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Introduction and motivation 

Since the seminal papers by Paulos, Penedones, Toledo, van Rees, Vieira 
[1607.06109,1607.06110], after about 60 years, a renaissance period of the S-matrix 
bootstrap started, in a time where technology allows numerical implementations.

[Guerrieri, Penedones, Vieira, 1810.12849, 2011.02802; 2102.02847; Cordova et al, 1909.06495; 
Hebbar, Karateev, Penedones, 2011.11708; Haring et al, 2211.05795; many others … ]

An impressive number of interesting bounds have been obtained so far, using 
mostly the so called primal method (construct solutions, no rigorous exclusions).

In d=4 space-time dimensions, most analysis focused on 2-2 
scattering of the lightest particle(s):

<latexit sha1_base64="gVDnKPt3CQj4LJ+nbjQz5M3vG5Y=">AAAB73icbVDLSgMxFL2pr1pfVZdugkVwVWZEqivp4MZlBfuAdiiZNNOGZjJjkhHK0J9w40IRt/6OO//GtJ2Fth4IHM65l9xzgkRwbRznGxXW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrTkA0E1yypuFGsE6iGIkCwdrB+Hbmt5+Y0jyWD2aSMD8iQ8lDTomxUsfzeibGntcvV5yqMwdeJW5OKpCj0S9/9QYxTSMmDRVE667rJMbPiDKcCjYt9VLNEkLHZMi6lkoSMe1n83un+MwqAxzGyj5p8Fz9vZGRSOtJFNjJiJiRXvZm4n9eNzXhtZ9xmaSGSbr4KEwFthln4fGAK0aNmFhCqOL2VkxHRBFqbEUlW4K7HHmVtC6qbq1au7+s1G/yOopwAqdwDi5cQR3uoAFNoCDgGV7hDT2iF/SOPhajBZTvHMMfoM8f3ByPNA==</latexit>

AA ! AA

Good reason: this elastic scattering is the one where we have more control, full 
crossing is trivial to implement, and we can assume maximal analyticity.
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Maximal analyticity: In the principal sheet the amplitude is analytic 
everywhere outside the normal threshold physical cuts on the real line 

(in both s and t) + possible poles due to bound states.

Extending the S-matrix bootstrap with particles with different 
masses m (A) and M (B), M>m,  is not a straightforward 

generalization, because strict maximal analyticity no longer holds.  

In particular, we can have  

It is important to set an S-matrix bootstrap program for different 
particles to enlarge its applicability. This has been explored in 2d 

[Homrich et al, 1905.06905], less so in 4d.
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Maximal analyticity: In the principal sheet the amplitude is analytic 
everywhere outside the normal threshold physical cuts on the real line 

(in both s and t) + possible poles due to bound states.

Extending the S-matrix bootstrap with particles with different 
masses m (A) and M (B), M>m,  is not a straightforward 

generalization, because strict maximal analyticity no longer holds.  

In particular, we can have  

• Anomalous thresholds  
• Pseudothresholds 

It is important to set an S-matrix bootstrap program for different 
particles to enlarge its applicability. This has been explored in 2d 

[Homrich et al, 1905.06905], less so in 4d.
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However, if appropriate global symmetries are imposed, the channel 
<latexit sha1_base64="sWtw/ByFSMLB+SIk1WYqlQAqGqs=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNWzcuK9gHtEPJpJk2NJOMSUYoQ3/CjQtF3Po77vwb03YW2nogcDjnXnLPCWLOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmt5+o0kyKBzOJqR/hoWAhI9hYqVOr94xEtXq/WHLL7hxolXgZKUGGRr/41RtIkkRUGMKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LRU4otpP5/dO0ZlVBiiUyj5h0Fz9vZHiSOtJFNjJCJuRXvZm4n9eNzHhtZ8yESeGCrL4KEw4shln4dGAKUoMn1iCiWL2VkRGWGFibEUFW4K3HHmVtC7KXqVcub8sVW+yOvJwAqdwDh5cQRXuoAFNIMDhGV7hzXl0Xpx352MxmnOynWP4A+fzB95DjzM=</latexit>

AB ! AB

remains elastic for any mass ratio (in the appropriate energy range).

Extremal amplitudes of this kind could be useful for 
example in pion-Kaon or pion-nucleon scattering in QCD.  

Moreover,  when                 , inelasticities are generally non-negligible. 
<latexit sha1_base64="fuCR6V6rScWo/vxrE0o42CdE2ok=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEquCl4MWLUMF+QBvKZrtJl+5uwu5GKKE/wosHRbz6e7z5b9y0OWjrg4HHezPMzAsSzrRx3W+ntLa+sblV3q7s7O7tH1QPjzo6ThWhbRLzWPUCrClnkrYNM5z2EkWxCDjtBpPb3O8+UaVZLB/NNKG+wJFkISPYWKl7jwZRhMSwWnPr7hxolXgFqUGB1rD6NRjFJBVUGsKx1n3PTYyfYWUY4XRWGaSaJphMcET7lkosqPaz+bkzdGaVEQpjZUsaNFd/T2RYaD0Vge0U2Iz1speL/3n91ITXfsZkkhoqyWJRmHJkYpT/jkZMUWL41BJMFLO3IjLGChNjE6rYELzll1dJ56LuNeqNh8ta86aIowwncArn4MEVNOEOWtAGAhN4hld4cxLnxXl3PhatJaeYOYY/cD5/AFQTjug=</latexit>

M � mMoreover,  when                 , inelasticities are generally non-negligible. 
<latexit sha1_base64="fuCR6V6rScWo/vxrE0o42CdE2ok=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEquCl4MWLUMF+QBvKZrtJl+5uwu5GKKE/wosHRbz6e7z5b9y0OWjrg4HHezPMzAsSzrRx3W+ntLa+sblV3q7s7O7tH1QPjzo6ThWhbRLzWPUCrClnkrYNM5z2EkWxCDjtBpPb3O8+UaVZLB/NNKG+wJFkISPYWKl7jwZRhMSwWnPr7hxolXgFqUGB1rD6NRjFJBVUGsKx1n3PTYyfYWUY4XRWGaSaJphMcET7lkosqPaz+bkzdGaVEQpjZUsaNFd/T2RYaD0Vge0U2Iz1speL/3n91ITXfsZkkhoqyWJRmHJkYpT/jkZMUWL41BJMFLO3IjLGChNjE6rYELzll1dJ56LuNeqNh8ta86aIowwncArn4MEVNOEOWtAGAhN4hld4cxLnxXl3PhatJaeYOYY/cD5/AFQTjug=</latexit>

M � m

Studying the set of amplitudes 
<latexit sha1_base64="x0rbmJAoGCwWZ62wivhPf/angow=">AAACD3icbZC7SgNBFIbPeo3xtmppMxgUixB2RaJgk42NZQRzgWQJs5PZZMjshZlZISx5AxtfxcZCEVtbO9/GySaCJv5w4OM/5zBzfi/mTCrL+jKWlldW19ZzG/nNre2dXXNvvyGjRBBaJxGPRMvDknIW0rpiitNWLCgOPE6b3vB60m/eUyFZFN6pUUzdAPdD5jOClba65onjdFSEHKeIplStFnX9kJORU+2aBatkZUKLYM+gADPVuuZnpxeRJKChIhxL2batWLkpFooRTsf5TiJpjMkQ92lbY4gDKt00u2eMjrXTQ34kdIUKZe7vjRQHUo4CT08GWA3kfG9i/tdrJ8q/dFMWxomiIZk+5Ccc6Rsn4aAeE5QoPtKAiWD6r4gMsMBE6QjzOgR7/uRFaJyV7HKpfHteqFzN4sjBIRzBKdhwARW4gRrUgcADPMELvBqPxrPxZrxPR5eM2c4B/JHx8Q2ooZij</latexit>

AA ! AA,AA ! BB,BB ! BB,AB ! AB

might no be enough to identify physical extremal amplitudes 
[Aks, 1965; Correia, Sever, Zhiboedov, 2006.08221]
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Our main aim: 

Study the                  amplitude and shows that numerical 
bounds can be found (stronger than positivity bounds)

<latexit sha1_base64="5XUcGx52/TlRChJW/2JUfElzjm4=">AAAB73icdVDLSgMxFL3js9ZX1aWbYBFclZkiY4ubtm5cVrAPaIeSSTNtaCYzJhmhDP0JNy4UcevvuPNvzLQVVPRA4HDOveSe48ecKW3bH9bK6tr6xmZuK7+9s7u3Xzg4bKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1xlfueeSsUicaunMfVCPBIsYARrI3Xrjb6OUL0xKBTtkm3guigjTsV2DKlWK+VyFTlzy7aLsERzUHjvDyOShFRowrFSPceOtZdiqRnhdJbvJ4rGmEzwiPYMFTikykvn987QqVGGKIikeUKjufp9I8WhUtPQN5Mh1mP128vEv7xeooOKlzIRJ5oKsvgoSDgyGbPwaMgkJZpPDcFEMnMrImMsMdGmorwp4Ssp+p+0yyXHLbk358Xa5bKOHBzDCZyBAxdQg2toQgsIcHiAJ3i27qxH68V6XYyuWMudI/gB6+0TNZePcA==</latexit>

AB ! AB
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Conclusions 
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Introduction

Numerical results

Set-up of  the scattering amplitude 
and its analytic structure
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We assume a                  global symmetry with A            and B           .                                        
<latexit sha1_base64="dwAG2omkfkmQJAo7i1qBnvlZO/g=">AAACBHicbVDLSsNAFL2pr1pfUZfdDLaCq5J0UQU3BTcuK9gHNiFMppN26OTBzEQooQs3/oobF4q49SPc+TdO2yDaemDg3HPu5c49fsKZVJb1ZRTW1jc2t4rbpZ3dvf0D8/CoI+NUENomMY9Fz8eSchbRtmKK014iKA59Trv++Grmd++pkCyObtUkoW6IhxELGMFKS55ZrmaOH6C7qVd3FAup/ClR1TMrVs2aA60SOycVyNHyzE9nEJM0pJEiHEvZt61EuRkWihFOpyUnlTTBZIyHtK9phPU+N5sfMUWnWhmgIBb6RQrN1d8TGQ6lnIS+7gyxGsllbyb+5/VTFVy4GYuSVNGILBYFKUcqRrNE0IAJShSfaIKJYPqviIywwETp3Eo6BHv55FXSqdfsRq1xU680L/M4ilCGEzgDG86hCdfQgjYQeIAneIFX49F4Nt6M90VrwchnjuEPjI9v3DCW7w==</latexit>

Z2 ⇥ Z2
<latexit sha1_base64="uokFSPiOXkEIF7SWTrzMYtzw0R4=">AAAB73icbVBNS8NAEJ3Ur1o/WvXoZbEVKmpJeqiCl4IXjxXsB7ShbLabdulmE3c3Qgn9E148KOLVv+PNf+O2zUFbHww83pthZp4Xcaa0bX9bmbX1jc2t7HZuZ3dvP184OGypMJaENknIQ9nxsKKcCdrUTHPaiSTFgcdp2xvfzvz2E5WKheJBTyLqBngomM8I1kbqlMrnF5dnJdQvFO2KPQdaJU5KipCi0S989QYhiQMqNOFYqa5jR9pNsNSMcDrN9WJFI0zGeEi7hgocUOUm83un6NQoA+SH0pTQaK7+nkhwoNQk8ExngPVILXsz8T+vG2v/2k2YiGJNBVks8mOOdIhmz6MBk5RoPjEEE8nMrYiMsMREm4hyJgRn+eVV0qpWnFqldl8t1m/SOLJwDCdQBgeuoA530IAmEODwDK/wZj1aL9a79bFozVjpzBH8gfX5Axinjgk=</latexit>

(+,�)
<latexit sha1_base64="Lkr9jcDDs4XBGp2+dGQbYB4b1KI=">AAAB73icbVBNS8NAEJ3Ur1o/WvXoZbEVKmpJeqiCl4IXjxXsB7ShbLabdulmE3c3Qgn9E148KOLVv+PNf+O2zUFbHww83pthZp4Xcaa0bX9bmbX1jc2t7HZuZ3dvP184OGypMJaENknIQ9nxsKKcCdrUTHPaiSTFgcdp2xvfzvz2E5WKheJBTyLqBngomM8I1kbqlMqXF+dnJdQvFO2KPQdaJU5KipCi0S989QYhiQMqNOFYqa5jR9pNsNSMcDrN9WJFI0zGeEi7hgocUOUm83un6NQoA+SH0pTQaK7+nkhwoNQk8ExngPVILXsz8T+vG2v/2k2YiGJNBVks8mOOdIhmz6MBk5RoPjEEE8nMrYiMsMREm4hyJgRn+eVV0qpWnFqldl8t1m/SOLJwDCdQBgeuoA530IAmEODwDK/wZj1aL9a79bFozVjpzBH8gfX5Axirjgk=</latexit>

(�,+)

We take both A and B to be scalar particles.

Set-up of  the scattering amplitude and its analytic structure

Stability of B is ensured, no bound states are possible (all trilinears vanish), no 
anomalous thresholds from (effective) triangular diagrams. We assume that this is 

enough to not have anomalous thresholds at the non-perturbative level.
<latexit sha1_base64="E39E2olGta4s4zZAC3igRMD0gQ0=">AAACCnicbVDLTgIxFL2DL8TXqEs3VWICGzKDBF2iblxiImACk0mnFGjoPNJ2TMiEtRt/xY0LjXHrF7jzb+zALBQ8SdOTc+5Ne44XcSaVZX0buZXVtfWN/GZha3tnd8/cP2jLMBaEtkjIQ3HvYUk5C2hLMcXpfSQo9j1OO974OvU7D1RIFgZ3ahJRx8fDgA0YwUpLrnl8WYpcu4yukL6rZdRTIUqls0yqlV2zaFWsGdAysTNShAxN1/zq9UMS+zRQhGMpu7YVKSfBQjHC6bTQiyWNMBnjIe1qGmCfSieZRZmiU6300SAU+gQKzdTfGwn2pZz4np70sRrJRS8V//O6sRpcOAkLoljRgMwfGsQc6bxpL6jPBCWKTzTBRDD9V0RGWGCidHsFXYK9GHmZtKsVu16p39aKjUZWRx6O4ARKYMM5NOAGmtACAo/wDK/wZjwZL8a78TEfzRnZziH8gfH5A2whlk0=</latexit>

A(p1)B(p2) ! A(p3)B(p4)

<latexit sha1_base64="tRxgTdDeSwCgro4vwSneANNTXaY=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCqJSBXcFNy4ESrYCzQhTKbTdujMJM5MCiHUV3HjQhG3Pog738ZJm4W2/jDw8Z9zOGf+MGZUacf5tkpr6xubW+Xtys7u3v6BfXjUUVEiMWnjiEWyFyJFGBWkralmpBdLgnjISDec3OT17pRIRSPxoNOY+ByNBB1SjLSxArvKAy/m0COPCZ3Cu5x5YNecujMXXAW3gBoo1ArsL28Q4YQToTFDSvVdJ9Z+hqSmmJFZxUsUiRGeoBHpGxSIE+Vn8+Nn8NQ4AziMpHlCw7n7eyJDXKmUh6aTIz1Wy7Xc/K/WT/Twys+oiBNNBF4sGiYM6gjmScABlQRrlhpAWFJzK8RjJBHWJq+KCcFd/vIqdM7rbqPeuL+oNa+LOMrgGJyAM+CCS9AEt6AF2gCDFDyDV/BmPVkv1rv1sWgtWcVMFfyR9fkD7ACUSw==</latexit>

m± ⌘ M ±m

<latexit sha1_base64="2f85ihVcG1BDngLFWJp0fskSw1k="></latexit>8
>><

>>:

s = �(p1 + p2)
2 =

⇣p
M2 + p2 +

p
m2 + p2

⌘2
,

t = �(p1 � p3)
2 = �2p2(1� z) ,

u = �(p1 � p4)
2 = ⌃� s� t .

<latexit sha1_base64="+7g0mg+KVLsGdxpTbXZMbQKoKRg=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARBKHMDFIFNwU3boSK9gGdacmkmTY0yYxJplCGbvwVNy4UcetnuPNvTB8LbT1w4XDOvdx7T5gwqrTjfFtLyyura+u5jfzm1vbOrr23X1NxKjGp4pjFshEiRRgVpKqpZqSRSIJ4yEg97F+P/fqASEVj8aCHCQk46goaUYy0kdr2IfTvaZcjnzymdAA93vLOvNuW17YLTtGZAC4Sd0YKYIZK2/7yOzFOOREaM6RU03USHWRIaooZGeX9VJEE4T7qkqahAnGigmzywAieGKUDo1iaEhpO1N8TGeJKDXloOjnSPTXvjcX/vGaqo8sgoyJJNRF4uihKGdQxHKcBO1QSrNnQEIQlNbdC3EMSYW0yy5sQ3PmXF0nNK7qlYunuvFC+msWRA0fgGJwCF1yAMrgBFVAFGIzAM3gFb9aT9WK9Wx/T1iVrNnMA/sD6/AGIJ5UR</latexit>

⌃ ⌘ 2m2 + 2M2

<latexit sha1_base64="xMsrPNk/UDbFTmU6dQbiJe3o3Gw="></latexit>

z = cos ✓ = 1 +
2st�

s�m2
+

��
s�m2

�
� ,
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<latexit sha1_base64="Bf+eBAqixvIyyLF01948V0onK8k=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARBGtJSqmCm4IblxXsBZo2TCaTduhMks5MhFL6Im58FTcuFHHhRnwbp2kXtfWHgZ/vnMOZ83sxo1JZ1o+RWVvf2NzKbud2dvf2D8zDo4aMEoFJHUcsEi0PScJoSOqKKkZasSCIe4w0vcHttN58JELSKHxQo5h0OOqFNKAYKY1csyydHhlC7l50S06hAJ3hMEE+VNBhGlsLKEkJdy+7JdfMW0UrFVw19tzkwVw11/xy/AgnnIQKMyRl27Zi1RkjoShmZJJzEklihAeoR9rahogT2Rmn103gmSY+DCKhX6hgShcnxohLOeKe7uRI9eVybQr/q7UTFVx3xjSME0VCPFsUJAyqCE6jgj4VBCs20gZhQfVfIe4jgbDSgeZ0CPbyyaumUSralWLlvpyv3szjyIITcArOgQ2uQBXcgRqoAwyewAt4A+/Gs/FqfBifs9aMMZ85Bn9kfP8CMiOfgA==</latexit>

s � m2
+ , t  0 , u  m2

�Physical kinematical region is 

s-u, u-t crossing: 

<latexit sha1_base64="bMJ2t1mVUVcewLtce5yBRqcpvHI="></latexit>

TAB!AB(s, t, u) = TAB!AB(u, t, s) ,

TAB!AB(s, u, t) = TAB!BA(s, t, u) .

s-t crossing: 

A
A A

A B
B

In the s-channel, the first non-analyticity occurs at                 , 
before the physical threshold at  

<latexit sha1_base64="RyK+Xfw/PFNF/zZifK5gK164jcQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktpQoiFLx4rGA/oF1LNs22sUl2SbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6Z+e0nqjSL5L2ZxNQXeChZyAg2Vmrp66p4qPSLJbfszoFWiZeREmRo9ItfvUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3aKzqwyQGGkbEmD5urviRQLrScisJ0Cm5Fe9mbif143MeGlnzIZJ4ZKslgUJhyZCM1eRwOmKDF8YgkmitlbERlhhYmxARVsCN7yy6ukVSl7tXLtrlqqX2Vx5OEETuEcPLiAOtxCA5pA4BGe4RXenMh5cd6dj0VrzslmjuEPnM8fyJCOmw==</latexit>

s = 4m2
<latexit sha1_base64="HXYUX6uSw0wVBnw5WcYyk7/dpYE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BFvBU0iKVEGEghcvQgX7IW0sm+2mXbq7CbsboYT+Ci8eFPHqz/Hmv3Hb5qCtDwYe780wMy+IGVXadb+t3Mrq2vpGfrOwtb2zu1fcP2iqKJGYNHDEItkOkCKMCtLQVDPSjiVBPGCkFYyup37riUhFI3GvxzHxORoIGlKMtJEeyurq7PaxUnZ6xZLruDPYy8TLSAky1HvFr24/wgknQmOGlOp4bqz9FElNMSOTQjdRJEZ4hAakY6hAnCg/nR08sU+M0rfDSJoS2p6pvydSxJUa88B0cqSHatGbiv95nUSHF35KRZxoIvB8UZgwW0f29Hu7TyXBmo0NQVhSc6uNh0girE1GBROCt/jyMmlWHK/qVO8qpdplFkcejuAYTsGDc6jBDdShARg4PMMrvFnSerHerY95a87KZg7hD6zPH72tjw0=</latexit>

s = 4M2.

We denote by pseudothreshold the branch-cut occurring between          and        . 
<latexit sha1_base64="wB+B4PVdqyRW97+Aw4P0gemIyf4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktpQpeCl48VrAf0K4lm2bb0CS7JFmhLP0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML3N/O4TVZpF8sHMYuoLPJYsZASbTKqLx9qwXHGr7gJonXg5qUCO1rD8NRhFJBFUGsKx1n3PjY2fYmUY4XReGiSaxphM8Zj2LZVYUO2ni1vn6MIqIxRGypY0aKH+nkix0HomAtspsJnoVS8T//P6iQmv/ZTJODFUkuWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOyIXirL6+TTq3qNaqN+3qleZPHUYQzOIdL8OAKmnAHLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fcLiN1w==</latexit>

4m2
<latexit sha1_base64="2WpOMHAr8KGqSBLlDqA5b7eA4yg=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4KrulVMFLwYsXoYL9gHYt2TTbhibZJckKZelf8OJBEa/+IW/+G7PtHrT1wcDjvRlm5gUxZ9q47reztr6xubVd2Cnu7u0fHJaOjts6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJObzO88UaVZJB/MNKa+wCPJQkawyaTa3WN1UCq7FXcOtEq8nJQhR3NQ+uoPI5IIKg3hWOue58bGT7EyjHA6K/YTTWNMJnhEe5ZKLKj20/mtM3RulSEKI2VLGjRXf0+kWGg9FYHtFNiM9bKXif95vcSEV37KZJwYKsliUZhwZCKUPY6GTFFi+NQSTBSztyIyxgoTY+Mp2hC85ZdXSbta8eqV+n2t3LjO4yjAKZzBBXhwCQ24hSa0gMAYnuEV3hzhvDjvzseidc3JZ07gD5zPHz/4jbc=</latexit>

4M2

We assume that normal and pseudothresholds are 
the only non-analyticities of the amplitude

<latexit sha1_base64="GtWCS9A9RInTTOagmmCIOKs/P3U=">AAACKnicbZBdSwJBFIZn+zT7srrsZkgCA5HdCAsicLebLg38AhWZHUcdnP1g5mwgi7+nm/5KN14U0m0/pFkVKe2FgZfnnMOZ87qh4ApMc2psbG5t7+ym9tL7B4dHx5mT05oKIklZlQYikA2XKCa4z6rAQbBGKBnxXMHq7vAxqddfmFQ88CswClnbI32f9zgloFEnY1c6se20IMC2M85BXuWjK/yAE2on1HHGOKfysMTOvNle4k4maxbMmfC6sRYmixYqdzKTVjegkcd8oIIo1bTMENoxkcCpYON0K1IsJHRI+qyprU88ptrx7NQxvtSki3uB1M8HPKO/J2LiKTXyXN3pERio1VoC/6s1I+jdtWPuhxEwn84X9SKB9bFJbrjLJaMgRtoQKrn+K6YDIgkFnW5ah2CtnrxuatcFq1goPt9kS/eLOFLoHF2gHLLQLSqhJ1RGVUTRK3pHH+jTeDMmxtT4mrduGIuZM/RHxvcP+gWisg==</latexit>

TAB!AB(t, s, u) = TAA!BB(s, t, u) = TBB!AA(s, t, u)
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Singularities in the s, u, t                       channels are then<latexit sha1_base64="sWtw/ByFSMLB+SIk1WYqlQAqGqs=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNWzcuK9gHtEPJpJk2NJOMSUYoQ3/CjQtF3Po77vwb03YW2nogcDjnXnLPCWLOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmt5+o0kyKBzOJqR/hoWAhI9hYqVOr94xEtXq/WHLL7hxolXgZKUGGRr/41RtIkkRUGMKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LRU4otpP5/dO0ZlVBiiUyj5h0Fz9vZHiSOtJFNjJCJuRXvZm4n9eNzHhtZ8yESeGCrL4KEw4shln4dGAKUoMn1iCiWL2VkRGWGFibEUFW4K3HHmVtC7KXqVcub8sVW+yOvJwAqdwDh5cQRXuoAFNIMDhGV7hzXl0Xpx352MxmnOynWP4A+fzB95DjzM=</latexit>

AB ! AB

<latexit sha1_base64="nYiNycQ9xk8yXJmS2nvDZ/Qqwno=">AAACJnicbVDJSgNBEO2JW4zbqEcvjUEQDGEmSBQkEPDiMYJZIBOHnk4nadKzpLtGDEO+xou/4sVDRMSbn2JnOcTEBwWP96qoqudFgiuwrG8jtba+sbmV3s7s7O7tH5iHRzUVxpKyKg1FKBseUUzwgFWBg2CNSDLie4LVvf7txK8/Mal4GDzAMGItn3QD3uGUgJZcs6RcB9gzJNAb4ZLvXjwWsJPLYWcwiEkbx4suXrFdM2vlrSnwKrHnJIvmqLjm2GmHNPZZAFQQpZq2FUErIRI4FWyUcWLFIkL7pMuamgbEZ6qVTN8c4TOttHEnlLoCwFN1cSIhvlJD39OdPoGeWvYm4n9eM4bOdSvhQRQDC+hsUScWGEI8yQy3uWQUxFATQiXXt2LaI5JQ0MlmdAj28surpFbI28V88f4yW76Zx5FGJ+gUnSMbXaEyukMVVEUUvaA3NEYfxqvxbnwaX7PWlDGfOUZ/YPz8AhJDo6E=</latexit>

sth = m2
+ , uth = m2

+ ,
<latexit sha1_base64="Qi8ZlZX2tcuqaveL3IPSIcM0ZPc=">AAAB+3icdVBdSwJBFJ21L7OvzR57GZKgJ1lXW40IhF56NEgNdJPZcdTB2Q9m7oay+Fd66aGIXvsjvfVvmlWDijpw4XDOvdx7jxcJrsCyPozMyura+kZ2M7e1vbO7Z+7nWyqMJWVNGopQ3npEMcED1gQOgt1GkhHfE6ztjS9Tv33PpOJhcAPTiLk+GQZ8wCkBLfXMPPS6wCaQwGiGL3DFv7N7ZsEqntUc+9TGVtGyqnbZSYldrdhlXNJKigJaotEz37v9kMY+C4AKolSnZEXgJkQCp4LNct1YsYjQMRmyjqYB8Zlyk/ntM3yslT4ehFJXAHiufp9IiK/U1Pd0p09gpH57qfiX14lhUHMTHkQxsIAuFg1igSHEaRC4zyWjIKaaECq5vhXTEZGEgo4rp0P4+hT/T1p2seQUnetKoX6+jCOLDtEROkElVEV1dIUaqIkomqAH9ISejZnxaLwYr4vWjLGcOUA/YLx9AomJlB0=</latexit>

tth = 4m2

<latexit sha1_base64="wB+B4PVdqyRW97+Aw4P0gemIyf4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktpQpeCl48VrAf0K4lm2bb0CS7JFmhLP0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML3N/O4TVZpF8sHMYuoLPJYsZASbTKqLx9qwXHGr7gJonXg5qUCO1rD8NRhFJBFUGsKx1n3PjY2fYmUY4XReGiSaxphM8Zj2LZVYUO2ni1vn6MIqIxRGypY0aKH+nkix0HomAtspsJnoVS8T//P6iQmv/ZTJODFUkuWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOyIXirL6+TTq3qNaqN+3qleZPHUYQzOIdL8OAKmnAHLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fcLiN1w==</latexit>

4m2
<latexit sha1_base64="2WpOMHAr8KGqSBLlDqA5b7eA4yg=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4KrulVMFLwYsXoYL9gHYt2TTbhibZJckKZelf8OJBEa/+IW/+G7PtHrT1wcDjvRlm5gUxZ9q47reztr6xubVd2Cnu7u0fHJaOjts6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJObzO88UaVZJB/MNKa+wCPJQkawyaTa3WN1UCq7FXcOtEq8nJQhR3NQ+uoPI5IIKg3hWOue58bGT7EyjHA6K/YTTWNMJnhEe5ZKLKj20/mtM3RulSEKI2VLGjRXf0+kWGg9FYHtFNiM9bKXif95vcSEV37KZJwYKsliUZhwZCKUPY6GTFFi+NQSTBSztyIyxgoTY+Mp2hC85ZdXSbta8eqV+n2t3LjO4yjAKZzBBXhwCQ24hSa0gMAYnuEV3hzhvDjvzseidc3JZ07gD5zPHz/4jbc=</latexit>

4M2

Pseudothreshold

<latexit sha1_base64="IX35LTajMwPCALHFUczgLGT7rCk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhu6Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqx41Uq1cVWu3eZxFOAUzuACPLiGGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucP38+M+g==</latexit>s

<latexit sha1_base64="UOjSnoUiQLTzx3wISGxo7WcfnuM=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMpukSqeCl48VnDbQruWbJptQ5PskmSFsvQ3ePGgiFd/kDf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUUvHqSLUJzGPVSfEmnImqW+Y4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbK/mif/FY65crbtWdA60SLycVyNHsl796g5ikgkpDONa667mJCTKsDCOcTku9VNMEkzEe0q6lEguqg2x+7BSdWWWAoljZkgbN1d8TGRZaT0RoOwU2I73szcT/vG5qousgYzJJDZVksShKOTIxmn2OBkxRYvjEEkwUs7ciMsIKE2PzKdkQvOWXV0mrVvXq1fr9ZaVxk8dRhBM4hXPw4AoacAdN8IEAg2d4hTdHOi/Ou/OxaC04+cwx/IHz+QMZbY42</latexit>

m2
+

<latexit sha1_base64="IX35LTajMwPCALHFUczgLGT7rCk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhu6Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqx41Uq1cVWu3eZxFOAUzuACPLiGGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucP38+M+g==</latexit>s

<latexit sha1_base64="nnxscuO6n5QG59wemxWqUHt6CJg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBS8tuKdVj0YvHCvYD2rVk02wbmmSXJCuUpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9u533miSrNIPphpTH2BR5KFjGBjpY4YlB+rZT0oltyKuwBaJ15GSpChOSh+9YcRSQSVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9SyUWVPvp4twZurDKEIWRsiUNWqi/J1IstJ6KwHYKbMZ61ZuL/3m9xITXfspknBgqyXJRmHBkIjT/HQ2ZosTwqSWYKGZvRWSMFSbGJlSwIXirL6+TdrXi1Sv1+1qpcZPFkYczOIdL8OAKGnAHTWgBgQk8wyu8ObHz4rw7H8vWnJPNnMIfOJ8/XomO9A==</latexit>

m2
� � s

<latexit sha1_base64="nnxscuO6n5QG59wemxWqUHt6CJg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBS8tuKdVj0YvHCvYD2rVk02wbmmSXJCuUpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9u533miSrNIPphpTH2BR5KFjGBjpY4YlB+rZT0oltyKuwBaJ15GSpChOSh+9YcRSQSVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9SyUWVPvp4twZurDKEIWRsiUNWqi/J1IstJ6KwHYKbMZ61ZuL/3m9xITXfspknBgqyXJRmHBkIjT/HQ2ZosTwqSWYKGZvRWSMFSbGJlSwIXirL6+TdrXi1Sv1+1qpcZPFkYczOIdL8OAKGnAHTWgBgQk8wyu8ObHz4rw7H8vWnJPNnMIfOJ8/XomO9A==</latexit>

m2
� � s

<latexit sha1_base64="qtIvjcmQ/drq2tNc3N36i4Y8M+k=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQxCBAm7IlE8JfHiMUJekCzL7GSSDJl9MDOrhDWf4sWDIl79Em/+jZNkD5pY0FBUddPd5UWcSWVZ30ZmbX1jcyu7ndvZ3ds/MPOHLRnGgtAmCXkoOh6WlLOANhVTnHYiQbHvcdr2xrczv/1AhWRh0FCTiDo+HgZswAhWWnLNfMNNqrWeClG1Ni3Kc3XmmgWrZM2BVomdkgKkqLvmV68fktingSIcS9m1rUg5CRaKEU6nuV4saYTJGA9pV9MA+1Q6yfz0KTrVSh8NQqErUGiu/p5IsC/lxPd0p4/VSC57M/E/rxurwbWTsCCKFQ3IYtEg5kh/OssB9ZmgRPGJJpgIpm9FZIQFJkqnldMh2Msvr5LWRckul8r3l4XKTRpHFo7hBIpgwxVU4A7q0AQCj/AMr/BmPBkvxrvxsWjNGOnMEfyB8fkDaveSzA==</latexit>

TAB!AB(s, t)

<latexit sha1_base64="s0lgP74wklqIOOfxQx6riDWh9mg=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQxCBAm7IlE8JfHiMUJekCzL7GSSDJl9MDOrhDWf4sWDIl79Em/+jZNkD5pY0FBUddPd5UWcSWVZ30ZmbX1jcyu7ndvZ3ds/MPOHLRnGgtAmCXkoOh6WlLOANhVTnHYiQbHvcdr2xrczv/1AhWRh0FCTiDo+HgZswAhWWnLNfMNNqtWeClGtNi3Kc3XmmgWrZM2BVomdkgKkqLvmV68fktingSIcS9m1rUg5CRaKEU6nuV4saYTJGA9pV9MA+1Q6yfz0KTrVSh8NQqErUGiu/p5IsC/lxPd0p4/VSC57M/E/rxurwbWTsCCKFQ3IYtEg5kh/OssB9ZmgRPGJJpgIpm9FZIQFJkqnldMh2Msvr5LWRckul8r3l4XKTRpHFo7hBIpgwxVU4A7q0AQCj/AMr/BmPBkvxrvxsWjNGOnMEfyB8fkDavKSzA==</latexit>

TAA!BB(s, t)
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Due to the existence of the pseudothreshold,                   have 
a circular cut around the origin with radius 

<latexit sha1_base64="QzyF2uSzpKPzXbDRYUJpW6arm28=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KolIFVdt3bisYB/QxDCZTtqhkwczE6XEfoobF4q49Uvc+TdO2yy09cCFwzn3cu89fsKZVJb1baysrq1vbBa2its7u3v7ZumgLeNUENoiMY9F18eSchbRlmKK024iKA59Tjv+6Hrqdx6okCyO7tQ4oW6IBxELGMFKS55ZCu4dyrmX1RuOilG9MfHMslWxZkDLxM5JGXI0PfPL6cckDWmkCMdS9mwrUW6GhWKE00nRSSVNMBnhAe1pGuGQSjebnT5BJ1rpoyAWuiKFZurviQyHUo5DX3eGWA3lojcV//N6qQou3YxFSapoROaLgpQj/eQ0B9RnghLFx5pgIpi+FZEhFpgonVZRh2AvvrxM2mcVu1qp3p6Xa1d5HAU4gmM4BRsuoAY30IQWEHiEZ3iFN+PJeDHejY9564qRzxzCHxifP2ook3E=</latexit>

f `
AB!AB

<latexit sha1_base64="7ZJ9eDJYm52Ynss7YOwqtVq8PAs=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgiGFXJIogBLx4jGIekizL7GQ2GTIzu8zMCmHJV3jxoIhXP8ebf+PkcdDEgoaiqpvurjDhTBvX/XZyS8srq2v59cLG5tb2TnF3r6HjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLgZ+80nqjSL5YMZJtQXuCdZxAg2Vnq8vxbBCRLBaVAsuWV3ArRIvBkpwQy1oPjV6cYkFVQawrHWbc9NjJ9hZRjhdFTopJommAxwj7YtlVhQ7WeTg0foyCpdFMXKljRoov6eyLDQeihC2ymw6et5byz+57VTE136GZNJaqgk00VRypGJ0fh71GWKEsOHlmCimL0VkT5WmBibUcGG4M2/vEgaZ2WvUq7cnZeqV7M48nAAh3AMHlxAFW6hBnUgIOAZXuHNUc6L8+58TFtzzmxmH/7A+fwBXQuPdg==</latexit>

R = m+m�

The convergence of the partial wave expansion (and its imaginary part) are given in 
terms of the small and large Lehmann ellipsis in the z-plane, with semi-major axis

<latexit sha1_base64="USAZNlmfI87txtUSC3mqPz9HtEs="></latexit>

zLLs = z(t = min(t1, t2), s) , AB ! AB
<latexit sha1_base64="MmrY9voWxlK9lG5kOITnP4jM3Qc=">AAACBnicbVDJSgNBEO1xjXEb9ShCYxAihDATQhQkEPDiwUNEs0A2ejqdpEnPQneNmAw5efFXvHhQxKvf4M2/sbMcNPFBweO9KqrqOYHgCizr21haXlldW49txDe3tnd2zb39svJDSVmJ+sKXVYcoJrjHSsBBsGogGXEdwSpO/3LsV+6ZVNz37mAQsIZLuh7vcEpASy3zaNhSzTqwB4hur0f5YRLyWbeZSanTeiqFW2bCSlsT4EViz0gCzVBsmV/1tk9Dl3lABVGqZlsBNCIigVPBRvF6qFhAaJ90WU1Tj7hMNaLJGyN8opU27vhSlwd4ov6eiIir1MB1dKdLoKfmvbH4n1cLoXPeiLgXhMA8Ol3UCQUGH48zwW0uGQUx0IRQyfWtmPaIJBR0cnEdgj3/8iIpZ9J2Lp27ySYKF7M4YugQHaMkstEZKqArVEQlRNEjekav6M14Ml6Md+Nj2rpkzGYO0B8Ynz8YdZeQ</latexit>

zSLs = z(t = 4m2, s) ,
<latexit sha1_base64="gEnWOml2L2gBTJuD5zlowr5zCGI="></latexit>

t1,2 are the leading Karplus curves delimiting the region where dDiscst 6= 0

Partial waves:
<latexit sha1_base64="vyXlT+COe4LmTZJgmZ8tmmVjjvU="></latexit>

T `
AB!AB(s) ⇠

Z 1

�1
dz TAB!AB(s, t(z, s))P`(z) .

<latexit sha1_base64="qxzLPqp3piGAeTb3LGB/6QwHp6U=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9lVqYIIBS9ehAr2A9qlZNNsG5pklyQrlKV/wYsHRbz6h7z5b8y2e9DWBwOP92aYmRfEnGnjut9OYWV1bX2juFna2t7Z3SvvH7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsa3md9+okqzSD6aSUx9gYeShYxgk0n3N+eiX664VXcGtEy8nFQgR6Nf/uoNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj209mtU3RilQEKI2VLGjRTf0+kWGg9EYHtFNiM9KKXif953cSEV37KZJwYKsl8UZhwZCKUPY4GTFFi+MQSTBSztyIywgoTY+Mp2RC8xZeXSeus6tWqtYeLSv06j6MIR3AMp+DBJdThDhrQBAIjeIZXeHOE8+K8Ox/z1oKTzxzCHzifP2XcjdA=</latexit>

M = 3m

•

•

<latexit sha1_base64="b+AREleSUnEwAeOLlVoDzb1t+c8=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARKkKZqaW6EQpu3AgV7APaccikaRuaZIYkI5SxC3/FjQtF3Pob7vwb03YW2nrgcg/n3EtuThAxqrTjfFuZpeWV1bXsem5jc2t7x97da6gwlpjUcchC2QqQIowKUtdUM9KKJEE8YKQZDK8mfvOBSEVDcadHEfE46gvaoxhpI/n2gfKTcjS+1LNWOOOnNyf3Jd/OO0VnCrhI3JTkQYqab391uiGOOREaM6RU23Ui7SVIaooZGec6sSIRwkPUJ21DBeJEecn0/jE8NkoX9kJpSmg4VX9vJIgrNeKBmeRID9S8NxH/89qx7l14CRVRrInAs4d6MYM6hJMwYJdKgjUbGYKwpOZWiAdIIqxNZDkTgjv/5UXSKBXdSrFyW85Xy2kcWXAIjkABuOAcVME1qIE6wOARPINX8GY9WS/Wu/UxG81Y6c4++APr8wcbuZTU</latexit>

s4p = t4p = (3m+M)2
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Unitarity

we have
<latexit sha1_base64="lIFyAZZLiDXgMMi6pD6t2zh5x1Q=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSIIQtktUsVTwYvHCvYDtmvJptk2NJusSVYoS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyacaeO6387K6tr6xmZhq7i9s7u3Xzo4bGmZKkKbRHKpOiHWlDNBm4YZTjuJojgOOW2Ho5up336iSjMp7s04oUGMB4JFjGBjJV93B/QRxb3zh2qvVHYr7gxomXg5KUOORq/01e1LksZUGMKx1r7nJibIsDKMcDopdlNNE0xGeEB9SwWOqQ6y2ckTdGqVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/zUxNdBRkTSWqoIPNFUcqRkWj6P+ozRYnhY0swUczeisgQK0yMTaloQ/AWX14mrWrFq1Vqdxfl+nUeRwGO4QTOwINLqMMtNKAJBCQ8wyu8OcZ5cd6dj3nripPPHMEfOJ8/UvqQng==</latexit>

s � m2
+

<latexit sha1_base64="ouIpshtChft6Fjpeg3LGmg8WGFo=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0QongKePEiRDAPTNYwO+kkQ2Zn15lZIYT8hRcPinj1b7z5N06SPWhiQUNR1U13VxALro3rfjsrq2vrG5uZrez2zu7efu7gsK6jRDGssUhEqhlQjYJLrBluBDZjhTQMBDaC4dXUbzyh0jySd2YUox/SvuQ9zqix0r1u9/GRlG4eip1c3i24M5Bl4qUkDymqndxXuxuxJERpmKBatzw3Nv6YKsOZwEm2nWiMKRvSPrYslTRE7Y9nF0/IqVW6pBcpW9KQmfp7YkxDrUdhYDtDagZ60ZuK/3mtxPQu/DGXcWJQsvmiXiKIicj0fdLlCpkRI0soU9zeStiAKsqMDSlrQ/AWX14m9WLBKxfKt6V85TKNIwPHcAJn4ME5VOAaqlADBhKe4RXeHO28OO/Ox7x1xUlnjuAPnM8fdwCQHg==</latexit>

s � 4M2
<latexit sha1_base64="YAvsC4Eb1L9gtbULlo8ZYTIgOGw=">AAACCnicbVC7TgJBFJ31ifhatbQZJSbYkF1j0FgBNpYY5ZGwSGaHC0yYfTgza0KWrW38FRsLjbH1C+z8G4dHoeBJJjk5597cOccNOZPKsr6NhcWl5ZXV1Fp6fWNza9vc2a3KIBIUKjTggai7RAJnPlQUUxzqoQDiuRxqbv9y5NceQEgW+LdqEELTI12fdRglSkst82CIb1pxsYgdFeBSKbmLHeA8ycrjocPhHtu4ZWasnDUGnif2lGTQFOWW+eW0Axp54CvKiZQN2wpVMyZCMcohSTuRhJDQPulCQ1OfeCCb8ThKgo+00sadQOjnKzxWf2/ExJNy4Ll60iOqJ2e9kfif14hU57wZMz+MFPh0cqgTcaxjj3rBbSaAKj7QhFDB9F8x7RFBqNLtpXUJ9mzkeVI9ydn5XP76NFO4mNaRQvvoEGWRjc5QAV2hMqogih7RM3pFb8aT8WK8Gx+T0QVjurOH/sD4/AG5TpkB</latexit>

|S`
AA!BB(s)|  1

<latexit sha1_base64="YgEt1RbnbM8Kx8gRE8rNq+aH6XM=">AAACCnicbVC7TgJBFJ31ifhatbQZJSbYkF1j0FgBNpYY5ZGwSGaHC0yYfTgza0KWrW38FRsLjbH1C+z8G4dHoeBJJjk5597cOccNOZPKsr6NhcWl5ZXV1Fp6fWNza9vc2a3KIBIUKjTggai7RAJnPlQUUxzqoQDiuRxqbv9y5NceQEgW+LdqEELTI12fdRglSkst82CIb1pxsYQdFeBiKbmLHeA8ycrjocPhHtu4ZWasnDUGnif2lGTQFOWW+eW0Axp54CvKiZQN2wpVMyZCMcohSTuRhJDQPulCQ1OfeCCb8ThKgo+00sadQOjnKzxWf2/ExJNy4Ll60iOqJ2e9kfif14hU57wZMz+MFPh0cqgTcaxjj3rBbSaAKj7QhFDB9F8x7RFBqNLtpXUJ9mzkeVI9ydn5XP76NFO4mNaRQvvoEGWRjc5QAV2hMqogih7RM3pFb8aT8WK8Gx+T0QVjurOH/sD4/AG5VJkB</latexit>

|S`
AB!AB(s)|  1

<latexit sha1_base64="xjUHmxBHrPTmmf5WgFj6LO9FuO0=">AAACAHicbVDLSgMxFM34rPU16sKFm2AruCozQ6niquDGjVDBPqCdlkyaaUOTzJhkhFK68VfcuFDErZ/hzr8xnc5CWw9c7uGce0nuCWJGlXacb2tldW19YzO3ld/e2d3btw8OGypKJCZ1HLFItgKkCKOC1DXVjLRiSRAPGGkGo+uZ33wkUtFI3OtxTHyOBoKGFCNtpJ59XCzzrtdh5AEqmLbybdcrwp5dcEpOCrhM3IwUQIZaz/7q9COccCI0ZkiptuvE2p8gqSlmZJrvJIrECI/QgLQNFYgT5U/SA6bwzCh9GEbSlNAwVX9vTBBXaswDM8mRHqpFbyb+57UTHV76EyriRBOB5w+FCYM6grM0YJ9KgjUbG4KwpOavEA+RRFibzPImBHfx5GXS8EpupVS58wrVqyyOHDgBp+AcuOACVMENqIE6wGAKnsEreLOerBfr3fqYj65Y2c4R+APr8wdWIJRL</latexit>

4m2  s  4M2For the amplitudes satisfy extended unitarity

Without taking account                    and                     
processes, unitarity in neutral channels reduce to   

<latexit sha1_base64="qREyVpbBTYPEm5+1C+bHbfXDKi0=">AAAB73icbVDLSgMxFL2pr1pfVZdugkVwVWZEqrjq4MZlBfuAdiiZNNOGZjJjkhHK0J9w40IRt/6OO//GtJ2Fth4IHM65l9xzgkRwbRznGxXW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrTkA0E1yypuFGsE6iGIkCwdrB+Hbmt5+Y0jyWD2aSMD8iQ8lDTomxUsfzeibGntcvV5yqMwdeJW5OKpCj0S9/9QYxTSMmDRVE667rJMbPiDKcCjYt9VLNEkLHZMi6lkoSMe1n83un+MwqAxzGyj5p8Fz9vZGRSOtJFNjJiJiRXvZm4n9eNzXhtZ9xmaSGSbr4KEwFthln4fGAK0aNmFhCqOL2VkxHRBFqbEUlW4K7HHmVtC6qbq1au7+s1G/yOopwAqdwDi5cQR3uoAFNoCDgGV7hDT2iF/SOPhajBZTvHMMfoM8f2uiPMA==</latexit>

AA ! AA
<latexit sha1_base64="W/obLNTjEqS0aaSimXBT5hlXnyw=">AAAB73icbVDLSgMxFL2pr1pfVZdugkVwVWZEqrgq48ZlBfuAdiiZNNOGZjJjkhHK0J9w40IRt/6OO//GtJ2Fth4IHM65l9xzgkRwbRznGxXW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrTkA0E1yypuFGsE6iGIkCwdrB+Hbmt5+Y0jyWD2aSMD8iQ8lDTomxUsfzeibGntcvV5yqMwdeJW5OKpCj0S9/9QYxTSMmDRVE667rJMbPiDKcCjYt9VLNEkLHZMi6lkoSMe1n83un+MwqAxzGyj5p8Fz9vZGRSOtJFNjJiJiRXvZm4n9eNzXhtZ9xmaSGSbr4KEwFthln4fGAK0aNmFhCqOL2VkxHRBFqbEUlW4K7HHmVtC6qbq1au7+s1G/yOopwAqdwDi5cQR3uoAFNoCDgGV7hDT2iF/SOPhajBZTvHMMfoM8f4QaPNA==</latexit>

BB ! BB

Its implementation requires the knowledge of other channels

In terms of

<latexit sha1_base64="eFA8Jwx+9cEQ5BcAMKzrow7EoIY=">AAACKnicbVDLSsQwFE19O75GXboJDoKIDK3IKK4UN7pTcFSYjiXN3NHYpC3JrTiUfo8bf8WNC0Xc+iFmahe+LiScnHMuN/eEqRQGXffNGRkdG5+YnJquzczOzS/UF5fOTZJpDm2eyERfhsyAFDG0UaCEy1QDU6GEizA6HOoXd6CNSOIzHKTQVew6Fn3BGVoqqB/4CPeYH6vC36RnQS5uiysfpKS+EcpemQoiWgpRJVgcWVNePjYKGtQbbtMti/4FXgUapKqToP7s9xKeKYiRS2ZMx3NT7OZMo+ASipqfGUgZj9g1dCyMmQLTzctVC7pmmR7tJ9qeGGnJfu/ImTJmoELrVAxvzG9tSP6ndTLs73ZzEacZQsy/BvUzSTGhw9xoT2jgKAcWMK6F/SvlN0wzjjbdmg3B+73yX3C+1fRazdbpdmN/r4pjiqyQVbJOPLJD9skROSFtwskDeSIv5NV5dJ6dN+f9yzriVD3L5Ec5H59gy6cz</latexit>

ImT `
ij ⇠

X

k

T `
ikT

`⇤
kj

<latexit sha1_base64="kn18XrhgmtiDgag4hevi/51muVE=">AAACGHicbVBLSwMxGMzWV62vVY9egkWoCHVXpIogtPXisWJf0F2XbJq2odkHSVYoS3+GF/+KFw+KeO3Nf2O63UNtHQhMZr6PZMYNGRXSMH60zMrq2vpGdjO3tb2zu6fvHzRFEHFMGjhgAW+7SBBGfdKQVDLSDjlBnstIyx3eTf3WM+GCBn5djkJie6jv0x7FSCrJ0c8fnbhStWQAK9Xxk0UYg7fQhGeQwnpynbML4hQ6et4oGgngMjFTkgcpao4+sboBjjziS8yQEB3TCKUdIy4pZmScsyJBQoSHqE86ivrII8KOk2BjeKKULuwFXB1fwkSd34iRJ8TIc9Wkh+RALHpT8T+vE8netR1TP4wk8fHsoV7EoAo6bQl2KSdYspEiCHOq/grxAHGEpeoyp0owFyMvk+ZF0SwVSw+X+fJNWkcWHIFjUAAmuAJlcA9qoAEweAFv4AN8aq/au/alfc9GM1q6cwj+QJv8AsXynRc=</latexit>

S`
AB!AB = 1 + iT `

AB!AB(s)
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Observables
We set bounds to couplings, defined as 

<latexit sha1_base64="9kS3aww+z9z7ygnvwRMKDRXq4/M="></latexit>

�k,l ⌘
m2k+2l

k!l!

@k

@sk
@l

@tl
TAB!AB(s0, t0, s0)

<latexit sha1_base64="78ldypFAiQrGk7+6e0ITNyeQOjc="></latexit>

s0 ⌘ m2

3
+M2 , t0 ⌘ ⌃� 2s0 =

4

3
m2 .

We also consider scattering lengths, defined as 
<latexit sha1_base64="5i/1K+LUPzhhgYFMV+ytaabBkFA="></latexit>

ReT `
AB!AB(s) =

⇣
q

m

⌘2`+1h
a` +O

⇣� q

m

�2⌘i

Using dispersion relations and linear unitarity 
Focus on lowest independent couplings 

<latexit sha1_base64="WCaLt5TnjM6+5IM9jbVH/idXplI=">AAACFnicbVDLSsNAFL2pr1pfUZduBlvBRS1JF1VcFdy4rGBroQ1hMpm0QycPZiZCCf0KN/6KGxeKuBV3/o3TNoi2Hhg495x7uXOPl3AmlWV9GYWV1bX1jeJmaWt7Z3fP3D/oyDgVhLZJzGPR9bCknEW0rZjitJsIikOP0ztvdDX17+6pkCyObtU4oU6IBxELGMFKS655Vulz3e1jN7Oq1qSKfsr6YmlPKq5ZtmrWDGiZ2DkpQ46Wa372/ZikIY0U4VjKnm0lysmwUIxwOin1U0kTTEZ4QHuaRjik0slmZ03QiVZ8FMRCv0ihmfp7IsOhlOPQ050hVkO56E3F/7xeqoILJ2NRkioakfmiIOVIxWiaEfKZoETxsSaYCKb/isgQC0yUTrKkQ7AXT14mnXrNbtQaN/Vy8zKPowhHcAynYMM5NOEaWtAGAg/wBC/wajwaz8ab8T5vLRj5zCH8gfHxDbksnTM=</latexit>

�0,0,�2,0,�2,1

<latexit sha1_base64="R8Mn63Q/Z+K8BGsugf9efhnh968="></latexit>

�2,0 � 0 , �2,1 � � 9m

4(m+ 3M)
�2,0 .

Focus on the scalar scattering length  <latexit sha1_base64="fZhqAK2LwKLc7bX5I3kPTcKlpRI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeqB9t1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wfoPY2L</latexit>a0

Positivity bounds

<latexit sha1_base64="aybvtFSEENfOCWF6zCUZVUQnSek=">AAACC3icbVC7SgNBFJ31bXytWtoMCUIECbsiUSzExEa7CCYRsjHMTm7MkNkHM3fFsKS38VdsLBSx9Qfs/BsnMYUaDwwczrmXO+f4sRQaHefTmpqemZ2bX1jMLC2vrK7Z6xs1HSWKQ5VHMlJXPtMgRQhVFCjhKlbAAl9C3e+dDv36LSgtovAS+zE0A3YTio7gDI3UsrMewh2m58HA26WX1x5I2UpLZQ8jWioP8nrn2GnZOafgjEAniTsmOTJGpWV/eO2IJwGEyCXTuuE6MTZTplBwCYOMl2iIGe+xG2gYGrIAdDMdZRnQbaO0aSdS5oVIR+rPjZQFWvcD30wGDLv6rzcU//MaCXYOm6kI4wQh5N+HOomkJumwGNoWCjjKviGMK2H+SnmXKcbR1JcxJbh/I0+S2l7BLRaKF/u5k6NxHQtki2RJnrjkgJyQM1IhVcLJPXkkz+TFerCerFfr7Xt0yhrvbJJfsN6/APklmbI=</latexit>

ImT `
AB!AB(s) > 0
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Numerical results

We use the “primal S-matrix bootstrap”, easier to handle than the “dual” one.

[Paulos et al, 1708.06765]The ansatz is constructed using rho-variables (rho-ansatz in short)
<latexit sha1_base64="7e743M2MHmpiiv3T8ElVW/OkiB4="></latexit>

⇢x(z) =

p
x2 � z0 �

p
x2 � zp

x2 � z0 +
p
x2 � z

<latexit sha1_base64="hhaTY6O01Q6inVfuEy1htTK1mtc="></latexit>

TAB!AB(s, t, u) =
1X

a=0

1X

b=0

1X

c=0

↵a,b,c(⇢m+(s))
a(⇢2m(t))b(⇢m+(u))

c

<latexit sha1_base64="U7MnhBYsPIviWKz3ImuRyMdSkPs="></latexit>

↵a,b,c = ↵c,b,a , ↵a,b,c = 0 if abc 6= 0

<latexit sha1_base64="o6IF8Qb0RDBEnbu0NIamc2xiaZE=">AAACEHicbVC7SgNBFJ31GeMramkzGEVBCbspoqQK2FhJhCQGkhBmJzfJ4OzsOnNXEpZ8go2/YmOhiK2lnX/j5FH4OnDhzDn3MvceP5LCoOt+OnPzC4tLy6mV9Ora+sZmZmu7ZsJYc6jyUIa67jMDUiiookAJ9UgDC3wJ1/7N+di/vgNtRKgqOIygFbCeEl3BGVqpnTms6FhNH6ZI99mxf8xpU8ItvWw3EQaYBGww2j9pZ7Juzp2A/iXejGTJDOV25qPZCXkcgEIumTENz42wlTCNgksYpZuxgYjxG9aDhqWKBWBayeSgET2wSod2Q21LIZ2o3ycSFhgzDHzbGTDsm9/eWPzPa8TYPWslQkUxguLTj7qxpBjScTq0IzRwlENLGNfC7kp5n2nG0WaYtiF4v0/+S2r5nFfIFa7y2VJxFkeK7JI9ckQ8ckpK5IKUSZVwck8eyTN5cR6cJ+fVeZu2zjmzmR3yA877FyCxnAA=</latexit>

Truncations: a+ b+ c  Nmax,
<latexit sha1_base64="Zi7Od5gt3GPTk+k8IDxgpZCN614=">AAACA3icbVC7SgNBFJ2NrxhfUTttBhPBKuymiGIVsLGwiGAekA1hdnKTDJl9OHNXEpaAjb9iY6GIrT9h5984eRSaeODC4Zx7ufceL5JCo21/W6mV1bX1jfRmZmt7Z3cvu39Q02GsOFR5KEPV8JgGKQKookAJjUgB8z0JdW9wNfHrD6C0CIM7HEXQ8lkvEF3BGRqpnT2ieRekpK6Ee3rTdhGGmPhsOM7TdjZnF+wp6DJx5iRH5qi0s19uJ+SxDwFyybRuOnaErYQpFFzCOOPGGiLGB6wHTUMD5oNuJdMfxvTUKB3aDZWpAOlU/T2RMF/rke+ZTp9hXy96E/E/rxlj96KViCCKEQI+W9SNJcWQTgKhHaGAoxwZwrgS5lbK+0wxjia2jAnBWXx5mdSKBadUKN0Wc+XLeRxpckxOyBlxyDkpk2tSIVXCySN5Jq/kzXqyXqx362PWmrLmM4fkD6zPH2T+lrk=</latexit>

`  Lmax

<latexit sha1_base64="n6c3wzUaAknr7R7xzxi7U6bTHPQ="></latexit>

Unitarity constraints are set on the partial waves T `
AB!AB(s) and T `

AA!BB(s)

Three values of mass ratios are studied: 
<latexit sha1_base64="k9Sj0/mVnOkeeJ1GLZSD2215cPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB07IrWkUQCl68CBXsB7RLyabZNppklyQrlKX/wYsHRbz6f7z5b0zbPWjrg4HHezPMzAsTzrTxvG+nsLS8srpWXC9tbG5t75R395o6ThWhDRLzWLVDrClnkjYMM5y2E0WxCDlthY/XE7/1RJVmsbw3o4QGAg8kixjBxkrN2yvfPRO9csVzvSnQIvFzUoEc9V75q9uPSSqoNIRjrTu+l5ggw8owwum41E01TTB5xAPasVRiQXWQTa8doyOr9FEUK1vSoKn6eyLDQuuRCG2nwGao572J+J/XSU10EWRMJqmhkswWRSlHJkaT11GfKUoMH1mCiWL2VkSGWGFibEAlG4I///IiaZ64ftWt3p1Wapd5HEU4gEM4Bh/OoQY3UIcGEHiAZ3iFNyd2Xpx352PWWnDymX34A+fzB0R9jkQ=</latexit>

M = 1.5m
<latexit sha1_base64="pnjoDm8EUjd8mSgWBqYIp9aX3sk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgKSTaVhGEghcvQgX7AW0om+2mXbq7ibsboYT+CS8eFPHq3/Hmv3Hb5qCtDwYe780wMy+IGVXadb+t3Mrq2vpGfrOwtb2zu1fcP2iqKJGYNHDEItkOkCKMCtLQVDPSjiVBPGCkFYxupn7riUhFI/GgxzHxORoIGlKMtJHad9fnTqVS5r1iyXXcGexl4mWkBBnqveJXtx/hhBOhMUNKdTw31n6KpKaYkUmhmygSIzxCA9IxVCBOlJ/O7p3YJ0bp22EkTQltz9TfEyniSo15YDo50kO16E3F/7xOosNLP6UiTjQReL4oTJitI3v6vN2nkmDNxoYgLKm51cZDJBHWJqKCCcFbfHmZNM8cr+pU78ul2lUWRx6O4BhOwYMLqMEt1KEBGBg8wyu8WY/Wi/Vufcxbc1Y2cwh/YH3+ADN6jsM=</latexit>

M = 3.554m
(Kaon/pion mass ratio)

<latexit sha1_base64="RIQgbbTJmGk2Jj6qlBGoe92R7Zw=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqSIIBS9ehIr2A9qlZNNsG5pklyQrlKU/wYsHRbz6i7z5b8y2e9DWBwOP92aYmRfEnGnjut9OYWV1bX2juFna2t7Z3SvvH7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md9+okqzSD6aSUx9gYeShYxgY6WHu2vRL1fcqjsDWiZeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUslFlT76ezUKTqxygCFkbIlDZqpvydSLLSeiMB2CmxGetHLxP+8bmLCSz9lMk4MlWS+KEw4MhHK/kYDpigxfGIJJorZWxEZYYWJsemUbAje4svLpHVW9WrV2v15pX6Vx1GEIziGU/DgAupwCw1oAoEhPMMrvDnceXHenY95a8HJZw7hD5zPH/KPjZI=</latexit>

M = m
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<latexit sha1_base64="C1uJN3Cbmgv3nAVilwYLnaCnsMo=">AAACM3icbVDLSsNAFJ34tr6iLt0MFqFCKYmIiiAIbsSVgn1AE8NkemsHJw9nboQS+k9u/BEXgrhQxK3/YJJ2oa0HBg7nnMude/xYCo2W9WpMTc/Mzs0vLJaWlldW18z1jYaOEsWhziMZqZbPNEgRQh0FSmjFCljgS2j6d2e533wApUUUXmM/Bjdgt6HoCs4wkzzzwlG9yNMVvUvpCYWbVDjYA2SFNHCqVUqd+/uEdWgRxMkgVjAP1kqeWbZqVgE6SewRKZMRLj3z2elEPAkgRC6Z1m3bitFNmULBJQxKTqIhZvyO3UI7oyELQLtpcfOA7mRKh3Yjlb0QaaH+nkhZoHU/8LNkwLCnx71c/M9rJ9g9clMRxglCyIeLuomkGNG8QNoRCjjKfkYYVyL7K+U9phjHrOa8BHv85EnS2KvZB7WDq/3y6fGojgWyRbZJhdjkkJySc3JJ6oSTR/JC3smH8WS8GZ/G1zA6ZYxmNskfGN8/t1On6Q==</latexit>

⇢s(s) = ei✓s(s) , ⇢t(s) = ei✓t(t) .

<latexit sha1_base64="zRj+nXnXTMe7Z0cDvfILJ9ButPg="></latexit>

dDiscTAB!AB(s, t, u) =
X

a,b

↵a,b,0 sin
�
a✓s(s)

�
sin

�
b✓t(t)

�

<latexit sha1_base64="a1qIRYLo92cPfzcsf5U2bID0/2I=">AAACDHicbVDLSgMxFM3UV62vqks3wVaoVMrMIFUES0EQN0IF+4C+yKSZNjSZGZKMUIZ+gBt/xY0LRdz6Ae78G9N2Ftp6VodzzuXee5yAUalM89tILC2vrK4l11Mbm1vbO+ndvZr0Q4FJFfvMFw0HScKoR6qKKkYagSCIO4zUneHVxK8/ECGp792rUUDaHPU96lKMlJa66Qy89gXMyhLM3eb5cce+5N18x86ewKwqnfIp0ymzYE4BF4kVkwyIUemmv1o9H4eceAozJGXTMgPVjpBQFDMyTrVCSQKEh6hPmpp6iBPZjqbPjOGRVnrQ1Ve5vqfgVP09ESEu5Yg7OsmRGsh5byL+5zVD5Z63I+oFoSIeni1yQwaVDyfNwB4VBCs20gRhQfWtEA+QQFjp/lK6BGv+5UVSswtWsVC8szPli7iOJDgAhyAHLHAGyuAGVEAVYPAInsEreDOejBfj3fiYRRNGPLMP/sD4/AGIWpbX</latexit>

For s > (M +m)2 = m2
+, t > 4m2,

•5 10 15 20 25

-2×1012

-1×1012

1×1012

2×1012

<latexit sha1_base64="RIQgbbTJmGk2Jj6qlBGoe92R7Zw=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqSIIBS9ehIr2A9qlZNNsG5pklyQrlKU/wYsHRbz6i7z5b8y2e9DWBwOP92aYmRfEnGnjut9OYWV1bX2juFna2t7Z3SvvH7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md9+okqzSD6aSUx9gYeShYxgY6WHu2vRL1fcqjsDWiZeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUslFlT76ezUKTqxygCFkbIlDZqpvydSLLSeiMB2CmxGetHLxP+8bmLCSz9lMk4MlWS+KEw4MhHK/kYDpigxfGIJJorZWxEZYYWJsemUbAje4svLpHVW9WrV2v15pX6Vx1GEIziGU/DgAupwCw1oAoEhPMMrvDnceXHenY95a8HJZw7hD5zPH/KPjZI=</latexit>

M = m

dDisc oscillates where it is supposed to vanish. 
Overall effect seems negligible in the results. 
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The coupling          is unbounded,           has no upper bound, but it has a lower bound       
<latexit sha1_base64="BmaygviyYXVKCsxe+l05T83YA1I=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgQsqMSBVXBTcuK9gHtEPJZDJtaCYZk0yhDP0ONy4UcevHuPNvTNtZaOuBwOGcc7k3J0g408Z1v53C2vrG5lZxu7Szu7d/UD48ammZKkKbRHKpOgHWlDNBm4YZTjuJojgOOG0Ho7uZ3x5TpZkUj2aSUD/GA8EiRrCxkt/jNhrifuZeuNN+ueJW3TnQKvFyUoEcjX75qxdKksZUGMKx1l3PTYyfYWUY4XRa6qWaJpiM8IB2LRU4ptrP5kdP0ZlVQhRJZZ8waK7+nshwrPUkDmwyxmaol72Z+J/XTU1042dMJKmhgiwWRSlHRqJZAyhkihLDJ5Zgopi9FZEhVpgY21PJluAtf3mVtC6rXq1ae7iq1G/zOopwAqdwDh5cQx3uoQFNIPAEz/AKb87YeXHenY9FtODkM8fwB87nDw1CkZ8=</latexit>

�0,0
<latexit sha1_base64="aIvibZqc1nuvWpL/jzqddHXsmAs=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFcSJkpUsVVwY3LCvYB7VAymUwbmmTGJFMoQ7/DjQtF3Pox7vwb03YW2nogcDjnXO7NCRLOtHHdb2dtfWNza7uwU9zd2z84LB0dt3ScKkKbJOax6gRYU84kbRpmOO0kimIRcNoORnczvz2mSrNYPppJQn2BB5JFjGBjJb/HbTTE/ax66U77pbJbcedAq8TLSRlyNPqlr14Yk1RQaQjHWnc9NzF+hpVhhNNpsZdqmmAywgPatVRiQbWfzY+eonOrhCiKlX3SoLn6eyLDQuuJCGxSYDPUy95M/M/rpia68TMmk9RQSRaLopQjE6NZAyhkihLDJ5Zgopi9FZEhVpgY21PRluAtf3mVtKoVr1apPVyV67d5HQU4hTO4AA+uoQ730IAmEHiCZ3iFN2fsvDjvzsciuubkMyfwB87nDxBQkaE=</latexit>

�2,0

<latexit sha1_base64="grmUg9MyM0WCwlhA1AVnHHy8KYU=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFcSJkpUsVVwY3LCvYB7VAymUwbmmTGJFMoQ7/DjQtF3Pox7vwb03YW2nogcDjnXO7NCRLOtHHdb2dtfWNza7uwU9zd2z84LB0dt3ScKkKbJOax6gRYU84kbRpmOO0kimIRcNoORnczvz2mSrNYPppJQn2BB5JFjGBjJb/HbTTE/ax66U37pbJbcedAq8TLSRlyNPqlr14Yk1RQaQjHWnc9NzF+hpVhhNNpsZdqmmAywgPatVRiQbWfzY+eonOrhCiKlX3SoLn6eyLDQuuJCGxSYDPUy95M/M/rpia68TMmk9RQSRaLopQjE6NZAyhkihLDJ5Zgopi9FZEhVpgY21PRluAtf3mVtKoVr1apPVyV67d5HQU4hTO4AA+uoQ730IAmEHiCZ3iFN2fsvDjvzsciuubkMyfwB87nDxHVkaI=</latexit>

�2,1Similarly for 

<latexit sha1_base64="nz+8i1hTamCYurR+NFkdl0AjO4w=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYCu4KkkXVQSh4MaFiwr2AW0Ik+mkHTp5MHMjDaH+ihsXirj1Q9z5N07bLLT1wIXDOfdy7z1eLLgCy/o21tY3Nre2CzvF3b39g0Pz6LitokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje+mfmdRyYVj8IHSGPmBGQYcp9TAlpyzVLlzu0Dm0AWkMkUX+O6VXHNslW15sCrxM5JGeVouuZXfxDRJGAhUEGU6tlWDE5GJHAq2LTYTxSLCR2TIetpGpKAKSebHz/FZ1oZYD+SukLAc/X3REYCpdLA050BgZFa9mbif14vAf/SyXgYJ8BCuljkJwJDhGdJ4AGXjIJINSFUcn0rpiMiCQWdV1GHYC+/vEratapdr9bva+XGVR5HAZ2gU3SObHSBGugWNVELUZSiZ/SK3own48V4Nz4WrWtGPlNCf2B8/gDoxJOf</latexit>

Lmax = 60

<latexit sha1_base64="4jmYlYn6GKYa9jOskvLk/ldiSHI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp2W3YBVBKHjxIlSwrdIuJZtm29AkuyRZoZT+Ci8eFPHqz/HmvzFt96CtDwYe780wMy9MONPG876d3Mrq2vpGfrOwtb2zu1fcP2jqOFWENkjMY/UQYk05k7RhmOH0IVEUi5DTVji8nvqtJ6o0i+W9GSU0ELgvWcQINlZ6LN9e+e4ZEuVuseS53gxomfgZKUGGerf41enFJBVUGsKx1m3fS0wwxsowwumk0Ek1TTAZ4j5tWyqxoDoYzw6eoBOr9FAUK1vSoJn6e2KMhdYjEdpOgc1AL3pT8T+vnZroIhgzmaSGSjJfFKUcmRhNv0c9pigxfGQJJorZWxEZYIWJsRkVbAj+4svLpFlx/apbvauUapdZHHk4gmM4BR/OoQY3UIcGEBDwDK/w5ijnxXl3PuatOSebOYQ/cD5/AFRljsg=</latexit>

M = 1.5m

<latexit sha1_base64="iYTNcJ5x2FoNL4t4/6sfk0UudBE=">AAACHnicbVDLSgMxFM34rPVVdekmWAUXUmYKPnBVcOPCRQX7gHYYMpk7NphJhiSj1KFf4sZfceNCEcGV/o3pY6HWA4HDOecmuSdMOdPGdb+cmdm5+YXFwlJxeWV1bb20sdnUMlMUGlRyqdoh0cCZgIZhhkM7VUCSkEMrvDkb+q1bUJpJcWX6KfgJuRYsZpQYKwWlwwt5BwqHMhMRljHe7XI7HJEgrx64g11MZZLaqL0O3zHTw/egZAUHpbJbcUfA08SbkDKaoB6UPrqRpFkCwlBOtO54bmr8nCjDKIdBsZtpSAm9IdfQsVSQBLSfj9Yb4D2rRDiWyh5h8Ej9OZGTROt+EtpkQkxP//WG4n9eJzPxiZ8zkWYGBB0/FGccG4mHXeGIKaCG9y0hVDH7V0x7RBFqbKNFW4L3d+Vp0qxWvKPK0WW1XDud1FFA22gH7SMPHaMaOkd11EAUPaAn9IJenUfn2Xlz3sfRGWcys4V+wfn8BjbeoUg=</latexit>

Lower bound of �2,0 compatible with zero.
<latexit sha1_base64="pnjoDm8EUjd8mSgWBqYIp9aX3sk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgKSTaVhGEghcvQgX7AW0om+2mXbq7ibsboYT+CS8eFPHq3/Hmv3Hb5qCtDwYe780wMy+IGVXadb+t3Mrq2vpGfrOwtb2zu1fcP2iqKJGYNHDEItkOkCKMCtLQVDPSjiVBPGCkFYxupn7riUhFI/GgxzHxORoIGlKMtJHad9fnTqVS5r1iyXXcGexl4mWkBBnqveJXtx/hhBOhMUNKdTw31n6KpKaYkUmhmygSIzxCA9IxVCBOlJ/O7p3YJ0bp22EkTQltz9TfEyniSo15YDo50kO16E3F/7xOosNLP6UiTjQReL4oTJitI3v6vN2nkmDNxoYgLKm51cZDJBHWJqKCCcFbfHmZNM8cr+pU78ul2lUWRx6O4BhOwYMLqMEt1KEBGBg8wyu8WY/Wi/Vufcxbc1Y2cwh/YH3+ADN6jsM=</latexit>

M = 3.554m

<latexit sha1_base64="nz+8i1hTamCYurR+NFkdl0AjO4w=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYCu4KkkXVQSh4MaFiwr2AW0Ik+mkHTp5MHMjDaH+ihsXirj1Q9z5N07bLLT1wIXDOfdy7z1eLLgCy/o21tY3Nre2CzvF3b39g0Pz6LitokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje+mfmdRyYVj8IHSGPmBGQYcp9TAlpyzVLlzu0Dm0AWkMkUX+O6VXHNslW15sCrxM5JGeVouuZXfxDRJGAhUEGU6tlWDE5GJHAq2LTYTxSLCR2TIetpGpKAKSebHz/FZ1oZYD+SukLAc/X3REYCpdLA050BgZFa9mbif14vAf/SyXgYJ8BCuljkJwJDhGdJ4AGXjIJINSFUcn0rpiMiCQWdV1GHYC+/vEratapdr9bva+XGVR5HAZ2gU3SObHSBGugWNVELUZSiZ/SK3own48V4Nz4WrWtGPlNCf2B8/gDoxJOf</latexit>

Lmax = 60

20 22 24 26
Nmax

2×104

4×104

6×104

8×104
1×105
max λ2,0

0.01 0.02 0.03 0.04 0.05 0.06
1/Nmax

-0.19

-0.18

-0.17

-0.16

-0.15

min λ2,1



16

<latexit sha1_base64="4jmYlYn6GKYa9jOskvLk/ldiSHI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp2W3YBVBKHjxIlSwrdIuJZtm29AkuyRZoZT+Ci8eFPHqz/HmvzFt96CtDwYe780wMy9MONPG876d3Mrq2vpGfrOwtb2zu1fcP2jqOFWENkjMY/UQYk05k7RhmOH0IVEUi5DTVji8nvqtJ6o0i+W9GSU0ELgvWcQINlZ6LN9e+e4ZEuVuseS53gxomfgZKUGGerf41enFJBVUGsKx1m3fS0wwxsowwumk0Ek1TTAZ4j5tWyqxoDoYzw6eoBOr9FAUK1vSoJn6e2KMhdYjEdpOgc1AL3pT8T+vnZroIhgzmaSGSjJfFKUcmRhNv0c9pigxfGQJJorZWxEZYIWJsRkVbAj+4svLpFlx/apbvauUapdZHHk4gmM4BR/OoQY3UIcGEBDwDK/w5ijnxXl3PuatOSebOYQ/cD5/AFRljsg=</latexit>

M = 1.5m

Positivity

<latexit sha1_base64="nz+8i1hTamCYurR+NFkdl0AjO4w=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYCu4KkkXVQSh4MaFiwr2AW0Ik+mkHTp5MHMjDaH+ihsXirj1Q9z5N07bLLT1wIXDOfdy7z1eLLgCy/o21tY3Nre2CzvF3b39g0Pz6LitokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje+mfmdRyYVj8IHSGPmBGQYcp9TAlpyzVLlzu0Dm0AWkMkUX+O6VXHNslW15sCrxM5JGeVouuZXfxDRJGAhUEGU6tlWDE5GJHAq2LTYTxSLCR2TIetpGpKAKSebHz/FZ1oZYD+SukLAc/X3REYCpdLA050BgZFa9mbif14vAf/SyXgYJ8BCuljkJwJDhGdJ4AGXjIJINSFUcn0rpiMiCQWdV1GHYC+/vEratapdr9bva+XGVR5HAZ2gU3SObHSBGugWNVELUZSiZ/SK3own48V4Nz4WrWtGPlNCf2B8/gDoxJOf</latexit>

Lmax = 60

20 40 60 80 100
λ2,00

50

100

150

λ2,1
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No evidence of upper and lower bounds on      in general<latexit sha1_base64="fZhqAK2LwKLc7bX5I3kPTcKlpRI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeqB9t1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL1atXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wfoPY2L</latexit>a0
<latexit sha1_base64="fl6sb9bNTh4A+NLhMwkZ8j8bb5k="></latexit>

Instead, at fixed �2,0 we get an exponentially convergent lower bound on a0.

<latexit sha1_base64="pnjoDm8EUjd8mSgWBqYIp9aX3sk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgKSTaVhGEghcvQgX7AW0om+2mXbq7ibsboYT+CS8eFPHq3/Hmv3Hb5qCtDwYe780wMy+IGVXadb+t3Mrq2vpGfrOwtb2zu1fcP2iqKJGYNHDEItkOkCKMCtLQVDPSjiVBPGCkFYxupn7riUhFI/GgxzHxORoIGlKMtJHad9fnTqVS5r1iyXXcGexl4mWkBBnqveJXtx/hhBOhMUNKdTw31n6KpKaYkUmhmygSIzxCA9IxVCBOlJ/O7p3YJ0bp22EkTQltz9TfEyniSo15YDo50kO16E3F/7xOosNLP6UiTjQReL4oTJitI3v6vN2nkmDNxoYgLKm51cZDJBHWJqKCCcFbfHmZNM8cr+pU78ul2lUWRx6O4BhOwYMLqMEt1KEBGBg8wyu8WY/Wi/Vufcxbc1Y2cwh/YH3+ADN6jsM=</latexit>

M = 3.554m
<latexit sha1_base64="mEvKM6KVzzjWOIzz8aXmTX9vwMw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoi0oogFLx48FDBfkAbwma7bZfuJmF3Iq2hv8SLB0W8+lO8+W/ctjlo64OBx3szzMwLYsE1OM63lVtb39jcym8Xdnb39ov2wWFTR4mirEEjEal2QDQTPGQN4CBYO1aMyECwVjC6mfmtR6Y0j8IHmMTMk2QQ8j6nBIzk28U7vwtsDKkk4+l11fHtklN25sCrxM1ICWWo+/ZXtxfRRLIQqCBad1wnBi8lCjgVbFroJprFhI7IgHUMDYlk2kvnh0/xqVF6uB8pUyHgufp7IiVS64kMTKckMNTL3kz8z+sk0L/0Uh7GCbCQLhb1E4EhwrMUcI8rRkFMDCFUcXMrpkOiCAWTVcGE4C6/vEqa52W3Uq7cX5RqV1kceXSMTtAZclEV1dAtqqMGoihBz+gVvVlP1ov1bn0sWnNWNnOE/sD6/AF0rJLy</latexit>

Lmax = 70

10 20 30 40 50
λ2,0

-10

-8

-6

-4

-2

0
a0
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M=m
Pseudo threshold shrinks to a point and better bounds 

are found, despite particles are unequal.

Identical particles

[Chen, Fitzpatrick, Karateev, 2207.12448]

-2500 -2000 -1500 -1000 -500 500
2 λ0,0

500

1000

1500

2 λ2,0
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Taming the pseudothreshold

Assumptions on the amplitude in the pseudothreshold region change the picture.
Dominance of scalar resonance (M<2m).

Analytically implemented using the Muskhelishvili-Omnès method.
Extended unitarity requires

<latexit sha1_base64="3oSwEOfoLYjGMLRPYfhW3Fn6RNA="></latexit>

T `
AA!BB(s) =

��T `
AA!BB(s)

�� ei�
`(s) , 4m2  s  4M2

<latexit sha1_base64="jbqEbFdLUMdxdOHNQOO5l2AHqn4=">AAACHnicbVDJSgNBEO2JW4xb1KOXxiDES5gJGkUQMnjxGNEskElCT6eSNOlZ6O4RwjBf4sVf8eJBEcGT/o2dBdTEBwWP96qoqueGnEllml9Gaml5ZXUtvZ7Z2Nza3snu7tVkEAkKVRrwQDRcIoEzH6qKKQ6NUADxXA51d3g19uv3ICQL/Ds1CqHlkb7PeowSpaVO9hRr3HZi28aOCrBtJ+3YAc6TvDzGlxjacZFhpwtckR8j6WRzZsGcAC8Sa0ZyaIZKJ/vhdAMaeeAryomUTcsMVSsmQjHKIck4kYSQ0CHpQ1NTn3ggW/HkvQQfaaWLe4HQ5Ss8UX9PxMSTcuS5utMjaiDnvbH4n9eMVO+8FTM/jBT4dLqoF3GsgxhnhbtMAFV8pAmhgulbMR0QQajSiWZ0CNb8y4ukVixYpULp5iRXvpjFkUYH6BDlkYXOUBldowqqIooe0BN6Qa/Go/FsvBnv09aUMZvZR39gfH4DREegLA==</latexit>

S`
AA!AA(s) = e2i�

`(s)where

<latexit sha1_base64="g1+voWiNjzGI7p5ON/rH731nDa4=">AAACInicbZDLSgMxFIYz9VbrrerSTbAIdVNmROoFhLZu3FmhN+i0JZOetqGZC0lGKEOfxY2v4saFoq4EH8ZM20VtPRD48v/nkJzfCTiTyjS/jcTK6tr6RnIztbW9s7uX3j+oST8UFKrU575oOEQCZx5UFVMcGoEA4joc6s7wNvbrjyAk872KGgXQcknfYz1GidJSJ32FMa50omIR28rHpdK4HdnA+TgrT/ENLrfjS8zYvnehT+bcTjpj5sxJ4WWwZpBBsyp30p9216ehC56inEjZtMxAtSIiFKMcxik7lBAQOiR9aGr0iAuyFU1WHOMTrXRxzxf6eApP1PmJiLhSjlxHd7pEDeSiF4v/ec1Q9S5bEfOCUIFHpw/1Qo51GnFeuMsEUMVHGggVTP8V0wERhCqdakqHYC2uvAy1s5yVz+UfzjOF61kcSXSEjlEWWegCFdAdKqMqougJvaA39G48G6/Gh/E1bU0Ys5lD9KeMn183VaEL</latexit>

T `
AA!BB(s) = P `(s)⌦`(s)

<latexit sha1_base64="cXGf3gS2V+1VWg5O149KcxISHQA="></latexit>

⌦`(s) = exp

✓
s

⇡

Z +1

4m2

ds0
�`(s0)

s0(s0 � s)

◆

For scalar resonance
<latexit sha1_base64="j+hh5AXH5UOdomURljTeJMl9fZg="></latexit>

⌦0(s) =
m2

0

s�m2
0 + g2C(s)

<latexit sha1_base64="xYNaRtpb8fejmUPNwiwFk+MlP6w="></latexit>

C(s) =
1

⇡

✓
2 + r(s) log

r(s)� 1

r(s) + 1

◆
, r(s) =

r
1� 4m2

s
.
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Rho-ansatz is now
<latexit sha1_base64="TgO29cwsOrQsJ+SuHVvxW8R+yE4="></latexit>

TAB!AB(s, t, u) = ↵0 ⌦
0(t) +

X

a,b,c

↵a,b,c(⇢m+(s))
a(⇢2M (t))b(⇢m+(u))

c

upper and lower bounds for couplings, lower bounds for scattering length

<latexit sha1_base64="4jmYlYn6GKYa9jOskvLk/ldiSHI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp2W3YBVBKHjxIlSwrdIuJZtm29AkuyRZoZT+Ci8eFPHqz/HmvzFt96CtDwYe780wMy9MONPG876d3Mrq2vpGfrOwtb2zu1fcP2jqOFWENkjMY/UQYk05k7RhmOH0IVEUi5DTVji8nvqtJ6o0i+W9GSU0ELgvWcQINlZ6LN9e+e4ZEuVuseS53gxomfgZKUGGerf41enFJBVUGsKx1m3fS0wwxsowwumk0Ek1TTAZ4j5tWyqxoDoYzw6eoBOr9FAUK1vSoJn6e2KMhdYjEdpOgc1AL3pT8T+vnZroIhgzmaSGSjJfFKUcmRhNv0c9pigxfGQJJorZWxEZYIWJsRkVbAj+4svLpFlx/apbvauUapdZHHk4gmM4BR/OoQY3UIcGEBDwDK/w5ijnxXl3PuatOSebOYQ/cD5/AFRljsg=</latexit>

M = 1.5m

<latexit sha1_base64="nz+8i1hTamCYurR+NFkdl0AjO4w=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYCu4KkkXVQSh4MaFiwr2AW0Ik+mkHTp5MHMjDaH+ihsXirj1Q9z5N07bLLT1wIXDOfdy7z1eLLgCy/o21tY3Nre2CzvF3b39g0Pz6LitokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje+mfmdRyYVj8IHSGPmBGQYcp9TAlpyzVLlzu0Dm0AWkMkUX+O6VXHNslW15sCrxM5JGeVouuZXfxDRJGAhUEGU6tlWDE5GJHAq2LTYTxSLCR2TIetpGpKAKSebHz/FZ1oZYD+SukLAc/X3REYCpdLA050BgZFa9mbif14vAf/SyXgYJ8BCuljkJwJDhGdJ4AGXjIJINSFUcn0rpiMiCQWdV1GHYC+/vEratapdr9bva+XGVR5HAZ2gU3SObHSBGugWNVELUZSiZ/SK3own48V4Nz4WrWtGPlNCf2B8/gDoxJOf</latexit>

Lmax = 60

0.01 0.02 0.03 0.04 0.05 0.06
1/Nmax

15

20

25

30

max λ2,1

0.01 0.02 0.03 0.04 0.05 0.06
1/Nmax

-1.25

-1.20

-1.15

-1.10

-1.05

-1.00

min λ2,1

0.01 0.02 0.03 0.04 0.05 0.06
1/Nmax

-3.1

-3.0

-2.9

-2.8

-2.7

-2.6
min a0

Similar to before
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Conclusions

We have shown that the S-matrix bootstrap can set model-
independent bounds on 4d amplitudes                   which feature 

non-analyticities beyond physical thresholds.

<latexit sha1_base64="5XUcGx52/TlRChJW/2JUfElzjm4=">AAAB73icdVDLSgMxFL3js9ZX1aWbYBFclZkiY4ubtm5cVrAPaIeSSTNtaCYzJhmhDP0JNy4UcevvuPNvzLQVVPRA4HDOveSe48ecKW3bH9bK6tr6xmZuK7+9s7u3Xzg4bKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1xlfueeSsUicaunMfVCPBIsYARrI3Xrjb6OUL0xKBTtkm3guigjTsV2DKlWK+VyFTlzy7aLsERzUHjvDyOShFRowrFSPceOtZdiqRnhdJbvJ4rGmEzwiPYMFTikykvn987QqVGGKIikeUKjufp9I8WhUtPQN5Mh1mP128vEv7xeooOKlzIRJ5oKsvgoSDgyGbPwaMgkJZpPDcFEMnMrImMsMdGmorwp4Ssp+p+0yyXHLbk358Xa5bKOHBzDCZyBAxdQg2toQgsIcHiAJ3i27qxH68V6XYyuWMudI/gB6+0TNZePcA==</latexit>

AB ! AB

Stronger bounds are expected if one considers the full system of 
2-2 amplitudes involving A and B states. Using                  and 

extended unitarity, in particular, amplitudes can be bounded also 
in the pseudothreshold region.

<latexit sha1_base64="a1AaY20p4zI/guVENza6vUCmIQk=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuQpLWtLpqcOOygn1AG8pkOmmHTiZxZiKU0J9w40IRt/6OO//GSVtBRQ8MHM65l7nnBAmjUlnWh7Gyura+sVnYKm7v7O7tlw4O2zJOBSYtHLNYdAMkCaOctBRVjHQTQVAUMNIJJle537knQtKY36ppQvwIjTgNKUZKS13P66sYet6gVLbMi7rrnDvQMi2r5lTcnDi1qlOBtlZylMESzUHpvT+McRoRrjBDUvZsK1F+hoSimJFZsZ9KkiA8QSPS05SjiEg/m987g6daGcIwFvpxBefq940MRVJOo0BPRkiN5W8vF//yeqkK635GeZIqwvHiozBlUGfMw8MhFQQrNtUEYUH1rRCPkUBY6YqKuoSvpPB/0nZM2zXdm2q5cbmsowCOwQk4AzaogQa4Bk3QAhgw8ACewLNxZzwaL8brYnTFWO4cgR8w3j4BPeCPdA==</latexit>

AA ! AA

Bounds weaker than those for identical particles.
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If one is interested to look for a specific theory as an extremal 
solution, there is  a theoretical advantage of neglecting other channels. 
Extremal amplitude is generally elastic and the inelasticities in the full 

system are bigger that those in the single channel.

Future developments

Input data to make QCD extremal in some 
parameter and study the resulting amplitude. 

                    ,  scattering in QCD
<latexit sha1_base64="be8meZ4iR6Q+e77FuOgqtkJ1slY=">AAAB9XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJSBVXBTeupIK9QBPLZDpph04mYWailND3cONCEbe+izvfxkmahbb+MPDxn3OYc34/5kxp2/62Siura+sb5c3K1vbO7l51/6CjokQS2iYRj2TPx4pyJmhbM81pL5YUhz6nXX9yndW7j1QqFol7PY2pF+KRYAEjWBvrwY0ZunV1hHIYVGt23c6FlsEpoAaFWoPqlzuMSBJSoQnHSvUdO9ZeiqVmhNNZxU0UjTGZ4BHtGxQ4pMpL861n6MQ4QxRE0jyhUe7+nkhxqNQ09E1niPVYLdYy879aP9HBpZcyESeaCjL/KEg4MmdmEaAhk5RoPjWAiWRmV0TGWGKiTVAVE4KzePIydM7qTqPeuDuvNa+KOMpwBMdwCg5cQBNuoAVtICDhGV7hzXqyXqx362PeWrKKmUP4I+vzBzuzka4=</latexit>

⇡N ! ⇡N
<latexit sha1_base64="mZizAwZR45dbGJd8sDuQoiWrzys=">AAAB9XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJSBVXBTeCmwr2Ak0sk+mkHTqZhJmJUkLfw40LRdz6Lu58GydpFtr6w8DHf85hzvn9mDOlbfvbKq2srq1vlDcrW9s7u3vV/YOOihJJaJtEPJI9HyvKmaBtzTSnvVhSHPqcdv3JdVbvPlKpWCTu9TSmXohHggWMYG2sBzdm6NbVEcphUK3ZdTsXWgangBoUag2qX+4wIklIhSYcK9V37Fh7KZaaEU5nFTdRNMZkgke0b1DgkCovzbeeoRPjDFEQSfOERrn7eyLFoVLT0DedIdZjtVjLzP9q/UQHl17KRJxoKsj8oyDhyJyZRYCGTFKi+dQAJpKZXREZY4mJNkFVTAjO4snL0DmrO4164+681rwq4ijDERzDKThwAU24gRa0gYCEZ3iFN+vJerHerY95a8kqZg7hj6zPHzKAkag=</latexit>

⇡K ! ⇡K

Next natural targets are 



Thank You
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<latexit sha1_base64="Hbv3h8jbuJ39d0NEGu6AQkiv1sk=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURrSIIBS8eK9gPaEPZbKft0t0k7E7EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCAWXKPrflu5ldW19Y38ZmFre2e3aO/tN3SUKAZ1FolItQKqQfAQ6shRQCtWQGUgoBmMbqZ+8wGU5lF4j+MYfEkHIe9zRtFIXbsoux2ER0wV6Mn1uezaJbfszuAsEy8jJZKh1rW/Or2IJRJCZIJq3fbcGP2UKuRMwKTQSTTElI3oANqGhlSC9tPZ4RPn2Cg9px8pUyE6M/X3REql1mMZmE5JcagXvan4n9dOsH/ppzyME4SQzRf1E+Fg5ExTcHpcAUMxNoQyxc2tDhtSRRmarAomBG/x5WXSOC17lXLl7qxUvcriyJNDckROiEcuSJXckhqpE0YS8kxeyZv1ZL1Y79bHvDVnZTMH5A+szx8IJZNS</latexit>

mres = 5m
<latexit sha1_base64="e6qlyMW/IWSgb1vxuiZ3o4JOx3M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqghCwYvHivYD2lA22026dLMJuxOhlP4ELx4U8eov8ua/cdvmoNUHA4/3ZpiZF6RSGHTdL6ewsrq2vlHcLG1t7+zulfcPWibJNONNlshEdwJquBSKN1Gg5J1UcxoHkreD0c3Mbz9ybUSiHnCccj+mkRKhYBStdB9de/1yxa26c5C/xMtJBXI0+uXP3iBhWcwVMkmN6Xpuiv6EahRM8mmplxmeUjaiEe9aqmjMjT+ZnzolJ1YZkDDRthSSufpzYkJjY8ZxYDtjikOz7M3E/7xuhuGlPxEqzZArtlgUZpJgQmZ/k4HQnKEcW0KZFvZWwoZUU4Y2nZINwVt++S9pnVW9WrV2d16pX+VxFOEIjuEUPLiAOtxCA5rAIIIneIFXRzrPzpvzvmgtOPnMIfyC8/ENvzuNcA==</latexit>

g = 1
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Non-analyticity of partial waves

<latexit sha1_base64="usGzwLWt6yw4BxvXWZHjnOI49c8=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARKtKSFK0iCAU3LivYCzSxTKaTdujkwsxEqCFP4sZXceNCEcGVvo2TNoi2/jDw851zOHN+J2RUSMP40nILi0vLK/nVwtr6xuaWvr3TEkHEMWnigAW84yBBGPVJU1LJSCfkBHkOI21ndJnW23eECxr4N3IcEttDA5+6FCOpUE8/kfACWi5HOL4vm0lcFQm0HDooibLXO7qtpv7wB5Qz0NOLRsWYCM4bMzNFkKnR0z+sfoAjj/gSMyRE1zRCaceIS4oZSQpWJEiI8AgNSFdZH3lE2PHkvAQeKNKHbsDV8yWc0N8TMfKEGHuO6vSQHIrZWgr/q3Uj6Z7ZMfXDSBIfTxe5EYMygGlWsE85wZKNlUGYU/VXiIdIZSVVogUVgjl78rxpVStmrVK7Pi7Wz7M48mAP7IMSMMEpqIMr0ABNgMEDeAIv4FV71J61N+192prTspld8Efa5ze+E6Bg</latexit>

t =
z � 1

2s

�
s�m2

+

��
s�m2

�
�<latexit sha1_base64="wc+7ig6PPZ/6sVH1Y8XMHmocWi4=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRjDxoKTlgMYTiRePmMhHUirZLlvYsN02u1sNNvwPLx40xqv/xZv/xgV6UPAlk7y8N5OZeX7MmdK2/W3lVlbX1jfym4Wt7Z3dveL+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/uh66rcfqFQsEnd6HFMvxAPBAkawNtJ9+anLBHLPnTPHK6NesWRX7BnQMnEyUoIMjV7xq9uPSBJSoQnHSrmOHWsvxVIzwumk0E0UjTEZ4QF1DRU4pMpLZ1dP0IlR+iiIpCmh0Uz9PZHiUKlx6JvOEOuhWvSm4n+em+jg0kuZiBNNBZkvChKOdISmEaA+k5RoPjYEE8nMrYgMscREm6AKJgRn8eVl0qpWnFqldlst1a+yOPJwBMdwCg5cQB1uoAFNICDhGV7hzXq0Xqx362PemrOymUP4A+vzB7c1kK8=</latexit>

z 2 [�1, 1]

<latexit sha1_base64="lm1yHvF+8ICn1cGeYwZDCiH1o5s="></latexit>

As s varies, integral over z can hit a t where the amplitude is non-analytic.

<latexit sha1_base64="uM9FOb/XF69tuv83RSIT3ksOchc=">AAACD3icbZBNSwMxEIazflu/qh69BFtFQcpukSqCIHjxqGA/oF2XbDptQ5PdJZkVS/EfePGvePGgiFev3vw3prUHbX0h8PDODJN5w0QKg6775UxNz8zOzS8sZpaWV1bXsusbFROnmkOZxzLWtZAZkCKCMgqUUEs0MBVKqIbd80G9egvaiDi6xl4CvmLtSLQEZ2itILubx1MMDD2lh+qmmD+g+QFr2oC7ZE/QRqygzfbzQTbnFtyh6CR4I8iRkS6D7GejGfNUQYRcMmPqnpug32caBZdwn2mkBhLGu6wNdYsRU2D8/vCee7pjnSZtxdq+COnQ/T3RZ8qYngptp2LYMeO1gflfrZ5i69jviyhJESL+s6iVSooxHYRDm0IDR9mzwLgW9q+Ud5hmHG2EGRuCN37yJFSKBa9UKF0Vc2cnozgWyBbZJnvEI0fkjFyQS1ImnDyQJ/JCXp1H59l5c95/Wqec0cwm+SPn4xtWzpkT</latexit>

t = ts = 4m2, s = r exp(i!)
<latexit sha1_base64="QJG0d211HniUB41wiweSYkWKlEg="></latexit>

Im z(�1) = 0 =) sin!
⇣
r � (M2 �m2)2

r

⌘
= 0 .

<latexit sha1_base64="PcgQqhO2P7DGJmmY0BwEB/N1a4g="></latexit>

r = M2 �m2 is the circular cut (due to pseudothreshold)


