Carving Out the Space of 3d CFTs
with Analytic-Functional Bootstrap

Zechuan ZHENG (Perimeter Institute)




2 | LondonToPDF.nb

Based on 2608.06497(Today), w/Kausik Ghosh




LondonToPDF.nb | 3

Particle in a box

We are trying to solve the ground state wave function and energy:

Ep
L=1, H=P?,
¥ (x) = N2 sinnnx,
Vx)=o | V(x)=0 | Vx)== Bp=nirw
(barrier) | (well) | (barrier)
0 L X

Power Expansion

Y[x_] :=Sum[a[n] (x-1/2)"n, {n, O, A}];

A=4;

FindMinimum[ {Integrate[¢[x] (-D[¥[x], {x, 2}1), {x, 0, 1}],

Integrate[y[x] "2, {x, 0, 1}] == 1&&
Y[0] == 0 &&
Y¥[1] = 0}, a /@Range[0, A]]
{9.86975, {a[0] »1.4129, a[1] »2.18469x10 ',
a[2] > -6.89917, a[3] - -8.73884x10°'", a[4] - 4.99035}}



4 | LondonToPDF.nb

Particle in a box

We are not doing this because we all know the following expansion:

Uo(x) = Zan sinnmx

i=0
e Hamiltonian.

e Boundary condition.
e Orthogonality.

e n=1 gives the optimal ground state.



Conformal Bootstrap: overview

ZaA,( Fre(z,2) =0, ap,20

Al
e To discretize the crossing equation, we do the power expansion
(z-1/2)"(T-1/2)"

Faye (3,7 = )" 0" Fa,e (25 %) |.coir o
m!n!

myn

e PMP =SDPB (version 1.0: 2015, 2.0: 2019, 3.0: 2024, ...)

e Patches: Navigator(2021), Skydiving(2023), Optimal Interpolation(2025),...

e Achievement: (A,, A.) = (0.518148806 (24), 1.41262528 (29)) (2411.15300)
53 crossing equations, derivative order up to A=43(m+n < \)
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Other basis?

e Conformal Casimir operator.
e Boundary condition.
e Orthogonality.

e n=0 gives the optimal bound.

1D CFT: Analytic Functional (starting from Mazac 2016) :
Fr@=) a;(0)Fy, (2)+) B (B)oF, (2).
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Main conclusion

e In 3d single-correlator Conformal bootstrap, analytic functional significantly outperform the derivative
basis. (= 3 orders of magnitude)

e They both converge in a power-law, but analytic functional has a better power.

e Do something...
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1d analytic functional(s)

Ga (z) =ZA2F1 (A, A3 ZA; Z)
Fr(2) =22 Gy (2) £ (1-2) 2™ G, (1-2)

Fi(2) =D as (8) Fa (2) + ) B; (8) 8F; (2) -

e Orthogonality.

A

a m

B s F (Ayl;;) -0 s
a;,B (Aﬁ) =6n,m »
B0 (an) =05

aaj’F (AZ) =0,

aB;’F (Afn) = 6n,m
datb (Aﬁ) = -C; 6,0
aB;’B (AVB;'L) = 6n,m - d: 6m,0’
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1d analytic functional(s)

F(z+ie) -F (z-i€)

dz
w: (A ] Bg) = r— he (2) LFein (2] 8g) 5 LF(z): =Llim )
1 7T €-0 21
. 7 1 Ga(2)
W, (A) = w, [Fa] =2 sin? (— (A—Af/F)) jdzg,, (2)
2 ) ZZA,,
-(2z-1) ( _ (1 3 3 1 9 (1 5 5 1 278251 (47 + 4)
fio(z) = [3F2[——,—,2A¢+—;A¢+1,A¢+2;—— + 3FZ—,—,2A¢,+—;A¢+2,A¢+3;——] _
wi/2 2 2 2 4w l6w 2 2 2 4w T (ad+1)2
1
w=z(l-2), g(2) :=—(1—z)"(2A¢—2>*f[ ]
1-z
a functional B functional
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Good basis for numerics?

Given a basis of functional Q;:

e Finiteness: Q; (A, /) < w0, above unitarity bound

e Swapping: Q;

ZGA,/ Fpy(z, Z)] = ZGA,/ Q; (Fay(z,2)

Al Ay

e Completeness: ZaA,,FA,/ (z,2)=0, & Q
v,

ZGA,/ Fpny(z,72)

A

=0,VYi

I
e Positivity: 3 by, ..., by+, suchthat, ij Q;(A,/)20,aslongasA>A" OR/>/"
j=1

e Computability



Higherd

Fae (25 T | 8g) = > (a5, (8) Fa,j (25 T| Ag) +B;,; (A) 0Fa,,; (2,

nyj

So far, this doesn’t leads to functionals useful for numerics!

7| 8y))
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Derivative of, wB(1d) vi,j & Hi,j Product Functional
Finiteness v v v v
Swapping v v v v
Completeness v v v v
Positivity v v X v
Computability v v v v

e |dentify the correct basis in higher d

e Numerically implementation
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Product functional

dzdz

N ho (2) he (T) LIz Fa,e (2, Z) + LIz Fayr (2, 1-72) 1]
+ 7T

(0" @w") (Fa,r(z, 7)) ¢ =2J

F(z+i€e) -F (z-i€)

dz .
08180 = [(— b () LFen Gla) , LF ()¢ =lim
1 7T €-0 21

Faiz:2) = Zmpn (@) (B )x5(F a, (2)F 5 (2)+F 5, (2)F 4, (2))
+ (Ba®an) (D)% (0F u (2)F" 5, (2)+0F n (2)F" 4, (2))
+ (@B DNX(F s, (2)0F 5, (2)+F 5, (2)0F "5, (2)

+ (Bn®By) D)% 3 (0F u, (2)0F 4 (2)+0F 4, (2)0F 4 (2))]
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Product functional in 2d

Fal22) = Zmn (Qu@) B3 (F a, (2)F 0, (2)+F u, (2)F 4, (2))
+ (BR®a)(DA)x35 (0F 1, (2)F* 5, (2)+0F 4 (2)F "4, (2)
+ (Q®BBNX3 (F 1, (2)0F 4 (2)+F 4, (2)0F "4, (2)
+ (Br®By)(BA)%3 (0F 1, (2)0F " (2)+0F 4, (2)0F "4 ()]

1
Gl (D == (ke Do (D ke (D ko (1)), T=BD4l, p=A-1
2
f d=1
kp (z) ¢ =z2,F, [_’;’h;Z]=Gh/_2 (2)

1
FI7 (2, T | B) =~ (Fo 2100) F (T 89) +F, (2] 80) FL(T | 89) + (G0 D))

1D: Fy (2) = ) a; (A) Fa (2) + ) B; (8) 0F;, (2) -

1
(0] ®w}) (FZT} (25 T 8g)) : =wi®w; (8, 1] 8y) = > (0 (T) W5 (P) +w] (P) W} (T))

h
w (h) =w[—
2

B¢
—), t=A-1l, p=A+]
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3d : Dimensional reduction

©

G (257D) = > An,j (By £) G5, (25 T) (Hogervorst, 2016)
n=0 j=f,¢-24. .00 ,¢ mod 2
Fae () =), » Anj (B85 0) Fi,, (25 D)
n=0 j=£,¢-2,....,¢ mod2
(01803) (Fi? (2, T18)) = 3 > Anyj (85 0) (01803) (Fi7 (2, T 8))

n=0 j=f,4-2,....,¢ mod 2

1
with (@@03) (FI7 (5 71 8)) 2 =0i®05 (8, ¢ ] 8) = = (U1 (2) 03 (P) + 3 (P) 3 (¥))



Challenge 1: asymptotics

©

093 (4, £) = ' > Auj (B, 0) @892 (A + 21, j)
n=0 j=£,¢{-2,....,¢ mod 2
d=2 . f(A’ ls A¢)
> Anj (85 0) 9292 (D421, j) » —————
j=t,0-2, ..., mod 2 (n+A/2) ¢

f(a, 1, py) grows in power laww.r.t A, 1

_ 2 fi(ay 1, Ay)
Ani (B, £) @92 (A4 21, j) = Z A ’6 —
J=t,0-2, ..., mod 2 ice (m+A/2)7 5%

Nmax
= ,d=2 :
0e9=3 (a, ¢) = Z Z An,j (B, ?) Q@ (A+2n, j)
n=0 j=f,{-2,....,¢ mod 2

& fils, 1, By) 1
* Z Z‘ 6+4 Ay+i +0 644 Ay+ip

netmtlize (M + A/ 2) Nimax

b fi(a, 1, A 3
> Jit8, 1, ) = D'E(6+48s+i, Muax v L+ A/ 2) fi (B, 15 By)

6+4 Ay +i
nenpy+1i=0 (M + A/ 2) ¢ i—0

practically npmax = 500, ip = 16
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Challenge 2: transcendentality

Ga(2)

1
W, (A) = w, [Fa] =2 sin? (2 (A—Af’F)) jdzgn (2)
[¢]

728
e SDPB not directly applicable
e Quter-approximation: arbitrary order interpolation

e Dynamical precision: adjust the precision by the condition number




LondonToPDF.nb

Open-Source Software

| x, p]l=ih
®
Zechuan Zheng
Canonical111
Edit profile

A 2 followers - 9 following

Find a repository... Type ~ Language
10 results for public repositories sorted by stars
FunBoot ' pubiic
A functional conformal bootstrap solver using outer approximation
@Julia Y¥3 Updated 2 weeks ago
LocalBarycentric.jl  public
High-order local barycentric interpolation of tabulated 1-D data — any
precision (Float64/Double64/BigFloat), precomputed sliding-window
weights, graded edge taper
interpolation julia arbitrary-pi numeri lysi: high-precision
@uulia  Y¢1 BBMITLicense  Updated on Jul 5

FunTable (Public
b g

@ Wolfram Language Updated 3 weeks ago
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Functional Profile (3d)

func H c{]
| I

4

| {\/\/\
07‘ L | P PPy ] .

Il b Il
5 10 15 20 25 30 35
-2t
-4
-6 H

printFunc[7]

-}
40



Map of 3d CFT: bootstrap perspective

) (A+1) (A+3)
Nx=2(2+1)", Ny=—"——, Ny-12=338,
8
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35
1.413
30 1
1 analytic functional
14124 I
[ —A=35
I
25 | —1=10
14118 /, —1=12
0.5181 0.51816 0.51822 /
20t ! .-1 derivative basis
O o, -
d & A=7
s ----A =11
I A =19
eeeA =29
10F --=-A =43
--=-A =63
5t ----2-twist 2A,
allowed
1 1
05 1 2 3 4 5 6 7 10
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Map of 3d CFT: bootstrap perspective

) (A+1) (A+3)
N)L =2 (.A+ 1) P NA = — Nl=12 = 338 Py NA=G3 = 528

35

analytic functional
—A=5
—1=10
—1=12

derivative basis
——-A=T7
———-A =11
----A =19
----A =29
----A =43
----A =063

=2
gap

e 2-twist 24, +2

allowed
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Convergence
spin-2 gap convergence
3L
1k
—_
N o3 ——analytic functional
+
S 01r ----derivative basis
ﬁ oA, =10
T 003 0, =15
e 001} 0A, =20
< b oA, =25
0.003} ®A, =30
0.001}

10 20 50 100 200 500

basis size
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Do something?

asisie

e Extremal solution vs physical theory

e 3dIsing

e free-Majorana-fermion CFT

* GFF

analytic functional

----double twist (£ = 0)
----double twist (£ = 2)

«3d Ising
« free Majorana

allowed



Further Zoom in

LondonToPDF.nb | 23

1.4127F

1.41265}

1.41255} .7

(0.518148806(24), 1.41262528(29))

analytic functional

1=3
—1=4
—1=5
—1=6
—A1=17
—1=8
—1=9
—1=10

derivative basis
A =29
--—--A =43
--—--A =63

A =43 island
1502.02033 (mixed corr.)
[111603.04436 (OPE scan)

0.51814 0.518145

0.51815 0.518155

Ay

«3d Ising

allowed
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Extrapolation?

Residual to single-correlator limit A, (power-law extrapolated)

operator ¢ A, (singlecorr.) A (3dIsing)

IA - Aool

107

1072}

107}

107}

107}

107°}

0

(0]
0]
2

1.4126311
3.82979
6.9453
5.50993

basis size

1.412625
3.82968
6.8956
5.50915

50 100

200 500

Ap - Arsing
+6x107°
+1.1x107%
+5.0x1072
+7.8x1074

operator
®€
o€
o ¢’

o T

analytic functional

- - —-derivative basis



Spectrum

12 3 4 5 6 8 10
10 r—r——— r r .
(] o 9 [}
S
8t & o

2F

 o-0--86--0---0----0----0

0 50 100

|- — XoMRM e M KK KK K K K= K= K= K M =% — K~ =M — K~ — 2 — K — K — —
o3BE0 2 2232 2 K2 K- M K K~ K~ K~ K K X — K K — K N — K — K — —

X

-”S(X!XKXXXX)(XXXXXXX K- X b3 X 23 X * * 13
[ 0000 XXX M KM KX K- K- K= H— K~ K= K =W — K- =W — K- =X — W — K — —

2F

WOOOEMNNI X M K KX N A= K~ H— K~ K- X % x % x x % x

0 100 200 300

basis size
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P spin
=0
of=2
el=4
(=06
o =8

O analytic functional

X derivative basis

[e€lor=a
7
Coy

’

€
T
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Missing €”

3d Ising spectrum: analytic functional vs SD2016

A
12 3 4 5 6 8 10
10— T ) T T T
o] o) o [e]
1o} 8
o8 ¢ & B § § 8
st ® o o l=0
o =2
o =4
e {=6
< =8
4l , — —SD 2016
F--0--0--0-—-0---0----0----- o------ o ------ o --|€
o-0-0--0--0--—-0---0-————- 0~ O - o | T
2k
o-9--0--0--0---0----O0----- o------ o ------ o --le
0 50 100 150 200 250

basis size
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free-Majorana-fermion CFT (A, =2, A, =6)?

schematic operator free (a, ¢)

T=J, ~yy oy
Jo ~ ¥y Y
e =€ele

e 00e

Jo ~ ¥y &y
ed’e

e d’0Oe

e d*e

Jg ~yy 3y

(3
(5,
(6,
(6,

(7,

(8,
(8,
(8,

(9,

2)
4)
0)
2)

6)

0)
2)
4)

8)

free 3, f? extremal (A, ) extremal f?
3
2 (1.500) (3.000, 2) 1.515
% (0.2734) (5.082, 4) 0.2748
2 (2.000) (6.090, 0) 2.047
3
2 (0.7500) (5.861, 2) 0.7109
7.000, 6 0.01962

2079 (9.03172) ( » ©)

65536 (7.354, 6) 0.01231
% (0.1023) not resolved not resolved
% (0.5260) (7.956, 2) 0.5725
% (0.1823) (7.938, 4) 0.1727

9.022, 8 0.002253
—235 _ (9.003068) ( » 8)

2097152 (9.603, 8) 0.0008500
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A ; = 2 gap maximization extremal spectrum

A, = 2 spin-0 gap-max: analytic functional vs free Majorana

A
12 4 6 8 10 12
9-777effcif7677707"41777977”477770 77777 0-—-——- o--|J
o8
8-f78707fgffG”v"v”*o**"v”"v ***** o~~~ o--| ed*e, ed’me, en’e =0
o o o o o o o o o (=2
7PR--0-0--0--0--0---0---0--—-0-—--- R o--|Js el=4
® oo o (=6
- — —9—6- 6 — 6 —6— — & — O — — - — —O0— | /=
< 6 o 0" 0 "o o o ) o Ogap — 6986 €' =€0e, edde vi=%
o
o
Sprm- GO O O G G G e--[ s — —free Majorana
— — - gap limit
4k
3leeo-0-0--0--0--0---0---0----0----- Q@---=== o--|T
0 100 200 300

basis size
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GFF?

3d Ising spin-2 gap-max spectrum: analytic functional (highest 1)

spin
e (=0
(=2
o (=4
e (=06

e A, < 1, guaranteed to be saturated by GFF (Caron-Huot, Mazac, Rastelli, Simmons-Duffin, 2020)



30 | LondonToPDF.nb

Kink

spin-2 gap-max spectrum, kink region: analytic functional (4 = 12)

15
Boo0o©C o o0 ]
o o B8 o®&8e 88?9 g98g © 8 3
o o 9 99 o 0908 @8§8 S o
8 3 o o o © S ©000 IS) 8 5]
o o o oo ©o © © ¢ o g o
o o © o
e 9 o
o o o
Onooooc’oeoé o o o
o o © © 00©% o o
o o o 2 600000 o o
o o e} [oJe} (e} o o o <) o0
0o © o
o ° ° 00 o o o°o o o
o o go o o o 8885@0@8000000 o o o ©oO o
o
o o8 o ©
o [s] o © ©0O0 o]
10F 8§ © ooeoo000008880° §
s e g 92 7? o 8 88 g
© ©0 0o 0o 0o o0owooo0O0OO0OO0OOOOO O O
-6 ——0-———-86-—-66—-6-9— 90— 0086900 00CGGG&0C—6—6—8— 00—
< o ° o 00 © o o o 00000000 GG o
© o oo o
| 9 _ % ____0__00_0_©_ 0 _00000000QQQO0C  C—-0C—0—00-—2o
o o0 o
° o o 00 o o o oocooOOOOOOOOOO © ©
Sb-e-—0----6--66-6-9-0-—000900000GGE6800—6G—6—0—00——9
o 00 © ©0 © 00O0000O0O
00 0g o R
© o oo o
L L L
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Performance

Derivative basis best at Ising:

A=43, bound 1.412639144, takes around ~10 hours, but for analytic functional:

A
1
2
3
4
5
6 1
7 1
8 1
9 1
10 1
ref.

The analytic functional equivalent, A=5 takes around 30 seconds on a laptop .

1.
1.
1.
1.
1.
.4126349333
.4126329977
.4126321207
.4126315183
.4126312814

Ac(R)
4436410201
4133371669
4127680141
4126700862
4126389395

1.412625

O 0O N 0 W H M FH N W

Ac - A;ef

.10x 1072
.12x107*
.43x107*
.51x107>
.39x1073
.93x107°
.00x107°
.12x10°°
.52x107°
.28x107°

1.
1.
1.
1.
1.
.1063865840
.1063885280
.1063894120
.1063900150
.1063902530

H R R R R

fose
0758441560
1056881030
1062579050
1063516460
1063826010

1.106396
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Prospect

o Global Symmetry, supersymmetry, Long-Range Ising
e Mixed correlator

e Dimension higher than 3, especially even dimension



