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Motivation

® Suppose you have two effective descriptions of some theory, a UV and an IR
description

* You know how to create states at high energies [¥VV)

® But, you can only detect objects in the IR description. Let us call such
detectors D'}
® How are we to study such a system? That is, how do we make sense of the
object
<\IJUV|'DIR‘\I/UV>?

e Example: ete~ — hadrons in QCD
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Overview

® Lightning review of detector operators
® Introduce detector matching as a method to study (¥VV|DR|wUV)

® Show how detector matching implies particle density evolution equations at
high energies that is characterized only by the UV theory

® Show how matching and evolution can be interpreted as evolution of a 1d
thermodynamic gas for 2d integrable models

® Test/demonstrate these ideas in the 2d Ising CFT
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Detector operators

Massive detectors live at future infinity

Massless detectors are light-ray operators that live along null infinity
Detectors act on the space of asymptotic states, when applicable
Generally, detector operators exist as operators localized to the null cone

Examples:
® Powers of energy flux

Er(n) x /000 dE E7T444T(En)a(Fn)

® Light-transforms of local operators

L[O](z = o0, 2) = /OO da(—a)™ 2770 (oo - g,z)

—00
Detectors provide the analytic continuation of operators to complex spin
[Caron-Huot ’17], [Kravchuk, Simmons-Duffin 18]

Has applications in conformal Regge theory [Costa et al. '12], conformal collider
bounds [Hofman, Maldacena *08], QCD, and more (see [Moult, Zhu 2506.09119])
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Detector matching

e To study (FYV|DRIWYV) we must express the UV degrees of freedom in
terms of the IR, or vice versa

® At high energies, we employ detector matching:

DIR — Z CZDPV
i

* This talk: we will take D'™® to be a massive detector, and DYV to be a
massless detector
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Evolution equations

® Now we specialize to 2d
® We can define particle density operator:

n(0) = a'(0)a(f)
where 6 is rapidity
e Particle density of a state created by O(r) is

_ (0Wm(0)0(0)
nlow = o(row)

¢ Decompose n(#) into Lorentz irreps. In 2d, this is a Fourier transform:

A(J1) = /_ i)

where Jy, € iR is a boost weight that later will be generalized to complex
values
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® Detector matching respects Lorentz symmetry:

a(Jy) =Y e(J)DYY;

(2

where the UV detectors have mass dimension —Arp, ;(Jr)

® The particle density in Jy, space is

(AT ow = > (DT dow = 3 cilJL)do., B (14 ..

7 (2

® In the small r limit, the light-ray operators with minimal Ay, ; will dominate.
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Evolution equations

® For a 2d CFT, the leading trajectories are 45-degree trajectories:
A2 —JE=0
e This then implies the differential equation (defining ¢t = — logr)
0? 2\ . .
<8t2 - JL) <n(=]L)>O(r) = 0 + subleading

which after transforming back to 6 space, becomes

52 82
(8752 _ 892) <n(9)>0(r) = 0 + subleading



Evolution equations

Detector matching implies evolution equations

0? 0?
<@ - W) (n(8))o@y = 0 + subleading
® Derivation only depends on Ay ;, which is a property of the UV theory
® Does not depend on the RG flow nor O.

® Subleading effects come from subleading trajectories and RG-dependent terms
coming from conformal perturbation theory

® Alternatively, including subleading trajectories modifies the differential

operator on the LHS, but those modifications reduce back to the massless
wave equation in the small r limit
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Thermodynamic gas interpretation for integrable models

® Two point functions have the following form factor expansion:

ZN'/ a0 exp( ercoshG) (0)[1,...,0N8)

® Generically, form factors factorize in integrable models at large rapidity
separation:

h_)m Fn(Gl +ao,... ,9m+a, 0m+1, L ,Hn) X Fm(Ol, e 79m)anm(9m+1, R 79n)

® Thus, the expansion can be thought of as a thermodynamic grand-partition
function for a 1d gas with a short range potential given by

eV OL-ON) = 1(0(0)|61, . ..,0N8)|?.

® The term z(f) = 5= exp (—mr cosh6) is a position-dependent fugacity that
confines the gas to a box of size 2L = 2log %
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Thermodynamic gas interpretation for integrable models

¢ In the bulk of the box, z(f) is approximately constant, so the density
approaches a constant n..

® At the edges of the box, the density is described by some ”kink” function that
satisfies
Ne, T — +00,

Nkink (l‘) - {

0, z— —o0.

® Then to leading order in r, the density is
(n(0))o@) ~ nink(L — ) + nkink (L + 0) — ne
which obeys the wave equation. In Jy, space, this implies

AJIL)) = (mr) P Pink (J1) + (mr) ™LA (= JL) + subleading.



Jr, = 0: Total particle number

* Total particle number (N)o¢y = (2(Jr = 0))o)



Jr, = 0: Total particle number

* Total particle number (N) o)
® In the J; — 0 limit,

(A(Jr = 0))ow

rL =14 Jplogr + O(J?)



Jr, = 0: Total particle number

® Total particle number (N)o )
® In the J; — 0 limit,

(n(Jr = 0))o(r

e =14 Jplogr + O(J?)

¢ In order for (N) to have thermodynamic scaling (N) ~ V' ~ logr, fink(JL)
must have a single pole at Jp =0



Jr, = 0: Total particle number

Total particle number (N)o )
In the J;, — 0 limit,

(n(Jr = 0))o(r

e =14 Jplogr + O(J?)

In order for (V) to have thermodynamic scaling (N) ~ V ~ logr, fikink(Jr)
must have a single pole at Jp =0

This can only happen if n. # 0, which is exactly what happens for a gas in a
box



Jrp =0

: Total particle number

Total particle number (N)o )
In the J;, — 0 limit,

(n(Jr = 0))o(r

rL =14 Jplogr + O(J?)
In order for (V) to have thermodynamic scaling (N) ~ V ~ logr, fikink(Jr)
must have a single pole at Jp =0

This can only happen if n. # 0, which is exactly what happens for a gas in a
box

Thus, form factor factorization implies a thermodynamic gas in a box
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o Density in the Thermal Ising

S = Slsing + m/d2x e(x)

® o creates an arbitrary odd number of particles

Form factors are known exactly: [Yurov, Zamolodchikov '91]

0; — 0,
2

(0(0)|01,...,6,) = Hy, Htanh
1<J
¢ Using integrability methods, the o densities have been computed [Liu '26]:
AL o) = ATL)r" + B(Jp, y)r’t™ + (Jp — —J1) + O(r?)
JL

8
A(Jp) ~ JP13 <2> , y=log—

A has a single pole at J;, = 0 < (N) ~ log 2 < form factor factorizes

No 7/ +1/8; n(Jr) does not match onto o trajectory due to Zo symmetry
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¢ Density in the Thermal Ising

® ¢ creates exactly two particles: not thermodynamic

Densities can be exactly computed:

e 700 (cosh O K1 (r) — Ko(r))
K3 (r) — K§(r '

<n(9)>e(7’) =

_ 2Ko(r) Ky, (r) = K (r) (K, 1 (r) + Ky 4a(r))
K§(r) — K3(r) '

<n(JL)>e(r)

+Jr,

Leading term in power expansion is still r

+Jr+1

® There is no r term: (eee) =0

The kink function is

r—e”®

(nkink(2)) = €

which goes to zero as x — +00. Thus, (Nyink(J)) has no pole at Jp, =0
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Magnetic Ising

S = Slsing + h/d2az o(x)

e This is an integrable strongly interacting theory with 8 species of distinct
massive particles known as Zamolodchikov’s Fg theory [Zamolodchikov ’89]

® Define a particle density for each particle type:
ni(0) = al (B)ai(9)

e FEach particle type should individually obey matching and evolution.
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Magnetic Ising, technical comments

® No closed form expression for the form factors — we must truncate the form
factor series

® Exact recursive equations for the form factors exist (Watson’s equations)

® The form factor of any allowed set of particles can be obtained by first
computing a form factor of N7 of the lightest particle, then performing a series
of 2 — 1 particle fusions until the desired set is obtained [Delfino, Mussardo ’95]
[Delfino, Grinza, Mussardo ’05]

® We compute all the form factors up to N; = 8

e At fixed t, we perform Monte-Carlo sampling to obtain densities, then
extrapolate N1 — oo



o Densities in the Magnetic Ising
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Magnetic Ising harmonic leading harmonic moments

We compute

0 R
pn log(ni(JL)) o)

and extrapolate ¢ — oo by fitting a (2,3) Pade approximation to extract the

leading power-law behavior, which we expect to be r*7r.
dlog(ny (Jr)) Olog(na(Jr)) dlog(ns(JL))
Ologmr |; _i; Ologmr |; i, dlogmr |, _oo

Padéy 3

B 3 3 B 3 0 7 B 3
t = log,o(1/mr) t =logyo(1/mr) t =logyo(1/mr)



Magnetic Ising particle number

We also compute total particle number (N) and particle fraction (1]\\7;.> . Detector
matching of each species individually tells us that in the ¢ — oo limit, the particle

fractions should asymptote to a constant.

~
N

0100
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Summary and Outlook

Summary

® We introduced detector matching and derived high-energy evolution equations
for particle density

® These evolution equations depend only on UV data and is independent of RG
flow

e For 2d CFTs, this has the interpretation as a thermodynamic gas in a 1d box
® We demostrate these ideas in the 2d Ising CFT
Outlook
® Higher dimensions
® Non-integrable examples
® Massless RG flows

® Theories valid up to a cutoff



Thank you!



