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 Gross—Neveu Model in SU(N) d = 2 + 1

 

• Simple description of fermion criticality ( )   Order Parameter  

non-perturbative mass generation (like QCD)


• Perturbatively renormalizable in large—N  UV FP 


• Connected to phase transitions in condensed matter (e.g. Dirac materials)

ℤ2 ⟨ψ̄ψ⟩ ≠ 0

⟹ [Rosenstein, Warr ’89, PRL]

ℒ = ψ̄(1N ⊗ iγμ)∂μψ +
g
2

(ψ̄(1N ⊗ 12)ψ)2



Critical Phenomena in Dirac Materials
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gc
Unordered 
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phase

m ∼ ⟨ϕ⟩ = 0 m ∼ ⟨ϕ⟩ > 0

Critical point

• Dirac material: Electronic excitations effectively described by  
massless Dirac fermions         Order Parameter 


• Strong electron-electron interaction  quantum phase transition 

massive Dirac fermions           Order Parameter  

                                     

→ ⟨ϕ⟩ = 0

→

→ ⟨ϕ⟩ ≠ 0
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• Dirac material: Electronic excitations effectively described by  
massless Dirac fermions         Order Parameter 


• Strong electron-electron interaction  quantum phase transition  

massive Dirac fermions           Order Parameter  

Quantum phases described by Gross—Neveu—Yukawa (GNY) field theory 


                                       

→ ⟨ϕ⟩ = 0

→

→ ⟨ϕ⟩ ≠ 0

ℒGNY ≃ ψ̄(iγμ∂μ − gϕ)ψ + (∂μϕ)2 − m2ϕ2 − λϕ4

Dirac fermions Yukawa OP field     OP int.

Critical Phenomena in Dirac Materials

A

B

See Talk from 
Peter Marquard



 Gross—Neveu Model in SU(N) d = 2 + 1

• Connected to phase transitions in condensed matter (e.g. Dirac materials) 

rewrite int. with HS field   Yukawa int. (GNY theory)


   

≃ σ2 + gψ̄ψσ →

d = 2 + ϵ , β(gci) = 0 , gc1 = 𝒪(ϵ)

ℒ = ψ̄(1N ⊗ iγμ)∂μψ +
g
2

(ψ̄(1N ⊗ 12)ψ)2

gc10



 Gross—Neveu Model in SU(N) d = 2 + 1

• Connected to phase transitions in condensed matter (e.g. Dirac materials) 

rewrite int. with HS field   Yukawa int. (GNY theory)


    runaway flow   


≃ σ2 + gψ̄ψσ →

d = 2 + ϵ , β(g) > 0 , g > gc1 = 𝒪(ϵ) g1 → ∞ → ⟨σ⟩ ≠ 0

ℒ = ψ̄(1N ⊗ iγμ)∂μψ +
g
2

(ψ̄(1N ⊗ 12)ψ)2

gc10

⟨ψ̄(1N ⊗ 12)ψ⟩ ≠ 0

—broken 
phase

ℤ2Disordered 
phase



 Gross—Neveu Model in SU(N) d = 2 + 1

• Contains symmetry-enhanced  Majorana fermion  subspace

 
All but one OP on graphene can be unified into symmetric tensor OP


SO(2N) ⊃ SU(N) χ

ℒ = χ̄(1N ⊗ iγμ)∂μχ +
g
2

( χ̄(12N ⊗ 12)χ)2



 Gross—Neveu Model in SU(N) d = 2 + 1

• Contains symmetry-enhanced  Majorana fermion  subspace


Mean-Field Theory: 

SO(2N) ⊃ SU(N) χ

gc1gc2 0
 

broken phase
SO(2N) → SO(N) × SO(N) —broken 

phase
ℤ2Disordered 

phase

[Herbut, Mandal ’23, PRB]

⟨χ̄(1N ⊗ 12)χ⟩ ≠ 0⟨χ̄(𝕊a ⊗ 12)χ⟩ ≠ 0

ℒ = χ̄(1N ⊗ iγμ)∂μχ +
g
8

( χ̄(12N ⊗ 12)χ)2



 Gross—Neveu Model in SU(N) d = 2 + 1

• Contains symmetry-enhanced  Majorana fermion  subspace


Mean-Field Theory: 

 SSB studied in , QMC, conformal bootstrap  1st or 2nd order transition? 

SO(2N) ⊃ SU(N) χ

SO(2N) d = 4 − ϵ →

gc1gc2 0
 

broken phase
SO(2N) → SO(N) × SO(N) —broken 

phase
ℤ2Disordered 

phase

[Herbut, Mandal ’23, PRB]

[Han, Herbut ’23 + ’24 + ’25, PRB]

⟨χ̄(1N ⊗ 12)χ⟩ ≠ 0⟨χ̄(𝕊a ⊗ 12)χ⟩ ≠ 0

ℒ = χ̄(1N ⊗ iγμ)∂μχ +
g
8

( χ̄(12N ⊗ 12)χ)2

Complement with analysis of criticality in  d = 2 + ϵ
[Rein, Herbut, Assaad, 2512.04626]



 Gross—Neveu Model in SO(2N) × SO(Nf) d = 2 + ϵ

 

• Extend with global  flavor symmetry


• Construct Fierz-complete —invariant interactions 

reduces to Gross—Neveu for 


 Track fixed points independently in the larger space (  ) & at large-

ℒ ⊃
g1

8Nf
( χ̄(12N ⊗ 12)χ)2 +

g2

8Nf
( χ̄(𝕊a ⊗ 12)χ)2 +

g3

8Nf
( χ̄(𝔸b ⊗ γμ)χ)2 +

g4

8Nf
( χ̄(𝔸b ⊗ γ5)χ)2

SO(Nf)

SO(2N) × SO(Nf)

Nf = 1

→ Nf > 1 Nf

ℬ = ℬ1 ⊗ ℬ2 = {12N, 𝔸a, 𝕊b} ⊗ {12, γμ, γ5}

Symmetric-Tensor Singlet (Ising) Adjoint-Nematic Adjoint-Pseudoscalar



 Gross—Neveu Model in SO(2N) × SO(Nf) d = 2 + ϵ




• One-Loop RGEs in  

ℒ ⊃
g1

8Nf
( χ̄(12N ⊗ 12)χ)2 +

g2

8Nf
( χ̄(𝕊a ⊗ 12)χ)2 +

g3

8Nf
( χ̄(𝔸b ⊗ γμ)χ)2 +

g4

8Nf
( χ̄(𝔸b ⊗ γ5)χ)2

MS gi → gi/(4π)

[Hawashin, MU ’25, 2510.23725]

Symmetric-Tensor Singlet (Ising) Adjoint-Nematic Adjoint-Pseudoscalar

5

FIG. 1. Fixed-point coordinates of the SO(2𝐿)-symmetric-tensor fixed point as given in Eq. (34) for 𝐿 = 4 (left) and 𝐿 = 8 (right). The fixed
point separates a SO(2𝐿)–symmetric phase and an ordered phase that breaks down SO(2𝐿) → SO(𝐿) ↑ SO(𝐿). While 𝐿 = 8 correspond to
charge-neutral twisted bilayer graphene [16], 𝐿 = 4 corresponds to a single sheet of graphene.

functions 𝑀𝐿 (𝑁) := 𝑀𝑁𝐿
𝑀 log 𝑂

to be

𝑀1 =𝑁𝑂1 +
1
𝐿 𝑃

[
↓ 4(𝐿𝐿 𝑃 ↓ 1)𝑂2

1 + 4(𝐿 + 1) (2𝐿 ↓ 1)𝑂1𝑂2

↓ 4𝐿 (2𝐿 ↓ 1)𝑂1𝑂4 + 8𝐿 (2𝐿 ↓ 1)𝑂1𝑂3

↓ 8𝐿 (2𝐿 ↓ 1)𝑂3𝑂4

]
, (21)

𝑀2 =𝑁𝑂2 +
1
𝐿 𝑃

[
↓ (4𝐿 (𝐿 𝑃 ↓ 1) + 4)𝑂2

2 + 4𝑂1𝑂2

+ 8𝐿 (𝐿 ↓ 1)𝑂2𝑂3 ↓ 4𝐿𝑂2𝑂4 + 8𝐿 (𝐿 ↓ 1)𝑂3𝑂4

]
,

(22)

𝑀3 =𝑁𝑂3 +
1
𝐿 𝑃

[
8𝐿 (𝐿 ↓ 1)𝑂2

3 + 2𝐿 (𝐿 ↓ 1)𝑂2
4 + 2𝐿 (𝐿 + 1)𝑂2

2

+ 4(𝐿 + 1) (𝐿 ↓ 1)𝑂2𝑂4 + 4𝑂1𝑂4

]
, (23)

𝑀4 =𝑁𝑂4 +
1
𝐿 𝑃

[
4𝐿 (𝐿 𝑃 ↓ 1)𝑂2

4 + 4(𝐿 + 1)𝑂2𝑂4 + 8𝑂1𝑂3

+ 8(𝐿 + 1) (𝐿 ↓ 1)𝑂2𝑂3 ↓ 4𝑂1𝑂4 + 8𝐿2
𝑂3𝑂4

]
.

(24)

The sign of the 𝑀 functions is chosen such that if 𝑀𝐿 > 0, the
coupling 𝑂𝐿 decreases towards the IR.

For 𝐿 𝑃 = 1, the 𝑀 functions above can be combined to a single
𝑀 function for 𝑂̃ = ¯̃𝑂/(4𝑃𝐿 𝑃 ) with ¯̃𝑂 defined as in Eq. (19),
which coincides with the 𝑀 function of the canonical Gross–
Neveu model [5]

𝑀𝑁̃ = 𝑁 𝑂̃ + 4(𝐿 ↓ 1)𝑂̃2
. (25)

Hence, for 𝐿 𝑃 = 1, where the four couplings become re-
dundant, any non-trivial fixed point either corresponds to the
Gaussian fixed point or the Gross–Neveu fixed point, given by

𝑂̃
𝑄 = ↓1/4(𝐿 ↓ 1). (26)

D. Fixed-point structure

In order to find critical points of the theory defined by Eq. (20),
we have to identify IR stable fixed points of the 𝑀 functions
calculated above. Such an analysis majorly simplifies if one-
loop closed subspaces can be identified, i.e., a subspace of the
coupling space where additional couplings do not get generated
under renormalization-group transformations. We find two of
such one-loop closed subspaces:
a. Gross–Neveu–Ising subspace: Since no term ↔ 𝑂

2
1 ap-

pears in the flow equations of 𝑂𝐿 with 𝑄 = 2, 3, 4, the subspace
defined by 𝑂2 = 𝑂3 = 𝑂4 = 0 is one-loop closed, see also,
e.g., Refs. [9, 37, 39]. This “Gross–Neveu–Ising subspace”
includes an interacting fixed-point, given by

𝑂
𝑄

GNI =
[

𝐿 𝑃

4(𝐿𝐿 𝑃 ↓ 1)
, 0, 0, 0

]
𝑁 , (27)

which is IR stable for all 𝐿 𝑃 > 1. Starting the flow with a small
𝑂1 > 𝑂

𝑄

GNI,1 leads to a runaway flow to positive infinity, which
corresponds to quantum anomalous Hall GNI criticality with
order parameter ↗𝑅̄ (12𝑅 ↘ 1) 𝑅≃ > 0, which spontaneously
breaks parity as well as Z2 chiral symmetry.
b. Adjoint-Nematic subspace: Another fixed point appears
in the one-loop closed subspace where only 𝑂3 ω 0, given by

𝑂
𝑄

N =
[
0, 0,↓

𝐿 𝑃

8𝐿 (𝐿 ↓ 1)
, 0
]
𝑁 . (28)

It corresponds to adjoint-nematic quantum criticality with or-
der parameter ↗𝑅̄(A𝑆 ↘ 𝑆𝑂)𝑅≃ > 0. It is the lower-dimensional
analog of the nematic critical point identified at and beyond
mean-field in 2 + 1 dimensions [23, 24]. Note that 𝑂𝑄N ↔ 𝐿 𝑃 ,
and hence the fixed point moves towards infinity in the limit
𝐿 𝑃 → ⇐. The same is true for all 𝐿 𝑃 in the limit 𝐿 → 1+,
for which the corresponding interaction coincides with the
Thirring coupling [6]. The absence of a fixed-point for 𝐿 > 1
that lies purely on the axis defined by the Thirring-like coupling
𝑂3 in the large-𝐿 𝑃 limit is related to the vanishing 𝑀 function
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we have to identify IR stable fixed points of the 𝑀 functions
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defined by 𝑂2 = 𝑂3 = 𝑂4 = 0 is one-loop closed, see also,
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GNI,1 leads to a runaway flow to positive infinity, which
corresponds to quantum anomalous Hall GNI criticality with
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𝐿 𝑃 → ⇐. The same is true for all 𝐿 𝑃 in the limit 𝐿 → 1+,
for which the corresponding interaction coincides with the
Thirring coupling [6]. The absence of a fixed-point for 𝐿 > 1
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 Gross—Neveu Model in SO(2N) × SO(Nf) d = 2 + ϵ

 

• One-Loop RGEs in  @ large-    Closed subspaces

ℒ ⊃
g1

8Nf
( χ̄(12N ⊗ 12)χ)2 +

g2

8Nf
( χ̄(𝕊a ⊗ 12)χ)2 +

g3

8Nf
( χ̄(𝔸b ⊗ γμ)χ)2 +

g4

8Nf
( χ̄(𝔸b ⊗ γ5)χ)2

MS Nf →

Gross—Neveu—Ising g⋆
GNI = [

Nf

4(NNf − 1)
,0,0,0] ϵ

Adjoint-Nematic g⋆
N = [0,0, −

Nf

8N(N − 1)
,0] ϵ

⟨χ̄(1N ⊗ 12)χ⟩ > 0 , g > g⋆
GNI

⟨χ̄(𝔸b ⊗ γμ)χ⟩ > 0 , g > g⋆
N

Runaway flow

Symmetric-Tensor Singlet (Ising) Adjoint-Nematic Adjoint-Pseudoscalar



 Gross—Neveu Model in SO(2N) × SO(Nf) d = 2 + ϵ

 ℒ ⊃
g1

8Nf
( χ̄(12N ⊗ 12)χ)2 +

g2

8Nf
( χ̄(𝕊a ⊗ 12)χ)2 +

g3

8Nf
( χ̄(𝔸b ⊗ γμ)χ)2 +

g4

8Nf
( χ̄(𝔸b ⊗ γ5)χ)2

Symmetric-Tensor No closed subspace

1 10 100 1000
Nf

-0.02

0

0.02

0.04

0.06

0.08

g? S
T
/≤

g1

g2

g3

g4

g⋆
ST = [𝒪(1/N4

f ),
1

4N
+ 𝒪(1/Nf), 𝒪(1/Nf), 𝒪(1/N2

f )] ϵ

⟨χ̄(𝕊a ⊗ 12)χ⟩ > 0 , g > g⋆
ST

 SSB → SO(2N) → SO(N) × SO(N)

N = 4

[Hawashin, MU ’25, 2510.23725]

Symmetric-Tensor Singlet (Ising) Adjoint-Nematic Adjoint-Pseudoscalar

Nf = 1 : g = − g1 + (N + 1)g2 + 2Ng3 + Ng4 ≡ 0



 Gross—Neveu Model in SO(2N) × SO(Nf) d = 2 + ϵ


ℒ ⊃
g1

8Nf
( χ̄(12N ⊗ 12)χ)2 +

g2

8Nf
( χ̄(𝕊a ⊗ 12)χ)2 +

g3

8Nf
( χ̄(𝔸b ⊗ γμ)χ)2 +

g4

8Nf
( χ̄(𝔸b ⊗ γ5)χ)2

OP RGEs (1-Loop)  


 


Susceptibility diverges for   critical


ℒ + ynϕn , ϕn = χ̄Mn χ

βyn
= − (1 + xn)yn , x3,4 = 0

xn > ϵ/2 →

ϕ1 ϕ2 ϕ3 ϕ4

Symmetric-Tensor Singlet (Ising) Adjoint-Nematic Adjoint-Pseudoscalar



 Gross—Neveu Model in SO(2N) × SO(Nf) d = 2 + ϵ


ℒ ⊃
g1

8Nf
( χ̄(12N ⊗ 12)χ)2 +

g2

8Nf
( χ̄(𝕊a ⊗ 12)χ)2 +

g3

8Nf
( χ̄(𝔸b ⊗ γμ)χ)2 +

g4

8Nf
( χ̄(𝔸b ⊗ γ5)χ)2

Symmetric-Tensor Singlet (Ising) Adjoint-Nematic

OP RGEs (1-Loop)  


 


Susceptibility diverges for   critical


  critical  ,  for 


ℒ + ynϕn , ϕn = χ̄Mn χ

βyn
= − (1 + xn)yn , x3,4 = 0

xn > ϵ/2 →

→ ϕ1 ∀Nf ϕ2 Nf > Nf,c ≈ 6.3

ϕ1 ϕ2 ϕ3 ϕ4

1 10 100 1000
Nf

-0.25

0

0.25

0.5

0.75

1

1.25

x
n
/≤

xGNI
1

xGNI
2

xST
1

xST
2

xN
1

xN
2

N = 4

Adjoint-Pseudoscalar



 Gross—Neveu Model in SO(2N) × SO(Nf) d = 2 + ϵ


ℒ ⊃
g1

8Nf
( χ̄(12N ⊗ 12)χ)2 +

g2

8Nf
( χ̄(𝕊a ⊗ 12)χ)2 +

g3

8Nf
( χ̄(𝔸b ⊗ γμ)χ)2 +

g4

8Nf
( χ̄(𝔸b ⊗ γ5)χ)2

OP RGEs (1-Loop)  


  critical  ,  for  

Extrapolate: 


 Two-Side Padé with 4-Loop 


ℒ + ynϕn , ϕn = χ̄Mn χ

→ ϕ1 ∀Nf ϕ2 Nf > Nf,c ≈ 6.3

Nf,c(N) ≈ 0.56 + 1.48N + 𝒪(ϵ)

→ 4 − ϵ

ϕ1 ϕ2 ϕ3 ϕ4

1 10 100 1000
Nf

-0.25

0

0.25

0.5

0.75

1

1.25

x
n
/≤

xGNI
1

xGNI
2

xST
1

xST
2

xN
1

xN
2

N = 4

[Han, Herbut ’25, 2506.20710]

Symmetric-Tensor Adjoint-PseudoscalarSinglet (Ising) Adjoint-Nematic



 Gross—Neveu Model in SO(2N) × SO(Nf) d = 2 + ϵ


ℒ ⊃
g1

8Nf
( χ̄(12N ⊗ 12)χ)2 +

g2

8Nf
( χ̄(𝕊a ⊗ 12)χ)2 +

g3

8Nf
( χ̄(𝔸b ⊗ γμ)χ)2 +

g4

8Nf
( χ̄(𝔸b ⊗ γ5)χ)2

Extrapolate: 


 Two-Side Padé with 4-Loop 


 

 No continuous  SSB  
in Gross—Neveu theory 

 Observed transition likely 1st order 

Nf,c(N) ≈ 0.56 + 1.48N + 𝒪(ϵ)

→ 4 − ϵ

Nf,c(4)Pade ≈ 8.9 , Nf,c(8)Pade ≈ 16.1

→ SO(2N)

→

ϕ1 ϕ2 ϕ3 ϕ4

1 10 100 1000
Nf

-0.25

0

0.25

0.5

0.75

1

1.25

x
n
/≤

xGNI
1

xGNI
2

xST
1

xST
2

xN
1

xN
2

N = 4

[Han, Herbut ’23 + ’24 + ’25, PRB]

Symmetric-Tensor Singlet (Ising) Adjoint-Nematic Adjoint-Pseudoscalar



• 3D Gross—Neveu: symmetry-enhanced  subspace


• Mean Field: 2nd order transition where 


• Leading Order RG in  : 2nd order only for  

in agreement with  ( & QMC )


               

Future Work:   Template RGEs (2+ Loops)

SO(2N) ⊃ SU(N)

SO(2N) → SO(N) × SO(N)

d = 2 + ϵ Nf > Nf,c = 0.56 + 1.48N + 𝒪(ϵ)

d = 4 − ϵ

ℒ ⊃ gijkl(Ψ̄iΨj)(Ψ̄kΨ̄l) →

Conclusion

gc1gc2 0

⟨χ̄(1N ⊗ 12)χ⟩ ≠ 0⟨χ̄(𝕊a ⊗ 12)χ⟩ ≠ 0

2nd order1st order
 (Gross—Neveu)Nf = 1

[Han, Herbut ’25, 2506.20710]

Continuation to : Two-side Padé of GNY (crit. exp.), phase transitions, … d = 3

See Talk from 
Tom Steudtner 

[Rein, Herbut, Assaad, 2512.04626]
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Backup: Order Parameter Susceptibility


ℒ ⊃
g1

8Nf
( χ̄(12N ⊗ 12)χ)2 +

g2

8Nf
( χ̄(𝕊a ⊗ 12)χ)2 +

g3

8Nf
( χ̄(𝔸b ⊗ γμ)χ)2 +

g4

8Nf
( χ̄(𝔸b ⊗ γ5)χ)2

  — Max Uetrecht20

Symmetric-Tensor Singlet (Ising) Adjoint-Nematic

OP RGEs (1-Loop)  


        

Susceptibility (linear response)  


At critical point ( ): divergent  
 

 


ℒ + ynϕn , ϕn = χ̄Mn χ

βyn
= − (1 + xn)yn , x3,4 = 0

χn ≡
∂⟨ϕn⟩
∂yn yn→0

= ∫ ddx⟨ϕn(x)ϕn(0)⟩c

d = 2 + ϵ

χn ∼ ξd−2Δϕn = ξ2xn−ϵ ⟹ 2xn − ϵ > 0 ⟹ xn > ϵ/2

ϕ1 ϕ2 ϕ3 ϕ4

Adjoint-Pseudoscalar


