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Rishi Mouland

Bootstrap: (super-)conformal symmetry, crossing, 
analyticity, flat space limit (+ SUSY localisation)

Try to indirectly resum 
Witten diagrams
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The large  analytic bootstrapN
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+ …
Conceptually 
clear what to do, 
but technically 
totally prohibitive

• Many elements of the story extremely generic (e.g. Mellin space, flat space limit)

• Especially effective in string/M-theory setups with maximal SUSY 

[See: many people in this room]
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• Half-maximal (8 SUSYs) SCFTs in , labelled by rank 


•                               bulk, with flavour branes at                         fixed point locus


• KK reduce to 

• Gravitons: stress tensor multiplet (short) along with a tower (long)


• Gluons: tower ,  (all short) in adjoint of flavour symm 

d = 3,4,5,6 N ≫ 1

ϕp p = 2,3,… GF

What we computed
2/11
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Old school bulk 
calculation

d = 3,4,6

Unitarity cut
[Aharony et al.]
d = 3,4,5,6

d = 4 in [Alday, Bissi, Zhou]

Generalised 
free fields

Easy peasy

+
1
cJ

Short multiplet 
exchange

Bootstrap-able
[Alday, Behan, 
Ferrero, Zhou]

String coupling  is fixedτ ∼ g−1
s ∼ N/λ
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What I want to tell you about it

• A new feature: 

• A new tool: 

• A non-trivial constraint/match:

3/11

Extremal couplings, which induce  mixing between 
single- and double-traces

𝒪(1)

Reduced correctors and blocks in Mellin and position space

Integrated constraints from SUSY localisation



I: Extremal couplings



I: Extremal couplings

Rishi Mouland

II: Reduced correlators III: Localisation

The general mechanism
Extremal Witten diagrams

• Such couplings absent with max SUSY. Suspected forbidden? [Bobev et al.]


• No! Divergence just an artefact of mixing between  and 


• One way to see this: holographic renormalisation [Castro, Martinez]

𝒪3 𝒪1𝒪2

4/11
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• OPE coefficients diverge at “extremal” arrangements Δ3 → Δ1 + Δ2



I: Extremal couplings

Rishi Mouland

II: Reduced correlators III: Localisation

The general mechanism
Another way: just compute something finite

5/11
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Expand  CFT data…𝒪1𝒪2
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Rishi Mouland

II: Reduced correlators III: Localisation

The general mechanism
Another way: just compute something finite
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Upshot: Unmixed operators 
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In Mellin space: 
double pole  triple pole ⟶
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I: Extremal couplings

Rishi Mouland

II: Reduced correlators III: Localisation

Manifestation for half-maximal SUSY
• More bells and whistles:

• At each engineering dimension, one graviton ST and many gluon DTs mixing


• Two couplings  and  scaling differently with 


• Mixing qualitatively different in each dimension:

1/cJ 1/cT 1/N

6/11
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Dominates in d = 5,6

Dominates in d = 3
•  more interesting as d = 4 c2

J ∼ cT ∼ N2
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I: Extremal couplings II: Reduced correlators III: Localisation

Imposing superconformal symmetry
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Projectors onto 
flavour irrepsConformal cross ratios

 cross ratioSU(2)R
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U = zz̄, V = (1→ z)(1→ z̄)

7/11

• Brute force: expand in superconformal blocks
<latexit sha1_base64="8YyITeLXvab02kUHywNRpFEp7GM="></latexit>

Gr(U, V ;ω) =
∑

M

εMGM(U, V ;ω)

Superconformal multiplets

(Short and long) superconformal 
blocks, each a finite sum of 
conformal blocks 

Conceptually fine, but technically 
cumbersome
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• Each flavour channel independently constrained by superconformal Ward identities
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I: Extremal couplings II: Reduced correlators III: Localisation

Transforms and reductions
Expand full correlator  in 

superconformal blocks
G(U, V; α) Expand Mellin amplitude  

in (sums of) exchange diagrams
M(s, t; α)Mellin

transform

• Even dim well-understood [Beem et al], [Chang, 
Lin], See also Mitchell’s talk! Extra term in 4d to 
capture protected subsector 


• Odd dim:  non-local. Some special correlators 
understood, but crossing subtle [Woolley]

R

Reduce

M(s, t; α) = D ∘ K(s, t)

Seek difference 
operator  such thatD

Expand reduced Mellin amplitude 
 in exchange diagramsK(s, t)

8/11

Reduce

G(U, V; α) = R ∘ H(U, V)

Expand reduced correlator 
 in conformal blocksH(U, V)

Seek differential 
operator  such thatR

[Dolan, Gallot, Sokatchev] 

Transform
back

<latexit sha1_base64="GPRBvWWMjEiNClj/9zg47HDwSMg="></latexit>

Mellin�1 (D �K(s, t)) = R̃ �
�
Mellin�1K(s, t)

�

New position space 
reduced correlator

Local in all 
dimensions!

(also in 3d!)



III: Comparing to localisation
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I: Extremal couplings II: Reduced correlators III: Localisation

Integrated constraints from SUSY localisation
• Compute supersymmetric sphere free energy  using SUSY localisation


• Take derivatives to find integrated constraints on 4-point functions

F(mi)

9/11
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→
∫

dU dV f(U, V )G(U, V )

• Used these in two places… 

• In 4d, graviton exchange enough to fix  up to order  only up to a       
-dependent contact term. For the theory  we fixed these completely 

using integrated constraints [see also Behan, Chester, Ferrero]


• In 3d, no contact term ambiguities at gluon 1-loop order . So can seek  
non-trivial match with localisation…

⟨ϕ2ϕ2ϕ2ϕ2⟩ 1/N2

τ GF = D4

1/c2
J
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I: Extremal couplings II: Reduced correlators III: Localisation

A match with 3d  localisation𝒩 = 4

Want: 1-loop OPE 
coefdddd.  of a 

particular protected 
multiplet  ddd
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<latexit sha1_base64="x1XxgusfE1nhjXD5D7aynnvDhG4=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyyCG0tSpLosunFZwT6gjWEymbRDJ5kwcyOWENz4K25cKOLWr3Dn3zh9LLT1wMDhnHO5c4+fcKbAtr+NwtLyyupacb20sbm1vWPu7rWUSCWhTSK4kB0fK8pZTJvAgNNOIimOfE7b/vBq7LfvqVRMxLcwSqgb4X7MQkYwaMkzD3pchwPsZT2gD5A5p1yIJM/vqp5Ztiv2BNYicWakjGZoeOZXLxAkjWgMhGOluo6dgJthCYxwmpd6qaIJJkPcp11NYxxR5WaTE3LrWCuBFQqpXwzWRP09keFIqVHk62SEYaDmvbH4n9dNIbxwMxYnKdCYTBeFKbdAWOM+rIBJSoCPNMFEMv1XiwywxAR0ayVdgjN/8iJpVStOrVK7OSvXL2d1FNEhOkInyEHnqI6uUQM1EUGP6Bm9ojfjyXgx3o2PabRgzGb20R8Ynz+Df5eF</latexit>

ω2
1-loop
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Find squashed sphere free 
energy as matrix integral via 

SUSY localisation

[Chester, Pufu, Wang, Yin]
Take derivatives 

to get 
integrated 
constraints

Extract  term in large    
 expansion to find

1/c2

J
N ∼ c2

J
<latexit sha1_base64="zbEy87hzKz9e2jNNoDCJsSGmP9o="></latexit>

ω2
1-loop =

1

12ε2
+

1

720
→ ε2

60480
+

ε4

1814400
+ . . .

<latexit sha1_base64="AQIh7VaU88k9l1MLefq8fEX9GPo=">AAACInicbVBNSwMxFMz6WevXqkcvwSJ4adktpepBKHrxqGBboduWbJptQ7ObJXkrlmV/ixf/ihcPinoS/DGmtYhWBwLDzDxe3vix4Boc592am19YXFrOreRX19Y3Nu2t7YaWiaKsTqWQ6tonmgkesTpwEOw6VoyEvmBNf3g29ps3TGkuoysYxawdkn7EA04JGKlrH3vChHukm3rAbiF1i0LKOMs6ZXyCvUARmrpZWvFi3ilnxW+hWsm6dsEpORPgv8SdkgKa4qJrv3o9SZOQRUAF0brlOjG0U6KAU8GyvJdoFhM6JH3WMjQiIdPtdHJihveN0sOBVOZFgCfqz4mUhFqPQt8kQwIDPeuNxf+8VgLBUTvlUZwAi+jXoiARGCQe94V7XDEKYmQIoYqbv2I6IKYGMK3mTQnu7Ml/SaNccqul6mWlUDud1pFDu2gPHSAXHaIaOkcXqI4oukMP6Ak9W/fWo/VivX1F56zpzA76BevjExzCpAQ=</latexit>

ω2
1-loop =

1

4ε2
→ 1

64

Resum

Compute 1-loop gluon 
amplitude using reduced 

correlators and AdS 
unitarity method

Compute relevant 
double 

discontinuities and 
apply Lorentzian 
inversion formula

-type:ddddd dddd dlog2 V

-type:ddddd dddd dVn/2

<latexit sha1_base64="qtHAoJkTeYu30z7OTCkGt6aqqJc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5IUqR6LXjxWsB/QxrLZbtqlm03Y3Sgl5qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5fsyZ0o7zbRXW1jc2t4rbpZ3dvf0Du3zYVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uZ75nQcqFYvEnZ7G1AvxSLCAEayNNLDL/UBikrpZ6tb7MbuvZQO74lSdOdAqcXNSgRzNgf3VH0YkCanQhGOleq4Tay/FUjPCaVbqJ4rGmEzwiPYMFTikykvnp2fo1ChDFETSlNBorv6eSHGo1DT0TWeI9VgtezPxP6+X6ODSS5mIE00FWSwKEo50hGY5oCGTlGg+NQQTycytiIyxyUKbtEomBHf55VXSrlXderV+e15pXOVxFOEYTuAMXLiABtxAE1pA4BGe4RXerCfrxXq3PhatBSufOYI/sD5/AK+dk6U=</latexit>

1

16ω2

<latexit sha1_base64="9YLooHbZxCG2iaKMjbLNJ+abYZI=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4sSS1RJdFNy4r2Ac0sUymk3bo5MHMRCghOzf+ihsXirj1F9z5N04fC209cOFwzr3ce4+fcCaVZX0bS8srq2vrhY3i5tb2zq65t9+UcSoIbZCYx6LtY0k5i2hDMcVpOxEUhz6nLX94PfZbD1RIFkd3apRQL8T9iAWMYKWlrnnkBgKT7DzPbMdN2H0lP5sqdp451bxrlqyyNQFaJPaMlGCGetf8cnsxSUMaKcKxlB3bSpSXYaEY4TQvuqmkCSZD3KcdTSMcUullkz9ydKKVHgpioStSaKL+nshwKOUo9HVniNVAzntj8T+vk6rg0stYlKSKRmS6KEg5UjEah4J6TFCi+EgTTATTtyIywDoGpaMr6hDs+ZcXSbNStp2yc1st1a5mcRTgEI7hFGy4gBrcQB0aQOARnuEV3own48V4Nz6mrUvGbOYA/sD4/AEetJjZ</latexit>

3

16ω2
→ 1

64

Sum



Some final words
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What we did, and what we found

• In large  expansion of  we computed the contributions from:

• Graviton exchange, by a bulk computation

• Gluon 1-loop, using the AdS unitarity method


• Both computations leveraged new reduced correlators to impose superconformal 
symmetry


• Uncovered and resolved a new feature: extremal couplings and ST/DT mixing


• Used SUSY localisation to fix (4d) and check (3d) results


• Glossed over flat space limit: non-trivial matches, and a new prediction

N ⟨ϕ2ϕ2ϕ2ϕ2⟩

11/11

Thanks!



Backup slides
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Unmixing

+

1

2

1

2

1

2

1

2

3 =
<latexit sha1_base64="ko1jsqmmvuB10KVZ4jV3YoAI140="></latexit>(
A+

1

c

(
Bω2

! + . . .
))

g!,0(U, V )

∣∣∣∣
!=!1+!2

+ . . .

In Mellin space: 
double pole  triple pole ⟶

Two-dimensional subspace of operators of engineering dimension Δ = Δ1 + Δ2
<latexit sha1_base64="K0dMExXMZUX++56n1ih9S2LMQpY=">AAACH3icbVDLSsNAFJ3UV62vqks3g0VoEWoiUt0IRTfurGAfkMQwmUzaoZMHMxOhhPyJG3/FjQtFxF3/xknbhW09MHDmnHu59x43ZlRIXR9rhZXVtfWN4mZpa3tnd6+8f9ARUcIxaeOIRbznIkEYDUlbUslIL+YEBS4jXXd4m/vdZ8IFjcJHOYqJHaB+SH2KkVSSU25YTBV7yElNamfwGs79n9KqXsvgKbQCJAcYsfQ+qxpnuOaUK3pdnwAuE2NGKmCGllP+sbwIJwEJJWZICNPQY2mniEuKGclKViJIjPAQ9YmpaIgCIux0cl8GT5TiQT/i6oUSTtS/HSkKhBgFrqrM9xSLXi7+55mJ9K/slIZxIkmIp4P8hEEZwTws6FFOsGQjRRDmVO0K8QBxhKWKtKRCMBZPXiad87rRqDceLirNm1kcRXAEjkEVGOASNMEdaIE2wOAFvIEP8Km9au/al/Y9LS1os55DMAdt/AvHxaGM</latexit>

ω[i] = ω(0)
[i] +O(1/c)

<latexit sha1_base64="O7fjf1mibWPoTXHks42Ww4LrogA="></latexit>

�[i] = �1 +�2 +
�[i]
p
c
+O(1/c)

<latexit sha1_base64="eiZGwcyhWts3/GGANxQSZkMURqc=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBg5TdItWLUPTisYLbFtqlZNNsG5pklyQrlKW/wYsHRbz6g7z5b0zbPWjrg4HHezPMzAsTzrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThWhPol5rDoh1pQzSX3DDKedRFEsQk7b4fhu5refqNIslo9mktBA4KFkESPYWMlnN95FrV+uuFV3DrRKvJxUIEezX/7qDWKSCioN4VjrrucmJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5sVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6DjMkkNVSSxaIo5cjEaPY5GjBFieETSzBRzN6KyAgrTIzNp2RD8JZfXiWtWtWrV+sPl5XGbR5HEU7gFM7BgytowD00wQcCDJ7hFd4c6bw4787HorXg5DPH8AfO5w+e4o3s</latexit>

i = 1, 2

<latexit sha1_base64="rj0Lvg6oDWzyfpYrDd9k5ZYripo="></latexit>

ω2g!,0(U, V ) =

(
→(ω(0))2↑+ 1↓

c

(
→(ω(0))2ε↑ ϑ! + . . .

)
+

1

c

(
→(ω(0))2ε2↑ ϑ2

! + . . .
))

g!,0(U, V )

∣∣∣∣
!=!1+!2

A B0
Corrections to  scale like ⟨𝒪3𝒪3⟩ 1/c ⟹ Fourth constraint

<latexit sha1_base64="/qECVk3o/by3BMy0bp0YRRcW1Fk=">AAACKnicbVDLSsNAFJ3UV62vqks30SJUhJJkUbtQqLpxWcE+oI3lZjpth84kYWYilJDvceMv+AluulCqWz/E6WNRqwcGDuecy517vJBRqSxrbKRWVtfWN9Kbma3tnd297P5BTQaRwKSKAxaIhgeSMOqTqqKKkUYoCHCPkbo3uJ349SciJA38BzUMicuh59MuxaC01M5et5gOd+AxzltnSTtu2m7S6gHnoLnjJufLvrPg6+yV1c7mrII1hfmX2HOSKzuvXunz8rjSzo5anQBHnPgKM5CyaVuhcmMQimJGkkwrkiQEPIAeaWrqAyfSjaenJuapVjpmNxD6+cqcqosTMXAph9zTSQ6qL5e9ifif14xUt+TG1A8jRXw8W9SNmKkCc9Kb2aGCYMWGmgAWVP/VxH0QgJVuN6NLsJdP/ktqTsEuFor3uo0bNEMaHaETlEc2ukBldIcqqIowekZv6B19GC/GyBgbX7NoypjPHKJfML5/AJozqbw=</latexit>

ω(0)
[1] ε[2] + ω(0)

[2] ε[1] = 0


