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What will this talk be about?

A set of tools to compute String Theory amplitudes on AdS

More specifically: scattering of four massless strings

Closed strings: gravitons on AdS5 × S5 - AdS Virasoro-Shapiro.

Open strings: gluons on AdS5 × S3 - AdS Veneziano.

We will start with the story in flat space.
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Four-graviton amplitude - Flat space

4pt graviton amplitude in flat space

The parameters of the theory are gs and α′.

<latexit sha1_base64="KDiTQZX3jfz/NtouAyelZ92TbIw=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvoqSQi6rHgxZNUsB/QxDLZbtqlm03cnSgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpLyyura8X10sbm1vZOeXevqeNUUdagsYhVOwDNBJesgRwFayeKQRQI1gqGVxO/9ciU5rG8w1HC/Aj6koecAhrp3tMPCjMPRDKA43G3XHGqzhT2InFzUiE56t3yl9eLaRoxiVSA1h3XSdDPQCGngo1LXqpZAnQIfdYxVELEtJ9Nrx7bR0bp2WGsTEm0p+rviQwirUdRYDojwIGe9ybif14nxfDSz7hMUmSSzhaFqbAxticR2D2uGEUxMgSo4uZWmw5AAUUTVMmE4M6/vEiap1X3vOrenlVqN3kcRXJADskJcckFqZFrUicNQokiz+SVvFlP1ov1bn3MWgtWPrNP/sD6/AHN4ZK/</latexit>p
↵0<latexit sha1_base64="/7cUPcOx5HtBIL+R02qJGTgi+IM=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJgYyURTAwkR9jb7CVLdvfO3TkhhPwJGwtFbP07dv4bN8kVmvhg4PHeDDPzolQKi77/7RVWVtfWN4qbpa3tnd298v5B0yaZYbzBEpmYVkQtl0LzBgqUvJUaTlUk+UM0vJ76D0/cWJHoexylPFS0r0UsGEUntTpWKNLv2m654lf9GcgyCXJSgRz1bvmr00tYprhGJqm17cBPMRxTg4JJPil1MstTyoa0z9uOaqq4DcezeyfkxCk9EifGlUYyU39PjKmydqQi16koDuyiNxX/89oZxlfhWOg0Q67ZfFGcSYIJmT5PesJwhnLkCGVGuFsJG1BDGbqISi6EYPHlZdI8qwYX1eDuvFK7zeMowhEcwykEcAk1uIE6NICBhGd4hTfv0Xvx3r2PeWvBy2cO4Q+8zx/MGo/a</latexit>⇠ gs

The amplitude depends on the momenta pi and polarisations εi of
the (external) gravitons.

SUSY fixes the dependence on the polarisations:

A(gs , α
′, pi , εi ) = pref (εi , pi )︸ ︷︷ ︸

simple prefactor

×A(gs , α
′, s, t, u)︸ ︷︷ ︸

we focus on this

s = −(p1 + p2)2, t = −(p1 − p3)2, u = −(p1 − p4)2

Massless scattering: s + t + u = 0
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String theory scattering amplitudes

The computation organises in a genus expansion

+ + ...+

g2
s A

(tree)
closed(α′, s, t) + g4

s A
(gen 1)
closed (α′, s, t) + g6

s A
(gen 2)
closed (α′, s, t) + · · ·

In flat space we can use the world-sheet theory to compute these
amplitudes. At genus zero:

Aclosed(α′, s, t) ∼
∫

C

|z |−2α′s |1− z |−2α′t

|z |2|1− z |2 d2z
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Four-graviton amplitude - Flat space

Leading order in gs : Virasoro-Shapiro amplitude

Aclosed(α′, s, t) = α′3
Γ(−α′s)Γ(−α′t)Γ(−α′u)

Γ(1 + α′s)Γ(1 + α′t)Γ(1 + α′u)

Crossing symmetric in s, t, u (s + t + u = 0)

Poles due to the exchange of particles (of mass m = 2
√
n/α′ and

spin `)

Aclosed(α′, s, t) ∼ P`(t)

α′s − n
Regge behaviour

Aclosed(α′, s, t) ∼ s−2+α′ t
2 , for large |s|

α′ expansion

Aclosed(α′, s, t) ∼ 1

s t u︸︷︷︸
sugra

+ 2ζ(3)α′3 + 2ζ(5)α′5(s2 + t2 + u2) + · · ·︸ ︷︷ ︸
stringy corrections
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Four-graviton amplitude - Flat space

Less appreciated property... only odd ζ-values appear in the expansion!

Zeta-values arise from polylogarithms evaluated at z = 1

Lin(z) =
∑

k=1

zk

kn
→ Lin(1) = ζ(n)

Polylogarithms are not single-valued over the complex plane.

Map from multi-valued to single-valued polylogarithms

Lin(z)→ Ln(z , z̄)

These evaluated at z = 1 generate a subset of all the zeta values,
called single-valued zeta values

Lin(1)→ ζ(2), ζ(3), ζ(4), ζ(5), · · · , Ln(1)→ ���HHHζ(2) , ζ(3),��
�HHHζ(4) , ζ(5), · · ·

The α′ expansion of the VS amplitude contains only single-valued zetas.
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Veneziano Amplitude

We can also consider the scattering of open strings in flat space

+ + …

<latexit sha1_base64="1J9I8v9j1JYbTVaPODImwfzQXHo="></latexit>

Aopen(↵0, s, t) =

Z 1

0

x�↵0s(1 � x)�↵0t

x(1 � x)
dx =

�(�↵0s)�(�↵0t)
�(�↵0s � ↵0t)

Low energy expansion

Aopen(α′, s, t) =

(
1

s
+

1

t

)(
1− ζ(2)α′2 s t + ζ(3)α′3 s t u + · · ·

)

Contains both ζ(2n + 1) and ζ(2n), but!
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SV map

Single value map

Lin(z)
SV−→ Ln(z , z̄)

At the level of zeta-values

ζ(2n)
SV−→ 0, ζ(2n + 1)

SV−→ 2ζ(2n + 1)

Takes the open string amplitude to the closed string amplitude!

1

s + t
Aopen(α′, s, t)

SV−→ (s + t)Aclosed(α′, s, t)

The KLT relations are actually an avatar of these relations!
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Monodromy relations

The Veneziano amplitude is not crossing symmetric, but it satisfies
monodromy relations

<latexit sha1_base64="+ckELFyvJR6wLvTrcnMdds0aciU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ8OKxov2QNpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqt564NiJWDzhOuB/RgRKhYBStdH9N3F654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuqt7deaX2mMdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx9ZY41C</latexit>

= 0

<latexit sha1_base64="4FzUeoIf5RHpxWmnl5CpXl8Szaw="></latexit>

e±i⇡↵0s
| {z }Aopen(s, u) + Aopen(s, t) + e⌥i⇡↵0t

| {z }Aopen(u, t) = 0

<latexit sha1_base64="RxeN56TIg8Bbai9lR7zZ9tEt3vM=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDIIHCbsi6kkEL3oQFIwKSQi9k14zODuzzPSKYcnfePFXvAgqokf/xEnMwVfBQFHVRU9XnCnpKAzfg5HRsfGJyanp0szs3PxCeXHp3JncCqwJo4y9jMGhkhprJEnhZWYR0ljhRXx90PcvbtA6afQZdTNspnClZSIFkJda5b0G4S0Vx0abtjVplycgyFi3wcFxH/QuNxla6ItcWOMcRxAdbqiDttcqV8JqOAD/S6IhqbAhTlrlp0bbiDxFTUKBc/UozKhZgCUpFPZKjdxhBuIarrDuqYYUXbMY3Nnja15p88RY/zTxgfo9UUDqXDeN/WQK1HG/vb74n1fPKdltFlJnOaEWX4uSXHEyvF8ab0uLglTXExBW+r9y0QHrq/LVlnwJ0e+T/5LzzWq0XY1Otyr7R8M6ptgKW2XrLGI7bJ8dshNWY4LdsQf2zF6C++AxeA3evkZHgmFmmf1A8PEJ3sanLQ==</latexit>

Monodromy factors, as vertex operators cross each other

How much of all this story generalises to AdS?
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VS in AdS

In curved backgrounds we don’t have a world-sheet theory...but for the
special case of AdS5 × S5 we can make a lot of progress!

<latexit sha1_base64="H9Ejto9sVhXujLnmzNyRQBF3rJA=">AAACAXicbVA9SwNBEN2LXzF+RW0Em8UgWIU7EbWM2FhJRPMBSQh7m0myZG/v2J0TwxEb/4qNhSK2/gs7/42b5ApNfDDweG+GmXl+JIVB1/12MguLS8sr2dXc2vrG5lZ+e6dqwlhzqPBQhrruMwNSKKigQAn1SAMLfAk1f3A59mv3oI0I1R0OI2gFrKdEV3CGVmrn95oID5jcohaqRy8CuxPjDphRO19wi+4EdJ54KSmQFOV2/qvZCXkcgEIumTENz42wlTCNgksY5ZqxgYjxAetBw1LFAjCtZPLBiB5apUO7obalkE7U3xMJC4wZBr7tDBj2zaw3Fv/zGjF2z1uJUFGMoPh0UTeWFEM6joN2hAaOcmgJ41rYWynvM8042tByNgRv9uV5Uj0ueqdF7+akULpO48iSfXJAjohHzkiJXJEyqRBOHskzeSVvzpPz4rw7H9PWjJPO7JI/cD5/AEVWl3U=</latexit>

String Amplitudes

<latexit sha1_base64="2qUyZku9bM67pFxm4lp//mXdGPE=">AAACBXicbVC7SgNBFJ31GeMraqnFYBBsDLsiahmwsZII5gHJEmYnN8mQ2dll5q4YljQ2/oqNhSK2/oOdf+NskkITD1w4nHMvl3OCWAqDrvvtLCwuLa+s5tby6xubW9uFnd2aiRLNocojGelGwAxIoaCKAiU0Yg0sDCTUg8FV5tfvQRsRqTscxuCHrKdEV3CGVmoXDloID5jWIy07J6YPgFQoTETmjtqFoltyx6DzxJuSIpmi0i58tToRT0JQyCUzpum5Mfop0yi4hFG+lRiIGR+wHjQtVSwE46fjFCN6ZJUO7UbajkI6Vn9fpCw0ZhgGdjNk2DezXib+5zUT7F76qVBxgqD45FE3kRQjmlVCO0IDRzm0hHFto3PK+0wzjra4vC3Bm408T2qnJe+85N2eFcs30zpyZJ8ckmPikQtSJtekQqqEk0fyTF7Jm/PkvDjvzsdkdcGZ3uyRP3A+fwB8zpk/</latexit>

World-sheet intuition

<latexit sha1_base64="YY0EYhzVywc+VYn3nzfiHsf3wM0=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjMi6jHgxVOIYBZIhtDTqUma9Cx014jjEPwVLx4U8ep/ePNv7CwHTXxQ8Hiviqp6fiKFRsf5tpaWV1bX1gsbxc2t7Z1de2+/oeNUcajzWMaq5TMNUkRQR4ESWokCFvoSmv7weuw370FpEUd3mCXghawfiUBwhkbq2ocdhAfMq2nog6I4gFhlo65dcsrOBHSRuDNSIjPUuvZXpxfzNIQIuWRat10nQS9nCgWXMCp2Ug0J40PWh7ahEQtBe/nk+hE9MUqPBrEyFSGdqL8nchZqnYW+6QwZDvS8Nxb/89opBldeLqIkRYj4dFGQSooxHUdBe0IBR5kZwrgS5lbKB0wxjiawognBnX95kTTOyu5F2b09L1WqszgK5Igck1PikktSITekRuqEk0fyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwA3ipXC</latexit>

Number theory
<latexit sha1_base64="Faelg8hqkrc9VYvQnqmRM7u0tXw=">AAACCHicbVDLSgMxFM3Ud31VXbow2Aqu6oyIulQEcSUVrQptKZnMbQ1mkiG5I5ahSzf+ihsXirj1E9z5N6aPhVYPBA7n3MvNOWEihUXf//JyY+MTk1PTM/nZufmFxcLS8qXVqeFQ5Vpqcx0yC1IoqKJACdeJARaHEq7C26Oef3UHxgqtLrCTQCNmbSVagjN0UrOwVke4x6x0GJ1vHR1flCjXxoBNtIpAceg2C0W/7PdB/5JgSIpkiEqz8FmPNE9jUMgls7YW+Ak2MmZQcAndfD21kDB+y9pQc1SxGGwj6wfp0g2nRLSljXsKaV/9uZGx2NpOHLrJmOGNHfV64n9eLcXWfiMTKknRxRocaqWSoqa9VmgkDHCUHUcYN8L9lfIbZhhH113elRCMRv5LLrfLwW45ONspHpwO65gmq2SdbJKA7JEDckIqpEo4eSBP5IW8eo/es/fmvQ9Gc95wZ4X8gvfxDeammVI=</latexit>

AdS/CFT correspondence

<latexit sha1_base64="WE3vYYindVA1PTnm8tstpRHW62g=">AAACBnicbVDLSgNBEJz1GeMr6lGEwSB4Crsi6lHw4kkimgckIcxOepPB2ZllplcMS05e/BUvHhTx6jd482+cPA6aWNBQVHXT3RUmUlj0/W9vbn5hcWk5t5JfXVvf2CxsbVetTg2HCtdSm3rILEihoIICJdQTAywOJdTCu4uhX7sHY4VWt9hPoBWzrhKR4Ayd1C7sNREeMLvREdKuYfcCtaLYA20gtoN2oeiX/BHoLAkmpEgmKLcLX82O5mkMCrlk1jYCP8FWxgwKLmGQb6YWEsbvWBcajioWg21lozcG9MApHRpp40ohHam/JzIWW9uPQ9cZM+zZaW8o/uc1UozOWplQSYqg+HhRlEqKmg4zoR1hgKPsO8K4Ee5WynvMMI4uubwLIZh+eZZUj0rBSSm4Pi6eX03iyJFdsk8OSUBOyTm5JGVSIZw8kmfySt68J+/Fe/c+xq1z3mRmh/yB9/kDOEKZpQ==</latexit>

Soft graviton theorems

<latexit sha1_base64="wLmOHJYmmqcNOtbtZ7sBg4swn5Q=">AAAB/XicbVBNS8NAEN34WetX/Lh5CRbBU0lE1GPBi16kgv2ANpTNdtou3WzC7kSMofhXvHhQxKv/w5v/xm2bg7Y+GHi8N8PMvCAWXKPrflsLi0vLK6uFteL6xubWtr2zW9dRohjUWCQi1QyoBsEl1JCjgGasgIaBgEYwvBz7jXtQmkfyDtMY/JD2Je9xRtFIHXu/jfCA2bVE6CsacMExHXXsklt2J3DmiZeTEslR7dhf7W7EkhAkMkG1bnlujH5GFXImYFRsJxpiyoa0Dy1DJQ1B+9nk+pFzZJSu04uUKYnORP09kdFQ6zQMTGdIcaBnvbH4n9dKsHfhZ1zGCYJk00W9RDgYOeMonC5XwFCkhlCmuLnVYQOqKEMTWNGE4M2+PE/qJ2XvrOzdnpYqN3kcBXJADskx8cg5qZArUiU1wsgjeSav5M16sl6sd+tj2rpg5TN75A+szx+GLJX1</latexit>

Integrability
<latexit sha1_base64="xaIjnpW1keVlicZfZZ8fuGu1+CY=">AAAB+HicbVBNS8NAEN34WetHox69LLaCp5KIqMeKF09S0X5AG8pms2mXbjZhdyLW0F/ixYMiXv0p3vw3btsctPXBwOO9GWbm+YngGhzn21paXlldWy9sFDe3tndK9u5eU8epoqxBYxGrtk80E1yyBnAQrJ0oRiJfsJY/vJr4rQemNI/lPYwS5kWkL3nIKQEj9exSF9gjZLHElcvgrjLu2WWn6kyBF4mbkzLKUe/ZX90gpmnEJFBBtO64TgJeRhRwKti42E01Swgdkj7rGCpJxLSXTQ8f4yOjBDiMlSkJeKr+nshIpPUo8k1nRGCg572J+J/XSSG88DIukxSYpLNFYSowxHiSAg64YhTEyBBCFTe3YjogilAwWRVNCO78y4ukeVJ1z6ru7Wm5dpPHUUAH6BAdIxedoxq6RnXUQBSl6Bm9ojfryXqx3q2PWeuSlc/soz+wPn8A8lGSqQ==</latexit>

on AdS
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AdS/CFT

String amplitudes on AdS ↔ Correlators of local operators
in the CFT at the boundary.

<latexit sha1_base64="+ewe5t9sSWmlqYVeMDC0EI+xlRM=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJliEuikzIuqy4MadLdgHtEPJpLdtaCYzJpliGQr+CzcuFHHrj3HnvzF9LLT1QODjnBtyc4JYcG1c99tZWV1b39jMbGW3d3b39nMHhzUdJYphlUUiUo2AahRcYtVwI7ARK6RhILAeDG4meX2ISvNI3ptRjH5Ie5J3OaPGWn7aYlSQu3Hhse2dtXN5t+hORZbBm0Me5iq3c1+tTsSSEKVhgmrd9NzY+ClVhjOB42wr0RhTNqA9bFqUNETtp9Olx+TUOh3SjZQ90pCp+/tGSkOtR2FgJ0Nq+noxm5j/Zc3EdK/9lMs4MSjZ7KFuIoiJyKQB0uEKmREjC5QpbnclrE8VZcb2lLUleItfXobaedG7LHqVi3yp8jSrIwPHcAIF8OAKSnALZagCgwd4hld4c4bOi/PufMxGV5x5hUfwR87nD7gxkd0=</latexit>O(x1)

<latexit sha1_base64="+aklUrw0fVX0psdcd1z4akyulNg=">AAAB9HicbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZKaIuC27c2YJ9QDuUTJppQ5PMmGSKZSj4L9y4UMStP8ad/8b0sdDWA4GPc27IzQlizrRx3W8ns7a+sbmV3c7t7O7tH+QPjxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsObad4cUaVZJO/NOKa+wH3JQkawsZafdgjm6G5SfOyWz7v5gltyZ0Kr4C2gAAtVu/mvTi8iiaDSEI61bntubPwUK8MIp5NcJ9E0xmSI+7RtUWJBtZ/Olp6gM+v0UBgpe6RBM/f3jRQLrccisJMCm4Fezqbmf1k7MeG1nzIZJ4ZKMn8oTDgyEZo2gHpMUWL42AImitldERlghYmxPeVsCd7yl1ehUS55lyWvdlGo1J7mdWThBE6hCB5cQQVuoQp1IPAAz/AKb87IeXHenY/5aMZZVHgMf+R8/gC5tpHe</latexit>O(x2)

<latexit sha1_base64="8Jqlf9Qw/uDEVAVdXVxRW2SLfxc=">AAAB9HicbZBLSwMxFIVv6qvWV9Wlm2AR6qbMqKjLght3tmAf0A4lk2ba0ExmTDLFMhT8F25cKOLWH+POf2P6WGjrgcDHOTfk5vix4No4zjfKrKyurW9kN3Nb2zu7e/n9g7qOEkVZjUYiUk2faCa4ZDXDjWDNWDES+oI1/MHNJG8MmdI8kvdmFDMvJD3JA06JsZaXtikR+G5cfOycn3byBafkTIWXwZ1DAeaqdPJf7W5Ek5BJQwXRuuU6sfFSogyngo1z7USzmNAB6bGWRUlCpr10uvQYn1ini4NI2SMNnrq/b6Qk1HoU+nYyJKavF7OJ+V/WSkxw7aVcxolhks4eChKBTYQnDeAuV4waMbJAqOJ2V0z7RBFqbE85W4K7+OVlqJ+V3MuSW70olKtPszqycATHUAQXrqAMt1CBGlB4gGd4hTc0RC/oHX3MRjNoXuEh/BH6/AG7O5Hf</latexit>O(x3)

<latexit sha1_base64="G4Ij5Z1DfMFl5nTkFP3AFHdx5pQ=">AAAB9HicbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZkaIuC27c2YJ9QDuUTJppQzPJmGSKZSj4L9y4UMStP8ad/8b0sdDWA4GPc27IzQlizrRx3W8ns7a+sbmV3c7t7O7tH+QPjxpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfBmmjdHVGkmxb0Zx9SPcF+wkBFsrOWnHYI5upsUH7vl826+4JbcmdAqeAsowELVbv6r05MkiagwhGOt254bGz/FyjDC6STXSTSNMRniPm1bFDii2k9nS0/QmXV6KJTKHmHQzP19I8WR1uMosJMRNgO9nE3N/7J2YsJrP2UiTgwVZP5QmHBkJJo2gHpMUWL42AImitldERlghYmxPeVsCd7yl1ehcVHyLkterVyo1J7mdWThBE6hCB5cQQVuoQp1IPAAz/AKb87IeXHenY/5aMZZVHgMf+R8/gC8wJHg</latexit>O(x4)

A(gs , α
′, s, t, u)↔ 〈O(x1)O(x2)O(x3)O(x4)〉
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AdS/CFT

String theory on AdS5 × S5 ↔ 4d N = 4 SYM
(gs ,R) (gYM ,N)

gs ≈
1

N
,

R2

α′
=
√
g2
YMN ≡

√
λ

<latexit sha1_base64="Mz96czhTHzUPlEPW3NVH8xywbpg=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjNifewqblxJpVaFTi2ZzG0NzWSG5I5Yhn6LG3/FjQtFXQl+jGntQq0HAodz7uXkniCRwqDrfji5qemZ2bn8fGFhcWl5pbi6dmHiVHNo8FjG+ipgBqRQ0ECBEq4SDSwKJFwGveOhf3kL2ohYnWM/gVbEukp0BGdopXbx0E9VCHq4nvkId5jVUQvVpSyy8ZiGYGis6IAehfV2hfooIqvUryuDdrHklt0R6CTxxqRExqi1i29+GPM0AoVcMmOanptgK2MaBZcwKPipgYTxHutC01LFbFIrG504oFtWCWkn1vYppCP150bGImP6UWAnI4Y35q83FP/zmil2DlqZUEmKoPh3UCeVFGM67IuGQgNH2beEcS3sXym/YZpxtK0WbAne35MnycVO2dsre2e7perpuI482SCbZJt4ZJ9UyQmpkQbh5J48kmfy4jw4T86r8/49mnPGO+vkF5zPL8hwpGY=</latexit>

String amplitudes on AdS5 ⇥ S5 <latexit sha1_base64="cDlikFmsU9V8F+ljNMFQtWp9wDk=">AAACIXicbVDLSgMxFM34rPVVdekmWARXZUZE3QhCN24URVuVTimZ9LYNZpIhuSOWYX7Fjb/ixoUi3Yk/Y/pY+DoQOJxzLjf3RIkUFn3/w5uanpmdmy8sFBeXlldWS2vrdatTw6HGtdTmJmIWpFBQQ4ESbhIDLI4kXEd31aF/fQ/GCq2usJ9AM2ZdJTqCM3RSq3QYpqoNZjiehQgPmFW1MSAZamOpUDTPQs4kPcuP9ug4QC9vT/O8VSr7FX8E+pcEE1ImE5y3SoOwrXkag0IumbWNwE+wmTGDgkvIi2FqIWH8jnWh4ahiMdhmNrowp9tOadOONu4ppCP1+0TGYmv7ceSSMcOe/e0Nxf+8Roqdw2YmVJIiKD5e1EklRU2HddG2MMBR9h1h3Aj3V8p7zDCOrtSiKyH4ffJfUt+tBPuV4GKvfHw2qaNANskW2SEBOSDH5ISckxrh5JE8k1fy5j15L967NxhHp7zJzAb5Ae/zC8GYpHw=</latexit>

Correlators in N = 4 SYM

<latexit sha1_base64="opKGMJwqWz5lcY6UddQA79eftfM=">AAAB/3icbVC7SgNBFJ2NrxhfUcHGZjAIVmFXRC0DFlpJBPOAJITZyU0yZHZ2mbkrCWsKf8XGQhFbf8POv3GSbKGJBwYO55zLvXP8SAqDrvvtZJaWV1bXsuu5jc2t7Z387l7VhLHmUOGhDHXdZwakUFBBgRLqkQYW+BJq/uBq4tceQBsRqnscRdAKWE+JruAMrdTOHzQRhphcg4oNhWHE1CQ6bucLbtGdgi4SLyUFkqLczn81OyGPA1DIJTOm4bkRthKmUXAJ41wzNhAxPmA9aFiqWACmlUzvH9Njq3RoN9T2KaRT9fdEwgJjRoFvkwHDvpn3JuJ/XiPG7mUrESqKERSfLerGkmJIJ2XQjtDAUY4sYVwLeyvlfaYZR1tZzpbgzX95kVRPi9550bs7K5Ru0zqy5JAckRPikQtSIjekTCqEk0fyTF7Jm/PkvDjvzscsmnHSmX3yB87nD9IPlqk=</latexit>

Genus expansion

<latexit sha1_base64="IIZ09ZddgXHDHwg3y1PQqlktk6I=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVlw40oq2ge0oUymk3ToZBJmbsQQ+gFu/BU3LhRx6we482+ctFlo64GBwzn3cuccLxZcg21/W6Wl5ZXVtfJ6ZWNza3unurvX1lGiKGvRSESq6xHNBJesBRwE68aKkdATrOONL3O/c8+U5pG8gzRmbkgCyX1OCRhpUK31gT1AdguKyyDFNFKK0dzSGCKsk0CRiZmy6/YUeJE4BamhAs1B9as/jGgSMglUEK17jh2DmxEFnAo2qfQTzWJCxyRgPUMlCZl2s2mYCT4yyhD7kTJPAp6qvzcyEmqdhp6ZDAmM9LyXi/95vQT8CzfjMk6ASTo75Cciz5k3g4c8jy5SQwhV3PwV0xFRhILpr2JKcOYjL5L2Sd05qzs3p7XGdVFHGR2gQ3SMHHSOGugKNVELUfSIntErerOerBfr3fqYjZasYmcf/YH1+QPso5w0</latexit>

Stringy corrections to sugra

<latexit sha1_base64="PDE4zvrh/pDK7pOeRZxPmdogirE=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZEXVZcaErqWgf0A4lk8m0oZnMkNwplrELf8WNC0Xc+hvu/BvTx0JbD/fC4Zx7yc3xE8E1OM63lVtYXFpeya8W1tY3Nrfs7Z2ajlNFWZXGIlYNn2gmuGRV4CBYI1GMRL5gdb93OfLrfaY0j+U9DBLmRaQjecgpASO17b0WsAfIrhTpc4glNnUR3A3bdtEpOWPgeeJOSRFNUWnbX60gpmnEJFBBtG66TgJeRhRwKtiw0Eo1SwjtkQ5rGipJxLSXje8f4kOjBDiMlWkJeKz+3shIpPUg8s1kRKCrZ72R+J/XTCE89zIukxSYpJOHwlRgiPEoDBxwxSiIgSGEKm5uxbRLFKFgIiuYENzZL8+T2nHJPS25tyfF8s00jjzaRwfoCLnoDJXRNaqgKqLoET2jV/RmPVkv1rv1MRnNWdOdXfQH1ucP6syWEQ==</latexit>

Graviton on AdS

<latexit sha1_base64="v9pclniZuiwWTSs/KFXMKiSl5uY=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyCqzojoi4LblyVCvYBbSmZ9LYNzWSG5I60DAV/xY0LRdz6He78GzNtF9p6IHA451zuzfEjKQy67reTWVldW9/Ibua2tnd29/L7BzUTxppDlYcy1A2fGZBCQRUFSmhEGljgS6j7w9vUrz+CNiJUDziOoB2wvhI9wRlaqZM/8s7LtIUwwoTCKGIqTU46+YJbdKegy8SbkwKZo9LJf7W6IY8DUMglM6bpuRG2E6ZRcAmTXCs2EDE+ZH1oWqpYAKadTM+f0FOrdGkv1PYppFP190TCAmPGgW+TAcOBWfRS8T+vGWPvpp0IFcUIis8W9WJJMaRpF7QrNHCUY0sY18LeSvmAacbRNpazJXiLX14mtYuid1X07i8LpfK8jiw5JifkjHjkmpTIHamQKuEkIc/klbw5T86L8+58zKIZZz5zSP7A+fwBwiWVaw==</latexit>

1/N expansion

<latexit sha1_base64="hNtXlzH/2nMzLsEpBUKe1KHUPjo=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFc1UREXRbcuJIK9gFNKJPJtB06yYSZG7GErtz4K25cKOLWb3Dn3zhps9DWAwOHc+7lzjlBIrgGx/m2FhaXlldWS2vl9Y3NrW17Z7epZaooa1AppGoHRDPBY9YADoK1E8VIFAjWCoZXud+6Z0pzGd/BKGF+RPox73FKwEhd+8A98YQZDwn2gD1AhqlUitHc1eOuXXGqzgR4nrgFqaAC9a795YWSphGLgQqidcd1EvAzooBTwcZlL9UsIXRI+qxjaEwipv1sEmOMj4wS4p5U5sWAJ+rvjYxEWo+iwExGBAZ61svF/7xOCr1LP+NxkgKL6fRQLxUYJM47wSHPE4uRIYQqbv6K6YAoQsE0VzYluLOR50nztOqeV93bs0rtpqijhPbRITpGLrpANXSN6qiBKHpEz+gVvVlP1ov1bn1MRxesYmcP/YH1+QMrj5kA</latexit>

1/� corrections

<latexit sha1_base64="ni8X8WHa+s3xEI/qh2yWW+Q9vso=">AAACF3icbZA9SwNBEIb3/DZ+RS1tFqNgddwFUbEK2Fj5gUaFJIS5zZwu7t0eu3NiOPIvbPwrNhaK2Grnv3ETU/g11cP7zjAzb5QpaSkIPryR0bHxicmp6dLM7Nz8Qnlx6czq3AisC620uYjAopIp1kmSwovMICSRwvPoeq/vn9+gsVKnp9TNsJXAZSpjKYCc1C77TcJbKtaKpgDFD3vt6touP3EMhusMDZB2EPOOTHxe7bXLlcAPBsX/QjiEChvWUbv83uxokSeYklBgbSMMMmoVYEgKhb1SM7eYgbiGS2w4TCFB2yoGf/X4ulM6PHYXxDolPlC/TxSQWNtNIteZAF3Z315f/M9r5BTvtAqZZjlhKr4WxbnipHk/JPetQUGq6wCEke5WLq7AgCAXZcmFEP5++S+cVf1wyw+PNyu1g2EcU2yFrbINFrJtVmP77IjVmWB37IE9sWfv3nv0XrzXr9YRbzizzH6U9/YJz6OeeQ==</latexit>O2: Scalar operator of dim. 2
<latexit sha1_base64="JvLUKzA39ikyQ9kXqS5Ayr3GZQw=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARsDLsiahmwsZII5gHJEmYnd5Mhsw9m7ophyRfY+Cs2ForYWtv5N06SLTTxVIdz7uXec/xECo2O820tLa+srq0XNoqbW9s7u/befkPHqeJQ57GMVctnGqSIoI4CJbQSBSz0JTT94dXEb96D0iKO7nCUgBeyfiQCwRkaqWuXOwgPmImI4gCoRgVanyBEOlY0TCWKRAKOu3bJqThT0EXi5qREctS69lenF/M0hAi5ZFq3XSdBL2MKBZcwLnZSDQnjQ9aHtqERC0F72TTOmJaN0qOB+SCII6RT9fdGxkKtR6FvJkOGAz3vTcT/vHaKwaVnsiapSchnh4JUUozppBvaEwo4ypEhjCthfqV8wBTjaBosmhLc+ciLpHFacc8r7u1ZqXqT11Egh+SIHBOXXJAquSY1UiecPJJn8krerCfrxXq3PmajS1a+c0D+wPr8AXXunQw=</latexit>

in the stress-tensor multiplet

Consider 〈O2(x1)O2(x2)O2(x3)O2(x4)〉 in a 1/N expansion.
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4d N = 4 SYM - Kinematics

The observable

〈OI1J1(x1)OI2J2(x2)OI3J3(x3)OI4J4(x4)〉, OIJ(x) = Trϕ(IϕJ)

Fixed by symmetries up to a function of two variables

〈OI1J1(x1)OI2J2(x2)OI3J3(x3)OI4J4(x4)〉 = pref (Ii , Ji , xi )× G(U,V )︸ ︷︷ ︸
we focus on this

U =
x2

12x
2
34

x2
13x

2
24
,V =

x2
14x

2
23

x2
13x

2
24

Very similar to the structure in flat space.

G(U,V ) is a highly-non trivial function of N and λ!
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1/N expansion and Mellin amplitude

Tree level → leading non-trivial term in the 1/N expansion:

G(U,V ) = Gdisc(U,V )︸ ︷︷ ︸
disconnected

+
1

N2
Gtree(U,V )︸ ︷︷ ︸
tree−level

+ · · ·

Gtree(U,V ) still a highly non-trivial function of λ...

Mellin space

Gtree(U,V )→Mtree(s, t, u), with s + t + u = 0.

Gtree(U,V ) =

∫ i∞

−i∞
dsdtUsV t Γ(s, t, u)︸ ︷︷ ︸

prefactor

Mtree(s, t, u)︸ ︷︷ ︸
VS amplitude in AdS5 × S5

Formulation where the correlator looks much more like an amplitude.
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AdS VS amplitude

Mtree(s, t)

1 Crossing symmetric in s, t, u.
2 Exchanged operators lead to simple poles:

Mtree(s, t) = C 2
∆,`

∞∑

m=0

Q`,m(u, t)

s − (∆− `)− 2m
+ regular

3 Regge limit

Mtree(s, t) ∼ 1

s2
, for large |s| and Re(t) < 2

4 Admits an expansion around flat space

Mtree(s, t) = A(0)(s, t)︸ ︷︷ ︸
VS in flat space

+
α′

R2
A(1)(s, t) +

α′2

R4
A(2)(s, t) + · · ·

︸ ︷︷ ︸
curvature corrections

Can we use these constraints to fix Mtree(s, t)? yes! with one more
assumption.
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AdS Virasoro-Shapiro around flat space

Low energy expansion of curvature corrections:

A(0)(s, t) =
1

s t u
+ 2ζ(3)α′3 + 2ζ(5)α′5(s2 + t2 + u2) + · · ·

A(1)(s, t) =
s2 + t2 + u2

(s t u)2

︸ ︷︷ ︸
gravity on AdS

+α1α
′4 + α2α

′6(s2 + t2 + u2) + · · ·︸ ︷︷ ︸
unknown coefficients

Assumption: these unknown coefficients are also single-valued zetas!
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AdS Virasoro-Shapiro around flat space

Very powerful when supplemented with the correct structure of poles!

While A(0)(s, t) has single poles, corrections are more complicated:

A(1)(s, t) ∼ r
(0)
n (t)

(α′s − n)4
+

r
(1)
n (t)

(α′s − n)3
+ · · ·

This follows from (2). In general

Mtree(s, t) = A(0)(s, t)︸ ︷︷ ︸
simple poles

+
α′

R2
A(1)(s, t)︸ ︷︷ ︸
quartic poles

+
α′2

R4
A(2)(s, t)︸ ︷︷ ︸

seventh order poles

+ · · ·

Luis Fernando Alday AdS Amplitudes



AdS Virasoro-Shapiro amplitude

Poles + Single-valuedness + World-sheet intuition/hope

⇓
Proposal order by order

A(0)(s, t) =

∫
d2z |z |−2α′s−2|1− z |−2α′t−2

A(1)(s, t) =

∫
d2z |z |−2α′s−2|1− z |−2α′t−2 W3(z , z̄)︸ ︷︷ ︸

SV polylogs of weight 3

A(2)(s, t) =

∫
d2z |z |−2α′s−2|1− z |−2α′t−2 W6(z , z̄)︸ ︷︷ ︸

SV polylogs of weight 6

...

Also consistent with soft graviton theorems.
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AdS Virasoro-Shapiro amplitude

A Worldsheet bootstrap

AAdS
VS (s, t) =

∫
d2z
|z |−2α′s |1− z |−2α′t

|z |2|1− z |2
(

1 +
α′

R2
W3(z , z̄) +

α′2

R4
W6(z , z̄) + · · ·

)

Consistency with properties 1,2,3,4.

Location of poles consistent with the spectrum of N = 4 SYM

∆K = 2λ1/4 − 2 +
2

λ1/4
+

1/2− 3ζ(3)

λ3/4
+ · · ·

Consistency with localisation constraints.

We can fix W3(z , z̄),W6(z , z̄) completely! working on W9(z , z̄).
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Gluon scattering in AdS

Let’s now scatter gluons!

Gluons → open strings → add branes

N = 4 SYM→ N = 2 SYM with flavours
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AdS Veneziano amplitude

Define a Mellin amplitude. Also admits a curvature expansion

Mopen(s, t) = A
(0)
open(s, t)︸ ︷︷ ︸
Veneziano

+
α′

R2
A

(1)
open(s, t) +

α′2

R4
A

(2)
open(s, t) + · · ·

︸ ︷︷ ︸
curvature corrections

Problem: now we don’t have single valuedness! but

A
(1)
open(s, t),A

(2)
open(s, t), · · · similar structure of poles as in the

closed string case.

Based on the world-sheet intuition for the closed case, we have a
proposal!

Take the integrand for the Veneziano amplitude, and insert harmonic
polylogarithms!
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AdS Veneziano amplitude

AAdS
open(s, t) =

∫ 1

0

dx
x−α

′s |1− x |−α′t

x(1− x)


1 +

α′

R2
H3(x)︸ ︷︷ ︸

HPLs of weight 3

+ · · ·




H3(x),H6(x), · · · multi-valued on the complex plane...but well
defined on [0, 1].

Structure of poles → result to order 1/R4 up to one coefficient.

For GF = SO(8) we can use localisation results to fix this
completely.

The final expression passes many non-trivial checks!
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Monodromy relations on AdS

Is the open string result really a world-sheet correlator?

AAdS
open(s, t) =

∫ 1

0
dx〈V (0)V (z)V (1)V (∞)〉

AdS Monodromy relations

When the vertex operators cross each other we get the usual
contribution from x−α

′s(1− x)−α
′t .

Plus another contribution from the harmonic polylogs! (which have
discontinuities around x = 0, 1). We find:

e±iπα
′(s+K0)Aopen(s, u) + Aopen(s, t) + e∓iπα

′(t+K1)Aopen(u, t) = 0

K0,K1 implement the disc around 0,1 of polylogs.

Highly non-trivial! and clear evidence of a world-sheet!
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Questions - Discussion

Medium questions

Is the conjecture correct? do we need to enlarge the family of
functions used?

Can we solve the next order? can we find more patters?

Double copy relations in AdS?

Big questions

Can we reproduce this from a world-sheet description for strings on
AdS5 × S5?

String field theory?
Pure spinors?

A quantum curve for the AdS VS amplitude?

Nature of the 1/R expansion? non-perturbative corrections?

What about genus one amplitudes on AdS?

AdS amplitudes for massive states?
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