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Tl;u it a \':alk about verfex a‘debmg/china' a‘ﬂebras

A nove‘L\-:/ O'F ‘Hf\e as‘l: |O+ dear‘ﬁ i$ ""ACA: inl-eredmj \/er‘|'ex a\debrac aré e knewn 'ljo F‘aj an

im[?or+an‘\- rele in “ e s*ud:( of suPastme“—Nc GFTs w ds2.

Moc‘H\\f reshrict 4o Hhn case . YdN22 SCFT  _SCFT/VOA corr 5 Vertec oFera+or aéjebrq
z ) S )
Hoday (T) GLLPRVR 2013 VLT

Rd Nz4 SGQFT (T) Uoundard verdex a‘&ebrq

+

Coctello/Gaictta
“deformable” G.C. (d ) ‘ 201¢ ° \/(> [FI_A/G]

Tlr\ece Ver"'CJL a'&ebmf cemg c.:/\/ariaus [36"5‘ 2 wLuHes’ fmherf"'ﬁd gFFom -”\err l'\(u‘jlner~dim‘c or(ijmc,

I{— is an owdoind cﬁ’ar‘l' ‘,’o C|na'ac+er‘i$e '“‘é’ c(acc O‘r’ a‘ﬁebms Produced in -“m mamefl,

C)ne ivnMedIoA‘G closerva-,'.on K JA«A— Hne:e veﬁ-l-u alﬁe‘aras are a“ V\ow-mi-(—aCf, even when T IS u/lf-LaC(.
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V@ﬁ‘ex OP@M"'OW //\}ﬂebra\g

S"’a‘-t CPQC(

\‘/ Vale

(V.Y 1,0)
f 1

SH‘/"PZWLGW W‘aF cerformel veeter

End(V)

\l/(a/2> =Qac(z) = ZCi}_l_nzﬂ Y(wjz) =T)=) L. 2"

ne " Z
in Hhig talk ¢z ¢

) 7 e
Alwcag aseume o vertex oFera"'or‘ alﬁebm ot /Sjrmij CFT J@I’Q :

0" el(jonva\uei

- V=@V

|
Y\EEN

> Vo= sFam{jﬂ,}
LV =0

uniClue invari'oun+ bilineor Fdir‘inj (x/y) = izeg (2 <0 ‘ Y/e%‘l,,(eirrz_z )LaxJ Z_—n))/_‘lo>>
2
(Por‘ Xy C‘qaﬂin‘imar\j & aeiiHr h: (1) . ZZh <)<LZ)J‘O)>>
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l./(V" j -\- \/erJ[es( O()em‘(‘or Aljelofas

(Fo malized Lj CDMJZX Lin, ZO(J)

Lel: C‘S ’\/—7 V C - antilinear iVNO[mLion (CF“»CP : Icl,) such that

r ) =1
r &)= e
e @ (ab) = ()" b ) b )

Define <CL) b> = (4> (a), j>> Thic ¢ l—lcrm:-l-iavx.

(\/) \/, ﬂ/ ¢J, CF> unl’4-afj ‘|§ =, s laoseqtfve definite .

V.‘rOlCoro VOA uwi{'ar\«.j Onl&j i# c=C,,,’,+l (Cf"i: “Q&F"?L > ar C 2 '

":ar‘ \V[T] C<O0 L K«
A‘M\ine kac‘ Moociy Cuv‘r‘en{' o‘dcbrag uwnlar\nj lej Jior ‘eve, KeN ) ©
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%) T | wiitary G is?
\A/ln\«j E\\/I I ‘/\{'\\j (if T is) ¥

Recall COI/wnwolgjica( construction of VITT for Hd N=2 SCFTG :

PN

% [SUJ = )/‘oc : (Comr(el-cd) Space oF local o]9erz:r(-crg

(O

H: al (H|2>”£-Su('z,2|z)®d:
U

(Ris €, ,-€,0) : €12, ST, = g1, o g, el

______ L
Lo v " Rg
. IV
)/OC - @ —-PPC’F {hﬂ; \'\’”l £V‘l Ca, IZ"‘]
ne= AN
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%) \/ T u itar o is?

Recall CO'Aornol?jica( constructicn oF WITT for Hd N=2 SCFTG :

L=Ql +§/,—

BPLRVR (z0i3) ) J rchargeg { N
[ v :( 3 Lo Supe Ue. ﬂ":S,‘—QL

(Sraded b\j 6\6\)p> such that :

> [V, sk, (=0
v ifm(w/ _y_} = cliaj (S'(Z)z—"g‘(z)z>

» [, 070

Co\,\omo\o\jica‘ f‘educ-‘ﬂ'oos O(jfee H,; (Voc> = l'—lm; (%c>

N
inherite g‘(z)z— covariant S\(Z)i‘imarian‘l' OPE a&\jebm (oka vertex a\del:rq) ctructure
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AS vec*l'of s'x:ce, CO\'\OMQ\% r‘el:resevrhid b:j Sc\/\ur‘ oPe/‘a‘{'arg:

H o (\/|oc>; (yloc > <

Schuvr

Shr>;"z

S

=R
=~ .§h=2+\}”d’ 6;‘"\1

77‘][)[6 6rad® lo_j l’L (C\niral weajl,‘—’-)/ Zr (Cohomolc(:jiCa' Cleaf?e)/ IZ (exoéfc> .

8{‘0-‘—8 —o[Dera+Of‘ Mal‘_) cemes -F/am {‘wis{'ec[ "WWS[G‘HOVH

R ) L ( L 2—) Q‘CCVLSQNCA—‘)OV')
L2 (L., 2 -zl.-2 + io OPE
@(z):[eZL.*Z(LM @(O)e ] g \Y, lq’redlﬁ

@ [~

v

A2Pe h. Q —_
z %,. , 7]][]:L

‘—’[@‘w(z,z) 2[R, D 4 -
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\l\/ln:j ien L \yI‘TY unhlar:( (i‘FTig)?
Fu“ ‘H\eorj l/\ag a Versian or‘: CP —iwva'u-‘ﬁan:

loc loc
¢ : )/ —> V
ad\join"’ co.r i “i":eﬁ-" S"Pace inner Froduc"-

C9 —> C9* N in I:lawar quan-Han—ion,

Tla.'s i§ vwo"' CCMPQ“"IHQ c/Co‘nomolgjical (‘educ"'iOV)

¢ : )/Schav‘ > VSCL“, = Schu~
w

*
_ d
(@‘/rlﬂ/ r, R ) - (6 ) L,t,—ﬁ,—frlz
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Rectify Hhe situation b i ’
\7 %) \j c[e-Fm‘C? av iMProvec(// cm\)@crhom:

sz Vloc S )/(oc

T2, x -
G > e O " = (Cmﬁz@e—mzz)*

(J/Sch:u- ) h,R ° (Vs:h:f > h,R

No |
lOV\Oer an lV)VO'U‘(‘iam v @Q«\era(‘

;e )
> J)“ - T d.
Cempatiole
C PCA—"O( u/cchoMo\%jfca‘ r‘educ{'fon in an m"‘arcg‘l‘m\j aa\\:r:
c = e
» pom-dp
C\\S;ves antilinear vertex a(lﬁebm au-Fomorlegm :

(allb]

pla.b) =) Ganpiey
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Tlaie mokes it fOCSiHe fo see the mpeint of Ud um‘)'ar'i-\j oo WITT] ¢

sl(2), locsest c./eﬁMr in mulhfu— /&

<P(@)(O) @(Z)> = (ZLDG)[<f(G)(O)f(G)*(?/i)> —2_2'2@

(- 4d reFlection Fcci{ivi{j

= %22@ = (,‘)oc.“r'.ve 'Fo: 2e -€"2+>

2 (Q@—L‘G)

K@ Z = (Focilr‘.ve For z¢ —a‘ﬂ2+>

2(hgRo)

(1) Ke > O

( (- )L‘AQ Ko > O Yor basanic OPS)

POSiJci\/i"'q conditien depends cn Q—qradinq
' < ' \Y, J
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Becauge /- c\/\arde is nok conserved l@ OPE, beet to introduce ac a Silbration :

6 Ve s 0. Y- Lf)jcjka
C* =) - ()/ c

_W\i& it a joocl mcreasmj Si”'ra“ioni

o c % q,,\/ n<o

b S‘lv Qr’*"r'v n>o
fZéF+cL—|
_—
- a. b o T o)
a“)b‘(/\;;* bz el ta b+ za b+ T
o) Z Z . “ Y
—~—
[25‘9+<L
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This Slrakon eill be ron-degenerate, i Jhe sonee hat (=, =) is Wdejenemﬁe
on SP\/ Jc«t’ eacln F.

Qemark H A ﬂcﬂ—d@d. Pi“'!’a“w'on () )/Can be reFMea( "'o a 30‘0!&1’(\)7 via Cram- Sdmidb or‘rhodonah‘sa‘l'ian.

V=@l

De‘F.’V)e G V — V IJJ o-')/ = (i)2F (Z, cclinemant oF Z,_ lZ—,mm‘":j)
“p

<>< ‘:,( > = ((°-°f)(a()/j) i< V\cw—c‘ejencra"’e L l’\@f‘M\'“’iaﬂ

De'F : ()/)So,f) S.L <'l—> i FOQI""JV& dethLe Xy ca”ed a 36’0«0‘&:‘ um'"a:sf Ver‘l—ex abebr‘ao

I/zs



Acl\'\oin{'s
Ad\‘)oin"‘ C.r l: (—‘ —> (F‘:f X C[uasi -P’imar\«j/ MUH' L)O-,Ven \7

* - -
Xﬂ = T" °sz_n°f °0- :

\A/e deﬁne \/\C«MC‘(/jeMCMS (in (Z—C[Aaﬁa CCMPOAQ/)“’.C of XVL

Xos 5 xFT ) xPTi)) )

o - " Mg M+k—r\-—|,q+P/
2p f-pJ
_ﬂ\en ad\)om'l's‘ are (xffj) = (1_) I <F( )>z|,,':
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Some -Laclnmca’ remarkg :

¢ IF we relax the ﬁoac‘wesc cri-‘—eriow on 8. (So Ow]j |'MPo$e anb ésr+i_'\/> , r‘ecl'cF ‘H’IQ COAS‘J’Y’UC‘HOV} S“'f" Wlaké'& Qense.

CJe Ca” Hoece c;.»eak dmded —um—l-orj verfes a(‘jebr\as,

o Jeak 6rac(ecf um-"a:j Vertex a\ﬁebr‘as are cohat appears in &enar“al S boundaﬁ/ VOAs i 3d N= $heorieg.

_[;ue For A-"'uis-‘-ec\datﬁe ‘n\eOriec\] S‘rs-l' Frmci‘a[es F\Adcicc deriva-\-ion \ockizj.

° uﬂ i‘La:j vertex alﬁebrag’ are (ealk sradec( uwi-'m}, vertex a}jebmc with 60 V= V.
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EKGMPle - SdelemLfc Kason VOA (Oc‘iﬁf:ﬁ From Free [/vdi)e:‘s)
(V) CJ) a QﬂMF'wHC vector sFace/@ and Zec,} laasa’s u/&)(e,‘,e,,)zfdab W\i-tarj Q\ijPlec{'ic ﬁorm

Sbf\/z -trea’j (jenem"cc( b\\r Eoconm cFielcls czaz"""d"”(v)(\/ [«=I/z

ap

5[‘ (2) Z"/w) = v 1 gD fzb/w) :

22—

ia[z) = Z %: Z-ﬂ-‘ C\// ri:‘, 72!]; [‘Ja‘)a:mm(_,o
wez

G-raded Un;er,] shructure

. 6?& Sbr\/‘,(:: Span {‘].T_'n‘ q_c:'fw'(|6> ) 20 K£F§

. ()(clq) - iwabib
Where each mode a(read:f

. (ij"‘ )*: { wab 7{: V\ZO; /\) Vwcgeww@ wrk. iZ-aradmﬁ
n<o

Pos‘nLivitj fF <~ |_> Ver?{"'GC& d"f‘ec‘"&f.
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EKamPle - Sdmfleﬁl'u'c l:-ermion VC’A (ari&il:z] Pram ‘Free vec+orb

(\/) CJ) a S‘ﬂm,:lcc“’ic vector s,mce/@ and £€a§ ‘oasa’s c‘//c‘)(e,meb)zfa)ab uni-l'arj Q\gijlecfic ‘porm

~ h=|

S'F f\/—z rredj ‘jef)@'a"cd b\\r &e"V"‘OWKC&elclg 7 a=(,..., dim(v)

ab

a b _ A
7 (2'72 (W)= (2 —0)
() = ZZ a3 o/ f73,727="“~’°b4.m,o

wez

+ 7 “(Z)Zb/w) Y

G—raded uni-tarv] Q-Huc"ur'e

. 6"’2 SFIVI= sponly ity 7 % 16> smz0, kep §

P (vzq) = iwabzl’
here each mode a(reac{j

. ( q )*: wab'}z; 20 /\) \/\w%ﬁev)ecus wrt. Q-araclmj
7 — - n<o

Pos‘tjriviﬁj o (- l—> ver:fied d"fec"i\j" 1525



Graded um‘.'ari‘t "tcr \/iragoro \/OA
I
fwr dimencional
SuﬂDagé \V[‘T:(% Vi r. )Car come central charge ce iR, How i< C cong"‘mined L\\j é)@um&‘a(iﬁ?

Facts from U : * RITT = |
(4 /0 (T) - T
v No other quosi-primaries o/R=1

h
vou
2-|
Level 27 &=T, (1) Re>o o H.l.:—‘—LC > C <O
o
{4
Level Y2 @=(TT) -1 T7 ¢ \)4—2 o clrz45¢) < 22
eve =TT ;T \<@> CJ/'<@: (O g c\\ ?: CZ/'D-

Le-2

Ccn‘l‘mu\ﬂ r‘C’Cuw’eC more '”F"‘+Asg“m|’-‘-‘c’"$ obou‘t' 2 5“"&«"‘ on,
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@radecf um‘{'ariij "tcr‘ \/iragoro \/OA

[2613" ‘Hne S‘Landarfd fZ—lf-.lJr»mL:m on \/ar*c i éiven lo\\j

(:) )/ir' = span {L-z—n‘--- L-2-ncl0? , K‘-P}

1 . (st)
| \nm . ()/if‘c, 8- ,J)=Id> is not Jraded um-‘-ar\\.g fer c# cl22042) nelN

Proo{: amounts +o dveckin\cj S‘udn & Kac determipant %7oms{- dickrte: oF 8raded uni“'ari“'d .

A+ level 2n e C & (Cz,zwm , c_mw> —— 0&” Va’ueg exceP-é CZ/'9 ruled out.

COseg not ruled cut are exac"\lj Hhose realiced &j (A,, Az,,> Av&jrei - DOU[GS SCFTe.
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@r‘aded um‘l'arig ¥or ST(;) AKM

/\ ab . Qab ‘u
NOOJ Suppoce WDTT(E (S|(2))K -tor come Ke [l (@“[Z)B-B(w) o kS +‘5 S +>

(z-0)? (2-w)

~acts Drom Uz - Z{37 = |
- p (T =-3°
. Qlﬂv~3“3“3= \

W
J
|
Levet 12 (P=T*, (1) kg, >0 ehere L= ~-K —> k<O

l _ 2-1\
Level 2 (we(i7h¥zara)3 @ = ez (QASAB, (-0) Kg> O cohere e = CS“J:KB,:; —> -2<K <O

A@am CCn‘l‘Mu(\ﬂﬂ r'fc‘[u«re(' more inPquAscumiﬂ-ions abOUJU Q-:Y&H'ra"':on.
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@radec( um"'arib *Paf‘ S@) AKM

@'- 4‘\\6 S—Lano‘ar.‘c" fZ—?.lerL:on on \/K(slz) ie éiven lo\\]

(:)(STC\Z)) = sSpan {:Y.:,“'ji:nKL-z-m“' L-Z"‘z o7 , K%éP}

Lw
Su@auam Strecg Yenscr modeg

2n4+|

Tlnm : (\/K(sl), 6(f+),j>(1‘)=—:r‘) ig wo‘- 6mded uwi"'afx Sor K#£K(2,2a4)= 24 =

Proap aﬂam amowrts 4o dveckivg S'o@n & Kac determipant %70.'/»;{- dickate: G'Faradcd uni-"ari \Lj .

A-|' level 2+l (S’z—mv&h#zercb K& (Kz,Mu /Kz,zw—(> —> O” Va,ues exceP-é C"I’ ruled out.

COseg v\o“' ru|ec' ou‘[‘ areé exac‘,"'lj J—Lose reaIiCeo[ hj (Ai, DZF”‘D Av&jrcﬁ - ,Domdlas SQFR.
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O ommaw‘}’s

@ Simi|ar exclugione E:r g\/(\D)/ Q((\LO AKM oéjebr‘ag/ \/\/N a@a‘ams/‘Hnou@L\ at lmdloer cank  see

\ncA' a“ //a“ac.;eé o leuels \aave kwaam ma'isq-’-;ows’,

@) T‘Amﬁ'ﬂ surel -‘-rqe/ we do vot have a Fosi*‘fve ?rw* of(jradec( um?Jrari4j v J'L\e V\OWQXClUAGC[ eKaMF‘eS.

eems muce t\ar‘der‘!

@éle[f::ailn:\l\i;% Wy o(aebms related Lij quortum Deundel'd —Sckolov veduction. _ITackmj &mdecl wnjcarijij

@ ASQUW\(’V@ ‘Hﬂe E" Si“‘ra-l—fam i$ y\o+ oP%(ma[ . In fac‘é/ 'Haere are exampleg wbere \/irasoro/AKM VOAs ot
other levels will be ccmPaJciHe with, 3raded uwil'arﬂ—\j ( &/ different Q"ti”—ra—‘—cm)!

T all cuch eAamP(ec T Koo of fe VoA con be extended (\/W‘/AKM realised LJ 5:"””6&“%7‘”\93‘ Kelewance
SF Hhis dogervation s unclear



|—or* dam(?e -H/veomeC/ Corrccponc‘@ VOA¢ are realiced via BEST/cemi-infinle celnomcloﬁjz
° Gc: CCMPC‘C“'/ (‘éM(-S('MPlé ﬁfouf
* ge Lie (G,)

’ {b,;] be a basis For‘ 5=3‘®@ th% rt‘, Lr:J’JAcC‘L'c,

K=-21\Y
SUIPIDGSG )/m‘,,.l- (s ver#ex alge(orq C/MNP[MCM \/ (jc) L> Vmﬂ-

G
(relective) UEQchMPIex : V = ()/n~a+® S'P(szebﬂ)) z

(@)
ouber usl,(z) cemmutes 0/ G’c

D'vmeren-"ialgi Q : %-7_1 ﬂ. + : 3;:0: 92 7-»,2 - : oukr L(SF(Z)

"M =0
m= v

,Ze‘aalave semi-inFinite co\f\amo‘a&zg : )-} . (l// Q-) = l'l o (‘f.%v ) ﬂ, %44—)
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Suﬂ)ase %mt HCﬁmdec‘—uWerJ. (e Say é—ac:‘l'ion iS (joocl if /“(\TA,-.|07> < 51\/.»«.4-'

TL\M deccmPOS|Jriom o‘F modes ‘l'akes -u\e CofM UA

T ro) — -1
,ﬂ - J-A + 34)1/‘ + /.‘)"‘
N~

l“
A\
=0 for- n20 =0 Jor n<0
( 5oodmest) (““00"”4' of U

Vz=Ker A® im T @ ker [,
= ker A @ mlDL @ ker L,

Lekng Tlo= (M) 0wy @é= ({B.BS - 0 }
m {0, T, l= S A

ana\o&cuq +o a(&ebra of {a,Sja’: M on Q) ke M g comf‘mc‘(: \eihlem monifold.
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Quockel medhangn / 'Y lemma

o _ 6
S N _@/&-
— _ [ G
P\ué /ﬂl \JE+_ + /'IEL-
& NI
) /ﬁ_ Ot o \rf:+
L/— L
(@) N \O

V C‘éCCMFO.SéQ aq dicect sum oF ﬂuaﬂd—& end Si/@'@"c :-H'(V/ DI) .

@wc enad'l& Pam“els Goncequerce et ecembingbion vules” or uni-f-:ay rerrese/;hhws of Hd N=2 su‘:erconForma| a\debrq)

Ker (T17) ~ Ver (U7 N Ker () D USo2) 2 SL2)
im (C.7) i (01 ouber aut. of SH(gec?)

Thm : |—,-}+. (n?{ ?;\/W,D admits outer //Le&che-ﬁz// SL(2) &/ Carton ﬁiven bj cohomo‘caica\ clﬁree,

Thm: Hz‘f. (ﬁ/js %ﬂ) inheridc a‘jrac‘ed uo%‘la:j structure Frvm )/mai-
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/2 . V4
}:O V‘Ma"j:j

VOA c'uaci-:wmor’:lmsms )"'”\\\ -
———— -7/\

Analo&ous “"o ‘porma(f“'b o{} COMPaC‘l’ Mdlz\ler mani":c‘dc (D¢|i\jm'e"‘m#‘5'M0f Ov\'gu"ivan \751
(Pacsmj "0 df‘s\/ 'unc iMP/iéf ‘Yorma [;7“\7 O‘F certain Sim"l'c —“'UPQ derived S‘UMF‘GC+iC rec(ucHonS)

For 5:3,@32 , LU =00 + 0 Zi

HVITY)
(Ker([llf ), ﬂ:l-) (Ker‘u(’ﬂi); 012.)
7\ J Y
(v, ™) (M), m ") (H(u(vm:)mt),o)

SO 30(.63")\3 //in S“'aJeg,/ mwl'claec Jatgivﬁ \\a“ a‘t’ once’
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‘L_MOJ ]Zemarkc / OFW) Direc“’ioms

i AJ: Fr‘c‘sen*’/ c\aCQBPica-l'aom r‘esuILS rec]uir‘e TZ-Sf;lerHom as iw[w'é'. IS -H\ere & Jze”-er‘ Fw-i— I)rmCiF[es ‘HAeor‘\j?

o DG nonN- Lo&?r‘a@mn QKOMF[es oc{mi{‘ Man%‘('\es-‘;‘j ﬁ(aded —um-‘-ai( ‘)msen"'a‘['(o/)?

° Ke\/\awour‘ under DS -reduction (,/

1r:—erer»cion —lo mac[uleg%urf:am oi)era*{'or? ( %) Fr?jrm c/'N. G—ame)

Llc' —'7:?& rccludfion }( ConneC‘F’C/r ‘I—c S\/\C/‘{', chi{—‘«ve Q\-or Prociuc-‘-s on %MP[éC""C Sim&u\arilzies?

...and soon...
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