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Some history
1962: Schwinger introduced (1 + 1)d massless QED (Schwinger
model) [Schwinger ’62] .

⇐⇒ free boson w/ M = g/
√
π (where g > 0 is elementary charge)

Example where gauge-invariance ̸=⇒ massless particle.

Toy model for strong interactions

Years that followed: massive model was studied [Lowenstein, Swieca,

Coleman, Jackiw, Susskind, Casher, Kogut, . . . ]

1976: Coleman introduced the 2-flavor massive Schwinger
model [Coleman ’76]

L =
2∑

α=1

(
iψ̄α(/∂ − i /A)ψα − mαψ̄

αψα

)
− 1

4g2 F 2
µν −

θ

4π
ϵµνFµν .

Toy model for QCD with two light quark flavors.

3 puzzles left unsolved.
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Some highlights

Phase diagram similar to QCD w/ 2 light flavors [Creutz ’18]

vs.

CP violation in QCD Michael Creutz

6. Symmetries in the masses

This diagram has a variety of symmetries. First, it is invariant under changing the sign of the
parameter m5. This is associated with CP and will protect m5 from any additive renormalization.
What about the other mass parameters? To proceed, concentrate on m5 = 0 plane, sketched in Fig.
8. At the edge of the Dashen phase is a second order transition where the neutral pion becomes
mass-less. The order parameter for the transition is the expectation value for the neutral pion field,
〈π0〉.

The next invariance to note is under exchanging the up and down quark masses. This is isospin,
and protects the quark mass difference m2 from additive renormalization. Then there is a symmetry
under mu ↔ −md. This represents isospin at Θ = π and protects m1 from additive renormalization.
Another symmetry, not really independent of the above, is under flipping the signs of both quark
masses. This can be implemented by a flavored chiral rotation

ψ → eiπτ3γ5 ψ (6.1)

which is not anomalous.

CP

CP

m

m

d

u

σ > 0

σ < 0

Figure 8: The phase diagram for two flavor QCD at m5 = 0as a function of the up and down quark masses.

A crucial observation is that this diagram is not symmetric under mu ↔ −mu. The concept of
a vanishing up-quark mass is not protected by any symmetry! While symmetries protect the three
parameters m1, m2, m3 individually, these quantities in general can have independent renormaliza-
tions. One might try to define

“mu” =
m1 + m2

2
+ im5 (6.2)

however this combines independent parameters and is an artificial construct.
So this leaves us with a conundrum. Can any experiment tell if the up quark mass vanishes?

If not, is mu = 0 a well defined concept? The issues here are all non-perturbative, so relating the
up-quark mass to a perturbative definition cannot answer this. Non-perturbative issues require a
regulator such as the lattice. And at least naively the lattice can answer the question. One should
adjust the lattice parameters until the physical hadron spectrum comes out right. Then one can read
off the input lattice quark masses and see if mu = 0.

8

At small mass, exponential hierarchy b/w UV and IR scales, like in
QCD, or like the 2d O(N) sigma model [Polyakov, Wiegmann ’83–’84] .

Half-asymptotic particles and confinement vs. deconfinement.

Connections to integrability and CFTs.
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Parameters of the two-flavor Schwinger model
The two-flavor Schwinger model

L =
2∑

α=1

(
iψ̄α /Dψα − mαψ̄

αψα

)
− 1

4g2 F 2
µν − θ

4π
ϵµνFµν .

has 3 dim’less params: m1/g, m2/g, θ.
θ

2π = background electric field. Periodicity: θ ∼ θ + 2π.

H =

∫
dx

g2

2

(
E +

θ

2π︸ ︷︷ ︸
Eeff

)2

+
2∑

α=1

(
−iψ†

αγ
5(∂1 + iA1)ψα + mαψ

†
αγ

0ψα

)
ψ1 → γ5ψ1 (implemented by unitary op. V ) has the effect
(m1,m2) → (−m1,m2) and θ → θ + π (due to axial anomaly):

VHm1,m2,θV
−1 = H−m1,m2,θ+π

=⇒ Can restrict to m1 ≥ 0 and m2 ≥ 0.
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Approaches

Three main approaches:

Large mass / weak coupling (m/g ≫ 1):
Non-relativistic QM with linear potential + perturbations.

Small mass / strong coupling (m/g ≪ 1):
(c = 1 CFT + massive boson) + perturbations

Bosonization =⇒ massless theory is equivalent to SU(2)1 WZW
model + massive boson of mass µ =

√
2g√
π

.

Numerics: We use Hamiltonian LGT w/ staggered fermions and
MPS on an infinite lattice.

Can determine spectrum of particles and solitons, properties of the
vacuum, etc.

Coleman was puzzled by differences b/w weak and strong
coupling spectra.
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Hamiltonian lattice gauge theory

Fermionic d.o.f.’s cn,α, c†
n,α, gauge d.o.f.’s Un, Ln:

H =
g2a
2

∑
n

(
Ln +

θ

2π

)2

− i
2a

∑
n,α

(
c†

n,αUncn+1,α − c†
n+1,αU†

ncn,α

)
+
∑
n,α

(
mα − g2a

4

)
(−1)nc†

n,αcn,α .

(mass shift required by axial symmetry of massless theory)
Commutation reln’s:

{cn,α, c
†
m,β} = δnmδαβ , [Ln,Um] = δnmUm .

Gauss law:

(Ln − Ln−1)|phys⟩ = Qn|phys⟩ , Qn =
∑
α

c†
n,αcn,α +

{
0 for even n ,
−2 for odd n .

Silviu Pufu (Princeton University) 8-14-2026 6 / 26



Coleman’s puzzles

Coleman had 3 puzzles:

Two puzzles for m1 = m2.

One puzzle for m1 ̸= m2 (if time).

Start with m1 = m2 = m > 0.

Model is invariant under SO(3) = SU(2)/Z2 “isospin” symmetry
under which ψα form a doublet.
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Spectrum at weak coupling m/g ≫ 1

Spectrum for θ ̸= π: e+e− bound states. At leading order [Coleman

’76] :

HNR =
p2

m
+

g2

2

(
|x | − θ

π
x
)
.

Infinite number of energy eigenstates:

M(n) = 2m +
g4/3

(4m)1/3 zn(θ) + O(g8/3/m5/3) , n = 0, 1, 2, . . .

4-fold degeneracy
at leading order!

π

4
π

2
3 π
4

π

1

2

3

4
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(4m)1/3 zn(θ) + O(g8/3/m5/3) , n = 0, 1, 2, . . .

4-fold degeneracy
at leading order!

π

4
π

2
3 π
4

π
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Energy splitting for m/g ≫ 1

4-fold degeneracy broken [Coleman ’76] by Hsinglet =
g2

2m2 δ(x):

M(n)
singlet − M(n)

triplet =
g8/3

27/3m5/3∆n(θ) + O(g4/m3)

0 π

4
π

2
3 π
4

π

0.2

0.4

0.6
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Spectrum for m/g ≫ 1 and θ = 0

At θ = 0, label states as IPG where I = isospin, P = is parity,
G = CeiπQ2 is G-parity (C = charge conjugation):

1−+ (π),

0−− (η),

0++ (σ) and 1+−,

1−+,

0−−,

0++ and 1+−,

. . .
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Spectrum for m/g ≫ 1 and θ = π

At θ = π, the e+e− spectrum becomes continuous starting at 2m!

Two degenerate vacua: Eeff = E + θ
2π = ±1/2.

e+ and e− are solitons (domain walls) w/ Eeff vs. x profile
1
2

−1
2e−

−1
2

1
2

e+

e+ and e− are “half-asymptotic particles”:

e− e+

1
2

−1
2

L

∆Energy = 0

vs.

e+ e−

1
2

3
2

L

∆Energy = g2L
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Spectrum at strong coupling m/g ≪ 1

At small mass, use bosonization: ψα → ϕα. Define ϕ± = ϕ1±ϕ2√
2

.

After integrating out the gauge field,

L =
1
2
∂µϕ+∂

µϕ+ − µ2

2
min
n∈Z

(
ϕ+ +

θ + 2πn
2
√

2π

)2

+
1
2
∂µϕ−∂

µϕ− +
eγE

π
m
√
µµ−Nµ cos

(√
2πϕ+

)
Nµ− cos

(√
2πϕ−

)
w/ µ ≡

√
2
πg and µ− is arbitrary.

Compact scalars: ϕ+ ∼ ϕ+ +
√

2π and ϕ− ∼ ϕ− +
√

2π and
(ϕ+, ϕ−) ∼ (ϕ+ +

√
π
2 , ϕ− +

√
π
2 ).

At m = 0: massless ϕ− at self-dual radius (⇐⇒ SU(2)1 WZW) +
massive ϕ+ w/ mass µ.
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Effective field theory for ϕ−

Small m: also integrate out ϕ+ =⇒ SO(3)-preserving EFT for ϕ−

LEFT =
1
2
∂µϕ−∂

µϕ− + cos
θ

2
eγE

π
m
√
µµ−Nµ−cos

(√
2πϕ−

)
+

eγE m2

2πµ2 Is(θ)
[

1
2
∂µϕ−∂

µϕ− +
e2γE

4π
µ2
−Nµ−cos

(√
8πϕ−

)]
+ · · · ,

where Is(θ) ≈ 5.55− 4.53 cos θ and Nµ− denotes normal ordering.

Leading deformation for θ ̸= π: cos
(√

2πϕ−
)

w/ dim ∆ = 1/2 −→
relevant deformation.

Leading deformation at θ = π: ∂µϕ−∂µϕ− and cos
(√

8πϕ−
)

have
∆ = 2 −→ BKT RG flow.

Silviu Pufu (Princeton University) 8-14-2026 13 / 26



Effective field theory for ϕ−

Small m: also integrate out ϕ+ =⇒ SO(3)-preserving EFT for ϕ−

LEFT =
1
2
∂µϕ−∂

µϕ− + cos
θ

2
eγE

π
m
√
µµ−Nµ−cos

(√
2πϕ−

)
+

eγE m2

2πµ2 Is(θ)
[

1
2
∂µϕ−∂

µϕ− +
e2γE

4π
µ2
−Nµ−cos

(√
8πϕ−

)]
+ · · · ,

where Is(θ) ≈ 5.55− 4.53 cos θ and Nµ− denotes normal ordering.

Leading deformation for θ ̸= π: cos
(√

2πϕ−
)

w/ dim ∆ = 1/2 −→
relevant deformation.

Leading deformation at θ = π: ∂µϕ−∂µϕ− and cos
(√

8πϕ−
)

have
∆ = 2 −→ BKT RG flow.

Silviu Pufu (Princeton University) 8-14-2026 13 / 26



Effective field theory for ϕ−

Small m: also integrate out ϕ+ =⇒ SO(3)-preserving EFT for ϕ−

LEFT =
1
2
∂µϕ−∂

µϕ− + cos
θ

2
eγE

π
m
√
µµ−Nµ−cos

(√
2πϕ−

)
+

eγE m2

2πµ2 Is(θ)
[

1
2
∂µϕ−∂

µϕ− +
e2γE

4π
µ2
−Nµ−cos

(√
8πϕ−

)]
+ · · · ,

where Is(θ) ≈ 5.55− 4.53 cos θ and Nµ− denotes normal ordering.

Leading deformation for θ ̸= π: cos
(√

2πϕ−
)

w/ dim ∆ = 1/2 −→
relevant deformation.

Leading deformation at θ = π: ∂µϕ−∂µϕ− and cos
(√

8πϕ−
)

have
∆ = 2 −→ BKT RG flow.

Silviu Pufu (Princeton University) 8-14-2026 13 / 26



Strong coupling spectrum for θ ̸= π

For θ ̸= π : truncate EFT after first two terms

LEFT =
1
2
∂µϕ−∂

µϕ− + cos
θ

2
eγE

π
m
√
µµ−Nµ−cos

(√
2πϕ−

)
This is a sine-Gordon theory w/ SO(3) symm. Integrable!

Spectrum: isotriplet π⃗ and isosinglet σ.

Mπ =
2

7
6 e

γE
3 Γ(1

6)

Γ(2
3)Γ(

1
4)

4
3

g
1
3 m

2
3 cos

2
3
θ

2
≈ 2.008g

1
3 m

2
3 cos

2
3
θ

2
,

Mσ =
√

3Mπ

√
3 factor also predicted from semiclassical analysis.

Semiclassically: π± are s-G solitons while π0, σ are breathers.
(Q3 = 1√

2π

∫
dx ∂xϕ− = 1√

2π
∆ϕ− = ±1 for solitons.)
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Coleman’s 2nd puzzle

At θ = 0: spectrum at strong cpling: IPG = 1−+, 0++.
spectrum at weak cpling: IPG = 1−+, 0−−, 0++, 1+−, . . .

Coleman’s 2nd Puzzle: Why does the next-lightest particle have
IPG = 0++, rather than 0−−?
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Resolution of Coleman’s 2nd puzzle

Resolution: Level-crossing!!

Singlet

Triplet

0.2 0.4 0.6 0.8 1.0

0.5

1.0

1.5

2.0

2.5

3.0

0--

1-+

0++
1+-
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Strong coupling spectrum for θ = π

At θ = π , the leading perturbation has ∆ = 2:

LEFT =
1
2
∂µϕ−∂

µϕ− +
eγE m2

2πµ2 Is(π)
[

1
2
∂µϕ−∂

µϕ− +
e2γE

4π
µ2
−Nµ−cos

(
2
√

2πϕ−
)]

Coleman’s analysis: semiclassically, only s-G soliton and anti-sol.
w/ ∆ϕ− = ±

√
2π
2 , so Q3 = ∆ϕ−√

2π
= ±1

2 =⇒ doublet of SU(2).

No electric charge b/c Qgauge =
√

2
π∆ϕ+ = 0 (!)

Coleman’s 3rd puzzle:

For |θ| = π, how can an isodoublet quark and an isodoublet
antiquark, carrying opposite electric charges, make an isodoublet
bound state with electric charge zero?

He speculated that there is a phase transition b/w weak and
strong coupling.
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Resolution of Coleman’s 3rd puzzle

First, there is no phase transition b/w weak and strong coupling
[Dempsey, Klebanov, SSP, Zan ’23]

C-broken region has 2 degenerate
vacua and extends to m = 0.

Bdry of C-broken region = Ising CFT

Weak coupling: two vacua with Eeff = ±1/2 w/ e− = doublet of
solitons and e+ = doublet of anti-solitons.

Strong coupling: in 0 ≤ ϕ− ≤
√

2π, there are two vacua: ϕ− = 0
and ϕ− = 1

2

√
2π =⇒ semiclasically 2 solitons + 2 anti-solitons

# of solitons & anti-solitons matches b/w small & large m/g!
How about their charge?
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Resolution of Coleman’s 3rd puzzle

Observation: the two C-breaking vacua are not e’states of E(x)!

=⇒ distribution of Qgauge for solitons.

-4 -3 -2 -1 0 1 2 3 4
0.0
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0.4
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m
g = 2

-4 -3 -2 -1 0 1 2 3 4
0.0
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0.5
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g = 0.5

Lattice

0.0 0.5 1.0 1.5 2.0
0.0

0.2
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0.6

0.8

1.0

Resolution: ⟨Qgauge⟩ changes gradually and →
{

1 , as m
g → ∞

0 , as m
g → 0

Weak coupling: ⟨Qgauge⟩ < 1 explained by vacuum polarization!

Strong coupling: how does ⟨Qgauge⟩ → 0??
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Strong coupling: how does ⟨Qgauge⟩ → 0??
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BKT flow

More generally, for

LEFT =
1 − δ

2
∂µϕ−∂

µϕ− + α
e2γE

32π
µ2
−Nµ−cos

(√
8πϕ−

)
we have the BKT RG flow diagram

-0.5 0.5

-4

-2

2

4

Our EFT preserves SO(3) and has α = −8δ + O(δ2) (green line).
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BKT flow

Along SO(3)-preserving line

Λ
dδ
dΛ

= βδ = 2δ2 + 2δ3 + O(δ4)

Integrating along RG trajectory: ΛIR = ΛUV
√
|δUV|e

1
2δUV .

In UV, δUV = − 1
2As

m2

g2 and take ΛUV =
√

2
πg,

ΛIR ≈ m√
πAs

e−As
g2

m2 , As ≈ 0.111 .

ΛIR is the only mass scale; observables ∝ powers of ΛIR
determined by scaling dims in SU(2)1 WZW CFT:

Msol ∼ ΛIR , ⟨E(x)⟩± ∼ Λ
1/2
IR =⇒ ⟨Qgauge⟩ ∼ Λ

1/2
IR ,

⟨ψ̄αψα(x)⟩ ∼ Λ2
IR , width of C-broken region ∼ Λ

3/2
IR , etc.

Relation to SU(2) Thirring model, which is integrable.
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Soliton mass

+ + + + · · ·

Weak coupling: self-energy diags give

Msol = m
(

1 − g2

2πm2 +
(3π2 − 4)g4

96π2m4 + · · ·
)
.

Strong coupling: Msol ≈ K m e−As
g2

m2 , K ≈ 0.91

Strong coupling

Weak coupling

0.5 1.0 1.5 2.0
0.0

0.2

0.4

0.6

0.8

1.0

2 4 6 8 10 12 14

0.5

1.0

1.5

Silviu Pufu (Princeton University) 8-14-2026 22 / 26



Charge confinement vs. deconfinement

Summary of spectrum (for any m):

θ ̸= π: singlets & triplets of e+e− bound states

θ → π: singlets & triplets become degenerate and fall apart into
soliton-anti-soliton pairs at θ = π.

Charge confinement at θ ̸= π −→ Charge deconfinement at θ = π.

Singlet Triplet

Soliton Continuum
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Singlet Triplet

Soliton Continuum
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Spectrum when m1 ̸= m2

Coleman found that for m1 ̸= m2 and θ = 0 (for simplicity), the
leading order EFT is still [Coleman ’76]

LEFT =
1
2
∂µϕ−∂

µϕ− +
eγE

π
m
√
µµ−Nµ−cos

(√
2πϕ−

)
with

m =
m1 + m2

2
.

This theory has SO(3) symmetry!!

Coleman’s 1st puzzle: Why are the lightest particles in the
theory a degenerate isotriplet, even if one quark is 10 times
heavier than the other?

How does the spectrum depend on δm = (m1 − m2)/2?
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Resolution of Coleman’s 1st puzzle

From correction to EFT, we computed:

M2
π0

M2
π±

= 1 − 2πeγE (δm)2

3
√

3g2
Is(π) + · · · .

0.0000 0.0005 0.0010 0.0015 0.0020 0.0025
0.92

0.94

0.96

0.98

1.00

1.02

Absence of linear in δm term explained by spurion analysis using
non-Abelian bosonization.
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Conclusion

The 2-flavor Schwinger model is surprisingly complex!
(Spontaneous C-breaking, exponential hierarchy of scales,
confinement/deconfinement, connections to integrability, etc.)

Numerical Hamiltonian lattice results have been crucial for
elucidating the physics and checking analytical arguments.

Things I didn’t discuss / future directions:

Numerical implementation using matrix product states and
link-enhanced matrix product operators (LEMPOs) [Dempsey, Glück,

SSP, Søgaard ’25] .

Simulations of real time scattering of particles and/or solitons.

Bootstrapping the lattice model, S-matrix bootstrap.

Spectrum of more complicated models (e.g. non-abelian gauge
theories).
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Silviu Pufu (Princeton University) 8-14-2026 26 / 26



Resolution of Coleman’s 1st puzzle

Massless theory: CFT w/ O(4) = SU(2)L×SU(2)R
Z2

⋊ (Z2)P

ψLα → (gL)α
βψLβ , ψRα → (gR)α

βψRβ , gL, gR ∈ SU(2) .

Most general mass term: mα
βψ†α

R ψLβ + (m†)α
βψ†α

L ψRβ

=⇒ Re m⃗ = vector, Im m⃗ = pseudovector of O(4).

Lowest CFT op. is a ∆ = 1/2 vector of O(4) =⇒ its coeff. prop. to
Re m⃗ =⇒ O(4) broken to O(3) (symm of leading order EFT!).

We constructed the leading SO(3)-breaking term using
non-Abelian bosonization [Witten ’86] and argued that

M2
π0

M2
π±

= 1 + O(mass2/g2)
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