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Objective

SUSY as an optimisation tool: by mapping non-SUSY theories to
SUSY and back.

Existing application of SUSY: N = 4 Super-Yang Mills gluonic sector
for maximum transcendental weights.

In this project we developed a systematic and general method.

We applied it to the Gross-Neveu-Yukawa model and achieved a 25%
speed up, a 14 day calculation was achieved in 11 days.

Operator Renormalisation using Emergent Supersymmetries 2 / 14



Objective

SUSY as an optimisation tool: by mapping non-SUSY theories to
SUSY and back.

QCD splitting functions

Existing application of SUSY: N = 4 Super-Yang Mills gluonic sector
for maximum transcendental weights.

In this project we developed a systematic and general method.

We applied it to the Gross-Neveu-Yukawa model and achieved a 25%
speed up, a 14 day calculation was achieved in 11 days.

Operator Renormalisation using Emergent Supersymmetries 2 / 14



Objective

SUSY as an optimisation tool: by mapping non-SUSY theories to
SUSY and back.

QCD splitting functions −→ OME anomalous dimensions

γ(N) = −
∫ 1

0
dx xN−1P(x)

Existing application of SUSY: N = 4 Super-Yang Mills gluonic sector
for maximum transcendental weights.

In this project we developed a systematic and general method.

We applied it to the Gross-Neveu-Yukawa model and achieved a 25%
speed up, a 14 day calculation was achieved in 11 days.

Operator Renormalisation using Emergent Supersymmetries 2 / 14



Objective

SUSY as an optimisation tool: by mapping non-SUSY theories to
SUSY and back.

QCD splitting functions −→ OME anomalous dimensions −→ months
of computation

γ(N) = −
∫ 1

0
dx xN−1P(x)

Existing application of SUSY: N = 4 Super-Yang Mills gluonic sector
for maximum transcendental weights.

In this project we developed a systematic and general method.

We applied it to the Gross-Neveu-Yukawa model and achieved a 25%
speed up, a 14 day calculation was achieved in 11 days.

Operator Renormalisation using Emergent Supersymmetries 2 / 14



Objective

SUSY as an optimisation tool: by mapping non-SUSY theories to
SUSY and back.

QCD splitting functions −→ OME anomalous dimensions −→ months
of computation

γ(N) = −
∫ 1

0
dx xN−1P(x)

Existing application of SUSY: N = 4 Super-Yang Mills gluonic sector
for maximum transcendental weights.

In this project we developed a systematic and general method.

We applied it to the Gross-Neveu-Yukawa model and achieved a 25%
speed up, a 14 day calculation was achieved in 11 days.

Operator Renormalisation using Emergent Supersymmetries 2 / 14



Objective

SUSY as an optimisation tool: by mapping non-SUSY theories to
SUSY and back.

QCD splitting functions −→ OME anomalous dimensions −→ months
of computation

γ(N) = −
∫ 1

0
dx xN−1P(x)

Existing application of SUSY: N = 4 Super-Yang Mills gluonic sector
for maximum transcendental weights.

In this project we developed a systematic and general method.

We applied it to the Gross-Neveu-Yukawa model and achieved a 25%
speed up, a 14 day calculation was achieved in 11 days.

Operator Renormalisation using Emergent Supersymmetries 2 / 14



Objective

SUSY as an optimisation tool: by mapping non-SUSY theories to
SUSY and back.

QCD splitting functions −→ OME anomalous dimensions −→ months
of computation

γ(N) = −
∫ 1

0
dx xN−1P(x)

Existing application of SUSY: N = 4 Super-Yang Mills gluonic sector
for maximum transcendental weights.

In this project we developed a systematic and general method.

We applied it to the Gross-Neveu-Yukawa model and achieved a 25%
speed up, a 14 day calculation was achieved in 11 days.

Operator Renormalisation using Emergent Supersymmetries 2 / 14



Key Idea

Consider the following product:

1704× 5731
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Emergent SUSY in the literature

Known cases of emergent SUSY in GNY-like theories:

The Gross-Neveu-Yukawa model, at nf = 1/4: (Grover et al., 2014)

Lbare
GNY =

1

2
∂µϕ0∂

µϕ0 − iψ̄0 /∂ψ0 + g0 ϕ0ψ̄0ψ0 +
λ0
4!
ϕ40

The Nambu-Jona-Lasinio-Yukawa (NJLY) model, at nf = 1/2:(Zerf
et al., 2016)

Lbare
NJLY = ∂µϕ

†
0∂

µϕ0 − iψ̄0 /∂ψ0 + g0 ϕ0ψ̄0P+ψ0 + g0 ϕ
†
0ψ̄0P−ψ0 +

λ0
6
|ϕ0|4

This approach cannot access the 4D Wess-Zumino SUSY from GNY.
That makes the singlet operator optimisation impossible with these
methods. It is possible only with the Lgen we developed.
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The generalised Lagrangian

Lgen with
free parameters

(ns , nf )

Gross-Neveu-Yukawa

ns = 1, nf any

4D Wess-Zumino

ns = 2, nf =
1
2

NJLY model

ns = 2, nf any

3D Wess-Zumino

ns = 1, nf =
1
4
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The generalised Lagrangian

One L to rule them all, One L to find them,

One L to bring them all and in the darkness bind them.
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The generalised Lagrangian

We begin by writing

Lgen =
1

2
∂µϕ

I∂µϕI − iψ̄A/∂ψA + gZ I
ABϕ

I ψ̄AψB +
λ

4!
M IJKLϕIϕJϕKϕL

Only condition: the flavour structures are closed under
renormalisation, no effervescent flavour structures.
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ABϕ
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λ
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Only condition: the flavour structures are closed under
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I J ∝ δIJ
A B ∝ δAB

I

A B

∝ Z I
AB

I J

KL

∝ M IJKL
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The generalised Lagrangian

We begin by writing

Lgen =
1

2
∂µϕ

I∂µϕI − iψ̄A/∂ψA + gZ I
ABϕ

I ψ̄AψB +
λ

4!
M IJKLϕIϕJϕKϕL

Only condition: the flavour structures are closed under
renormalisation, no effervescent flavour structures.

Z I
ACZ

J
CB + Z J

ACZ
I
CB = 2δIJδAB

M IJKL = δIJδKL + δIKδJL + δILδJK

With ns := δIJδJI , nf := δABδBA, the 1PI correlators are given as:

Γ =
∑

fi (ns , nf )Ii
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Application to Operator Renormalisation

We applied emergent SUSY to optimise the following twist-2 singlet
operators in the GNY model projected along the light-cone:

OS(x) = ϕ(x)(−i∂+)
Nϕ(x)

OF (x) = ψ(x)γ+(−i∂+)
N−1ψ(x)

We derived the following Dokshitzer-like Ward Identity for all
moments and loop orders:

2γψψ + 4γϕψ = 2γϕϕ + γψϕ

This relation emerges from Lgen at the 4D Wess-Zumino point
ns = 2, nf = 1

2

Emergent SUSY makes the calculation 25% faster (Integration tool:
FORCER)
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Towards QCD

Lgen with
free parameters
(ns , nf ,CR)

QCD

ns = 0,CR = CF

N = 4 SYM

ns = 6 + 2ε, nf = 4

CR = CA

N = 1 SYM

ns = 2ε, nf = 1

CR = CA

N = 2 SYM

ns = 2 + 2ε, nf = 2

CR = CA
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Summary and Future Outlooks

We developed the concept of a generalised Lagrangian to use SUSY
Ward Identities in non-SUSY theories.

We applied it to operator renormalisation in the Gross-Neveu-Yukawa
model and achieved a 25% speed up. At higher Mellin moments this
amounts to saving days.

Optimising operator renormalisation for QCD, just like GNY.

Generalising the Dokshitzer relation beyond 1-loop order and
maximum transcendality weights.

With the method of Generalised Lagrangian we fixed the N = 2
Yukawa beta problem, unsolved for 40 years.
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Afterthoughts and Musings
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Let’s ponder over the Emergent SUSY theories

SUSY theories are special and limited: Emergent supersymmetries
must point to known SUSY Lagrangians.

In 3D, for the massless chiral multiplet, two superpotentials possible:
gΦ3 (usual WZ) or gΦ4 (generalised WZ, Tom’s talk).

Which one are we getting from Lgen?

Consider the (ns = 2, nf = 1/2) point. It is the 4D N = 1 WZ model.

We can apply dimensional reduction to it to get 3D N = 2 WZ,
which is the gΦ3 theory.
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Let’s ponder over the Emergent SUSY theories

Let us see what happens to the diagrams under DR.

4D WZ: (Tr[I2×2])
#

∫ L∏
i=1

d4ki F (k
0
i , k

1
i , k

2
i , k

3
i )

Λ can be absorbed in the renormalisation scale µ =⇒ finite
renormalisation =⇒ same universality class?
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Lingering Questions

Universality Class: Confirm that the 3D gΦ3 Wess-Zumino models
have a renormalisation scheme where the Wilson-Fischer critical
exponents match those of the 4D models.

3D N = 2, gΦ4 theory: dimensional reduction of non-renormalisable
4D N = 1, gΦ4

If they are the same universality class, is 4D gΦ4 renormalisable then?
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