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CFT,4 In Non-trivial Geometries

Thermal Geometry §¢-1 x ST and beyond

Lesson from 2D: Interesting to consider CFT

on surfaces other than §2, i.p. torus S x S};

- Consider higher dimensional CFT on geo-
metries that can be conformally glued from

3-holed spheres and (punctured) discs.
s¢\ B4 x B¢ x B4 B? (\ {pt})

[Benjamin et al] [Buric,Mangialardi,Russo,VS]

sd\ B B?

Same CFT data as on the sphere stitched together with new conformal blocks

Examples: Genus-2 maniflds HHH OPE data
[Benjamin, Lee, Ooguri, Simmons-Duffin] /

o)
Thermal Geometry st x s} HHL OPE data \ﬁ

[Cardy], [Gobeil, Maloney, Ng, Wu] ...

(A

\-'
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CFT in the Twist-Spin Plane

Highlights from the Bootstrap

Tu

‘Numerical bootstrap

Light-cone bootstrap
Generalized

FF Theory

Leading double-twist trajectory

n
>

4
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CFT in the Twist-Spin Plane

The multi-point bootstrap

Tu

Multipoint bootstrap

[Antunes,Costa,Concalves,Vilas Boas]
[Poland,Prilepina,Tadic] [(Harris), Kaviraj, Mann, Quintavalle,VS]
[Antunes,Harris,VS] .... [Henriksson, Kravchuk, Oertel]
[Bercini,Goncalves,(Homrich),Vieira] ... Generalized
FF Theory
4
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CFT in the Twist-Spin Plane

From few particle states to black holes

Tu

multi particle states

Generalized

[Some dramatic music in the background] FF Theory

4
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CFT in the Twist-Spin Plane

From few particle states to black holes

Tu

multi particle states

Generalized

[Some dramatic music in the background] FF Theory

4
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CFT in the Twist-Spin Plane

Thermal CFT and heavy CFT data

« t/\/?

- Sridip’s talk

- Zohar’s talk

Compute HHL OPE asymptotics

in terms of EFT parameters [3D]

- Page 28

— Compute HHL OPE asymptotics

for dual of int scalar field in AdS4.

- Page 29

Generalized

e . - FF Theory
' 5 ¢ Leading double-twist trajectory
4

o
>
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Introduction: Thermal Correlators

Definition and some features

Multi-point correlators of local fields in the geometry S} x §9-1 given by

(P1(x1) + v Pr(@Tn)) gy = tra (P1(z1) - o Pu(®n)g ys o y)

Z(q,y)
Z(q,ya) = tra (q7y3" .. yl") P(x) = e 27 P(, Q)

Comment 1: Obtained by partial fixing of conformal frame from g-twisted

(P1(x1) ... ¢n(xn))g -

1
Z(q, y) tr}[ (¢1(x1) ---¢n(xn) g ) g E So(lrd + 1)

Comment 2: Our thermal correlators are closely related to the correlation

functions in the geometry Sg x R*1 = limSg x S5 !

R— o0

Latter involves new CFT data by In the 1-point functions of primary fields

b

¢ P :

(Pp(x))g = (qb(x))sllngd_1 = 5, [lliesiu,Kologlu,Mahajan,Perimutter,
(for scalar ¢) Simmons-Duffin]
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Introduction: Example of Thermal Correlator

Thermal 1-point function of free boson in 3D

—m 1+1/2
(2 @)y = 25 UMt _ATYT oy

r 2 [+ m)l1— gty !

scalar field of weight A =1

Block expansion gives access to OPE coefficients A%

$200
($2(0), 2)»(,,200 0 |

302— o Average Aqbzoo

! for £p = 4 and all
Can we predict/model the asymptotic - rensor structures
behavior of the CFT data for large Ay ? w:_ ....... S

OF * ¢ ¢+ o o ¢ + o+ o % § & ¥ % §F i .

6 8 10 12
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Plan

1. Kinematics: Thermal 1-point Blocks
Small weight expansions and large weight asymptotics
2. Interlude: Integrability Does Not Melt
Hitchin integrability of thermal conformal blocks
3. Commissioning: The Free Bosonic Field

How well do asymptotics capture conformal data ?

4. Application: Heavy CFT data in Gapped CFTs and beyond
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Thermal Conformal 1-point Blocks

Casimir operators €2#*# for 1-point functions of spinning primaries known

and are effective [Buric, Russo, Schomerus, Vichi]

Focus on scalar external operator, for simplicity: [C% = C%(d,,0,,05) ]

multiplicity index [Gobeil, Maloney, Ng, Wu]

q=ef y=el=el" |2=0,...¢
AN /
o _agy Apa _Ag A el
G1(q y»x>lo =1r7%g,%" (@ us) =17q" Lo 0" f1" (w5)
el X
/ -
0= OA{’ u:l_gln r S =\Sin29 p0|yn0mlals (Of

4 2 order n+ £ in u)

Casimir equation solved recursively with initial condition:

1
E) P((lo'_f)u — 25) }

2

1 1
20+~
[lm& q Agﬁ"'{’,a(q, u,s) = f;'“(u, s) ~ u‘“PE,_ZL 272) (1 +
q—)

Jacobi polynomials
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Implementation

A code that computes the thermal blocks recursively is available.

Thermal blocks - GitLab

Similar to [Hogervorst, Rychkov] [Costa, Hansen, Penedones,Trevisani]

for scalar and spinning 4-point blocks

A code that relates basis of our tensor structures labeled by a to

conventional tensor structures is also available.
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Orthogonality and Inversion Formula
The Casimir operator €2¢ is symmetric with respect to following pairing

1
(91,92) = > ﬂ dpdud6 w(B,u)sind g,(B,u,0) g>(B, 1, 0)

. .\ 2
(8 B . pn. Brip P—ip
w(B,pn = <\/_ﬁ sinh Esmismh 2 sinh 2

Claim: Thermal blocks gM (q,u s) orthogonal with respect to pairing

Euclidean inversion formula for thermal 1-point functions takes the form

{ p(B,£) T oo (A, £) ——fjf ABdudy (B 1) sin 0 g0 (B,1,60) 61(B, 15 %) J

Averaged only (1) measure block 1-pt fct
over 0 with same A, ¢
. . 1
With spectral density  p(a,£)=7—| ap f dpw (B, 1) x3-1.(8 Z(B, 1)
Y+iR
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Asymptotics of Thermal Blocks

In the limit of large weights A

Observation: Casimir equation for thermal blocks can be brought into form

independent of A!

>F+ DF =0
A¢a

q(3q* —2q(u+3) +u+3)
(q—-1)°-(q—1qu

2 A <q0q+
(qu,s)=q" gM “(qus)

Can be solved order-by-order in power series in 1/, through integration in q

A¢ a(0) ff;’a(u,s)

(1-q)3 -(1-q)qu

Flgus)= ) F®(@usa™  with  F*"P(qus) =

fo given above

Note: Generalization to spinning external fields is also known (to appear)
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In my talk at Bootstrap 2016 | showed:

4-point Casimir v —sinn 2% Calogero-Sutherland Hamiltonian
- - 2
D?:=D*+D +e|——(0-0) +(z"0-7°D) : > =07 + 07 +V<pe (x1,x3)
D?=22(1-2)9% - (a+b+1)2%0 — abz. [Isachenkov,VS] 2-particle Poeschl-Teller
[Dolan, Osborn] solvable [Heckman, Opdam]...

Thermal Casimir

492

] 3, _2']"".!(
-y’ Tgq-

q (1) Y (2) qy qy (3)
T (g — 1}213&0{5] + (y — ljg'paofﬁ} + ((q — ) + (v — 1)2) Dy, (s),

y+1
24Y l{qﬂq+ ydy)

: 5 . Ag®
Ca, = —Eq‘zﬂg - 2y25§ + E qﬂq + G0y — ydy) —

—

Iﬂ;' =8s%(1 — 5)07 +4(1 + 24, — 25(Ay + 1)) 395 — 2A4(1 + (s — 1)A,) , [

I;.[l} 'DLQ}

’D:f] = 8s(s — 1)03 + 4(3s — 2)s. I)Ei - 2

 + Ap(Ay—3) .

[Gobeil, Maloney, Ng, Wu],[Buric,Russo,VS,Vichi] ;40
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ClaimT=0: Multi-point conformal blocks are wave functions of integrable

Gaudin model in some limit on M, [Buric,Lacroix,Mann,Quintavalle,VS]

Gaundin < critical level limit of KZ

connection for 2D SO(1,d+1) WZW.

Caterpillar limit for comb channel

Claim T>0: Thermal conformal blocks are wave functions of integrable

Hitchin model in some limit on M,y [Buric,Mangialardi,Russo,VS,Vichi]

Also valid for CFTs on

Integrability

genus-g manifolds g>1

and in all OPE channels

Conformal
Casimirs

2D CFT 4D SUSsY
WZW, Toda Gauge Theory

Necklace limit
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Partition function and 1-point function
Of the Free Bosonic Field in 3D

Logarithm of the partition function of the 3D free bosonic field is given by

1
1 q2(1 + q)
log 2"8(q,y) = z — 2" (g™, y™) 3 =x1, —xs
—in 20 50 (I-qnA-qy D
X
sum over particle # (Dg ty) = G,o) eom

We computed character decomposition up to A ~ 200 -> spectrum of FB

Thermal 1-point function of ¢? computed with method of images & OPE

n
q2
2
(¢ (x) z (1 + q?™ — 2q™(cos? 0 + sin? @ cos(npu)))1/2

n+0

sum over |mages
We computed thermal block decomposition to A ~ 50 = OPE coefficients

any spin £
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Computing Heavy Asymptotics

A mathematical tool [Zagier]

Given: g(B) = f(nl?)

n=1

with f(B)=f_+f, ~ 2 a,p™ + 2 b,.B™ rapidly decaying at large 8
m=>—-1

m<-—1
finite sum

Then g(B) has the following asymptotic expansion at  ~ 0:

9B = ) angC-mpm b =9E

m<-1 m=>-—1

m¢(=m)(=p)™

with I = [° dB (f.(B) — 225

applies to both, partition function and 1-point function of free boson
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The Spectral Density

Exact spectrum and asymptotics

contain only log™ A

/
e~ (-1 11 2 4
pFE(A, €) = \/%2{) D a5 st Z pn(8, )N/
s by
_ @ computable, see egs.
J= 27 (D.6-11) in 2506.21671

Summing terms up to n = 6 capture exact spectrum well downto A ~ 100

0.4
’ — NOL,

spinf =2

0.3 — N'L

NL

200
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Accuracy for scalar primaries

at A = 210:

L (n=0) 40 %
NL (ns1) 55%
N‘L (n<4) 0.14 %
NSL (ns6) 0,06 %
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The HHL OPE coefficients

Exact 00¢? coefficients and asymptotics
contain only log" A

¢(3) | _ computable, see egs.

f =74 TSsuppression (pq337)in2506.21671

Summing first few terms captures OPE coefficients very well down to A ~ 25

20

spin £y = 0 - a=2 spin £p = 6
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Applications: Heavy CFT Data

In gapped CFTs and dual to AdS4

T/Ve

Generalized

Onégnglz;rl FFTheo
ARSI S S S S . Leading double-twist trajectory i )
'

PR
Bi:0::a0z st pinnt
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Thermal Effective Actions
For gapped theories

Dimensional reduction of a generic CFT, along the thermal circle gives

a gapped QFT,,; which can be captured by the thermal effective action.

[Braatenetal.]. . . . [Bhattacharyaetal]. . . . [Benjamin et al.]
d-dim Tetl‘ic KK modes
——
Zgg_Tlxsl(G,...) ~ ng_l (g,4,0,..) = e Sngie..)

with Sen=Jd* x\Jg(—f + 1R + caF? + -+ ) + -

Thermal effective action replaces 2D modular invariance for CFT in d>2

[Benjamin, Lee, Ooguri, Simmons-Duffin]

For computation of 422, from modular invariance see [Kraus, Maloney]
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Asymptotics of Spectral Density

In the case of gapped theories

Leading terms in expansion of log 2" [Bhattacharya et al.],[Benjamin et al.]

Anf 320%nc,
log 2% (8,0) = 71— s — 87€1 — 357 qay + B (4mes + 0(0)) + 0(8?)
log B term absent EFT parameters

Insertion into inversion formula and saddle point analysis gives expansion:

2 5
8m3f3(2¢+ 1) . 11 12

pef (A, 0) = 7 —8mc1AT3 3™ x «— given in [Benjamin et al.] gy

11 1.1 35 2 2
3m3f3 T 33 (161‘[C2 + T) —m3 f3(16mc3 + 5)
A3 A3

T

Important correction in FB — depends on f
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HHL Asymptotics of OPE coefficients

In the case of gapped theories

Leading terms in expansion of (¢(x))3

1 1
(P(0)5h = v —i (oo + boa(s) 02 +0(04)) + 350 ——(byo +0(02)) + 0(?29)
A\
= bo20 + bo2,15
Insertion into inversion formula and saddle point analysis gives expansion:
B¢
— A \3 1 . .
A%OO(A, €) = bo2aa (8—1#) Ny A2a (1 +0(A 3)) Consistent with [Delacretaz]

(1 + 2a) m(4a + 1)L'(2(1 + £ + a))
214407 (3 4 2¢) | (20 + DI (1 +2(¢ —a))

f v,
Note: hierarchy tensor structures o

1

1 : .
2m3f3bq N 0(A"§)> L agrees with prediction from ETH

1
3

A
Apo0(B,£) = (SAf) ’ <bo,o +

A [Lashkari,Dymarsky,Liu]

L NL +
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Dual of massive Klein-Gordon Field in AdS4

Asymptotics in weakly interacting particle regime

S = J d*x [g(®(V? + m?)® + 23®3 + 1,0%)
AdS4

Zeroth order is GFF on boundary dAdS,.

Asympototic expansions of density and
OPE work to intermediate A.

with exponents of 4D theory [2/3—3/4, 1/3—1/4]

Computed spectrum and OPE coefficients
in first order perturbation theory for small

A, ¢ and in asymptotic regime. good match

See 2606.17167 for more
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Conclusions and Outlook

Conformal block decompositions for thermal 1-point functions on Sﬁ‘l X S};

of scalar primary fields ¢ in 3D work well. Ihermal blocks - GitLab

* Maximal resolution of 434, - except for degeneracies in spectrum

* Hierarchy 4344 ~ A,** of tensor structures for large Ay in GFF & gapped theory

Extension to thermal 1-point functions of spinning primary fields possible

Casimir operator known & blocks computable

Casimir operators for any number of fields and higher genus-g manifolds

can be identified as Hitchin Hamiltonians.

« Can one fit EFT parameters in asymptotics from numerical Data (Ising) ?

 2-point functions on §? x §t or
« Can one do bootstrap for heavy data ? g
« partition function on genus-2

 OPE coefficients in regime of large twist and large spin ?
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