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The flow equation for the Wilsonian action in proper time regularization Rermoves vacuum
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* de Alwis (2018) claims that the Wilsonian RG equation
with sharp cutoff is exact and gauge invariant We consider this

* The 2-loop B-function for scalar theory with generic n is wrong type of regulator
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Perturbative expansion and the proper time flow

The flow equation for the Wilsonian action in (sharp) proper time regularization
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Perturbative expansion and the proper time flow

The flow equation for the Wilsonian action in (sharp) proper time regularization
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t 2 1/A2 S /
/
(n+1)-loop flow n-loop action
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Perturbative expansion and the proper time flow

The flow equation for the Wilsonian action in (sharp) proper time regularization

ko, (Y% d .
kg Sy = ——~ TR [e_ssk]
t 2 1/A2 S /
/
(n+1)-loop flow n-loop action

The 1-loop correction to the Wilsonian action is easily recovered

o0 4 1
S, = ——/ — TR {6_850} = — TR log [S{ ]
0 2
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Perturbative expansion and the proper time flow

Iterate the process
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Perturbative expansion and the proper time flow

Iterate the process —— Insert 1-loop Wilsonian action and obtain 2-loop action

]_ 1/k2 d 14 124
S1-|—52=——/ “ TR {6_8(80+31)}
1/A2 S
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Perturbative expansion and the proper time flow

Iterate the process —— Insert 1-loop Wilsonian action and obtain 2-loop action

]. 1/k2 d /1 ’/ 1/k2 1"
S1+52:——/ Z TR [e_S(SOJFSl)}z—l/ ETR [e‘ss‘) (l—sS{/)]
1 1/A2 S

2 2

/Az S
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Perturbative expansion and the proper time flow

Iterate the process —— Insert 1-loop Wilsonian action and obtain 2-loop action
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1/A2 1/A2 S

1/k2 .
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2 1/A2 S

\\§ _/

52
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Perturbative expansion and the proper time flow

Iterate the process —— Insert 1-loop Wilsonian action and obtain 2-loop action

]. 1/k2 d /1 ’/ 1/k2 1"
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Litim and Pawlowski (2002)
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Perturbative expansion and the proper time flow

Iterate the process —— Insert 1-loop Wilsonian action and obtain 2-loop action

]. 1/k2 d /7 ’/ 1/k2 1"
51—|—52:—§/ ?STR {e_S(SOJFSl)}z—%/ ﬁTR [6_850 (1—351’)]
1/A2 1/A2 S

1 1/k:2 d .
=51 — —/ “ TR [e_s S0 (—s Si’)}
1

N ,
/ So
Diagrammatically wrong! Regulator
Litim and Pawlowski (2002) insertion
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Perturbative expansion and the proper time flow

Iterate the process —— Insert 1-loop Wilsonian action and obtain 2-loop action

]. 1/k2 d /7 ’/ 1/k2 1"
51—|—52:—§/ ?STR {e_S(SOJFSl)}z—%/ ﬁTR [6_850 (1—351’)]
1/A2 1/A2 S

1 1/k:2 d .
=51 — —/ “ TR [e_s S0 (—s Si’)}
1

N ),
/ 52
Non-local
Diagrammatically wrong! structure Regulator

Litim and Pawlowski (2002) \ ’/insertion
(2-loop) _ | 1 (X) 1 1
I — | 8 12 2
ren.
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Perturbative expansion and the proper time flow

Iterate the process —— Insert 1-loop Wilsonian action and obtain 2-loop action

]. 1/k2 d 1/ 17 1/k2 17
S1+Sz=——/ “ TR [6_5(5”31)}%—1/ QTR [6‘850 (l—sS{/)]
1 1

2 /A2 S 2 /A2 S
1/k? The running action entering the
]. dS —s SV 17 g g
=51 — 5 ? TR |e 0 (—3 Sl ) PT flow equation is a local action
\ 1/A2 j de Alwis (2018) but also Bonanno, Lippoldt,
Percacci, and Vacca (2020)
Non-local
Diagrammatically wrong! structure Regulator

Litim and Pawlowski (2002) \ ’/insertion
(2-loop) _ | 1 (X) 1 1
I — | 8 12 2
ren.
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Perturbative expansion and the proper time flow

Iterate the process —— Insert 1-loop Wilsonian action and obtain 2-loop action

1 Yk g sy 1 [UE g o )
S1+ 5 =—2 — TR [e 0 1}%—— — TR [e 0(1—351)]
2 1/A2 S 2 1/A2 S
2 . . .
1 1/k ds /) The running action entering the
—s S 1"
=51 — 5/ o TR [6 ° 20 (—3 S )} PT flow equation is a local action
\ 1/A2 j de Alwis (2018) but also Bonanno, Lippoldt,
S Percacci, and Vacca (2020)
/ 2 l
Non-local
Diagrammatically wrong! structure

Regulator The B-function do not see

Litim and Pawlowski (2002) \ ’/insertion the spurious diagram
(2loop) _ ['1 (¥ )2 1
I — 8 12 2
remn.
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Perturbative expansion and the proper time flow

Iterate the process —— Insert 1-loop Wilsonian action and obtain 2-loop action

1 Yk g sy 1 [UE g o )
S1+ 5 =—2 — TR {e 0 1}%—— — TR [e 0(1—351)]
2 1/A2 S 2 1/A2 S
2 . . .
1 1/k ds /) The running action entering the
—s S 1"
=51 — 5/ o TR [6 ° 20 (—3 S )} PT flow equation is a local action
\ 1/A2 j de Alwis (2018) but also Bonanno, Lippoldt,
S Percacci, and Vacca (2020)
/ 2 l
Non-local
Diagrammatically wrong! structure

Regulator The B-function do not see

Litim and Pawlowski (2002) \ ’/insertion the spurious diagram
r(2-loop) _ [ 1 OO _1@ 1 l
— 1 8 12 o 2 B-functions should be correct!
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O(N) Scalar Theory

Sy = / d*x sz (0¢)? + A (¢2)2]

2 4!
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O(N) Scalar Theory - 1-loop B-function
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O(N) Scalar Theory - 1-loop B-function
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O(N) Scalar Theory - 1-loop B-function

National Institute for Chemical Physics and Biophysics, Tallinn, Estonia



O(N) Scalar Theory - 1-loop B-function

S, = / dia [;Zk (96)? + i' (¢2)2] B = 252 + 0:(Pys Si)

1 1/k dS ,
5t(P¢4 Sl) = —§8tp¢4 /1/A2 ? TR |: —SSO:| _

1/k?
— _lat // dS/ d4 TI' P +2 ¢J¢J) ab+%¢a¢b]i|
2 1A%

$=0
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O(N) Scalar Theory - 1-loop B-function

S, = / dia [;Zk (96)? + i' (¢2)2] B = 252 + 0:(Pys Si)

1 1/k dS ,
5t(P¢4 Sl) = —§8tp¢4 /1/A2 ? TR |: —SSO:| _

1/k?
— _lat // dS/ d4 TI' P +2 ¢J¢J) ab+%¢a¢b]i|
2 1A%

A2 (N +38) A2
k2

$=0

= — O 1
(1672) 6 t108
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O(N) Scalar Theory - 1-loop B-function

1 A

So = / d*x [22k (8¢) i (¢2)2] By = ;ﬁq\+8t(P¢4 Sk)
9Py S1) = —20,P e 95 TR [e=s50] = (P Sy = 2 (N+8)
(P 1)__5 et /1/A2 5 { }_ (P 1)_(167T2) 3

:_lat {/1/k3 dS/ d4 TI- P+ ¢3¢3) ab+§¢a¢b]i|}

2 1/A2 o
X2 (N+8) A2
= "o 6 2ot
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O(N) Scalar Theory - 2-loop B-function

1 A
S()Z/d456 [§Zk (8¢)2+E(¢2)2] BA:277)\‘|‘815(P¢4 Sk)
0,(Pys Sy) = — 28, P 1/kzdSTR ~s55 (_s | | aupp §y) = > N +8)
((Fy 52) = =50 ¢4/1/A2 S TR (e (s ST P80 = 5
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O(N) Scalar Theory - 2-loop B-function
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O(N) Scalar Theory - 2-loop B-function

1 A
S()Z/d456 [§Zk (8¢)2+E(¢2)2] BA=277)\+8,5(P¢4 Sk)
0, (Pin S) — — 28, P 1/kzdSTR ~s5¢ (_e s\ | 0y gy = X (V48

Integration until intermediate scale

si=—3 [ R[]
1
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O(N) Scalar Theory - 2-loop B-function

1 A
S()Z/d456 [§Zk (8¢)2+E(¢2)2] BA=277)\+8,5(P¢4 Sk)
0, (Pin S) — — 28, P 1/kzdSTR ~s5¢ (_e s\ | 0y gy = X (V48

Integration until intermediate scale

si=—3 [ R[]
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O(N) Scalar Theory - 2-loop B-function

1 A
S()Z/d456 [§Zk (8¢)2+E(¢2)2] BA=277)\+8,5(P¢4 Sk)
0, (Pin S) — — 28, P 1/kzdSTR ~s5¢ (_e s\ | 0y gy = X (V48

Integration until intermediate scale

si=—3 [ R[]
1
e

1
"o L [° dt —t S _ dt —t S (4) 2 o(3) ¢(3)
(S1) _< 2/]L/A2tTR[e ]) ~ 2/1/A2tTR[e S (—s5 s 5]

Daniele Rizzo

Only valid at constant fields




O(N) Scalar Theory - 2-loop B-function

1 A
S():/d4513 [§Zk (8¢)2+E(¢2)2] BA=277)\+8,5(P¢4 Sk)
0, (Pin S) — — 28, P 1/kzdSTR ~s5¢ (_e s\ | 0y gy = X (V48

o 0 L[ ()] O ()]

Integration until intermediate scale

si=—3 [ R[]
1
e

1
"o L [° dt —t S _ dt —t S (4) 2 o(3) ¢(3)
(S1) _< 2/]L/A2tTR[e ]) ~ 2/1/A2tTR[e S (—s5 s 5]

Daniele Rizzo

Only valid at constant fields




O(N) Scalar Theory - 2-loop B-function

1 A
So = / d*z [§Zk (06)* + ] (¢2)2]
1 1/k:2 ds g .
6?,5(P¢4 SQ) = —§8tp¢4 /1/A2 ? TR |:€ (—S Sl ):|

(N +8)
3

{25 ()

Integration until intermediate scale

]_ o dt 124
S1=——/ — TR [e_tSO}
2 1/A2 t
p (L »1// at
(51) _< 2/1/A2 F IR [6 D T2 e IR

B)\ =277)\—|—8t(P¢4 Sk)

A2 (N +38)
%(Por 51) = (1672) 3
A (10N + 44)

Only valid at constant fields

750 (s + 2 567 56 )]

Daniele Rizzo




O(N) Scalar Theory - Anomalous dimension

1 A
o= [ s lﬁzk (00)° + 7 (%)’ By = 201 A + Oh(Pys i)
A (N +3)
0Py 51) = oy~
X (10N +44)
0 Fo1 52) = ~ gy 9
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O(N) Scalar Theory - Anomalous dimension
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O(N) Scalar Theory - Anomalous dimension

1 A
So = / d*x [§Zk (8¢)2 -+ E (¢2)2] By =2nA+ 8,5(P¢4 Sk)
1 1/k* ds 5" /) _ A2 (N +38)
52 = 2 /1/A2 5 IR {e (=55 )] Py 51) = (1672) 3
M (10N + 44)

[0 525, 0 Por 52) = ~(igray — g

2= g | ==
T L00i@)0di(=a) [ 4o ) ,_,
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O(N) Scalar Theory - Anomalous dimension

6255

s

National Institute for Chemical Physics and Biophysics, Tallinn, Estonia

7l
0 | 5¢i(q)d¢s(—q)

A
4]

[6_8 So (—s Si’)]

)

b @)

B)\ =277)\—|—8t(P¢4 Sk)

A2 (N +38)
%(Por 51) = (1672) 3
A (10N + 44)

Momentum dependence needs to be taken into account
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O(N) Scalar Theory - Anomalous dimension

Soz/d"‘x [—Zk (0¢)*

1
52:—5

1
2

1/k>
/ R
1/A2 S

0 6255

s
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dq¢° [5@((1)5@(—(1)

A
4]

[6_8 So (—s Si’)]

)

b @)

6)\ =277)\—|—8t(P¢4 Sk)

A2 (N +38)
%(Por 51) = (1672) 3
A (10N + 44)

Momentum dependence needs to be taken into account

The previous formula for S1” is not valid in this case
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O(N) Scalar Theory - Anomalous dimension

SO:/d4:z: sz (0¢)*

2

A
4]

b @)

1 YR g
S2=——/ “ TR
1

2 Ji/az S
(e s
L — =
9% | 6¢:(q)0¢i(—q) $=0/ 2_g

Schwinger expansion:

TR {6_(A+B)] = TR

[6_8 So (—s Si’)]

(=1)°

—A —A
— B
e e + 5
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B)\ =277)\—|—8t(P¢4 Sk)

A2 (N +38)
%(Por 51) = (1672) 3
A (10N + 44)

Momentum dependence needs to be taken into account

The previous formula for S1” is not valid in this case

1
/ duq (B e~ (Imu)Ap e_ulA) + ...
0
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O(N) Scalar Theory - Anomalous dimension

1 A
So = / d*x [§Zk (8¢)2 -+ E (¢2)2] By =2nA+ 8,5(P¢4 Sk)
1 1/k* ds g /) A2 (N +38)
o2 = 2 /1/A2 5 1R {e (s 8 )] OulFye 1) = (1672) 3
A3 10N + 44
0 5252 8t(P¢4 52) - (167‘(2)2 ( 9 )
Zy=| s | =——=
00" | 6¢1(a)00i(~a) | ,_ ) .
q==0 Momentum dependence needs to be taken into account

The previous formula for S1” is not valid in this case
Schwinger expansion:

TR {6_(A+B)] = TR

~1)2 1
e —Be 4+ ( 2) / duq (B e~ (1—v)Ap e_ulA) + ...
0

Momentum
dependent
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O(N) Scalar Theory - Anomalous dimension

1 A
So = / d*x [§Zk (8¢)2 -+ E (¢2)2] By =2nA+ 8,5(P¢4 Sk)
1 1/k* ds g /) A2 (N +38)
o2 = 2 /1/A2 5 1R {e (s 8 )] OulFye 1) = (1672) 3
A3 10N + 44
0 5252 8t(P¢4 52) - (167‘(2)2 ( 9 )
Zy=| s | =——=
00" | 6¢1(a)00i(~a) | ,_ ) .
q==0 Momentum dependence needs to be taken into account

The previous formula for S1” is not valid in this case
Schwinger expansion:

TR {6_(A+B)] = TR

~1)2 1
e —Be 4+ ( 2) / duq (B e~ (1—v)Ap e_ulA) + ...
0

Momentum  Anything
dependent else
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O(N) Scalar Theory - Anomalous dimension

6)\ =277)\—|—8t(P¢4 Sk)

1 1/k* ds 5" /) _ A2 (N +38)
_5//A2 S TR [ (s8] WPt 51 = fgrmy 3
A3 (10N + 44)
% [ 525, ] ) OlFor 52) = ~gap g
0 q2 55’1, (Q)égz( ) »=0

/W ds / d4p. / e / d4pz A2 (2N + 4)
/A2 /AQ 3

—em?  _tm2(1— _ . 2
e 5Pe o tp; (1—u) e su(p;+q) >]
q>=0
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O(N) Scalar Theory - Anomalous dimension

1 A
So = / d*x [22k (8qb) 4' (¢2)2] By = 2n A+ 8,5(P¢4 Sk)
1 1/k* ds 5" /) _ A2 (N +38)
52 = _5//A2 3 TR |7 (=57 MP 50 = 6y 3
A3 (10N + 44)
A [ 525, ] - 0 Por 52) = ~(igray — g
Ly = 5 | = = =
dq 00:(q)0¢i(—q) $=0

_ |9 _/W dS/ d4pe/ dtt/ d4pz A2 (2N + 4)
3q2 1/A2 1/A2 3

2 2
Xe—SPg e_tp%(]'_u) e—Su(pz+Q)2 — A (N + 2) log A_
- (1672)2 36
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O(N) Scalar Theory - Anomalous dimension

1 A

So = / d*x [22k (8qb) 4' (¢2)2] By = 2n A+ 8,5(P¢4 Sk)
1 1/k* ds 5" /) _ A2 (N +38)
52 = _5//A2 TR [e7% (s 87)] WFo 5 = Gigazy 3
A3 (10N + 44)
[ o 0255 B 0Pyt 52) = ~ gy 9

2=\ 07 | 5o -0 i}

i\q 7 =0 - )\2 N—|—2

5 VR gs [ dbp dn —6rp 18
B _/ / / d”/ o)t ) 3
q 1/A2 1/A2 7T 0

2 2
o SPe p—tri(1—u) ,—su(pitq)® _ A (N +2) log A
(1672)2 36

q?=0
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O(N) Scalar Theory - 2-loop B-function
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1 A
:‘/vdllgj [22k (8¢) 4' (¢2)2] BAZQH)\‘I_at(PqMSk)
1 1/k ds 7 = N (N+8)
_5/1/A2 TR |75 (<5 8) WP )= e
A3 (10N +44)
_ ( o [ 52, ] ) - HP S = "gmE
N aq2 5N7; 5~7; - -
¢ (Q) ¢ ( q) =0 q2=0 oL \? N+ 2
B i _/l/k dS/ d4pe / dtt/ d4pz " o (167'('2)2 18
8q2 1/A2 /A2 27‘(‘ 4 jO 3
2 3
2L _ A* (N +8) A 3N + 14 Correct!
(1672) 3 (167%)2 3
Zappala (2002)
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Background field method in gauge theories
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Background field method Iin gauge theories

Abbott (1981) computes the 2-loop B-function of YM, perturbatively, in background field method

Without background field, the 1-loop B-function is wrong
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Background field method Iin gauge theories

Abbott (1981) computes the 2-loop B-function of YM, perturbatively, in background field method

Without background field, the 1-loop B-function is wrong

Theory with field EM
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Background field method Iin gauge theories

Abbott (1981) computes the 2-loop B-function of YM, perturbatively, in background field method

Without background field, the 1-loop B-function is wrong

Theory with field EM

l

Split Background + Fluctuations
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Background field method Iin gauge theories

Abbott (1981) computes the 2-loop B-function of YM, perturbatively, in background field method

Without background field, the 1-loop B-function is wrong

AN

A,=A A
Gauge I nt Qu Theory with field 4,,

Enters F,W Background Fluctuation l
Split Background + Fluctuations
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Background field method Iin gauge theories

Abbott (1981) computes the 2-loop B-function of YM, perturbatively, in background field method

Without background field, the 1-loop B-function is wrong

A=A A
Gauge iz TR Theory with field 4,,

Enters F,W Background Fluctuation l
Split Background + Fluctuations

'

Integrate the Fluctuations in path integral
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Background field method Iin gauge theories

Abbott (1981) computes the 2-loop B-function of YM, perturbatively, in background field method

Without background field, the 1-loop B-function is wrong

A=A A
Gauge iz TR Theory with field 4,,

Enters F,W Background Fluctuation l
Split Background + Fluctuations

'

Integrate the Fluctuations in path integral

l

You are left with a theory with only the Background
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Background field method Iin gauge theories

Abbott (1981) computes the 2-loop B-function of YM, perturbatively, in background field method

Ghost 00 = Yo + Ca Without background field, the 1-loop B-function is wrong
Gauge A\ =A + . . -~

" At )%\ Theory with field A,

Enters F,W Background Fluctuation l

Split Background + Fluctuations

'

Integrate the Fluctuations in path integral

l

You are left with a theory with only the Background
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Background field method Iin gauge theories

Abbott (1981) computes the 2-loop B-function of YM, perturbatively, in background field method

Ghost 00 = Ya _|_>< Without background field, the 1-loop B-function is wrong
Gauge A\ =A + . . n

" At )%\ Theory with field A,

Enters F,W Background Fluctuation l

Split Background + Fluctuations

'

Integrate the Fluctuations in path integral

l

You are left with a theory with only the Background
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Background field method Iin gauge theories

Abbott (1981) computes the 2-loop B-function of YM, perturbatively, in background field method

Ghost 00 = Ya _|_>< Without background field, the 1-loop B-function is wrong
Gauge 121\ =A + . . n

" At )%\ Theory with field A,

Enters F,W Background Fluctuation l

Split Background + Fluctuations
After integrating the fluctuations Q
and ¢, and setting x=0, the effective l

action is gauge invariant! Integrate the Fluctuations in path integral

l

You are left with a theory with only the Background
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Background field method Iin gauge theories

Abbott (1981) computes the 2-loop B-function of YM, perturbatively, in background field method

Ghost 00 = Ya _|_>< Without background field, the 1-loop B-function is wrong
Gauge 121\ =A + . . n

" At )%\ Theory with field A,

Enters F,W Background Fluctuation l

Split Background + Fluctuations
After integrating the fluctuations Q
and ¢, and setting x=0, the effective l

action is gauge invariant! Integrate the Fluctuations in path integral

l

You are left with a theory with only the Background

l

CallitA,
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Background field method Iin gauge theories

Abbott (1981) computes the 2-loop B-function of YM, perturbatively, in background field method

Ghost 0, = Ya _|_>< Without background field, the 1-loop B-function is wrong
G A, =A, + P
o : 8 )%\\ Theory with field 4,,

Enters F,W Background Fluctuation l

Split Background + Fluctuations
After integrating the fluctuations Q
and ¢, and setting x=0, the effective l

action is gauge invariant! Integrate the Fluctuations in path integral

l

You are left with a theory with only the Background

l

Callit A,
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Background field method Iin gauge theories

Abbott (1981) computes the 2-loop B-function of YM, perturbatively, in background field method

Ghost 00 = Ya _|_>< Without background field, the 1-loop B-function is wrong
Gauge 121\ =A + . . n

" At )%\ Theory with field A,

Enters F,W Background Fluctuation l

Split Background + Fluctuations
After integrating the fluctuations Q l

and ¢, and setting x=0, the effective

action is gauge invariant! Integrate the Fluctuations in path integral

AR:\/ZAAO gR:Zg.QO l
You are left with a theory with only the Background

l

Callit A,
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Background field method Iin gauge theories

Abbott (1981) computes the 2-loop B-function of YM, perturbatively, in background field method

Ghost 0, = Ya _|_>< Without background field, the 1-loop B-function is wrong
G A, =A, + P
o : 8 )%\ Theory with field 4,,

Enters F,W Background Fluctuation l

Split Background + Fluctuations
After integrating the fluctuations Q l

and ¢, and setting x=0, the effective

action is gauge invariant! Integrate the Fluctuations in path integral

AR:\/ZAAO gR:Zg.QO l

You are left with a theory with only the Background
Ward Identity in background field l
Zy,=2,""" Callit A,
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Background field method Iin gauge theories

Abbott (1981) computes the 2-loop B-function of YM, perturbatively, in background field method

Ghost 00 = Ya _|_>< Without background field, the 1-loop B-function is wrong
Gauge 121\ =A + . . n

" At )%\ Theory with field A,

Enters F,W Background Fluctuation l

Split Background + Fluctuations
After integrating the fluctuations Q l

and ¢, and setting x=0, the effective

action is gauge invariant! Integrate the Fluctuations in path integral

AR:\/ZAAO gR:Zg.QO l
You are left with a theory with only the Background
Ward Identity in background field l
 —1/2 0 LR
Zg_ZA t »6(9):97714/2 Call ItA'u

n National Institute for Chemical Physics and Biophysics, Tallinn, Estonia



SU(N) Yang-Mills Theory

1 Qa a 1 a ac C
Sa = Sym+ Syr = / d*a’ { 7 i Fi + 5 (D2 (A) Q) (De°(A) Q5) }

e = / d'a' {8, [D2(A) D(A + Q)] 6. )
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SU(N) Yang-Mills Theory

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 7 i Fi + 5 (D2 (A) Q) (De°(A) Q5) }

e = / d'a' {8, [D2(A) D(A + Q)] 6. )

2 L k2 2
Za=1+ logF—FO log e + O v

92 N 92 N
2 B 2
167 167

>2 B2 +0(g°)
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SU(N) Yang-Mills Theory

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 7 i Fi + 5 (D2 (A) Q) (De°(A) Q5) }

e = / d'a' {8, [D2(A) D(A + Q)] 6. )

2 N 2N\ 2 k2 2 k2
J B+ (g > Ba 4+ O(g") logp + O (k)gz E) + O (p)

1672

N\

1-loop B-function
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SU(N) Yang-Mills Theory

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 7 i Fi + 5 (D2 (A) Q) (De°(A) Q5) }

e = / d'a' {8, [D2(A) D(A + Q)] 6. )

2 2 2 2 2 2
g° N g N 6 k o Kk k
= log — log? o
ZA 1+ 1672 51+\<167T2> 52 —|—O(g ) 0og A2 —|—O<og A2 ‘|‘O A2
1-loop B-function 2-loop B-function
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SU(N) Yang-Mills Theory

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 7 i Fi + 5 (D2 (A) Q) (De°(A) Q5) }

e = / d'a' {8, [D2(A) D(A + Q)] 6. )

2 2 2 2 2 2
g° N g° N 6 k o Kk k
— log ~— log? — =
Za=1+4 62 51+\<167r2> By +0(g°) ogA2—|—O<og e + O 12
1-loop B-function 2-loop B-function
11 34
From Perturbation theory: 51 — —|—§ 52 = —|—§
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SU(N) Yang-Mills Theory

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 7 i Fi + 5 (D2 (A) Q) (De°(A) Q5) }

e = / d'a' {8, [D2(A) D(A + Q)] 6. )

]{72 k2 ]{72
log A2 + 0 <10g2 E) + 0 (E)

2 N 2 N
N (g

2
1672 167r2> Be + 019"

1-loop B-function 2-loop B-function
11 34
From Perturbation theory: 51 — —|—§ 52 = —|—§
11 N 5 34 N? . | |
B(g) = 3 16%29 — 3 (16%2)29 2-loop Yang-Mills B-function
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SU(N) Yang-Mills Theory - 1-loop 3-function

/ 1 a a 1 a ac C
SA — SYM + ng — /d4$ { ZFNVFF“/ + 3 (D,ub(A) QZ) (Dl/ (A) QI/) }

e = / d'a' {8, [D2(A) D(A + Q)] 6. )
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SU(N) Yang-Mills Theory - 1-loop 3-function

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 7 i Fi + 5 (D2 (A) Q) (De°(A) Q5) }

S = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)
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SU(N) Yang-Mills Theory - 1-loop 3-function

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 7 i Fi + 5 (D2 (A) Q) (De°(A) Q5) }

S = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)

1 YR .
512——/ QTR {6_850}
1/A2 S

2
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SU(N) Yang-Mills Theory - 1-loop 3-function

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 7 i Fi + 5 (D2 (A) Q) (De°(A) Q5) }

S = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)

1/k* ds 1/k* ds

2

S1 = _1/ — TR {6_856/} — SyM1 = —= / — TR {e_SKZZ _ Qe—sH“b}
1/A2 S 1

/A2 S
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SU(N) Yang-Mills Theory - 1-loop B-function

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 7 i Fi + 5 (D2 (A) Q) (De°(A) Q5) }

S = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)
2 2
1 [Y* ds ’" 1/E™ ds _ peab _grab
Sl:__/ — TR [6_850}—’53(1\/11:—— —TR{@ sKy, _9e—sH }
1 1

2 /A2 S /A2 S /

Two derivatives wrt

gauge field

National Institute for Chemical Physics and Biophysics, Tallinn, Estonia



SU(N) Yang-Mills Theory - 1-loop B-function

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 1 F i + 5 (D2 (A) Q) (De°(A) Q5) }

S = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)

1/k? 1/k
1 ds 7 ab _ ab
Si=t [ B an o] e san =k [ B [ g
2 1/A2 S /A2 / /
Two derivatives wrt Two derivatives wrt
gauge field ghost field
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SU(N) Yang-Mills Theory - 1-loop B-function

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 1 F i + 5 (D2 (A) Q%) (Dee(A) Qy)}

e = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)

1 dS % Ka _ Hab
S1=—= —TR[ SS}—>SYM1:__ —TR - - )
2 Jijaz S / 1/A% / /
Compute ?'ther 2-p_0|nts Two derivatives wrt Two derivatives wrt
or 4-points function gauge field ghost field
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SU(N) Yang-Mills Theory - 1-loop B-function

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 1 F i + 5 (D2 (A) Q%) (Dee(A) Qy)}

S = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)

1/k ds 1 l/k’

]. i 1" ab _ ab
S = —— — TR 6_850} — SyMm1 = — —TR —s K, v —2e s H
. _ / /A2 / /
Liao (1995) 1 1 - 0o
61 Compute ?Ither 2 p.OIntS Two derivatives wrt Two derivatives wrt
Correct! 3 or 4-points function gauge field ghost field
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SU(N) Yang-Mills Theory - 1-loop B-function

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 1 F i + 5 (D2 (A) Q%) (Dee(A) Qy)}

S = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)

k2 _ 1/k>
]_ 1/ dS 17 ]. ab _ ab
S = —— — TR 6_850} — SyMm1 = — —TR —s K, v —2e s H
. _ / /A2 / /
Liao (1995) 1 1 - 0o
61 Compute ?Ither 2 p.OIntS Two derivatives wrt Two derivatives wrt
Correct! 3 or 4-points function gauge field ghost field

The off-diagonal term with mixed derivatives gives no contribution at 1-loop:

Mab = _(DE,Q)Z(l: (A7 X) ) [K_l],lcﬁ,u'z (A) . <DQC)z’Z (A7X)
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SU(N) Yang-Mills Theory - 1-loop B-function

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 1 F i + 5 (D2 (A) Q%) (Dee(A) Qy)}

S = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)

k2 _ 1/k>
]_ 1/ dS 17 ]. ab _ ab
S =—= — TR 6_850} — SyM1 = — —TR s K s H
. _ / /A2 / /
Liao (1995) 1 1 - 0o
61 Compute ?Ither 2 p_omts Two derivatives wrt Two derivatives wrt
Correct! 3 or 4-points function gauge field ghost field

The off-diagonal term with mixed derivatives gives no contribution at 1-loop:

Mab = —(DE,Q)ZZ: (A7 X) ) [K_l],lcﬁ,uq (A) . <DQC)Z’Z (A7X)

52 SG(A7 Q7 X C)
oc (z) 6Q7(y)

(D:0)5 (A x) =

Q=c=0
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SU(N) Yang-Mills Theory - 1-loop B-function

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 1 F i + 5 (D2 (A) Q%) (Dee(A) Qy)}

S = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)

k2 _ 1/k>
]_ 1/ dS 17 ]. ab _ ab
S =—= — TR 6_850} — SyM1 = — —TR s K s H
. _ / /A2 / /
Liao (1995) 1 1 - 0o
61 Compute ?Ither 2 p_omts Two derivatives wrt Two derivatives wrt
Correct! 3 or 4-points function gauge field ghost field

The off-diagonal term with mixed derivatives gives no contribution at 1-loop:

M = —(D, o)is (A,X) - [K7 50, (A) - (Do )a(Ax) o x

52 SG(A7 Q7 X C)
oc (z) 6Q7(y)

(DE,Q)IC/Lb(Av X) — X

Q=c=0
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SU(N) Yang-Mills Theory - 1-loop B-function

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 1 F i + 5 (D2 (A) Q%) (Dee(A) Qy)}

S = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)

k2 _ 1/k>
]_ 1/ dS 17 ]. ab _ ab
S = —— — TR 6_850} — SyMm1 = — —TR —s K, v —2e s H
2 1/A2 S L / /A2 /
Liao (1995) 1 1 - 0o
61 Compute ?Ither 2 p_omts Two derivatives wrt Two derivatives wrt
Correct! 3 or 4-points function gauge field ghost field

The off-diagonal term with mixed derivatives gives no contribution at 1-loop:

M = —(D, o)0 (A, x) - [KT'50 L, (A) - (D )i (Ax) o x X —0
Abbott (1981)
52 SG(A7 Q7 X C)
oc*(z) 6Q%(y)

(DE,Q)IC/Lb(Av X) — X

Q=c=0
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SU(N) Yang-Mills Theory - 1-loop B-function

1 1

$a= St 5= [ { Lmspn v ) (0 @) ) @) |

S = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)

i 1 /K2
]. 1/k dS 1" ]_
51:——/ — TR 6_850} — SyM1 = —
2 1/A2 S L / /A2
Liao (1995 11 - _nAi
( ) 61 Compute ?lther 2 p_omts Two derivatives wrt
Correct! 3 or 4-points function gauge field

The off-diagonal term with mixed derivatives gives no contribution at 1-loop:

M = —(D, o)is (A,X) - [K7 50, (A) - (Do )a(Ax) o x

52SG@%C&XHQ
oc (z) 6Q7(y)

X Can contribute
at 2-loop

(D:0)5 (A x) =

Q=c=0

m National Institute for Chemical Physics and Biophysics, Tallinn, Estonia
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7
Two derivatives wrt
ghost field

x — 0
Abbott (1981)
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SU(N) Yang-Mills Theory - 1-loop B-function

1 1

$a= St 5= [ { Lmspn v ) (0 @) ) @) |

S = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)

i 1 /K2
]. 1/k dS 1" ]_
51:——/ — TR 6_850} — SyM1 = —
2 1/A2 S L / /A2
Liao (1995 11 - _nAi
( ) 61 Compute ?lther 2 p_omts Two derivatives wrt
Correct! 3 or 4-points function gauge field

The off-diagonal term with mixed derivatives gives no contribution at 1-loop:

M = —(D, o)is (A,X) - [K7 50, (A) - (Do )a(Ax) o x

52SG@%C&XHQ
oc (z) 6Q7(y)

X Can contribute
at 2-loop

(D:0)5 (A x) =

Q=c=0
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—TR SKa _2 —SHab

7
Two derivatives wrt
ghost field

x — 0
Abbott (1981)

2
@) (log2 f{z)
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SU(N) Yang-Mills Theory - 2-loop 8-function

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 1 F i + 5 (D2 (A) Q) (De°(A) Q5) }

S = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)

1/k? 1/k
1 dS 7 ab _ ab
Si= s [ B an o] e san =k [ B [ g
2 1/A2 S /A2 / /
Two derivatives wrt Two derivatives wrt
gauge field ghost field
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SU(N) Yang-Mills Theory - 2-loop 8-function

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 1 F i + 5 (D2 (A) Q%) (Dee(A) Qy)}

S = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)

1/k , l/k: . .
512—1/ QTR [ SO}—>SYM1: —TR —s K, —26_8Hb
2 1/A2 S /Az / /
Two derivatives wrt Two derivatives wrt
g 1 /1/1€ ds TR ¢S ( S//) gauge field ghost field
9 = —— — 0 —8 1 :|
2 1/A2 S [
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SU(N) Yang-Mills Theory - 2-loop 8-function
Sa =S+ 8y = [ {1 FLE + 5 (D4) Q) (D) Q5) |

S = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)
1 /K2
ab - 2 6_8 Hab

1 1/k> ,
512——/ QTR [ SO} — SyMm1 = — —TR s Ky

Two derivatives wrt Two derivatives wrt

1/k gauge field ghost field

]. 12
Sy = ——/ % TR 5 (=5 87)]
1/A2 S

1/k> 1 )
SYM2 — / @ {——TR |: SYMI € —° i| + TR |:_S SYMl G_SH]}
1/A2 S 2
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SU(N) Yang-Mills Theory - 2-loop 8-function
Sa =S+ 8y = [ {1 FLE + 5 (D4) Q) (D) Q5) |

S = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)
1 /K2
ab - 2 6_8 Hab

1 1/k> ,
512——/ QTR [ SO} — SyMm1 = — —TR s Ky

Two derivatives wrt Two derivatives wrt

1/k gauge field ghost field

]. 12
Sy = ——/ % TR 5 (=5 87)]
1/A2 S

1/k> 1 )
SYM2 — / @ {——TR |: SYMI € —° i| + TR |:_S SYMl G_SH]}
1/A2 S 2
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SU(N) Yang-Mills Theory - 2-loop 8-function
Sa =S+ 8y = [ {1 FLE + 5 (D4) Q) (D) Q5) |

S = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)

1/k , l/k: . .
512—1/ QTR [ SO}—>SYM1: —TR —s K, —26_8Hb
2 1/A2 S /A2 /
1/ 2 Two derivatives wrt Two derivatives wrt
1 ds o5 gauge field ghost field
S2 - _5 /1/1\2 ? TR S ! /
l 1/k2 N 1 /
1/A?
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SU(N) Yang-Mills Theory - 2-loop 8-function

1 a a 1 Qa ac C
Sa = Sym+ Syr = / d*a’ { 1 F i + 5 (D2 (A) Q%) (Dee(A) Qy)}

S = / d'a' {8, [D2(A) D(A + Q)] 6. )

There are both bosons (gluons) and fermions (ghosts)

1 1/k d . l/k’ b B .

Slz——/ —STR[ So}—»SYMlz —TR s SH"
2 1/A2 S /A2 /

1/ 2 Two derivatives wrt Two derivatives wrt

1 ds o5 gauge field ghost field

S2 - _5 /1//\2 ? TR S ! /

l 1/k2 ) 1 / -
SvMe = ? ——TR YMl e —|— TR |—s SYMl e
1/A?

This action is gauge invariant: the nesting operation generates no mass terms!
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SU(N) Yang-Mills Theory - 2-loop 8-function

2

1/k> .
Svag = / @ {_ETR [—3 SVt e_SK} + TR [—s SvM1 e_SH]}
1/A2 S
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SU(N) Yang-Mills Theory - 2-loop 8-function

S _ tk ds 1TR /1 —s K Q —s H
YM2 — — N\ 3 [_3 SYMl € } + TR |—s Svm1 e
1/A2 S 2

We compute the two-point function

0
Lo =
= (o

0A,(Q)0AM(=q) | ,_, g2=0

National Institute for Chemical Physics and Biophysics, Tallinn, Estonia



SU(N) Yang-Mills Theory - 2-loop 8-function

_ [V ds ! o —sK 3 —sH
SYMQ — __TR |:_8 SYMl € :| + TR |:_S SYMl € :|
1/A2 S 2

We compute the two-point function

0
Lo =
= (o

5255 ] ) A lot of terms after taking derivatives,
~ ~ but only 3 are relevant for the B-function
5A/L(Q)5A'LL(_Q) A=0/ ¢2=0
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SU(N) Yang-Mills Theory - 2-loop 8-function

_ HE ds 1 /1 —s K a —s H
SvymMo = — < —=TR [—S SYMl e } + TR {—S SvM1 € ]
1/A2 S 2

We compute the two-point function
0
Lo =
= (o

And again we need to use the Schwinger expansion to take care of the momentum dependence

~1)2 !
e 4 -~ Be 4+ ( 2) / duq (B e~ (Imu)Ap e‘“lA) + ...
0

5255 ] ) A lot of terms after taking derivatives,
~ ~ but only 3 are relevant for the B-function
5A/L(Q)5A'LL(_Q) A=0/ ¢2=0

TR {e—<A+B>] _ TR

Momentum  Anything
dependent else
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SU(N) Yang-Mills Theory - 2-loop 8-function

_ HE ds 1 /1 —s K a —s H
SvymMo = — < —=TR [—S SYMl e } + TR {—S SvM1 € ]
1/A2 S 2

We compute the two-point function
0
Lo =
= (o

And again we need to use the Schwinger expansion to take care of the momentum dependence

~1)2 !
e 4 -~ Be 4+ ( 2) / duq (B e~ (Imu)Ap e‘“lA) + ...
0

5255 ] ) A lot of terms after taking derivatives,
~ ~ but only 3 are relevant for the B-function
5A/L(Q)5A'LL(_Q) A=0/ ¢2=0

TR {e—<A+B>] _ TR

Momentum  Anything
dependent else 34

3 Correct!
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Conclusions

* Massless theories, in mass-independent regularization schemes, have universal one- and two-
loop coefficients of the B-function.

* de Alwis (2018) claimed that the Wilsonian RG flow with proper time sharp cutoff is exact and
gauge invariant. If he is right, this flow equation must reproduce the universal content.

* For the scalar massless O(N) theory, we (re-)computed one- and two-loop coefficients of the -
function for quartic coupling and anomalous dimension and reproduced the well-known result.

* For the Yang-Mills theory, we employed the background field formalism, which has proven
(see Abbott (1981)) to be able to reproduce one- and two-loop B-function coefficients of the
gauge coupling, within perturbation theory, in a path integral formalism.

* We (re-)computed (part of) the one-loop action, obtaining the correct one-loop B-function
coefficient, and importantly no gauge breaking operators at dimension two (mass) and six.

* Finally, by reinserting the one loop action into the RG flow in the background gauge, we
recovered the universal two loop coefficient of the beta function, which shows the level of
consistency of the PT Flow equation.
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Conclusions

* Massless theories, in mass-independent regularization schemes, have universal one- and two-
loop coefficients of the B-function.

* de Alwis (2018) claimed that the Wilsonian RG flow with proper time sharp cutoff is exact and
gauge invariant. If he is right, this flow equation must reproduce the universal content.

* For the scalar massless O(N) theory, we (re-)computed one- and two-loop coefficients of the -
function for quartic coupling and anomalous dimension and reproduced the well-known result.

* For the Yang-Mills theory, we employed the background field formalism, which has proven
(see Abbott (1981)) to be able to reproduce one- and two-loop B-function coefficients of the
gauge coupling, within perturbation theory, in a path integral formalism.

* We (re-)computed (part of) the one-loop action, obtaining the correct one-loop B-function
coefficient, and importantly no gauge breaking operators at dimension two (mass) and six.

* Finally, by reinserting the one loop action into the RG flow in the background gauge, we
recovered the universal two loop coefficient of the beta function, which shows the level of
consistency of the PT Flow equation.

Thanks for the attention!
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