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@ Conformal blocks are the basic ingredients of the conformal
bootstrap, but general spinning blocks are difficult to compute.

@ Zamolodchikov recursion in generic dimensions reconstructs a
conformal block from its large-A limit and its singularities:

Rirn,'>0
HA7p = Hoo,p + z]: rAiHAi+”i79i (1)
where
HA,p = r_AGA,pa r= r(z,E) (2)
@ They give a systematic method to compute conformal blocks.

@ In even dimensions conformal blocks can have double poles

R HA+,, om
Ha p+z( 2p+A—A,-)' 3)
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@ Virasoro blocks [Zamalodchikov "87].
@ Scalar blocks [Kos, Poland & Simmons-Duffin "13].

@ Theory for spinning blocks and blocks in odd dimensions have simple
poles [Penedones, Trevisani & Yamazaki '16].

@ Closed form expressions for general spinning blocks in 3d [Erramilli,
lliesiu & Kravchuk "19].
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Conformal blocks

(01(x1)02(x2)03(x3)Oa(xa)) = Y M20A340Gappo (X1, - - xa).  (4)
o

Let V be the parabolic Verma module generated by |Oa ,) and let {|ej)}

be a basis of V.
The conformal block associated with the exchange of |Oa ;) is

Gap(xi) =D _(01(x1)02(x2)|e1) (Qv); (€] O3(x3)Oa(xa))  (5)
iJ

where

(Qv)ij = (eiley). (6)
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Conformal blocks as maps

Let Tj; denote the conformal representation carried by the pair
Oi(x1)O;j(x))-
The left and right three-point functions define maps
TL:V — Tz, ) — (O1(x1)020%)[¥), (7)
To : Tay — VY. (8)
The Shapovalov form defines
Qu:V — VY. (Qu)j = (ele). (9)
For generic A it is non-degenerate, giving the inverse Shapovalov map
Q) VY — V. (10)

At a special value A = A* a null state appears and Qv becomes
degenerate. Regarded as a meromorphic function in A, Q\jl develops a

pole.
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Conformal blocks as maps

Gn,=TLoQy o Ty. (11)
Equivalently,
T Q!
Ty — VY sV U T1io. (12)
A conformal block may be viewed as
gA,p T34 — T]_2 (13)
Representing an element of T3, by a function or distribution f(x3, xs), the

map is

Ga,p i f(x3,x3) — [(xl,xz) — /dX3 dxa G p(x1, %2, X3, X4) (X3, X23) | -



Conformal blocks in 3d

For a simple pole,
A
-1
= e 15
(@)=t (15)
Multiplying by A — A* we find the residue in the generic situation is given
by
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Conformal blocks and singular modules in 3d

If the Verma module V; contains null states, then,

Tt Ti
TV R,y A Ly L T

1]

sV A 45

Tr TL
ﬂv\[ T’T
1

Vl\/;) V1
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Example in 3d: the singular module as a quotient

Take |¢) a A = 0 scalar and |v,,) a A =1 vector.
The null state P,|¢) generates the singular submodule S.

% Vi
|#) Vi)

The quotient map is defined by
m: Vg - S, m(|vu)) = Puld). (16)

We have
W(P[V‘Vu]» = P[VPM]|¢> =0. (17)
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Moving to 4d

In 4d, conformal blocks can have second-order poles. Writing e = A — A¥,

2 -1
6= +9 -+ o) (18)
so that
2G(e) = G2+ eG71 + O(%). (19)
For the A = 0 scalar
gglz(),g:o =oregGi1+ aoreg Gz 1 + @30aGao + 2aGap. (20)

reg Ga is the coefficient of €% in GAte -
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Logarithmic Verma modules

Replace
A — A"+, " =0, (21)

and extend all spaces over C[e]/(€").
For example, over Cle]/(€2) we have |¢) and €|¢),

Dig) = Al¢) +€l¢),  Deld) = Delg). (22)

This retains the required orders in the inverse Shapovalov map and in both
three-point structures.

Fv -
V&YW L vh T, (23)

‘H
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@ Morita theory gives an equivalence
OF =~ mod A, (24)
where A is a finite-dimensional algebra and mod A is the category of
finite-dimensional A-modules.

@ Hence morphisms between logarithmic parabolic Verma modules can

be computed by studying morphisms between finite-dimensional

A-modules. 12/15



Conformal blocks and subquotients

TV Tr vV

(25)
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@ Introduced categorical language for conformal blocks.

o Logarithmic Verma modules allow us to work with Taylor series to
keep track of singularities.
@ Morita theory lets one systematically look for maps between objects
in O
b-
@ In 4d the singular submodule S is a subquotient of a direct sum of
logarithmic Verma modules.

@ We obtain a systematic description of the pole structure of conformal
blocks in 4d.
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Thank you!



