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part 0: introduction.



S-matrix inspiration
• The S-matrix 
⇒ partial wave amplitudes: 

<latexit sha1_base64="qCSE41oLxOIcypcWMYoGa7nSdaw=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8SNgVX8egF48RzQOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cRvPqHSPJaPZpSgH9G+5CFn1FjpQZ+KbqnsVtwpyCLxclKGHLVu6avTi1kaoTRMUK3bnpsYP6PKcCZwXOykGhPKhrSPbUsljVD72fTUMTm2So+EsbIlDZmqvycyGmk9igLbGVEz0PPeRPzPa6cmvPYzLpPUoGSzRWEqiInJ5G/S4wqZESNLKFPc3krYgCrKjE2naEPw5l9eJI2zindZubg/L1dv8jgKcAhHcAIeXEEV7qAGdWDQh2d4hTdHOC/Ou/Mxa11y8pkD+APn8wcTP42t</latexit>

s, l

(1) Unitary ⇒                              for s real.

<latexit sha1_base64="E/CTL5ggbLmEh1PUM6qXCNzqL6A=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FX4uMY9OIxQl6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz328mtrW9sbuW3Czu7e/sHxcOjlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvpv57SeqNJOiYSYx9SM8FCxkBBsrtRp9Xtbn/WLJrbhzoFXiZaQEGer94ldvIEkSUWEIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVU4IhqP51fO0VnVhmgUCpbwqC5+nsixZHWkyiwnRE2I73szcT/vG5iwhs/ZSJODBVksShMODISzV5HA6YoMXxiCSaK2VsRGWGFibEBFWwI3vLLq6R1UfGuKpcP1VLtNosjDydwCmXw4BpqcA91aAKBR3iGV3hzpPPivDsfi9ack80cwx84nz/NgY6j</latexit>

Tl(s)
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0  ImTl(s)  2

(2) Relativistic causality ⇒ analyticity in s over some domain in ℂ.

• Logic of the S-matrix bootstrap. Suppose you know: 
- the high energy, large s, behaviour 
- the low energy, small s, effective field theory 
 
Then use (1) and (2) to constrain parameters in the effective 
theory in terms of high energy data.



Green’s functions
• The retarded Green’s function  

 
 
 
of a local, bounded lattice model.

<latexit sha1_base64="+6y1GHWNCyxR5PJ/CGkg1+6gdOo="></latexit>
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• A fundamental object in quantum 
many-body physics. Accessible in 
detail experimentally but often 
challenging to understand even 
though UV known.


• Today: bootstrap the Green’s function!



part I: causality.



Relativistic inspiration
• In relativistic theories real space/time Green’s functions 

vanish outside the lightcone:                                               . 
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GR(t,x) = 0 for ct < |x|

• The Fourier transform of this statement is that 
is analytic for                           .

<latexit sha1_base64="Mdek6If8A11pz1J18JgiFpouPf4=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSEnE17LoQpdV7AOaWCbTSTt0JhNmJkII9VfcuFDErR/izr9x2mahrQcuHM65l3vvCWJGlXacb2thcWl5ZbWwVlzf2Nzatnd2m0okEpMGFkzIdoAUYTQiDU01I+1YEsQDRlrB8Grstx6JVFRE9zqNic9RP6IhxUgbqWuXrh/uKp7gpI+OMi8I4XB02LXLTtWZAM4TNydlkKPetb+8nsAJJ5HGDCnVcZ1Y+xmSmmJGRkUvUSRGeIj6pGNohDhRfjY5fgQPjNKDoZCmIg0n6u+JDHGlUh6YTo70QM16Y/E/r5Po8MLPaBQnmkR4uihMGNQCjpOAPSoJ1iw1BGFJza0QD5BEWJu8iiYEd/bledI8rrpn1dPbk3LtMo+jAPbAPqgAF5yDGrgBddAAGKTgGbyCN+vJerHerY9p64KVz5TAH1ifP1oik/M=</latexit>

GR(!,k)

x
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<latexit sha1_base64="YLIFlP4XqiVkjF8V6+y//3qFzOU=">AAACFXicbVDLSgNBEJz1bXxFPXoZDIKHEHbF10lEL3qLYFTIhjA76U2GzOwuM71i2OQnvPgrXjwo4lXw5t84eRyisaChqOqmuytIpDDout/O1PTM7Nz8wmJuaXlldS2/vnFj4lRzqPBYxvouYAakiKCCAiXcJRqYCiTcBu3zvn97D9qIOLrGTgI1xZqRCAVnaKV6vugjPGB2qXp+kfqxgiajJ5TT7rie+UFI271uPV9wS+4AdJJ4I1IgI5Tr+S+/EfNUQYRcMmOqnptgLWMaBZfQy/mpgYTxNmtC1dKIKTC1bPBVj+5YpUHDWNuKkA7U8YmMKWM6KrCdimHL/PX64n9eNcXwuJaJKEkRIj5cFKaSYkz7EdGG0MBRdixhXAt7K+UtphlHG2TOhuD9fXmS3OyVvMPSwdV+4fRsFMcC2SLbZJd45IickgtSJhXCySN5Jq/kzXlyXpx352PYOuWMZjbJLzifP28znmA=</latexit>

Im! > c|Imk|
<latexit sha1_base64="Mdek6If8A11pz1J18JgiFpouPf4=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSEnE17LoQpdV7AOaWCbTSTt0JhNmJkII9VfcuFDErR/izr9x2mahrQcuHM65l3vvCWJGlXacb2thcWl5ZbWwVlzf2Nzatnd2m0okEpMGFkzIdoAUYTQiDU01I+1YEsQDRlrB8Grstx6JVFRE9zqNic9RP6IhxUgbqWuXrh/uKp7gpI+OMi8I4XB02LXLTtWZAM4TNydlkKPetb+8nsAJJ5HGDCnVcZ1Y+xmSmmJGRkUvUSRGeIj6pGNohDhRfjY5fgQPjNKDoZCmIg0n6u+JDHGlUh6YTo70QM16Y/E/r5Po8MLPaBQnmkR4uihMGNQCjpOAPSoJ1iw1BGFJza0QD5BEWJu8iiYEd/bledI8rrpn1dPbk3LtMo+jAPbAPqgAF5yDGrgBddAAGKTgGbyCN+vJerHerY9p64KVz5TAH1ifP1oik/M=</latexit>

GR(!,k)

<latexit sha1_base64="jxgn/u0jeL588JuZO/IMtLey510=">AAAB+3icbVDJSgNBEK1xjXEb49FLYxAiSJgRt4sQ9KDHKGaBZAw9nZ6kSc9Cd48kDPMrXjwo4tUf8ebf2EnmoIkPCh7vVVFVz404k8qyvo2FxaXlldXcWn59Y3Nr29wp1GUYC0JrJOShaLpYUs4CWlNMcdqMBMW+y2nDHVyP/cYTFZKFwYMaRdTxcS9gHiNYaaljFm4e70vqKGm7Hhqmh+gSWR2zaJWtCdA8sTNShAzVjvnV7oYk9mmgCMdStmwrUk6ChWKE0zTfjiWNMBngHm1pGmCfSieZ3J6iA610kRcKXYFCE/X3RIJ9KUe+qzt9rPpy1huL/3mtWHkXTsKCKFY0INNFXsyRCtE4CNRlghLFR5pgIpi+FZE+FpgoHVdeh2DPvjxP6sdl+6x8endSrFxlceRgD/ahBDacQwVuoQo1IDCEZ3iFNyM1Xox342PaumBkM7vwB8bnD1PzkrI=</latexit>

GR(t,x) = 0

analytic

• Used to bound transport in relativistic plasmas!
c Im(k)

Im(ω)

[Heller et al. PRL 23 & Nat Phys 24]



Lieb-Robinson bound

A:
i[H,A]:

i[H,i[H,A]]:

• The Lieb-Robinson bound follows from the way operators 
grow under time evolution by a local Hamiltonian.

<latexit sha1_base64="Cy3WJt6h/j7ABz6CnjQmgo9ezNc=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCK5KIt42QtFNlxXsBZoQJtNJO3QyCTMToZS68VXcuFDErW/hzrdx2mahrT8MfPznHM6cP0w5U9pxvq3C0vLK6lpxvbSxubW9Y+/uNVWSSUIbJOGJbIdYUc4EbWimOW2nkuI45LQVDm4n9dYDlYol4l4PU+rHuCdYxAjWxgrsgxq6Rp7K4sDDPO1jVMshsMtOxZkKLYKbQxly1QP7y+smJIup0IRjpTquk2p/hKVmhNNxycsUTTEZ4B7tGBQ4psofTS8Yo2PjdFGUSPOERlP398QIx0oN49B0xlj31XxtYv5X62Q6uvJHTKSZpoLMFkUZRzpBkzhQl0lKNB8awEQy81dE+lhiok1oJROCO3/yIjRPK+5F5fzurFy9yeMowiEcwQm4cAlVqEEdGkDgEZ7hFd6sJ+vFerc+Zq0FK5/Zhz+yPn8AC3+WBQ==</latexit>

H =
X

↵

H↵

<latexit sha1_base64="iQCoiYKX3BLFAJE0MneOkj/NN7A=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJUZ8bUsuumygn1AZyh30rQNzcyEJFMo07rxV9y4UMStf+HOvzFtZ6GtBwKHc+7l5pxAcKa043xbuZXVtfWN/GZha3tnd8/eP6irOJGE1kjMY9kMQFHOIlrTTHPaFJJCGHDaCAZ3U78xpFKxOHrQI0H9EHoR6zIC2kht+2iIPSFjoWMMeDyutD3gog/jcdsuOiVnBrxM3IwUUYZq2/7yOjFJQhppwkGplusI7acgNSOcTgpeoqgAMoAebRkaQUiVn84STPCpUTq4G0vzIo1n6u+NFEKlRmFgJkPQfbXoTcX/vFaiuzd+yiKRaBqR+aFuwrHJO60Dd5ikRPORIUAkM3/FpA8SiDalFUwJ7mLkZVI/L7lXpcv7i2L5Nqsjj47RCTpDLrpGZVRBVVRDBD2iZ/SK3qwn68V6tz7mozkr2zlEf2B9/gBSuZbV</latexit>

v / a||H↵||• The Lieb-Robinson velocity:

<latexit sha1_base64="KWzY2bLzO31lK/gWLvxnXW12sCk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVaa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwBxp2M7w==</latexit>a



Lieb-Robinson bound
• The correlation function is bounded by the operator norm:

<latexit sha1_base64="NY4SbbhT2SdfPsWbOJ/Bui+dw8U="></latexit>

|h[O†
↵(t),O0(0)]i|  ||[O†

↵(t),O0(0)]|| ⌘ C(t,x↵)

• Which is in turn bounded (e.g. review by Chen-Lucas-Yin)
<latexit sha1_base64="JbNKleWP1kDeWIhVXPN1lgvTmvk="></latexit>

C(t,x) < ||O||
2

(
K

�
vt
x

�x/a
(x > vt)

2 (x < vt)

• That is, correlations decay exponentially outside the Lieb-
Robinson light cone.

• a and v are the microscopic data.



Analyticity
• Consider

<latexit sha1_base64="UBQ92R0emM9MWaTytsvjlY1J0GI="></latexit>

! = !1 + i!2 , k = k1 + ik2

• The imaginary parts lead to exponential growth/decay in 
the integrand for GR.


• The integral will converge when any exponential growth is 
overcome by exponential Lieb-Robinson decay. 


• Standard arguments show that for regions of ω,k where 
the integral converges, it is in fact analytic.


• It is easy to determine the domain of analyticity.



Analyticity

<latexit sha1_base64="rUfBeoUp56Wa+jAfHAQsszWj25A=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9gNvi5C0IvHCOYBybLMTibJkNmZZWY2EJb8iRcPinj1T7z5N06SPWhiQUNR1U13V5Rwpo3nfTuFtfWNza3idmlnd2//wD08amqZKkIbRHKp2hHWlDNBG4YZTtuJojiOOG1Fo/uZ3xpTpZkUT2aS0CDGA8H6jGBjpdB1uzKmAxxW0S0ao1FYDd2yV/HmQKvEz0kZctRD96vbkySNqTCEY607vpeYIMPKMMLptNRNNU0wGeEB7VgqcEx1kM0vn6Izq/RQXypbwqC5+nsiw7HWkziynTE2Q73szcT/vE5q+jdBxkSSGirIYlE/5chINIsB9ZiixPCJJZgoZm9FZIgVJsaGVbIh+Msvr5JmteJfVS4fL8q1uzyOIpzAKZyDD9dQgweoQwMIjOEZXuHNyZwX5935WLQWnHzmGP7A+fwBmvmSWg==</latexit>

!2 = vk2

<latexit sha1_base64="05YwFULHq5speMlPNmWo3wBmIdM=">AAACGHicbVDJSgNBEO1xN25Rj14ag+ApzgS3iyB68ahgVMjEoaZTE5v0LHTXiGGYz/Dir3jxoIhXb/6NnZiD24OCx3tVVNULMyUNue6HMzY+MTk1PTNbmZtfWFyqLq9cmDTXApsiVam+CsGgkgk2SZLCq0wjxKHCy7B3PPAvb1EbmSbn1M+wHUM3kZEUQFYKqlt+GmMXggY/4IVPeEeG+gq5H2kQxW1ZIIey5HhdAO8FjTKo1ty6OwT/S7wRqbERToPqu99JRR5jQkKBMS3PzahdgCYpFJYVPzeYgehBF1uWJhCjaRfDx0q+YZUOj1JtKyE+VL9PFBAb049D2xkD3Zjf3kD8z2vlFO23C5lkOWEivhZFueKU8kFKvCM1ClJ9S0BoaW/l4gZsJGSzrNgQvN8v/yUXjbq3W985264dHo3imGFrbJ1tMo/tsUN2wk5Zkwl2zx7ZM3txHpwn59V5+2odc0Yzq+wHnPdPZoKgBA==</latexit>

!2 = v
eae

ak2

<latexit sha1_base64="S1qKoNjOCcPnr+oh6r1Er6BIa6M=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eiF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wju5nfeuLaiEQ94jjlQUwHSkSCUbSST8moV+uVK27VnYOsEi8nFcjR6JW/uv2EZTFXyCQ1puO5KQYTqlEwyaelbmZ4StmIDnjHUkVjboLJ/NgpObNKn0SJtqWQzNXfExMaGzOOQ9sZUxyaZW8m/ud1MoxugolQaYZcscWiKJMEEzL7nPSF5gzl2BLKtLC3EjakmjK0+ZRsCN7yy6ukWat6V9XLh4tK/TaPowgncArn4ME11OEeGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHC++OMw==</latexit>

ak2

<latexit sha1_base64="UdUslE+XY7Ohu6lYcc1+ODSXSNM=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJWk+FoW3bisYB/QhDCZ3rRDJw9mJoUSs/BX3LhQxK2/4c6/cdpmoa0HLhzOuZd77/ETzqSyrG+jtLK6tr5R3qxsbe/s7pn7B20Zp4JCi8Y8Fl2fSOAsgpZiikM3EUBCn0PHH91O/c4YhGRx9KAmCbghGUQsYJQoLXnmkRMIQjPAJM/GOXbiEAbEq3tm1apZM+BlYhekigo0PfPL6cc0DSFSlBMpe7aVKDcjQjHKIa84qYSE0BEZQE/TiIQg3Wx2f45PtdLHQSx0RQrP1N8TGQmlnIS+7gyJGspFbyr+5/VSFVy7GYuSVEFE54uClGMV42kYuM8EUMUnmhAqmL4V0yHRgSgdWUWHYC++vEza9Zp9Wbu4P682boo4yugYnaAzZKMr1EB3qIlaiKJH9Ixe0ZvxZLwY78bHvLVkFDOH6A+Mzx+3zZXr</latexit>ea

v
!2

• Lieb-Robinson is fuzzy in 
real space but sharp in 
momentum space!

• (i.e. Fourier transform of 
exponentially decaying 
function has strong 
analyticity properties).

• No Brillouin zone for k2.

• For low energy EFTs: as good as a relativistic lightcone!



Case I: Diffusion bound
• If the mode is diffusive at long wavelengths, the retarded 

Green’s function has a pole at: 
<latexit sha1_base64="+eBQJfmgHuMvCEY8M+0q7x3P9EY=">AAAB+3icbVDJSgNBEO2JW4zbGI9eGoPgxTAT3C5CUA8eI5gFkjH0dHqSJr0M3T1iGPIrXjwo4tUf8ebf2EnmoIkPCh7vVVFVL4wZ1cbzvp3c0vLK6lp+vbCxubW94+4WG1omCpM6lkyqVog0YVSQuqGGkVasCOIhI81weD3xm49EaSrFvRnFJOCoL2hEMTJW6rrFjuSkj+AlPIYU3sDhQ6XrlryyNwVcJH5GSiBDret+dXoSJ5wIgxnSuu17sQlSpAzFjIwLnUSTGOEh6pO2pQJxooN0evsYHlqlByOpbAkDp+rviRRxrUc8tJ0cmYGe9ybif147MdFFkFIRJ4YIPFsUJQwaCSdBwB5VBBs2sgRhRe2tEA+QQtjYuAo2BH/+5UXSqJT9s/Lp3UmpepXFkQf74AAcAR+cgyq4BTVQBxg8gWfwCt6csfPivDsfs9ack83sgT9wPn8ABwCSgA==</latexit>

! = �iDk2

• For purely imaginary momenta and frequencies: 
<latexit sha1_base64="ys1ymU/MiKdp/X6b4F+pI5Bwa9M=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclST42ghFXbisYB/QxjCZTtuh8wgzE7GE/oobF4q49Ufc+TdO2yy09cCFwzn3cu89ccKoNp737Swtr6yurRc2iptb2zu77l6poWWqMKljyaRqxUgTRgWpG2oYaSWKIB4z0oyH1xO/+UiUplLcm1FCQo76gvYoRsZKkVvqSE76KArgJbyBwyh4CCK37FW8KeAi8XNSBjlqkfvV6UqcciIMZkjrtu8lJsyQMhQzMi52Uk0ShIeoT9qWCsSJDrPp7WN4ZJUu7EllSxg4VX9PZIhrPeKx7eTIDPS8NxH/89qp6V2EGRVJaojAs0W9lEEj4SQI2KWKYMNGliCsqL0V4gFSCBsbV9GG4M+/vEgaQcU/q5zenZSrV3kcBXAADsEx8ME5qIJbUAN1gMETeAav4M0ZOy/Ou/Mxa11y8pl98AfO5w99AJLM</latexit>

!2 = Dk22
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• The pole is not allowed to enter 
the shaded region.

• This region must be beyond the 
diffusion timescale 𝜏. Requires:

<latexit sha1_base64="k9slYIiTy2L73P6iQWFD7R5AgqY=">AAAB+HicbVDLTsJAFJ3iC/FB1aWbicTEFWmJryVRFy4xkUdCK5kOA0yYTuvMLQk2fIkbFxrj1k9x5984QBcKnuQmJ+fcm3vvCWLBNTjOt5VbWV1b38hvFra2d3aL9t5+Q0eJoqxOIxGpVkA0E1yyOnAQrBUrRsJAsGYwvJ76zRFTmkfyHsYx80PSl7zHKQEjdeziDfYEe8Qj7AFJHiodu+SUnRnwMnEzUkIZah37y+tGNAmZBCqI1m3XicFPiQJOBZsUvESzmNAh6bO2oZKETPvp7PAJPjZKF/ciZUoCnqm/J1ISaj0OA9MZEhjoRW8q/ue1E+hd+imXcQJM0vmiXiIwRHiaAu5yxSiIsSGEKm5uxXRAFKFgsiqYENzFl5dJo1J2z8tnd6el6lUWRx4doiN0glx0garoFtVQHVGUoGf0it6sJ+vFerc+5q05K5s5QH9gff4ASwKSOQ==</latexit>

D  v⌧2

(Sharp version of 
SAH-Hartman-Mahajan ’17)



Case II: non-Fermi liquids
• Suppose the low energy description of a system with a 

Fermi surface is a Hertz liquid:
<latexit sha1_base64="Lb5APhYooBvTOR1wi32sn2GdYQA="></latexit>
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• Here 𝝀 is a dimensionless coupling.

• 𝛂 < 1: quasiparticle is totally destroyed. All dispersion is 
very slow and causality doesn’t seem to constrain much.

• For 1 < 𝛂 < 2 the quasiparticle lifetime is shorter than in a 
Fermi liquid. Follow the pole at imaginary momenta … 

<latexit sha1_base64="YWN0DcK2WbRFaIuBYC/bm7RZ5mU="></latexit>
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Hertz liquid fits

/2

• Nodal ARPES data in cuprates 
fit to this form in 
[Reber et al. Nat Comm 19, 
Smit et al. Nat Comm 24].


• 1 < 𝛂 < 2 in overdoped region.


• Coupling 𝝀 remains bounded as 
MFL is approached at optimal 
doping.


• (Differs from our coupling by a 
factor of Σ’ so can’t compare 
quantitatively).



Case II: non-Fermi liquids

• For 1 < 𝛂 < 2, for the pole
remains in the allowed 
region for all 𝛚2 < 𝛬 if:

<latexit sha1_base64="mZI9PZbZdtffTbilFI6h6clZiaw=">AAACFnicbVC7SgNBFJ2NrxhfUUubwSDYJOyKr8IiKIhlBPOA7BruTmaTIbMPZmaDYZOvsPFXbCwUsRU7/8ZJsoUmHhg4nHMud+5xI86kMs1vI7OwuLS8kl3Nra1vbG7lt3dqMowFoVUS8lA0XJCUs4BWFVOcNiJBwXc5rbu9q7Ff71MhWRjcqUFEHR86AfMYAaWlVr44tLlOt2GIL7CFi9j2BJCk37q+t6UCMUr6I2xDFInwAVutfMEsmRPgeWKlpIBSVFr5L7sdktingSIcpGxaZqScBIRihNNRzo4ljYD0oEObmgbgU+kkk7NG+EArbeyFQr9A4Yn6eyIBX8qB7+qkD6orZ72x+J/XjJV37iQsiGJFAzJd5MUcqxCPO8JtJihRfKAJEMH0XzHpgu5F6SZzugRr9uR5UjsqWaelk9vjQvkyrSOL9tA+OkQWOkNldIMqqIoIekTP6BW9GU/Gi/FufEyjGSOd2UV/YHz+AN+enpo=</latexit>

|�| < 1� v?F
v

⇡ 1

• I.e. Lieb-Robinson causality 
sharply bounds the 
dimensionless coupling of a 
Hertz liquid.

• Clearly one must have 
<latexit sha1_base64="78TgGzw4zAKPAtjwtitUsuKAxtc=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidvAQFMRjBLNAMoaeTk/SpGexu2YgDPkOLx4U8erHePNv7CwHTXxQ8Hiviqp6XiyFRtv+tnJLyyura/n1wsbm1vZOcXevrqNEMV5jkYxU06OaSxHyGgqUvBkrTgNP8oY3uBn7jZQrLaLwAYcxdwPaC4UvGEUjuWnn9rGtkSpyRdJOsWSX7QnIInFmpAQzVDvFr3Y3YknAQ2SSat1y7BjdjCoUTPJRoZ1oHlM2oD3eMjSkAdduNjl6RI6M0iV+pEyFSCbq74mMBloPA890BhT7et4bi/95rQT9SzcTYZwgD9l0kZ9IghEZJ0C6QnGGcmgIZUqYWwnrU0UZmpwKJgRn/uVFUj8pO+fls/vTUuV6FkceDuAQjsGBC6jAHVShBgye4Ble4c1KrRfr3fqYtuas2cw+/IH1+QPf0pGH</latexit>

v?F < v
for the pole to start in 
the allowed region.



part II: spectral weight.



Spectral weight upper 
bound

• Using similar steps to [Abanin et al. PRL ’15], a local, 
bounded Hamiltonian implies

• For example, suppose that scales below 𝛬 are described 
by the Drude-Kadanoff-Martin dispersion:

(It is immediate from the exponential bound that this power 
law behaviour cannot persist to microscopic scales)



The Mott-Ioffe-Regal bound

• We showed that the model is only consistent with the 
upper bound when the collective mean free path          
obeys: 

<latexit sha1_base64="20+nguVUytD4R9wFEBofxe2Sxj0=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQyCpzAjbsegHjxGMAtkQujpVJImPUu6awJhCF78FS8eFPHqV3jzb+wkc9DEBwWP96qoqudFUmi07W8rs7S8srqWXc9tbG5t7+R396o6jBWHCg9lqOoe0yBFABUUKKEeKWC+J6Hm9W8mfm0ISosweMBRBE2fdQPREZyhkVr5AxekpC4MYjGkrh4oTG6piywet/IFu2hPQReJk5ICSVFu5b/cdshjHwLkkmndcOwImwlTKLiEcc6NNUSM91kXGoYGzAfdTKYvjOmxUdq0EypTAdKp+nsiYb7WI98znT7Dnp73JuJ/XiPGzlUzEUEUIwR8tqgTS4ohneRB20IBRzkyhHElzK2U95hiHE1qOROCM//yIqmeFp2L4vn9WaF0ncaRJYfkiJwQh1ySErkjZVIhnDySZ/JK3qwn68V6tz5mrRkrndknf2B9/gAF+5c2</latexit>
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p
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a . ` (A precise inequality, but 
depends on parameter regime)



Conclusions
• Lieb-Robinson causality implies sharply defined domains 

of analyticity on quantum lattice models.


• Analyticity can constrain low energy dynamics.


• Lattice Green’s functions are subject to upper bounds 
that also constrain low energy dynamics.


• A full “quantum lattice bootstrap” would tie these features 
together systematically, as is done in the S-matrix 
bootstrap. Potential for many applications.


