Multi-particle S-matrix analyticity from Mellin amplitudes

Jeremy A. Mann, with Filip Heréek and Balt van Rees
Bootstrap 2026

City St George's, University of London

&, INSTITUT

°

5 POLYTECHNIQUE =




Motivation



Motivation: S-matrix bootstrap

S-matrix bootstrap requires analyticity

Multi-particle processes are inevitable
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S-matrix bootstrap requires analyticity
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A Analyticity of multi-particle amplitudes is not well understood

e hard to derive from basic axioms (microcausality & spectrum)

e crossing not proven [Bros'85]

1 Motivation

2/20



Motivation: Mellin amplitudes

Mellin amplitudes are AdS analogues of S-matrix elements
Simple analyticity properties: poles determined by CFT spectrum
Explicit prescription for M — S in flat space limit

= What implications for the S-matrix?
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Motivation: Mellin amplitudes

Mellin amplitudes are AdS analogues of S-matrix elements
Simple analyticity properties: poles determined by CFT spectrum
Explicit prescription for M — S in flat space limit

= What implications for the S-matrix?

This talk:
e N-particle scattering of lightest scalar particle my

e N-point function of lowest scalar ¢ in CFT4 dual to QFT in AdSg41
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1. Motivation
2. S-matrix analyticity
3. Mellin amplitudes

4. Flat space limit



S-matrix analyticity



2.1 N-particle kinematics

>) o N= Nin + Nout
\\ ki € Rb, k2 = —m3, > ki =0

Lorentz invariants:

kp

2
5 = — K|, 1c{l,.... N
L1 == (k) e

(out|in)conn = 6(D_; ki) T(sr)
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2.1 N-particle kinematics

>) o N= Nin + Nout
\\ ki € Rb, k2 = —m3, > ki =0

Lorentz invariants:

kp

2
5 = — K|, 1c{l,.... N
L1 == (k) e

(out|in)conn = 6(D_; ki) T(sr)

Physical region M s
N — 3 energies sy > \A|2m§;, S5 = ]§\2m§5

Remaining d.o.f.s = angles: 5, 5 < (\/§ — \/%)2
dim Mppys = min(N(N —3)/2, Nd — dim SO(1,d + 1))
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2.2 Analyticity near physical region: N = 4 [Bros et al'72,...,lagolnitzer'94...,Caron-Huot et al'23]

s12, fixed s;7

Why is T (s12 + i€, s;7 =+ i€) analytic?

MW

—S;3 4 mé
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2.2 Analyticity near physical region: N = 4 [Bros et al'72,...,lagolnitzer'94...,Caron-Huot et al'23]

Why is T (s12 + i€, s;7 =+ i€) analytic?

From microcausality and spectrum
e Support in x;-space reduces to C;

e T (s12,57) analytic for (Imk;) € G

2 S-matrix analyticity

s12, fixed s;7

—S13 4m(27)
[
X3 =g
C1 :
X1 = X2
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2.2 Analyticity near physical region: N > 4 [Bros et al'72,... lagolnitzer'94...,Caron-Huot et al'23]

From microcausality and spectrum

e Support in x;-space reduces to Ug’il Cs

o T(s1) = 3255, Fals1)
e Fp analytic near s¥ € M phys for (Im k;) € ég
Ex Ng=3,9 for N =5,6.
A Ngs Cs = {0} for many s? — S-matrix # analytic?
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2.2 Analyticity near physical region: N > 4

From microcausality and spectrum

e Support in x;-space reduces to Ug’il Cs (5
N
o T(s1) = 2[321 Fs(s1)
e Fs analytic near s? € M s for (Imk;) € Cs
Ex Ng=3,9 for N =5,6.
A Mg Cs = {0} for many s? — S-matrix # analytic?

Example: factorized 3 — 3 in d = 1 [lagolnitzer'78]
1 1

27Ti6(z:k11+k61): z+4ie z— e
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2.3 Local analyticity: Landau diagrams

From perturbation theory, unitarity, macrocausality

. .2 . .
e singularities = classical scattering events (5
e codim> 1 surfaces L C Mppys

e T = analytic only for s? € L1 N Ly with opposite i€'s

— Avoidable for codim(L; N Lp) > 2

Improvement for N = 5,6, s;or < (4m¢)2 from
unitarity (asymptotic completeness)
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Mellin amplitudes




3.1 The inverse Mellin transform

<¢(X1) B ¢(XN)>conn = G(Xg) = /[dﬁy’J] M(’Y’J) H r(;Yl'llj) ’

1<i<j<N Xjj

e x; € principal Euclidean sheet ® 7 € complex contour

e Covariance under x,-lz- =5 /\,-)\jx,? e Mellin constraints Z#i’yij = Ay
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3.1 The Mellin transform

% dx?2 __
= CNH/ 4 X 2(7 1)5('\’) Z Iong G(x)
i<j fYU J#i
e Evaluate on ). ,; v = Ay surface o Gauge fix xﬁ — )\,-/\J-xg
e For N =4: e For N =4:
Y12 = 734, Y13 = Y24, V14 = 723 u= (xp/xi3)? v = (Xa/x33)?
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3.2 Poles from lightcone OPE

H / dX2 X2('Yu 000 <¢(X1) S ¢(XN)>conn

i<jel

codim-1 singularities = lightcone limits
generated by e %7, 1 = A —J >0
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3.2 Poles from lightcone OPE

2(7i
T [ a0 00 b)) o
i<jel
codim-1 singularities = lightcone limits
generated by e %7, 1 = A —J >0

2 L :
X,‘? 5 0: lightcone OPE x; — oo: lightcone OPEs in

overlapping channels
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3.2 Poles from lightcone OPE

H / dX5 Xj('yu 000 <¢(X1) S ¢(XN)>conn

i<jel
codim-1 singularities = lightcone limits
generated by e %7, 1 = A —J >0

xg — o0: lightcone OPEs in

x,-2- — 0: lightcone OPE
ly o
overlapping channels

Maximal Mellin analyticity conjecture

poles at O‘/::|/’A¢—2Z'7U:TO7 OGQZ)X"'X@.
i<jel
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3.3 Existence and cell decomposition

Reoia e Best convergence at crossing-symmetric point
14 poles e Singularity-free if a,CS = A,(,%‘{‘]I|A¢ < 10,
® 10 poles
13 poles
| AN
Reoio
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3.3 Existence and cell decomposition

Reoia e Best convergence at crossing-symmetric point
14 poles e Singularity-free if a,CS = A,(,%‘{‘]I|A¢ < 10,
® 10 poles
13 poles
| AN
Reoio

Alternative: Decompose M =} ; K

Kjp analytic for Rey € éﬁ — Restrict Supp G to Iogx,-J2- € (g
A 13 poles X122,x124 < x123, 12 N 14 converge

OPE convergence = extend K meromorphically
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3.3 Cell decomposition for general N [Behrend’13]

Goal: Find | |5 Cg = RV(N=3)/2 that maximizes Cs ~ {0 < Tpmin}
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3.3 Cell decomposition for general N [Behrend’13]

Goal: Find | |5 Cg = RV(N=3)/2 that maximizes Cs ~ {0 < Tpmin}
Example: Cv"g ={0e < Tmin| € ¢ Ep},
Eg = partition of {1,..., N} into disjoint edges and odd cycles

v=s | |

N=5 | A Q e E4-OPE limit ¢ C3 <= # Es-poles in Cg
e Extend K to common domain?
I EVAWAN
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Flat space limit




4.1 The flat space limit conjecture [...,PPTVRV'16,... Komatsu-Paulos-van Rees-Zhao'20]

T(SI); lim <¢(T17ﬁ1)"'(bN(TNiﬁN))Conn

R—o0 Dcontact(Ti; ni)

te >0 ° k°:m¢tanh7',l:o<ﬁ

AR
>5< o 7 =tg +isgn(te)(n/2 —¢)
tr
U

te <0

IE

|
N

4 Flat space limit 15/20



4.1 The flat space limit conjecture

4m? —s;;

7'(5) ; lim <¢(Tlvﬁ1)'"¢N(TN;ﬁN)>Conn ; lim
! R—00 Dcontact('riy ﬁ/) R—o00 Mcontact
tE>Om1 ok°:m¢tanh7',EO<E
2
o 7 =tg +isgn(te)(mw/2 —¢)
t
t e Saddle point of Mellin~*[M] at 7; o Qsd(x;)Qsd(Xj)xg.
s . 0
-5 Avoid AdS Landau diagrams at small/large enough s
* X 2 g g g
tg < OU

= Prescription for analytic 7(s;) near Mppys
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4.2 Implications for analyticity

A

A~ mR
Maximal Mellin analyticity N Flat space limit:
—+ 1A
si = mg(Nmo — [I[(N — [I[)my) + O
+ ¢
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4.2 Implications for analyticity

A

Maximal Mellin analyticity N Flat space limit:

si = mg(Nmo — |I[(N —[I])mg) -

Y A~ mR

Near physical region
o s = (|l|my)? at mo = |I|my

e only crossed channel poles

sws < (V5a— /55)? interfere
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4.2 Implications for analyticity

Maximal Mellin analyticity N Flat space limit:

si = mg(Nmo — [I[(N — [I[)my) -+ O

Near physical region . . .
Near crossing-symmetric point

o s> = [II(N—[I[)m/(N - 1)

e singularity-free for large enough me

o s = (|l|my)? at mo = |I|my
e only crossed channel poles

sws < (V5a— /55)? interfere
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4.2 Implications for analyticity: physical region

o s =my(5mo — 6my) at N =5

b
o Center-of-mass frame; fix energies E3 45 = _kgzg and angle /%- EZ
e From : analytic if —detys 45y ki - kj = f(E3, Eq, l%~ EZ) > mg
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4.2 Implications for analyticity: physical region

o s =my(5mo — 6my) at N =5

o Center-of-mass frame; fix energies E3 45 = _kgzg and angle /%- EZ
e From : analytic if —detys 45y ki - kj = f(E3, Eq, l%~ EZ) > mg
[ ]

Examples where f < mg:

S12 = 15!7’73), 534 = 7m§)

unfixed angles
0< 601,00 <27

green = physical region

R FAE e blue = crossed channel poles

Do=A
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4.2 Implications for analyticity: crossing

s12, fixed 5,7 Analytic near crossing-symmetric point if
N— 1]
T12 mo > |l

D

e

711 Defines crossing path through Euclidean region
T=tg < ikeR?

A Need “subtracted” Mellin amplitude at higher N
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Summary and outlook

Complementary analyticity regions from axiomatic QFT vs. Mellin amplitudes:
local Im k-cones near s; € Mpys vs. global OPE pole hyperplanes
Simpler structure at low energies:
Landau diagrams/anomalous thresholds vs. crossed-channel poles
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Summary and outlook

Complementary analyticity regions from axiomatic QFT vs. Mellin amplitudes:

local Im k-cones near s; € Mpys vs. global OPE pole hyperplanes
Simpler structure at low energies:

Landau diagrams/anomalous thresholds vs. crossed-channel poles
Future directions e Establish Mellin analyticity and consistent subtractions

— crossing
e c.f. extended axiomatic results using asymptotic
completeness/unitarity

e (Conformal) multi-Regge theory?
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Summary and outlook

Complementary analyticity regions from axiomatic QFT vs. Mellin amplitudes:
local Im k-cones near s; € Mpys vs. global OPE pole hyperplanes
Simpler structure at low energies:
Landau diagrams/anomalous thresholds vs. crossed-channel poles
Future directions e Establish Mellin analyticity and consistent subtractions
[Penedones-Silva-Zhiboedov'19] — Crossing
e c.f. extended axiomatic results using asymptotic
completeness/unitarity
[Symanzik'60, .. . ,Epstein-Glaser-lagolnitzer'84,. . . ,Bros'84,. . ]
e (Conformal) multi-Regge theory?
[White'70s,. . ., Stapp-White'82,. . . ,CGSV-B'23]

Thank you!
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