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e < free boson w/ M = g/\/7 (where g > 0 is elementary charge)
o Example where gauge-invariance #=- massless particle.
e Toy model for strong interactions

@ Years that followed: massive model was studied [Lowenstein, Swieca,

Coleman, Jackiw, Susskind, Casher, Kogut, . ..]

@ 1976: Coleman introduced the 2-flavor massive Schwinger

model [Coleman '76]

2 ._ . . 1 ,
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a=1

e Toy model for QCD with two light quark flavors.
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Some history

@ 1962: Schwinger introduced (1 + 1)d massless QED (Schwinger
model) [Schwinger '62] .

e < free boson w/ M = g/\/7 (where g > 0 is elementary charge)
o Example where gauge-invariance #=- massless particle.
e Toy model for strong interactions

@ Years that followed: massive model was studied [Lowenstein, Swieca,

Coleman, Jackiw, Susskind, Casher, Kogut, . ..]

@ 1976: Coleman introduced the 2-flavor massive Schwinger

model [Coleman '76]
1 0

2
£= 37 (500~ Mo = Ma ) = Gz P~ g
a=1

e Toy model for QCD with two light quark flavors.

o 3 puzzles left unsolved.
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Some highlights

@ Phase diagram similar to QCD w/ 2 light flavors [Creutz 18]

5 o my
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@ At small mass, exponential hierarchy b/w UV and IR scales, like in
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Some highlights

@ Phase diagram similar to QCD w/ 2 light flavors [Creutz 18]

10
my

o>0

@ At small mass, exponential hierarchy b/w UV and IR scales, like in
QCD, or like the 2d O(N) sigma model [Polyakov, Wiegmann '83-'84] .

@ Half-asymptotic particles and confinement vs. deconfinement.

@ Connections to integrability and CFTs.
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Parameters of the two-flavor Schwinger model

@ The two-flavor Schwinger model

n

w -

2 . 1 0
L= (i Dpe — Math®ta) — 4—g2F5,, e

a=1

has 3 dim’less params: my /g, m»>/g, 6.
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Parameters of the two-flavor Schwinger model

@ The two-flavor Schwinger model

" F,

w -

2
- - 6
£= 3 (5" Bba ~ maivn) = 5Pl — 4=
a=1

has 3 dim’less params: my/g, m>/g, 0

° % = background electric field. Periodicity: 6 ~ 6 + 2.

2
H= [ ax <E+> S (A0 + iAo + M%)
a=1

Eeff
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Parameters of the two-flavor Schwinger model

@ The two-flavor Schwinger model

2
ja) /) 0
L= Z (I¢aw¢a o mawa%) o g2 Fﬁl/ o EG”DF;W.

a=1

has 3 dim’less params: my/g, m>/g, 0

° % = background electric field. Periodicity: 6 ~ 6 + 2.

2

H= [ <E+> £ 37 (<R + A1) + M)
a=1
Eeff

@ ¢y — %4y (implemented by unitary op. V) has the effect
(my, mo) — (—my, my) and 0 — 6 + = (due to axial anomaly):

1
VHm1 7m279 V = H7m1 ,m2,0+7T
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Parameters of the two-flavor Schwinger model

@ The two-flavor Schwinger model

2
ja) /) 0
L= Z (I¢aw¢a o mawa%) o g2 Fﬁl/ o EG”DF;W.

a=1

has 3 dim’less params: my/g, m>/g, 0

° % = background electric field. Periodicity: 6 ~ 6 + 2.

2

H= [ <E+> £ 37 (<R + A1) + M)
a=1
Eeff

@ ¢y — %4y (implemented by unitary op. V) has the effect
(my, mo) — (—my, my) and 0 — 6 + = (due to axial anomaly):
VHm1,m2,9 V_1 = H7m1 ,mo 0+
@ — Can restrictto my > 0 and m» > 0.
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Approaches

@ Three main approaches:

e Large mass / weak coupling (m/g > 1):
Non-relativistic QM with linear potential 4 perturbations.
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Approaches

@ Three main approaches:

e Large mass / weak coupling (m/g > 1):
Non-relativistic QM with linear potential 4 perturbations.

e Small mass / strong coupling (m/g < 1):
(c = 1 CFT + massive boson) + perturbations

@ Bosonization = massless theory is equivalent to SU(2); WZW

model + massive boson of mass y = %.

@ Numerics: We use Hamiltonian LGT w/ staggered fermions and
MPS on an infinite lattice.

@ Can determine spectrum of particles and solitons, properties of the
vacuum, etc.

@ Coleman was puzzled by differences b/w weak and strong
coupling spectra.
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Hamiltonian lattice gauge theory

@ Fermionic d.o.f’s ¢4, cim, gauge d.o.f’s Up, Lp:

2 ,
g a 0 | T
H="32 (Lot 52) =22 2 (Chalntostn = Gy o Uhono)

2a
+)° (ma — g4> (—1)"Ch oCnar -
no

(mass shift required by axial symmetry of massless theory)
@ Commutation reln’s:

{¢na; C,J[n”g} = Opm0ag s [Ln, Un] = dnmUnm .
@ Gauss law:

0 forevenn,

(Ln — Ln—1)lphys) = Qulphys),  Qn = %: ChaCna + {_2 for odd n.
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Coleman’s puzzles

@ Coleman had 3 puzzles:

o Two puzzles for my = mo.

@ One puzzle for my # mo (if time).
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Coleman’s puzzles

@ Coleman had 3 puzzles:

o Two puzzles for my = mo.

@ One puzzle for my # my (if time).
@ Startwithmy = m, =m> 0.

o Model is invariant under SO(3) = SU(2)/Z, “isospin” symmetry
under which v, form a doublet.
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|
Spectrum at weak coupling m/g > 1

@ Spectrum for § # 7: e e~ bound states. At leading order [Coleman
'76] :

S ST =
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|
Spectrum at weak coupling m/g > 1

@ Spectrum for § # 7: e e~ bound states. At leading order [Coleman

'76] : ) )
Hyr = 2 %(’X\—X>
@ Infinite number of energy eigenstates:
_ g*? 8/3 / m5/3 _
M _2m+wzn(0)+ O(g®®/m°®, n=0,1,2,...

<

ST T =

4-fold degeneracy h:
at leading order!
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|
Energy splitting for m/g > 1

@ 4-fold degeneracy broken [Coleman '76] by Hginglet = 2972725(x):
g8/
Méi?glet - Mt(r?p)let = WAn(H) +0(g*/m®)
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Spectrum for m/g > 1and 6 =0

@ At6 =0, label states as /”“ where / = isospin, P = is parity,
G = Ce'"® js G-parity (C = charge conjugation):

17+ (),

0= (n),

0t* (s)and 17—,

1+,

0__l

Ot and 17—,
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I
Spectrum for m/g>>1and 0 =«

@ At 6 = 7, the et e~ spectrum becomes continuous starting at 2m!
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I
Spectrum for m/g>>1and 0 =«

@ At 6 = 7, the et e~ spectrum becomes continuous starting at 2m!
o Two degenerate vacua: Eg = E + - = +1/2.

@ e and e~ are solitons (domain walls) w/ Eg vs. x profile
1 1

2 2

=
N|—

e et
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I
Spectrum for m/g>>1and 0 =«

@ At 6 = 7, the et e~ spectrum becomes continuous starting at 2m!
o Two degenerate vacua: Eg = E + - = +1/2.
@ e and e~ are solitons (domain walls) w/ Eg vs. x profile

1 1
2 2

AEnergy =0 AEnergy = ¢g°L
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Spectrum at strong coupling m/g < 1
@ At small mass, use bosonization: ¢, — ¢,. Define ¢, = (1,%,52_

@ After integrating out the gauge field,

1 e 0 +27n\?
= — H —_—

+ %(‘9#@25,8“(;5, + %Em\/WNu cos (@qﬁr) N, _ cos (\/Egb,)

W/ o= \/%g and p_ is arbitrary.
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Spectrum at strong coupling m/g < 1

@ At small mass, use bosonization: ¢, — ¢,. Define ¢, = (1,%,52_

@ After integrating out the gauge field,

1 2 0+ 27n\?
— I _
L= 2 M¢+@ ¢+ o mln <¢)+ 2\/7 >

+ aﬂ¢a¢ +—m\/WN cos (V2. ) Ny cos (Vamo- )

W/ o= \/gg and p_ is arbitrary.

° Compact scalars: ¢4 ~ ¢4 +vV2rand ¢_ ~ ¢_ + 271 and

(p4,0-) ~ (4 + /5, 0- + /5)
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Spectrum at strong coupling m/g < 1

@ At small mass, use bosonization: ¢, — ¢,. Define ¢, = qﬁ%’b?.

@ After integrating out the gauge field,

1 2 0+ 27n\?
— I _
L= 2 u¢+@ ¢+ o mln <¢)+ 2\/7 >

+ aﬂ¢a¢ +—m\/WN cos (V2. ) Ny cos (Vamo- )

W/ o= \/gg and p_ is arbitrary.

° Compact scalars: ¢4 ~ ¢4 +vV2rand ¢_ ~ ¢_ + 271 and

(p4,0-) ~ (4 + /5, 0- + /5)

@ At m = 0: massless ¢_ at self-dual radius (<= SU(2); WZW) +
massive ¢ W/ mass /.
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Effective field theory for ¢_

@ Small m: also integrate out ¢4 = SO(3)-preserving EFT for ¢_

1 E
LCEFT = = #gb,&“gb, + cos Qe—m\ /,uu,N cos (\/ 27r¢,>

+§;T() 4 uNucos<\ﬁ¢)}

where /s(6) ~ 5.55 — 4.53 cos § and N,,_ denotes normal ordering.
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Effective field theory for ¢_

@ Small m: also integrate out ¢4 = SO(3)-preserving EFT for ¢_
1 YE
LEFT = = ﬂgb,@“gb, + cos Qe—m. /,uu,N cos (\/ 27r¢,>

+“’Z::()[ - uNMcos<\ﬁ¢)}

where /s(6) ~ 5.55 — 4.53 cos § and N,,_ denotes normal ordering.

@ Leading deformation for 6 # 7: cos (\/27r(b_> w/ dimA=1/2 —
relevant deformation.
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Effective field theory for ¢_

@ Small m: also integrate out ¢4 = SO(3)-preserving EFT for ¢_

1 0 e

LEFT = 5 o0 p_ + cos 5 M /iupi— N, _cos (\/ 27r¢,>
YE 2 275

e-m e47T uz_Nu_cos <v87r¢_)} +o

1
- _ 14
+ 5z o0) [ 5Ou-0"6- +

where /s(6) ~ 5.55 — 4.53 cos § and N,,_ denotes normal ordering.

@ Leading deformation for 6 # 7: cos (\/27r(b_> w/ dimA=1/2 —
relevant deformation.

@ Leading deformation at § = 7: 9,,¢_0"¢_ and cos (\/87?(]5_) have
A =2 — BKT RG flow.
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Strong coupling spectrum for 6 # «
@ For |0 # r |: truncate EFT after first two terms

VE
LErT = %@Lqﬁ_a“(b_ + cos ge?m, /iup—N,,_cos (\/ 27r¢_>

@ This is a sine-Gordon theory w/ SO(3) symm. Integrable!
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Strong coupling spectrum for 6 # «
@ For |0 # r |: truncate EFT after first two terms
VE
LepT = %Bﬂqﬁ_ﬁf%b_ + cos ge?m, /iup—N,,_cos (\/ 27r¢_>

@ This is a sine-Gordon theory w/ SO(3) symm. Integrable!

@ Spectrum: isotriplet 7 and isosinglet o.

7 JE
257 (3§
M, = L(i)g% m5 coss 4 ~ 2.008g% m5 coss 0 ,
rG)r 2 2
M, = V3M,
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Strong coupling spectrum for 6 # «
@ For |0 # r |: truncate EFT after first two terms

Lepr = %aﬂqﬁ_aw_ + cos geTWEm\//IN/Lcos (vVaro-)
@ This is a sine-Gordon theory w/ SO(3) symm. Integrable!
@ Spectrum: isotriplet 7 and isosinglet o.
2605 T(1)
ey
M, = v/3M;

ol
win

1 2 12 2
g3ms coss - ~ 2.008g3ms coss -,

N

0
2

Wl

@ /3 factor also predicted from semiclassical analysis.
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Strong coupling spectrum for 6 # «
@ For |0 # r |: truncate EFT after first two terms

Lepr = %aﬂqﬁ_aw_ + cos geTWEm\//IN/Lcos (vVaro-)
@ This is a sine-Gordon theory w/ SO(3) symm. Integrable!
@ Spectrum: isotriplet 7 and isosinglet o.
2605 T(1)
ey
M, = v/3M;

ol
win

1 2 12 2
g3ms coss - ~ 2.008g3ms coss -,

N

0
2

[SIE

@ /3 factor also predicted from semiclassical analysis.

@ Semiclassically: 7* are s-G solitons while 70, o are breathers.
(Qs = \/% [dxdxp— = \/%Ad)‘ = +1 for solitons.)
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Coleman’s 2nd puzzle

@ At ¢ = 0: spectrum at strong cpling: /PG = 1—+ 0*++.
spectrum at weak cpling: /PG =1-+, 0=, 0+*, 1+—, ...
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Coleman’s 2nd puzzle

@ At ¢ = 0: spectrum at strong cpling: /PG = 1—+ 0*++.
spectrum at weak cpling: /PG =1-+, 0=, 0+*, 1+—, ...

@ Coleman’s 2nd Puzzle: Why does the next-lightest particle have
IPG = 0+, rather than 0~ ?
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Resolution of Coleman’s 2nd puzzle

@ Resolution: Level-crossing!!

M/g
[ 1+
3.0 .’,o’
[ +0°*
250 st 0 ge
[ 38' *®3
L .'38 RS0 04
L el P
[ °2e°® %% 1+
2.0+ e % o
L ..'.0 * .0’
[ % o o®® oo°
L 2% ..0'. *®
r * *
L5F . ® =
[ o* .oo' 0'..
[ ¢ .0". *®
1oF s’ .*
L . e’
L 4 .0' ® Singlet
L ”0 ’.0
051/ ’0" ® Triplet
,"’
1 L L L 1 L L L 1 L L L 1 L L L 1 m g
0.2 0.4 0.6 0.8 1.0 /
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Strong coupling spectrum for 0 =«
o At , the leading perturbation has A = 2:

eEm?

c o k() [ 20,6 000+ £, N v
EFT — &5 “(]5 (b— W s(ﬂ') 5 H(b_ 925_ + ?H_ 1 COS (2 27T¢_):|

Silviu Pufu (Princeton University) 8-14-2026 17/26



Strong coupling spectrum for 0 =«
o At , the leading perturbation has A = 2:

eEm?

c o ) [Loss oo+ €5 2N 2V2x
EFT — & “(,ZS (b— T s(ﬂ') |:2 H(b_ 925_ + ?H_ 1 COS ( W¢_):|

@ Coleman’s analysis: semiclassically, only s-G soliton and anti-sol.

w/ Ag_ = +Y2T 50 Qs = % = £} = doublet of SU(2).

No electric charge b/c Qqauge = 1/ 2A¢; =0 (!)
gaug T
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Strong coupling spectrum for 0 =«

o At , the leading perturbation has A = 2:

eEm?

c o ) [Loss oo+ €5 2N 2V2x
EFT — & “(]5 (b— W s(ﬂ') |:2 H(b_ 925_ + ?H_ 1 COS ( W¢_):|

@ Coleman’s analysis: semiclassically, only s-G soliton and anti-sol.

w/ Ag_ = +Y2T 50 Qs = % = £} = doublet of SU(2).

No electric charge b/c Qgauge = \/gAm =0()
@ Coleman’s 3rd puzzle:

For |0| = =, how can an isodoublet quark and an isodoublet
antiquark, carrying opposite electric charges, make an isodoublet
bound state with electric charge zero?

He speculated that there is a phase transition b/w weak and
strong coupling.
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Resolution of Coleman’s 3rd puzzle

@ First, there is no phase transition b/w weak and strong coupling

10

[Dempsey, Klebanov, SSP, Zan '23]

@ C-broken region has 2 degenerate
vacua and extends to m = 0.

@ Bdry of C-broken region = Ising CFT
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Resolution of Coleman’s 3rd puzzle

@ First, there is no phase transition b/w weak and strong couplng

@ C-broken region has 2 degenerate
vacua and extends to m = 0.

&~

N

@ Bdry of C-broken region = Ising CFT

@ Weak coupling: two vacua with Eg = +1/2 w/ e~ — doublet of
solitons and et = doublet of anti-solitons.

@ Strong coupling: in 0 < ¢_ < V2, there are two vacua: ¢ =0
and ¢_ = 3v2r
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Resolution of Coleman’s 3rd puzzle

@ First, there is no phase transition b/w weak and strong coupling
[Dempsey, Klebanov, SSP, Zan '23] 1 \

‘m

@ C-broken region has 2 degenerate
vacua and extends to m = 0.

@ Bdry of C-broken region = Ising CFT

@ Weak coupling: two vacua with Eg = +1/2 w/ e~ — doublet of
solitons and et = doublet of anti-solitons.

@ Strong coupling: in 0 < ¢_ < V2, there are two vacua: ¢ =0
and ¢_ = }/27r = semiclasically 2 solitons + 2 anti-solitons
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Resolution of Coleman’s 3rd puzzle

@ First, there is no phase transition b/w weak and strong coupllng

[Dempsey, Klebanov, SSP, Zan '23]

@ C-broken region has 2 degenerate
vacua and extends to m = 0.

@ Bdry of C-broken region = Ising CFT

@ Weak coupling: two vacua with Eg = +1/2 w/ e~ — doublet of
solitons and et = doublet of anti-solitons.

@ Strong coupling: in 0 < ¢_ < V2w, there are two vacua: ¢ =0
and ¢_ = }/27r = semiclasically 2 solitons + 2 anti-solitons

@ # of solitons & anti-solitons matches b/w small & large m/g!

How about their charge?

Silviu Pufu (Princeton University)
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Resolution of Coleman’s 3rd puzzle

@ Observation: the two C-breaking vacua are not e’states of E(x)!

@ — distribution of Qyauge for solitons.

(For)+ — (Fon)-)/9?
1.0 F
m /""’"‘M
9= 2 0.8 I";
0.6 =
0.4 L
. Lattice
g =0.5 02 — gW/d’ [
0.0 - l m/g
0.0 0.5 1.0 1.5 2.0
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Resolution of Coleman’s 3rd puzzle
@ Observation: the two C-breaking vacua are not e’states of E(x)!

@ — distribution of Qyauge for solitons.
(For)+ — (For)-)/?

1.0
% _ 2 08 r';/.»——’—'""".'”
S I 0.6 ,,;
§ 04 |
o . Lattice
. m—-05 2 — gl |
! g 0.0 . ! = m/g
0.0 0.5 1.0 1.5 2.0
: 1, as? -
@ Resolution: (Qgauge) changes gradually and — ’ g
0, as 7 0
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Resolution of Coleman’s 3rd puzzle

@ Observation: the two C-breaking vacua are not e’states of E(x)!

@ — distribution of Qyauge for solitons.

({For)+ = (For)-) /g?
1.0

m /,._ooo—-"—""
5 - 2 0.8 —

R I 0.6 3

03} 04— -

N m—-05 02 — Gl [T

N g

! 0.0 : : : = m/g

0.0 0.5 1.0 1.5 2.0

1, aS%—>oo

@ Resolution: (Q, changes gradually and —
(Qgauge) ges g y {07 as™ 50

@ Weak coupling: (Qgauge) < 1 explained by vacuum polarization!

Silviu Pufu (Princeton University) 8-14-2026 19/26



Resolution of Coleman’s 3rd puzzle
@ Observation: the two C-breaking vacua are not e’states of E(x)!

@ — distribution of Qyauge for solitons.
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@ Resolution: (Q changes gradually and —
{Qgauge) gesg y {07 as™ 50
@ Weak coupling: (Qgauge) < 1 explained by vacuum polarization!

@ Strong coupling: how does (Qgauge) — 077
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N
BKT flow

@ More generally, for

e

1-9 E
LEFT = T@,@_@“qﬁ_ + u? N, _cos (\/ 87r¢_>

327
we have the BKT RG flow diagram

@ Our EFT preserves SO(3) and has o = —86 + O(6?) (green line).
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N
BKT flow

@ Along SO(3)-preserving line

& _ Bs = 26% +25° + O(6%)

Nan
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N
BKT flow

@ Along SO(3)-preserving line
/\d—f\ = 35 = 26% 4+ 26% + O(0%)
1
@ Integrating along RG trajectory' AR = /\UV\/WeW_
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N
BKT flow

@ Along SO(3)-preserving line
/\‘if\ = 35 = 26% 4+ 26% + O(0%)
1
@ Integrating along RG trajectory- AR = /\uv\/mem.
m _A &
e ", As ~0.111.
V7TAs s

@ A is the only mass scale; observables « powers of A|g
determined by scaling dims in SU(2); WZW CFT:

AR =

Moo~ Ne].  (ECO)x ~ N2 = | (Qgauge) ~ N |-
(Patba(X)) ~ A2y,  width of C-broken region ~ A%%,  etc.
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N
BKT flow

@ Along SO(3)-preserving line
/\‘if\ = 35 = 26% 4+ 26% + O(0%)
1
@ Integrating along RG trajectory- AR = /\uv\/mem.
m _A &
e ", As~0.111.
V7TAs s

@ A is the only mass scale; observables « powers of A|g
determined by scaling dims in SU(2); WZW CFT:

AR =

Moo~ Ne].  (ECO)x ~ N2 = | (Qgauge) ~ N |-
(Patba(X)) ~ A2y,  width of C-broken region ~ A%%,  etc.

@ Relation to SU(2) Thirring model, which is integrable.
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]
Soliton mass

S

@ Weak coupling: self-energy diags give
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@ Strong coupling: My~ Kme - , K =~ 0.91
Mo /m
ok —log(Me/m)
o.sf 15
0.6F
1of
0.4
0k s -===- Strong coupling 05
N N - Weak coupling
0 ) 0‘5 110 1‘5 -2‘0 m/g * z 4 6 e« 1‘|) 1‘2 1‘4 g*/m?

Silviu Pufu (Princeton University) 8-14-2026 22/26



Charge confinement vs. deconfinement

Summary of spectrum (for any m):

@ 0 + m: singlets & triplets of e e~ bound states

@ 0 — m: singlets & triplets become degenerate and fall apart into

soliton-anti-soliton pairs at § = .

@ Charge confinement at # # = — Charge deconfinement at 0 = .
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Spectrum when my # mo

@ Coleman found that for my # m, and 6 = 0 (for simplicity), the
leading order EFT is still [Coleman 76

1 Ve
LEFT = 58,@_8‘%_ + eme/MN—Nu, cos (\/ 27Td>_)

with
M +mp
=5 -
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Spectrum when my # mo

@ Coleman found that for my # m, and 6 = 0 (for simplicity), the
leading order EFT is still [Coleman 76

1 Ve
LEFT = 58,@_8‘%_ + eme/MN—Nu, cos (\/ 27Td>_)

with
M +mp
=5 -

@ This theory has SO(3) symmetry!!
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Spectrum when my # mo

@ Coleman found that for my # m, and 6 = 0 (for simplicity), the
leading order EFT is still [Coleman 76

1 et
LEFT = 5 W 0Fp_ + 7m‘/,uu_NM7cos (\/ 27T(j>_)

with
M +mp
=5

@ This theory has SO(3) symmetry!!

@ Coleman’s 1st puzzle: Why are the lightest particles in the
theory a degenerate isotriplet, even if one quark is 10 times
heavier than the other?

@ How does the spectrum depend on ém = (my — my) /27
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Resolution of Coleman’s 1st puzzle

@ From correction to EFT, we computed:

2
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Resolution of Coleman’s 1st puzzle

@ From correction to EFT, we computed:

2
Mﬂo 27‘&'675(5”7)2 () +
2 S
Mﬂi 3\/§g2
M2 /M2
Loz m/g=0.1
100 f; 6=0
0.98F T
096 T
1Y N N S

1 1 2
U'(?.%)[)(J(J 0.0005 0.0010 0.0015 0.0020 0.0025 (5771/{/)
@ Absence of linear in §m term explained by spurion analysis using
non-Abelian bosonization.
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Conclusion

@ The 2-flavor Schwinger model is surprisingly complex!
(Spontaneous C-breaking, exponential hierarchy of scales,
confinement/deconfinement, connections to integrability, etc.)

@ Numerical Hamiltonian lattice results have been crucial for
elucidating the physics and checking analytical arguments.
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(Spontaneous C-breaking, exponential hierarchy of scales,
confinement/deconfinement, connections to integrability, etc.)

@ Numerical Hamiltonian lattice results have been crucial for
elucidating the physics and checking analytical arguments.
Things | didn’t discuss / future directions:

@ Numerical implementation using matrix product states and
link-enhanced matrix product operators (LEMPOS) [Dempsey, Gliick,
SSP, Seggaard '25] .
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Conclusion

@ The 2-flavor Schwinger model is surprisingly complex!
(Spontaneous C-breaking, exponential hierarchy of scales,
confinement/deconfinement, connections to integrability, etc.)

@ Numerical Hamiltonian lattice results have been crucial for
elucidating the physics and checking analytical arguments.
Things | didn’t discuss / future directions:

@ Numerical implementation using matrix product states and
link-enhanced matrix product operators (LEMPOS) [Dempsey, Gliick,
SSP, Seggaard '25] .

@ Simulations of real time scattering of particles and/or solitons.
@ Bootstrapping the lattice model, S-matrix bootstrap.

@ Spectrum of more complicated models (e.g. non-abelian gauge

theories).
Silviu Pufu (Princeton University) 8-14-2026 26/26



Extra Slides
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Resolution of Coleman’s 1st puzzle
o Massless theory: CFT w/ O(4) = SYRLxSU@ ¢ (7,),

Yo = (9o Vs, YRa = (9R)"¥Rs,  9L,gr € SU(2).

@ Most general mass term: ma%,g%m + (mT)a%Z‘“w%
= Re m = vector, Im m = pseudovector of O(4).

@ Lowest CFT op. is a A = 1/2 vector of O(4) = its coeff. prop. to
Re m = O(4) broken to O(3) (symm of leading order EFT!).

@ We constructed the leading SO(3)-breaking term using
non-Abelian bosonization [witten '86] and argued that

2

Mz,
™ — 1 4+ O(mass®/g?
M, + O( /9°)
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