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This is a talk about vertex algebras/chiral algebras

A novelty of the past 10 + years is that interesting vertex algebras are now known to play an
important role in the study of supersymmetric GFTs in d +2 .

4NE2 SCFT SCFT/VOA corr· vertex operator algebra~mostly restrict
to thissee

T BLLPRvR 2013 VrT]
'

3d(e4 SQFTITr
_

Boundary vertex algebra
+ Costello/Gaiotto

'"deformable" B.C. roj 2018 V/TArd]

These vertex algebras come /various bells & whistles inherited from their higher-dime origins .
It is an ongoing

effort to characterise the class of algebras produced in this manner.

One immediate observation is that these vertex algebras are all non-unitary, even when T is unitary .
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Vertex Operator Algebras
state space

vacuum

↓ ↓

/V, Y , 1 , af
↑ ↑

state/operator map conformal vectar

End(V)

Yra
,
z ) = aCz)= ‰anz" Y 「W

, E ) = TLE ) =二 L
_-nz
'

in this talk nEF
_

고
Always assume a vertex operator algebra of "strong CFT type" :

· U=Vimho-eigenvalee

V. = Span

Livi

Unique invariant bilinear pairing kx) : = Res /zolYeez)K, 10)
ㄻ

/for xy quasiprimary
of weight hi /if . zxzyios/
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Unitary Vertex Operator Algebras
/formalized by C .DangeX . Lin , 2013

Let $ : V- V C-antilinear involution (404 = Id
. ) such that

- G(1) = 1

- &(w) = c

- &(and) = fir
!

Gra)
,
#(b)

Definea , by : = (Pras , b)
.
This is Hermitian .

(V ,
Y
,

1
,
w
, 4) unitary if -F is positive definite .

Viragoro VOA unitary only if c = <ppt (p =- or

celfort00Affine Kac-Moody current algebras unitary only for level Ke
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Why isn't NST] unitary (if Tist ?

Recall cohomological construction of WIT] for 4dN=2 SCFTS :

115 = Yo : completed) space of local operators

O
「J
= s 1 √4120 =SuC2 , 212℃c

U

(ReCzernf :

Sign i
√

√

Koc = Errep (hu
,

En
,
In

,
r
. R

↑
je -jr
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Why isn't NST] unitary (if Tist ?

Recall cohomological construction of WIT] for 4dN=2 SCFTS :

Q: +5;
&PLRUR (2013)] : 7 two superchargesSi-graded by g(((r) such that :

- TIIV
, sIzz] = o

· G,
* y = diag(sIzlets12iz)

· NI" ,
do =d=] fo

Cohomological reductions agree Ho) Hil
Λ

inherits sl12)z-covariant sl2)z-invariant OPE algebra Jaka vertex algebral structure
.
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As vector space , cohomology represented by Schur operators :

H“ 「V 」 =(γ 品」” ) = Rtjetj: iN

=品 fWschor"
if

Triple grading by h /chiral weight) , zrcohomological degree) , R Lexotic
.

State -operator map comes from twisted translation :

R-conservation

O(z) = yeztitere +rt
gia éal-er[y+ry)Violated by Ope

= (Oh-TZ,z) t E(R;Oh-w(E,Z」 J + …
+)
!「 “
R-J2

RO,
OL
-“
'(Z,EO]

!I'
」

6/25



Why isn't I(TJ unitary (if is] ?

Full theory has a version of -involution :

0 :!- fl
adjoint w.r.

t. Hilbert space innerproduct
& ↳ &* O in planar quantization.

This is not compatible ofcohomological reduction

0 : Uschum-Uschur Uschur
Ψ

(Ohne wir
*

=(re,n
-R
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Rectify the situation by defining an "improved" conjugation :

B : y - pla
O LOCtR- OftRz=(etRz θetRs)

*

(/Var

No longer an involution in general :
=เ

。 β
4
= Id

.

Compatible ofcohomological reduction in an interesting way
:

POII = IFtos

Gives antilinear vertex algebra automorphism :

p(anb) = 1- , )1911b1prainprb)
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This makes it possible to see the imprint of 4d unitarity on NT] :

51/2) lowest weight in multipletofO
δ

Y grotro olzy = rd!oroiosprosfrz, e)) z2ra

↓
4 reflection positivity

= E2Ra = (positive for ze-ilR+)

=:いo

Kazaroho) = (positive for ze-ilR+)

z(ha-Raf
(i) kox O

( k , /h-1 kos 0 for bosonic opsf

positivity condition depends on R-grading
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Because R-charge is not conserved by OPE, best to introduce as a filtration :

SpUN VoUSK
:

(i = G . V: c G ,
V
:

c ...

GrV
:

GrV
:

c ...

This is a good increasing
filtration :

acgor ⇒aubofr !:be gar

R= p+q
- 1

ャ 0(z? )

〜aczib = . …
ta-hatit.

anz? ta -
nab
t E anaib

t . .
ん

ㄻ
OCE
”)
_

R≡ P + q
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This filtration will be non-degenerate , in the sense that -
,
-) is nondegenerate

on GpV for each p.

Remark : A non-deg. Filtration on U can be refined to a grading via Gran-Schmidt orthogonalisation.
-

台 =σ出"

Define 2 : V- V by al = ripp /Ex refinementof #21-parity
n,p

< xlyy := (rop(() ,y) is non-degenerate & Hermitian
'

Def : /V,G ..9) s. t
.

<-1-) is positive definite is called a graded unitary vertex algebra ·
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Adjoints

Adjoint w.r. t . T-1-) /for x quasi-primary , weight h)
given by

Xn
*

= NogoXzh-no9"o8
+

We define homogeneous (in R-charge) components of Xu :

tn=← っP”
」
さ

。

「” :
g
0 th

~ n- 」 ダ 字p
~

Then adjoints are (3)
*
= (i)prx))
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Some technical remarks :

· If we relax the goodness criterion on Goso only impose and eGpqV) , restof the construction still makes sense.
We call these weak graded-unitary vertex algebras .

· Weak graded unitary vertex algebras are what appears in general for boundary VOAs in 3dN=4 theories·

True for A-twisted
gange

theories ; first principles physics derivation lacking .

· Unitary vertex algebras are weak graded unitary vertex algebras with GoV=V
.
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Example - Symplectic Boson VOAarising from free hypers

NV
,
of a symplectic vector space/C and Leas basis of Crea

,
es) =: Gab unitary symplectic form

a= t, … ツdimtulSb[v] freely generated by bosonic fields a
whit

q
(

zoqrol = tiqqwr:

96堂9 qE ^
」「 qqq品 ]=coa”

On
+
u+'」o

Graded Unitary structure

· GrSbTu] : = span(qun ,... qn10x : mito
, keps

· prqa) = idaba
/

here each mode already
· (i/* )WabqanF0e homogeneous wrt. R-gradinaose

Positivity of 1-1-) verified directly .
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Example - Symplectic Fermion VOA Carising from free rectors/

NV
,
of a symplectic vector space/C and Lead basis /Crea

,
es) =: Gab unitary symplectic form

SF(V] freely generated by Fermionic fields 7
a= ls…ylimtulwh= 1

2↑E)2 .⑩=+⑫:
2 )=堂 2℃En -

1 /5ที่m = postcode,

Graded Unitary structure

· GrSttL] := spanky .in ,

...n10x : mito
, keps

· pra) = igaby
here each mode already

ร w.r.t. R-grading·Mia/* Wabin ne0I homogeneous
- waby

"

. n to

Positivity of 1-1-) verified directly . 15/25



Graded Unitarity for Virasoro VOA

four dimensional

Suppose WIT] = Vir
,

for some central charge Cel . How is a constrained by graded unitarity ?

Facts from 40 : · RIT]=
· p(T) = T
· No other quasi-primaries /R=1

h 石
ω

Level 2 : 0 = T
,

4)
"

k
,
00 yk+ = ( - c = o

Ψ
4 - 2

Level 4 : 0 = ITt) - ToT"
,
11) Koto Ko = Ze-Ck = 2

, 5

L R=ひ

Continuing requires more input/assumptions about R-filtration
.
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Graded Unitarity for Virasoro VOA

Def : the standard R-filtration on Vir
,
is given by

GVin = span(lan ... L-2-nk10(k=p)

Ihm : NVirc
, Go*,p = Id) is not graded unitary fo c* C12, 2n+s) meI

Proof amounts to checking sign of Kac determinant against dictates ofgraded unitarity .

At level In : C(zmt , <2n-1) => all values except Cap ruled out.

Cases not ruled out are exactly those realised by /A , And Argyres-Danglas SCFTs .
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Graded Unitarity for S AKM

Now suppose WITJE/ST2/k for some Keir (55's)~
Facts from 4d : ·Rij =1

ก ร

· R &Tsug-5Ja] = 1

로
ㅐ

Leve 1 : 0 =JV
,
1-1) K

=
* 0 where Kjn =

- k.
-> k = @

Lovel 2 /weightzerd : G= /55A),1Kato where Ko = Gug= --2xk = 0

Again continuing requires more input/assumptions about R-filtration
.
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Graded Unitarity for S AKM

Def : the standard R-filtration on Velsl) is given by

G/sTz) = span (5in,. Jimlz-n
,
... L-z-ne 10)(k+eep]
〜

Sugawara stress tensormodes

#m : Nisk , G ,plu--or) is not graded unitary for KEK12, 2n+) = -2+

Proof
again

amounts to checking sign of Kac determinant against dictates ofgraded unitarity .

At level 2n+ /sk-weightzero KE/Kz
,
2n+, Kazn= all values except Cap ruled out.

-casesnot ruled out are exactly those realised by /AzDupts) Argyres-Danglas SCFTs .
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Comments

Λ

· Similar exclusions for $113)
,
S1/4) AKM algebras, W algebras , though at higher rank some

not all "allowed" levels have known realisations.

② Though surely true, we do not have a positive proof ofgraded unitarity in the non-excluded examples .
Seems much harder !

③ Allowed AKM/Wr algebras related by quantum Drinfel'd-Sandov reduction . Tracking graded unitarity
seems challenging.

⑦ Assuming the R-filtration is not optimal . In fact
,
there are examples where Virasoro/AKM VOAs at

other levels will be compatible with graded unitarity (odifferentR-filtration)

In all such examples I know of, the VOA can be extended Nir/AKM realised by finitegauging) . Relevance
of this observation is unclear.
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For
gange

theories
, corresponding VOAs are realised via BRST/semi-infinite cohomology :

· G : compact, semi-simple group

·eLierG,

· (tad bea basis fo I = 1,0 ¢
with [ta

,
ty] = far"tc

Suppose Umat is vertex algebra ofmorphism (*2h/g) * Umat

relative) BRSTcomplex : V = (VmateSf/doy)
U

outer USp(2) commutes ofGo

Differentials : Q宣市崎 Jani +

器n 恐 ぞ”筑
:Oonteruspesl

Relative semi-infinite cohomology : #°/V
,Q = H

***

/Ear , # , Umatf
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Suppose Umat is graded-unitary . We say F-action is good if M/Jr , 101) = GaVmat :

Then decomposition of modes takes the form J = 丁 3+
JAin'

+
J「
-ワ

1,4 A
,n Asn
~ ~

=- Ofount = 0 for n =O

(goodnessf radjoint ofJ

This simplifies decomposition of differentials[
*

=
*3

+ 1
**)

(QY
*

= EqSt
스

Q
스 e 154

*
=
- EQP

Letting Ec = /** FiJ JIIXT,IIP=XLXBI = O ล V = Ker1& im IL'e Ker II ,

rir GlX"
, Eoß = GsX = Ker1① im IX

*
& Ker Iz

analogous to algebra of 20
,
0
,
05, ty on A/M) for M a compact Kahler manifold.

「Ʃ Z5고



Quartet mechanism/lFX*TX- lemma

ㆁ 0

TI. 없
O

*→
πx
-

O
iItht G

IX- Mit
-

IX-IIXTQ

0

LI .VTXTO 인파
·

‰ 강마
ㅇ

& decomposes as direct sum of quartets and singlets EH'/V
, Ex
* )
.

this exactly parallels consequence of "recombination rules" for unitary representations of Hd(= 2 superconformal algebra.

KerAQ-」≡KerTIFQ
'

I N KerTQTO
8 USp12)==SL12)

im /X-IX+ outer ant. of Sf/fec2)

Thm : Het / , 7;Vat) admits outer "Lefschetz" s2(2) ofCartan given by cohomological degree·

Thm : He+ · (y :Unat) inherits agraded unitary structure from Umat
.
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"Formality"
/Ker Ikt

, ix- y
~VOA quasi-isomorphisms~고 ㆁ_

(V
, iX-y 1H °

N
, lX

+ ),-

Analogous to formality of compact Kahler manifolds &Deligue-Griffiths-Morgan-Sullivan75]

Passing to grgV this implies Formality of certain finite-type derived symplectic reductions

Fo
ij
= 1ji0q2 , #

*
= 1* + E

H(V,t)

(Ker/XT) , it-y (Ker"(ixi),2)
Ψ 고

(V, #x
- J IH(,),x

-

1 (H (H(V,ET), IxE) ,oj

So gauging "in stages" matches gauging "allat once?
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Fina Remarks/Open Directions

· At present, classification results require R-Filtration as input. Is there a better first principles theory ?

· Do non-Lagrangian examples admit manifestly graded -unitary presentation ?

· Behaviour under DS-reduction ?

· Extension to modules/surface operators (in progress /N.
Earned

· 4d-Jd reduction & connection to short
, positive star products on symplectic singularities ?

...
and so on...
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Thanks for
your

attention


