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* Entanglement and symmetries - recap from Enrico’s talk last year
* New developments: the role of forward amplitude
* entanglement between momenta and qubits

* qubit entanglement
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Entanglement bit by bit

@ ) @

[¥) # |[va) @ |vp)

entanglement = non-separability

Example 1: a qubit two-qubit state

~g-I
[¥) = al0) + BI1) | - [¥) = a|00) + B[01) + ~[10) + 4[11)

@
¥) €C*xC* ol + B + 7P + 1] =1

1. separable (non-entangled)  [¢) = (a1]|0) + 81]1)) ® (@2|0) + B2|1)) =
041042‘00> -+ 04162’01> + 51042|10> + ﬁ152’11>

[¥) € C? Jaf* +]8]* =1

2. non-separable (entangled) [¥) = %\Om \/—\11> ) = EIOU \/—\10>
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Entanglement bit by bit

@ ) @

[¥) # |[va) @ |vp)

entanglement = non-separability

Example 2: one particle, different partitions

2 2 . : .
Hcomp =L (R) ® C eg. free particle with spin in 1D

- = ‘ ) same wave function for
1. separable Z/ dxzb(x)e\ﬂxﬂz) spin components

i=1 Y~

2 oo

dx i (x)|z)|7) two different wave functions

2. non-separable ;f—oo
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Entanglement - applications

THE NOBEL PRIZE

Measured experimentally (Bell inequalities violation)
for linear polarization of low-energy photons
Clauser et al., ‘72; Aspect et al., ‘82; Zeilinger et al., ‘98;

Alain
Aspec

Clauser

... also at colliders e ___
for spin of the top quarks E—
ATLAS 23; CMS 24 | = i minse

Observation of quantum entanglement with top
quarks at the ATLAS detector

The ATLAS Collaboration

Nature 633, 542547 (2024) | Cite this article

Quantum computing
dense coding (Bennett, Wiesner, ‘92), teleportation (Bennett et at., ‘93), key distrubution (Ekert, ‘91)

Emergence of space and time
Moreva et al., ‘13; Van Raamsdonk, ‘10, Ryu and Takayanagi, ‘06; Maldacena, Susskind, ‘13

Scattering theory this talk
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Entanglement in scattering

entanglement of the
scattered state
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Entanglement in scattering

QUANTUM TOMOGRAPHY
how to detect entanglement
at the LHC

NEW PHYSICS

use entanglement to enhance
sensitivity of the NP searches

ex. Afik, de Nova, EPJ Plus 136 (9) (2021) 907

Barr, Phys.Lett.B 825 (2022)
Aguilar-Saavedra, Bernal, Casas, Moreno, Phe.Rev.D 107 (2023)

Aoude, Madge, Maltoni, Mantani, JHEP 12 (2023)
Altakach, Lamba, Maltoni, Mawatari, Sakurai, Phys.Rev.D 109 (2024)

Maltoni, Severi, Tentori, Vryonidou, JHEP 03 (2024)
and many more....
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Entanglement in scattering

entanglement ,
GENERATED /| TRANSFERED ,
in a scatteringevent A "7 7C >

~

Connections between entanglement N
and fundamental properties of “w
quantum field theories (e.g. symmetries)
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Emergent symmetries

Enrico’s talk last year

Symmetries arising from entanglement extremization
In scattering processes

® non-relativistic baryon-baryon scattering ——— SU(4) and SU(16) global symmetries

minimizin spins
Beane, Kaplan, Kico, Savage, from g entanglement among sp

PRL 122 (2019) 102001

e quantum electrodynamics —  U(1) gauge symmetry

Cervera-Lierta et al., SciPost Phys 3 (2017) 036 from maximizing entanglement among helicities
Fedida, Serafini, PRD 107 (2023) 116007

e Two-Higgs-doublet model — indications of SO(8) global symmetry
_ from minimizing entanglement among
Carena, Low, Wagner, Xiao Higgs boson “flavors”

PRD 109 (2024) L051901
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Entanglement in scattering

pa)|a) \ /V|pz |7

: 1 b :
in) = —= aag|PAPR)|OS) zga lout) = S |in)
\/V a,f=1,2 75&

18) / \ p;)10)

Hilbert space: momentum + qubit
Hiot = L*(R?) ® L*(R?) @ C* @ C*

|pB

In perturbation theory:
17ab . 17ab
S'yjcSozﬁ _ (I+ T)'yjéozﬁ
17ab .
= (2m)° 4 Eo By 6505 + (210)0% (pa + Po — i — P5) iMrs,08(Pas Po — D, Dj)

The final-state density matrix:

entanglement bewteen

P = \out><out\ - qubits?
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Perturbative density matrix

Shao et al., ‘08; Seki et al., ‘15; Peschanski, Seki, ‘16,

p — |Out> <Out | ‘19; _Carney et al., '16; Ratzel et al., ‘17; Fan et al., ‘17;
Araujo et al., ‘'19; Fan et al., ‘21; Fonseca et al., ‘22;

Shivashankara ‘23; Aoude et al., ‘24

Properties:

1) Tr(p) =1 | > unitarity of the S-matrix

optical theorem
(outout) =1+ A ( Z Oé/6>./\/la5 75( PB —>pA pB a% +c. c)

aBys —
d>p; 1 d3 1
" A// 2:3 25, ( pj 538, (27T)45 (batp5 —pi- pj) A (2m)0%(pa + pB —pa — pB)
. — AEAEg [(2m)3 63(0))°
x> Mag, pe(pA P pz,pj)ape/\/laﬂ UT(pA Py~ pz,pg)ag}
aB,pe,oT _— — — (indeterminate normalization)
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Perturbative density matrix

Shao et al., ‘08; Seki et al., ‘15; Peschanski, Seki, ‘16,
p — |Out> <Out | '19; Carney et al., '16; Ratzel et al., ‘'17; Fan et al., ‘17

Araujo et al., ‘'19; Fan et al., ‘21; Fonseca et al., ‘22;
Shivashankara ‘23; Aoude et al., ‘24

Properties:

1) Tr(p) =1 | > unitarity of the S-matrix

optical theorem

(outout) =1+ A ( Z Oé/6>./\/la5 75( PB —>pA pB a% +c. c)

aBys —
d>p; 1 d3 1
" A// 2:3 25, ( pj 538, (27T)45 (batp5 —pi- pj) A (2m)0%(pa + pB —pa — pB)
T _— AEAEg [(2m)3 63(0))°
x> Mag, pe(pA P pz,pj)ape/\/laﬂ UT(pA Py~ pz,pg)ag}
aB,pe,oT _— — — (indeterminate normalization)

— 1 pure state

2) Tr(p?) | > Leads to different

< 1 mixed state entanglement measures
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Traced-out momentum

KK, E.M. Sessolo, JHEP 07 (2024) 156
KK, E.M. Sessolo, 2510.04200

p = |out)(out]|
ﬂ Tracing out
momentum
m Hior = L*(R%) ® L*(R*) ® C* © C
pr = Tr,(p)

Haaw = C? X C?

unitarity guaranteed by the optical theorem

Tr(pr) = 1 + A(A (_21¢(MFW) + / dHQMTM) A) =1

=0 A (27)10%(pa +pB —pa —pB)
4EAEg [(27)3 63(0)]°

entanglement between momentum and qubits

linearized entropy: S(pr) =1 — Tr(p%) (reduced state in general mixed: Tr(p%) < 1)

entanglement between qubits

concurrence: C(pr) = max{0,v/ A1 — VA2 — VA3 — v/ A1} A eigenvalues of Rr = pp(oy ® 0y)pF(0y @ 0y)

Quantifies entanglement generated by a unitary operator (S-matrix)

Kamila Kowalska National Centre for Nuclear Research, Warsaw 10



Entanglement in 2HDM

- h_|_
inert SU(2) doublets: Ho = ( h‘é‘ ) a=1,2 Enrico’s talk last year
o Y =

1

2
scalar potential: V(Hy, Hy) = u? H] Hy + p2 HY H, + (/@, HIH, + H.c.)
+ A (HIHY)? + Xy (HIH)? + Ns (HTHy ) (HY Hy) + My (HT Ho)(HIHY)
+ ()\5 (HIHy)? + N (HHy)(H' Hy) + Ay (HLHy) (H Hy) + H.c.)

i ] AN 2N N 4)s
contact interactions 0 4(0)/2.07.0 0.0 A 2X A3+ A3+ 2)s
IMERTRT = BERT) = =i | o0 304 h As+As 2As
h h 4)\5 2)\7 2)\7 4>\2
(2N My
. e 201 Xe Ae 25
\\\ /// . (0) +10 +70\ . >\6 )\3 )\4 )\7
o iMO (BTRY — hTRO) = —i NV
< s A7 A7 2
7 Y I 2 20 As+
- AN . _ _ . 2 4N A3+ A 22
7 ~ ) (p+ + _ 6 5 3 4 7
hg- ~hg MRS = hERT) = =i o0 Mt AN 27
Az + A\g 2\7 2\7 4o
( ./\/lfy&ag 21 X Xe A3
DY V) VD W

4 4(0) (7,070 hY) = iMO (B 0p0) = —i
iMP(hhT — hTh™) = iME(RTh™ — h°h7) Toxe 2% A A

A3 A7 Ar o 2
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Entanglement in 2HDM

KK, E.M. Sessolo, JHEP 07 (2024) 156

1 -
no initial entanglement: |in) = W|PAPB>|11> Enrico’s talk last year

_ : — Tt reduced density matrix
’OUt> S |1n> PE p(p) (tracing out the momentum)
hOn® — RORO
post-scattering entanglement:
linearized entropy concurrence
2 A 2 _
S(pr) =1 —Tr(p%) = (203 + A3 — —16A C(pr) = 8AX;5
Kamila Kowalska National Centre for Nuclear Research, Warsaw 12



no initial entanglement: |in) =

lout)

= S'|in)

hOh® — hORC
post-scattering entanglement:

Entanglement in 2HDM

KK, E.M. Sessolo, JHEP 07 (2024) 156

linearized entropy

S(or) = 1= () = (23 +33)

Repeating for [12>, |21>, |22> (all channels):

couplings that generate entanglement

-

pr = Trp(p)

a_ 16A2>

papPB)|11)

Enrico’s talk last year

reduced density matrix
(tracing out the momentum)

concurrence

A3 = Ay = A5 = 0 different from Xy = Xy = A3 # 0

lin) p momentum-flavor space two-flavor space
1) Az, Aty Az, A Ag; Aas As
112) A3, Ad, As, Ag, A7 A3, A1, As
|21> )\3, )\4, A5, Aﬁ, )\7 Ag, )\4, )\5
|22> )\3, A4, A5, )\7 Ag, )\4, )\5

Carena et al. ‘24

—> No symmetry from

Kamila Kowalska

entanglement minimization

National Centre for Nuclear Research, Warsaw 12



no initial entanglement: |in) =

lout)

= S'|in)

hOh® — hORC
post-scattering entanglement:

Entanglement in 2HDM

KK, E.M. Sessolo, JHEP 07 (2024) 156

linearized entropy

S(or) = 1= () = (23 +33)

Repeating for [12>, |21>, |22> (all channels):

couplings that generate entanglement

-

pr = Trp(p)

i 16A2>

upper bound on Delta

papPB)|11)

1

< —
Y

reduced density matrix
(tracing out the momentum)

Enrico’s talk last year

concurrence

different power dependence

A3 = Ay = A5 = 0 different from Xy = Xy = A3 # 0

lin) p momentum-flavor space two-flavor space
1) Az, Aty Az, A Ag; Aas As
112) A3, Ad, As, Ag, A7 A3, A1, As
|21> )\3, )\4, A5, Aﬁ, )\7 Ag, )\4, )\5
|22> )\3, A4, A5, )\7 Ag, )\4, )\5

—>

Kamila Kowalska

Carena et al. ‘24

No symmetry from
entanglement minimization

National Centre for Nuclear Research, Warsaw 12



Separability momenta-qubits

Linearized entropy: S(por) =1-Tr(p}) A) =S aaslaB)
= tag
a,p

S(pr) =24 [ dIly ((AIMIMIA) — (AMIAAMT|A)
— A2 (2{A My M | A) — (A Mpw | A)2 =AMy [ 4)?)

KK, E.M. Sessolo, JHEP 07 (2024) 156

Akl

Kamila Kowalska National Centre for Nuclear Research, Warsaw 13



Separability momenta-qubits

Linearized entropy: S(pr) =1- Tr(p2)

|A) = Zaaﬁla@
S(pr) = 21 / 1Ly ((AIMTM]A) — (AIM]A) (AIMT].A)) "

— A2 (2{A My M | A) — (A Mpw | A)2 =AMy [ 4)?)

KK, E.M. Sessolo, JHEP 07 (2024) 156

Akl

Park, Seki, Sin, Phys.Lett.B 743 (2015) 147
Peschanski, Seki, PLB 758 (2016) 89

S(pr) =4As ( tot el ) — O(AZ) Low, Yin, 2405.08056

g — o5 :
|in) —all |in) —in) Low,Yin, Phys.Rev.D 111 (2025) 6, 065027
the “area law” Sou, Wang, Zhang, 2507.03555

Kamila Kowalska National Centre for Nuclear Research, Warsaw 13



Separability momenta-qubits

Linearized entropy: S(vor) =1 Tr(p%)

A) = aaplap)
S(pr) =2 [ dIly ((AIMIMIA) ~ (AMIAYAMT|) "

— A2 (2{A My M | A) — (A Mpw | A)2 =AMy [ 4)?)

KK, E.M. Sessolo, JHEP 07 (2024) 156

Akl
Park, Seki, Sin, Phys.Lett.B 743 (2015) 147
2 Peschanski, Seki, PLB 758 (2016) 89
S = 4A s <0t-0t — Ue.l . ) — O(A Low, Yin, 2405.08056
('OF) |in) —all |in)—in) ( ) Low,Yin, Phys.Rev.D 111 (2025) 6, 065027
the “area law” Sou, Wang, Zhang, 2507.03555
2HDM QED
hi~ b €L K
Y Y 2
7 TNl 1,0 I,J
h(l)// \\ hOJ ER wy
1 1 e !
tot _ 2 2 2 1 _ 2 tot — el —
OtD) all = o (2AT + 205 +25)  oflyy L = o (2X7) O|LR)—all = g O|LR)—>|LR) = o
A A
_ 2 2 2 4

Kamila Kowalska National Centre for Nuclear Research, Warsaw 13



Some observations

Linearized entropy: S(vor) =1 Tr(p%)

S(pr) =24 [ dIly ((AIMIMIA) — (AMIAAMT| )

— A2 (2{A My M | A) — (A Mpw | A)2 =AMy [ 4)?)

KK, E.M. Sessolo, JHEP 07 (2024) 156

o Tr(pp) <1

eg. (é — 16A2

(0

o A= Aupper b

Kamila Kowalska

> anupper bound on A

)(2>\§+>\§)§1 A< —

ound —— 1 —Tr(p%) =0 modification of the area law

National Centre for Nuclear Research, Warsaw
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The role of coherences

KK, E.M. Sessolo, 2510.04200
reduced density matrix:

pr = A A +iA(Mpw [A) (A]) = iA(A) (AMEy) +A/dﬂz (M]A)(AIMT)

\/

real part only in off-diagonal
P%f F coherences

relative entropy of coherence S,..; — Tr(p%,) _ Tr[(polf—?ag)Z] _ Tr[(p%ff)Z]

{

Srer = A (2<A\M};WMFW|A> — (AMpw|A)* — <A|M}W\A>2) for an iniial state in

computational basis

Kamila Kowalska National Centre for Nuclear Research, Warsaw 15



The role of coherences

KK, E.M. Sessolo, 2510.04200

reduced density matrix:

pr = A A +iA(Mpw [A) (A]) = iA(A) (AMEy) +A/dﬂz (M]A)(AIMT)

real part only in off-diagonal
P%f F coherences

relative entropy of coherence S,..; — Tr(p%,) _ Tr[(polf—?ag)Z] _ Tr[(p%ff)Z]

{

Srer = A (2<A\M};WMFW|A> — (AMpw|A)* — <A|M}W\A>2) for an iniial state in

computational basis

2HDM - om QED
1+ O\2) (—2iANg | —2iANg | —4iAN; ) 0 0 //0\ 0
| o2ian T o) o) o) _[ 0 1rowh o o
pr(|11)) : 2 2 2 pr(|LR)) 4 4

2%iANs O 00 O 0 O O 0
LiMxs 002 00 OO 0 0 0 0

(A 2 , \2\ coherences _ 4 A

S(pr) = <? *\;64/> (202 +22) present no coherences S(pr) =e 3

FORWARD amplitude
modifies the “area law”

Kamila Kowalska National Centre for Nuclear Research, Warsaw 15



Qubit entanglement

p = |out){out| —» pr = Try(p)

concurrence: C(pp) = max{0,v/&1 — /& — /& — /&)

eigenvalues of

if only two non-zero eigenvalues...
S. Hill; W. K. Wooters, PRL ‘97

Clor) = V& ~V&| ——+» C%(pr) = Te(Rr) — \/2[Tr(Ri)? — Tr(RZ)]

Kamila Kowalska National Centre for Nuclear Research, Warsaw

- Rp = pr(oy @ oy)pp(oy @ oy)
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Qubit entanglement

p = |out){out| —» pr = Try(p)

concurrence: C(pp) = max{0, /&1 — /& — /& — &4}
eigenvalues of

\A — *
if only two non-zero eigenvalues... Rp = pr(oy ® oy)pp(oy ® oy)

S. Hill, W. K. Wooters, PRL ‘97

Clor) = V& ~V&| ——+» C%(pr) = Te(Rr) — \/2[Tr(Ri)? — Tr(RZ)]

... as In perturbative scattering

KK, E.M. Sessolo, 2510.04200 s4 = 1B|AY,
dy = (AJM},|B)

* Te dy = [ dlly (BIMIM|A

C%(pg) = |eal® + 2A (fi — cadz) + A*(2|dy|* — cads — cid3) / (BAEMI

ds = (AIM], Mp,|B)

— 20| f7 + [ealh — (chk + cak™) + A%|d} — ¢yds? fi= /m2<B1M',DAMf|B)

S % % pE Ulz o Vi
—2A (|di[* fi + cachg — cadi f» — E4di f3) ] 5= <B|Mf‘"fdn“*(MpAMi)|B>
9= (BIM], f dlly(MP 4 M) My, | B)

given only by the amplitude and the initial state h= ] [ atla(MPa) [ oSy A1)

b= (8] [ ana(mPam’) [ dna(ViPa ) 4

Kamila Kowalska National Centre for Nuclear Research, Warsaw 17



Qubit entanglement

KK, E.M. Sessolo, 2510.04200

p = |out){out| —» pr = Try(p)

—_—

poauctsiwe  C(PF) = 2A[(B|Mpw |A)| ~ 2A|(B|ReM pw | A)]

1B) = (0y ® 0y)| A"

gubit entanglement generated by the
FORWARD amplitude

2HDM
I 2% 2% (4h) o
206 A3+ A A3+ Mg \2)/ 12
206 A3+ A3+ A1 2)\; 21
45 27 27 4o 22
isotropic: M (0 = M;E’Q,V

g

Clpr) = 2A[(22lMO[11) = 8A| A5

Kamila Kowalska National Centre for Nuclear Research, Warsaw 18



Qubit entanglement

KK, E.M. Sessolo, 2510.04200

p = |out){out| —» pr = Try(p)

—_—

poauctsiwe  C(PF) = 2A[(B|Mpw |A)| ~ 2A|(B|ReM pw | A)]

1B) = (0y ® 0y)| A"

gubit entanglement generated by the
FORWARD amplitude

2HDM QED
A 286 24 \{;‘B/ 11 0 0 0 0 L
MO — 206 A3+ A3+ M\ 12 MO _ 2 0 —1—cosf Qf— cosf ) 0 | LR
206 A3+ M A3+ A 2)7 21 € 0 1—cosf —1=cosh O RL
4xs  2X7 207 4h ) 2 0 0 0 0/ RR
: S ( ) (%) —
isotropic: MY = M, Mpw —0=0

iyl Il
C(pr) = 2A|(RLIM B, |LR)
=A[0-e+0(e*/m)] ~0

Clpr) = 2A[(22lMO[11) = 8A| A5

Kamila Kowalska National Centre for Nuclear Research, Warsaw 18



Entanglement transformation

KK, Sessolo, JHEP 07 (2024) 156
KK, Sessolo, 2510. 04200

maximal initial flavor entanglement: |in) = \/_ |pApB>% (|11) + [22)) [ZHDMJ
SN(pin) — 07 C(pll’l) =1 -
post-scattering entanglement:
linearized entropy concurrence
T2y = L (B a2 11 (B a2
S(or) = 1= Te(s) = 5 2 - 1087) Clor) =15 (5 - 10
X [(A1 = X2) 4+ (A6 + A7)?] X [(A1 = A2)? + (A6 + A7)?]

S>0, entanglement increases C<1, entanglement is reduced

—1_ entanglement “flows”
C(’OF> S('OF) from qubit to full Hilbert space

Kamila Kowalska National Centre for Nuclear Research, Warsaw 19



Entanglement transformation

KK, Sessolo, JHEP 07 (2024) 156
KK, Sessolo, 2510. 04200

1 S
maximal initial flavor entanglement: |in) = papB)—— (|11) + [22)) |
f V2 ZHDM
SN(pin) — 07 C(pll’l) =1 o
post-scattering entanglement:
linearized entropy concurrence
1 /A 1 /A
S(pr) =1 —Tr(pz) = 5 (? - 16A2) Clor)=1-73 (g - 16A2)
X [()\1 — )\2)2 -+ ()\6 —+ )\7)2: X [()\1 — )\2)2 -+ ()\6 —+ )\7)2]
S>0, entanglement increases C<1, entanglement is reduced
(1 77
C —_1_¢§ entanglement “flows
('OF> ('OF) from qubit to full Hilbert space
ED }
[Q ete” = ptpT
+€ — 6+€

Clpr) =1—5(pr)

e e —e e
e u —e u

Kamila Kowalska National Centre for Nuclear Research, Warsaw 19



Entanglement transformation

KK, Sessolo, JHEP 07 (2024) 156
KK, Sessolo, 2510.04200

1 S
maximal initial flavor entanglement: |1n> \/_ |pAPB>7 (|11> + ’22» [ 2HDMJ
SN(pin) — 07 C(pln) =1

post-scattering entanglement:

linearized entropy concurrence
1 /A 1 /A
. . 2 — - 2 — = - 2
S(or) = 1= Te(s) = 5 2 - 1087) Clor) =15 (5 - 108)
X [()\1 — o) + ()\6 - )\7)2: X [()\1 — o)+ ()\6 - )\7)2]
S>0, entanglement increases C<1, entanglement is reduced

—1_ entanglement “flows”
C<’0F> S(pF) from qubit to full Hilbert space

Unless:
® )\1 — )\2 )\6 — _)\7 Discrete 2HDM symmetries?
’ cf. Ferreira, Grzadkowski, Ogreid, Osland ‘23 .
Is conservation of
o\ = L Spherical symmetry of the :> enttanglement :elited
167 initial wave packet (s wave)? O asymmetry:

Kamila Kowalska National Centre for Nuclear Research, Warsaw 19



Conclusions

* Qubit entanglement generated by the inelastic (real) part of the
forward amplitude.

* Coherences modify the simple cross section dependence of the
linearized entropy.

* New entanglement flow formula for maximally entangled initial
states?

Kamila Kowalska National Centre for Nuclear Research, Warsaw
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