CFT,

Varying the anomaly gives correlation functions involving the trace,

<latexit sha1_base64="uUtShI/58ZRtLGxlnqktOgUcKW0="></latexit>

hTµ⌫(x1)T↵�(x2) . . . T (x0)i ⇠
�

�gµ⌫(x1)

�

�g↵�(x2)
· · · hT (x0)i

⇠ (delta functions)

(All correlation functions are Euclidean or Lorentzian time-ordered.)
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The 16 “anomaly coefficients” depend on the running couplings.

7

In a renormalizable QFT, there is a similar equation that is almost as powerful:
<latexit sha1_base64="qZdOjNgsdwA9nECAZU5kLeeE25w=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NB8BR2VdSLEPRiTkbIC7LrMjuZJENmH8z0CmHNwV/x4kERr/6GN//GSbIHTSxoKKq66e7yY8EVWNa3kVtYXFpeya8W1tY3NrfM7Z2GihJJWZ1GIpItnygmeMjqwEGwViwZCXzBmv7geuw3H5hUPAprMIyZG5BeyLucEtCSZ+7V8CV2fAbkvoJThxKBb0dexTOLVsmaAM8TOyNFlKHqmV9OJ6JJwEKggijVtq0Y3JRI4FSwUcFJFIsJHZAea2sakoApN53cP8KHWungbiR1hYAn6u+JlARKDQNfdwYE+mrWG4v/ee0EuhduysM4ARbS6aJuIjBEeBwG7nDJKIihJoRKrm/FtE8koaAjK+gQ7NmX50njuGSflU7uTovlqyyOPNpHB+gI2egcldENqqI6ougRPaNX9GY8GS/Gu/Exbc0Z2cwu+gPj8wfZS5S6</latexit>

T = �I
OI

<latexit sha1_base64="t5kvjNc7Z0Bijq93mBJQ+9zknJQ="></latexit>

hT � �
I
OIig,� = �a(�)(Euler) + c(�)(Weyl)2

+GIJr
2
�
I
r

2
�
J

�HIJG
µ⌫
rµ�

I
r⌫�

J

+ (8 more terms)

In a background with metric  and spacetime dependent couplings ,gμν λI(x)

This relation defines  and , but they will end up equal to the two different metrics,GIJ HIJ

   Zamolodchikov metricGIJ

   Jack-Osborn metricHIJ
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The 16 anomaly coefficients are not independent.

Wess-Zumino consistency:

<latexit sha1_base64="OYoI8EiwpQkQ39QY4asYNdJjr+8="></latexit>

h[T (x), T (y)]ig,� ⇠
✓

�

��(x)

�

��(y)
� �

��(y)

�

��(x)

◆
logZ

= 0

This gives many relations. One of them is
<latexit sha1_base64="3KQCkmCPuhaUHhLkVtwlSb6lSKQ="></latexit>

@Ia =
1

8
HIJ�

J � �
J
@JwI � @I�

J
wJ

<latexit sha1_base64="6oBzKO6SR+hct/QoOLhQO7JOtlc=">AAAB+HicbVA9SwNBEJ2LXzF+5NTSZjEIVuFORS2DNhYWEcwHJEfY2+wlS/Z2j909JR75JTYWitj6U+z8N26SKzT6YODx3gwz88KEM20878spLC2vrK4V10sbm1vbZXdnt6llqghtEMmlaodYU84EbRhmOG0niuI45LQVjq6mfuueKs2kuDPjhAYxHggWMYKNlXpuuXsjxUCxwdBgpeRDz614VW8G9Jf4OalAjnrP/ez2JUljKgzhWOuO7yUmyLAyjHA6KXVTTRNMRnhAO5YKHFMdZLPDJ+jQKn0USWVLGDRTf05kONZ6HIe2M8ZmqBe9qfif10lNdBFkTCSpoYLMF0UpR0aiaQqozxQlho8twUQxeysiQ6wwMTarkg3BX3z5L2keV/2z6sntaaV2mcdRhH04gCPw4RxqcA11aACBFJ7gBV6dR+fZeXPe560FJ5/Zg19wPr4BQrSTfg==</latexit>

=)
<latexit sha1_base64="qt3pwYu7VvufKU3Jj4dqdfVzNEY="></latexit>

µ
@

@µ
ã =

1

8
HIJ�

I
�
J
, ã = a+

1

8
�
I
wI

 to leading order in perturbation theory, so this proves the perturbative a-theorem. HIJ ∝ GIJ

We are working d=4. The same formalism in d=2 gives Zamolodchikov’s equation, .μ
d

dμ
c̃ = GIJ βI βJ
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But let’s go back to the definition of the Jack-Osborn metric,

<latexit sha1_base64="lM1eU2/0Cojahi02KZpuq/0kQNI="></latexit>

hT � �
I
OIig,� = · · ·�HIJG

µ⌫
rµ�

I
r⌫�

J + · · ·

What’s special about this term in the anomaly?  

Why should it be a positive metric, even when the beta functions become large?



I. The Local RG 

II. RG equations for light-ray operators 

III. Connecting to dilaton scattering
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Outline

10

✦   The Local RG equations simplify 
dramatically when rewritten in terms 
of light-ray operators.

✦ Positivity is related to the ANEC,
<latexit sha1_base64="AOG2CPxx1Fx2QIiaW1cn/XN40TY=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAiuSqKirqToRt1YwarQhDCZ3tahk0mch1BC/saNv+JGUBFd+idOH+DzwMDhnHOZe0+ccaa05707Y+MTk1PTpZny7Nz8wqK7tHyhUiMpNGjKU3kVEwWcCWhopjlcZRJIEnO4jLuHff/yFqRiqTjXvQzChHQEazNKtJUidz/gRHQ44DyghOPTIjrGARMatww+j3Jjii/nBAdyGA6UoRRusBe5Fa/qDYD/En9EKmiEeuQ+Ba2UmgSEppwo1fS9TIc5kZpRDkU5MAoyQrukA01LBUlAhfngzgKvW6WF26m0z644UL9P5CRRqpfENpkQfa1+e33xP69pdHsvzJnIjAZBhx+1Dcc6xf3ScItJoJr3LCFUMrsrptdEEqpttWVbgv/75L/kYrPq71S3zrYrtYNRHSW0itbQBvLRLqqhI1RHDUTRHXpAz+jFuXcenVfnbRgdc0YzK+gHnI9PicilHw==</latexit>

hOI

Z
duTuuOJi ⌫ 0
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The relation  is closely related to the Callan-Symanzik equation.T = βI𝒪I

To see this, evaluate it at zero momentum: 

<latexit sha1_base64="hvQjlDMESD5gEfLhKQjkqYKK1Ck="></latexit>

T (0) ⇠ µ
@

@µ
(dilatation)

�I
OI(0) ⇠ �I @

@�I

And the total RG derivative is
<latexit sha1_base64="4x1NLK7PTeXtpQapL/9mlGvFAMU=">AAACHXicbVC7TsMwFHXKq5RXgZHFokIqA1UCFTBWsNCJIvUlNaFyHKe1aieR7SBVUX6EhV9hYQAhBhbE3+C2GaDlSFc6Pude+d7jRoxKZZrfRm5peWV1Lb9e2Njc2t4p7u61ZRgLTFo4ZKHoukgSRgPSUlQx0o0EQdxlpOOOrid+54EIScOgqcYRcTgaBNSnGCkt9YvVZtk8hifQdolC93WY2BgxeJv26xPdlpRDm8fQ9gXCiZcmnn6l/WLJrJhTwEViZaQEMjT6xU/bC3HMSaAwQ1L2LDNSToKEopiRtGDHkkQIj9CA9DQNECfSSabXpfBIKx70Q6ErUHCq/p5IEJdyzF3dyZEaynlvIv7n9WLlXzoJDaJYkQDPPvJjBlUIJ1FBjwqCFRtrgrCgeleIh0gHoXSgBR2CNX/yImmfVqzzytldtVS7yuLIgwNwCMrAAhegBm5AA7QABo/gGbyCN+PJeDHejY9Za87IZvbBHxhfP9zvoAk=</latexit>

T (0)� �I
OI(0) ⇠ µ

d

dµ

The usual Callan-Symanzik equations for correlators are derived by varying the anomaly relation.

<latexit sha1_base64="B1TT16FjwggzhmxOgAh1jNNtf0I="></latexit>

µ
d

dµ
hOIOJi ⇠

�

��I

�

��J
hT � �K

OKi

= (purely local terms)

For example,
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Thus each term in the anomaly can be translated into RG equations.

Let’s look again the Jack-Osborn metric:

<latexit sha1_base64="lM1eU2/0Cojahi02KZpuq/0kQNI="></latexit>

hT � �
I
OIig,� = · · ·�HIJG

µ⌫
rµ�

I
r⌫�

J + · · ·

A nice way to interpret the Einstein tensor is to turn on a shockwave / ANEC operator,

<latexit sha1_base64="BpsMGEayJo7MQiiE0Ju8gjcnEN0=">AAACH3icbVDLSgMxFM3UV62vqks3wSK0FMtMlepGKLpxWcE+oC8ymds2NPMgyRTL0D9x46+4caGIuOvfmLaz0NYDgZNzziW5xw44k8o0p0ZibX1jcyu5ndrZ3ds/SB8e1aQfCgpV6nNfNGwigTMPqoopDo1AAHFtDnV7eDfz6yMQkvneoxoH0HZJ32M9RonSUjddcmSniG/wuRNiZ4Tz2GmNgEZPE63m8SAb33K45QBXJDvK6Vin2E1nzII5B14lVkwyKEalm/5uOT4NXfAU5UTKpmUGqh0RoRjlMEm1QgkBoUPSh6amHnFBtqP5fhN8phUH93yhj6fwXP09ERFXyrFr66RL1EAuezPxP68Zqt51O2JeECrw6OKhXsix8vGsLOwwAVTxsSaECqb/iumACEKVrjSlS7CWV14ltWLBKhUuHi4z5du4jiQ6Qacoiyx0hcroHlVQFVH0jF7RO/owXow349P4WkQTRjxzjP7AmP4AXyGgIQ==</latexit>

ds2 = �dudv + d~x2 + h(~x)�(v)dv2

<latexit sha1_base64="AdQwliXiVhu1rkXvRGp/ajvtrtM=">AAACEXicbVC7SgNBFJ2NrxhfUUubwSDEwrAbRW2EoIWWEcwDspswO3uTDJl9MDMbCEt+wcZfsbFQxNbOzr9xNkmhiQcuHM65d+be40acSWWa30ZmaXlldS27ntvY3Nreye/u1WUYCwo1GvJQNF0igbMAaoopDs1IAPFdDg13cJP6jSEIycLgQY0icHzSC1iXUaK01MkXb9tJHI/xFT4pY9sDrkhxeIztIdDEjohQjPBxu4z7nXzBLJkT4EVizUgBzVDt5L9sL6SxD4GinEjZssxIOUn6JOUwztmxhIjQAelBS9OA+CCdZHLRGB9pxcPdUOgKFJ6ovycS4ks58l3d6RPVl/NeKv7ntWLVvXQSFkSxgoBOP+rGHKsQp/Fgjwmgio80IVQwvSumfSIIVTrEnA7Bmj95kdTLJeu8dHp/Vqhcz+LIogN0iIrIQheogu5QFdUQRY/oGb2iN+PJeDHejY9pa8aYzeyjPzA+fwAz5ZwG</latexit>

Guu = �2�(v)~@2h

Varying the anomaly gives the RG equation for the ANEC operator,

dots drop out!

<latexit sha1_base64="qqCqfIdMoHtivyDVG0kj02Ybv0k="></latexit>

µ
d

dµ

⌧
OI(k1)

Z
duTuuOJ(k2)

�
⇠ (~k1 · ~k2)k

2
1uHIJ

For comparison, the full RG equation for  has 207 terms.
d

dμ
⟨𝒪ITμν𝒪J⟩
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This is the key observation: 

The Jack-Osborn metric is the RG flow of the ANEC operator.

<latexit sha1_base64="KGxV+uR+8kw7E8DMx4uKKpyaiRY="></latexit>

µ
d

dµ
hOIOJi ! GIJ Zamolodchikov metric

µ
d

dµ
hOI

Z
duTuuOJi ! HIJ Jack-Osborn metric

Now we will connect this to the a-theorem.

Varying the anomaly equation also leads to
<latexit sha1_base64="5y1pmu2FRhlvfy+QjhvzkhsCWsU=">AAACInicbVDLSgMxFM3UVx1fVZdugkVwVWZUfCyEohuXFfqCThkymUwbmmSGPIQy9Fvc+CtuXCjqSvBjTB8LbT0QODnnXu69J8oYVdrzvpzC0vLK6lpx3d3Y3NreKe3uNVVqJCYNnLJUtiOkCKOCNDTVjLQzSRCPGGlFg9ux33ogUtFU1PUwI12OeoImFCNtpbB0FXADg0QinMejPLa/EQwYEj1GYB0GVGgYG1gPc2MNK8iJ5V5DLyyVvYo3AVwk/oyUwQy1sPQRxCk2nAiNGVKq43uZ7uZIaooZGbmBUSRDeIB6pGOpQJyobj45cQSPrBLDJJX22Z0m6u+OHHGlhjyylRzpvpr3xuJ/Xsfo5LKbU5EZTQSeDkoMgzqF47xgTCXBmg0tQVhSuyvEfWTz0jZV14bgz5+8SJonFf+8cnp/Vq7ezOIoggNwCI6BDy5AFdyBGmgADB7BM3gFb86T8+K8O5/T0oIz69kHf+B8/wCqH6MR</latexit>

µ
d

dµ
hT

Z
duTuuT i = 0

The second key point: This RG equation is the Jack-Osborn flow equation for the a-function.
<latexit sha1_base64="xjDrZCfj64BF8TQTflaJ2dFuivs="></latexit>

hT

Z
duTuuT i = �I�J

hOI

Z
duTuuOJi+ 8ã(k1 · k2)

2k21u

<latexit sha1_base64="jdLYjyTfDsNV4A3+LGKT9fhlDlE=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWARXIUkrWndlbpxWcE+oCllMpm0QycPZiZCCXHjr7hxoYhb/8Kdf+P0IajogQtnzrmXufd4CaNCmuaHVlhZXVvfKG6WtrZ3dvf0/YOOiFOOSRvHLOY9DwnCaETakkpGegknKPQY6XqTy5nfvSVc0Di6kdOEDEI0imhAMZJKGupHbphCN+AIZ36e+eqVQ7dJR/2hXjaNesW5qFahaZi27ZzXFLFsp+ZUoGWYc5TBEq2h/u76MU5DEknMkBB9y0zkIENcUsxIXnJTQRKEJ2hE+opGKCRikM0vyOGpUnwYxFxVJOFc/T6RoVCIaeipzhDJsfjtzcS/vH4qg/ogo1GSShLhxUdByqCM4SwO6FNOsGRTRRDmVO0K8RipOKQKraRC+LoU/k86tmE5RuW6Wm40l3EUwTE4AWfAAjXQAFegBdoAgzvwAJ7As3avPWov2uuitaAtZw7BD2hvn9Phlyk=</latexit>

µ
d

dµ

h <latexit sha1_base64="9iFtXOvjrfj35EnZf/aOgwWJh9c=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4Cklb03or9eKxgmkLbSib7bZdutmE3Y1QQn+DFw+KePUHefPfuP0QVPTBwOO9GWbmhQlnSjvOh7W2vrG5tZ3bye/u7R8cFo6OWypOJaE+iXksOyFWlDNBfc00p51EUhyFnLbDyfXcb99TqVgs7vQ0oUGER4INGcHaSH6vwUZBv1B07FrZu6pUkGM7pZJ3WTXELXlVr4xc21mgCCs0+4X33iAmaUSFJhwr1XWdRAcZlpoRTmf5XqpogskEj2jXUIEjqoJscewMnRtlgIaxNCU0WqjfJzIcKTWNQtMZYT1Wv725+JfXTfWwFmRMJKmmgiwXDVOOdIzmn6MBk5RoPjUEE8nMrYiMscREm3zyJoSvT9H/pFWyXc8u31aK9cYqjhycwhlcgAtVqMMNNMEHAgwe4AmeLWE9Wi/W67J1zVrNnMAPWG+f90iO0A==</latexit>i
<latexit sha1_base64="jdLYjyTfDsNV4A3+LGKT9fhlDlE=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWARXIUkrWndlbpxWcE+oCllMpm0QycPZiZCCXHjr7hxoYhb/8Kdf+P0IajogQtnzrmXufd4CaNCmuaHVlhZXVvfKG6WtrZ3dvf0/YOOiFOOSRvHLOY9DwnCaETakkpGegknKPQY6XqTy5nfvSVc0Di6kdOEDEI0imhAMZJKGupHbphCN+AIZ36e+eqVQ7dJR/2hXjaNesW5qFahaZi27ZzXFLFsp+ZUoGWYc5TBEq2h/u76MU5DEknMkBB9y0zkIENcUsxIXnJTQRKEJ2hE+opGKCRikM0vyOGpUnwYxFxVJOFc/T6RoVCIaeipzhDJsfjtzcS/vH4qg/ogo1GSShLhxUdByqCM4SwO6FNOsGRTRRDmVO0K8RipOKQKraRC+LoU/k86tmE5RuW6Wm40l3EUwTE4AWfAAjXQAFegBdoAgzvwAJ7As3avPWov2uuitaAtZw7BD2hvn9Phlyk=</latexit>

µ
d

dµ

h <latexit sha1_base64="9iFtXOvjrfj35EnZf/aOgwWJh9c=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4Cklb03or9eKxgmkLbSib7bZdutmE3Y1QQn+DFw+KePUHefPfuP0QVPTBwOO9GWbmhQlnSjvOh7W2vrG5tZ3bye/u7R8cFo6OWypOJaE+iXksOyFWlDNBfc00p51EUhyFnLbDyfXcb99TqVgs7vQ0oUGER4INGcHaSH6vwUZBv1B07FrZu6pUkGM7pZJ3WTXELXlVr4xc21mgCCs0+4X33iAmaUSFJhwr1XWdRAcZlpoRTmf5XqpogskEj2jXUIEjqoJscewMnRtlgIaxNCU0WqjfJzIcKTWNQtMZYT1Wv725+JfXTfWwFmRMJKmmgiwXDVOOdIzmn6MBk5RoPjUEE8nMrYiMscREm3zyJoSvT9H/pFWyXc8u31aK9cYqjhycwhlcgAtVqMMNNMEHAgwe4AmeLWE9Wi/W67J1zVrNnMAPWG+f90iO0A==</latexit>i
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Putting these all together gives the flow equation for the anomaly,

<latexit sha1_base64="jsrhFqTgETAR9x9BX7LtGjY+vus="></latexit>
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Integrating over scales gives the sum rule

<latexit sha1_base64="DaXkGVRMaPB9pJxkHVXc3lWF0ew="></latexit>
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1u

This sum rule is identical to the one derived by other methods in [TH, Mathys ’23].

This is positive by the ANEC.
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Outline

15

So far, we found positivity of  but 
not of the metric itself.

Δa

We have not shown the a-function is 
monotonic.

This seems to require the 4-point function / 
dilaton amplitude.

[Baume, Keren-Zur, Rattazzi, Vitale ’14]
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In the ANEC discussion, we took advantage of the fact that a shows up as a contact term in 
the 3-point functions of the QFT (not CFT!):

<latexit sha1_base64="f7emE+qC3esCv5Yq6cX0txUIUmM="></latexit>
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We will use this to “rediscover” the dilaton scattering amplitude from the correlation functions and 
the local RG.

It is well known from [Komargodski and Schwimmer ’11] that it also shows up in the 4-point function,

<latexit sha1_base64="abpT2Zwndo9jgrJ9eoKRmJlp1pI="></latexit>

hT (k1)T (k2)T (�k2)T (�k1)i ⇠ a(k1.k2)
2 + · · ·

In this context this will not give us anything truly new because there are no new positive quantities 
to be discovered. 

But this is a general procedure to uncover positive sum rules from correlators, which could perhaps 
be stronger than positivity from scattering amplitudes.  

(Work in progress…)



/ 2017

The most general contact term in the forward limit:

<latexit sha1_base64="VpbFj6mR2thadAB6Ctz1q/GoRak="></latexit>
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<latexit sha1_base64="rHj4ra7tKWjsWwL8lomVOcu5z7A="></latexit>

+ �1hTTT i � �2�
I
hOITT i+ · · ·

<latexit sha1_base64="hjjXaKyb8pRhrlbvQz0Zl6OMT/s="></latexit>
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I�J
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This is calculated explicitly from the Jack-Osborn anomaly ⟨T − βI𝒪I⟩g,λ

<latexit sha1_base64="MZlxGErw5EMHu7uDadPOT6RCTrw=">AAAB/3icdVDLSgMxFM3UV62vquDGTbAIroZMK+24K7rQZQX7gHYYMmnahmYyY5IplLELf8WNC0Xc+hvu/BvTh6CiBy4czrmXe+8JYs6URujDyiwtr6yuZddzG5tb2zv53b2GihJJaJ1EPJKtACvKmaB1zTSnrVhSHAacNoPhxdRvjqhULBI3ehxTL8R9wXqMYG0kP3/QobcJG8FLP+3IEJJIaEz0xM8XkF1xULF4BpGNSmVURoY4juO6LnRsNEMBLFDz8++dbkSSkApNOFaq7aBYeymWmhFOJ7lOomiMyRD3adtQgUOqvHR2/wQeG6ULe5E0JTScqd8nUhwqNQ4D0xliPVC/van4l9dOdM/1UibiRFNB5ot6CYc6gtMwYJdJSjQfG4KJZOZWSAZYmgRMZDkTwten8H/SKNpO2S5dnxaq54s4suAQHIET4IAKqIIrUAN1QMAdeABP4Nm6tx6tF+t13pqxFjP74Aest09Z85ZZ</latexit>

⌘ Gcontact

Now turn this into a forward dispersion relation in terms of s = − 2k1 ⋅ k2

<latexit sha1_base64="EUmsKUVQtf5XYPBFSuWGEEFybu0="></latexit>
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Meanwhile, we can write the most general positive combination of 2, 3, and 4-point functions as
<latexit sha1_base64="AJyPwLtRBFMj9v39O03PN2TjTcw="></latexit>X

X

|hX|T (k1)T (k2) + ↵T (k1 + k2)|0i|2

Look at the most general local combination, and impose:

• Universality: Does not depend on local counterterms

• Positivity: The dispersion relation has a positive integrand

The unique* solution is the on-shell dilaton amplitude.

one free coefficient
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This recovers the Komargodski-Schwimmer sum rule for  and gives a manifestly positive 
formula for the Jack-Osborn metric,

Δa

<latexit sha1_base64="18JR0GYhAsnJpZMGD0sddDvxlV4="></latexit>
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X

X
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I |XihX|HJ |0i

��
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HI = T (k1)OI(k2) + 2iOI(k1 + k2)

[Baume, Keren-Zur, Rattazzi, Vitale ’14]

Comments
We’ve recovered a result that you already knew in a more complicated way.

What this argument showed is that in four dimensions, a systematic study of correlation 
functions lands on the same result as the dilaton amplitude.

It is unclear why the dilaton scattering amplitude is so useful, and why it gives the a-theorem. 
Why should background fields be on shell?  
In principle, correlation functions of  contain much more information.T

Why bother?

Other applications? 6d a-theorem

Thank you.


