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Motivation: Computing non-perturbative S-matrix elements

• Workflow:

Compute

functional

Compute

n-point functions

Solve

(quantum) EoMs

Recombine

n-point functions

into S-matrix elements

F [Φ] ⇒
(1)

F (n) = δnF [Φ]
δΦ(xn)...δΦ(x1)

⇒
(2)

QEoM[F ]
∣∣
Φ∗

= 0 ⇒
(3)

⟨out| Ŝ |in⟩
(
F (n)

∣∣
Φ∗

)

Z[J ] ⇒ Correlation functions ⇒ J = 0 ⇒ LSZ-formula

Γ[Φ] ⇒ 1PI diagrams ⇒ δΓ
δΦ = 0 ⇒ Identity

• Steps (2) and (3): potential sources of inefficiency

But: can compute scattering amplitudes in this way, even in quantum gravity!
see e.g. [Draper, Knorr, Ripken, Saueressig; ’20], [Pastor-Gutierrez, Pawlowski, Reichert, Ruisi; ’24]

Talk by Angelo Portas Chiesa

• Goal for S-matrix functional: make (2) and (3) trivial

• Beyond computational efficiency: Unitarity directly encoded in S-matrix
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Goal of this work

• Is there a S-matrix functional?

• Yes, there is: Sβ[φ]
β: boundary field (boundary condition)
φ: bulk field

1. Functional derivatives w.r.t β ⇒ (boundary) S-matrix functional

▶ Fully on-shell
▶ Avoids (2) and (3)

2. Functional derivatives w.r.t φ ⇒ (bulk) S-matrix functional

▶ Some (trivial) off-shell dependence
▶ Avoids (3), and (2) is simple
▶ Here: Derive functional flow equation for this functional!

This talk: discuss boundary perspective first, then bulk perspective.
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The S-matrix generating functional

• Key object: [Aref’eva, Slavnov, Faddeev; ’74], [Jecicki, Lee; ’88]

Sβ[φ] := e
i
2

∫
M φK φ Zβ[J = K φ]

with partition function

Zβ[J ] =

∫
ϕ|∂M=β

Dϕ ei I[ϕ]+i
∫
M J ϕ

K: physical kinetic operator (dep. on physical mass)

β: boundary condition for path integral; φ: bulk field

• Sβ[φ] depends on
▶ boundary field β via Zβ

▶ bulk field φ via free kinetic operator, and Zβ [J = K φ]

• Taking functional derivatives w.r.t. β and φ: generate S-matrix elements
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Boundary perspective: overview

• Bounday S-matrix functional
[Jain, Kundu, Minwalla, Parrikar, Prabhu, Shrivastava; ’23], [Kim, Kraus, Monten, Myers; ’23]

⟨k⃗1, . . . , k⃗N | Ŝ |p⃗1, . . . , p⃗M ⟩ =

1

Sβ[φ̄]

 N∏
j=1

∫
∂M(Yj)

ūj

( M∏
i=1

∫
∂M(Xi)

ui

)

S(M+N,0)
β [φ̄]

∣∣
β=0

• M +N functional derivatives w.r.t. β, and evaluate for any φ̄ with K φ̄ = 0

Dependence on φ̄ rather artificial: Sβ[φ̄] =
∫
β Dϕ ei I[ϕ]

S(M+N,0)
β [φ̄] depends on points in boundary Xi, and Yj

evaluate for particular boundary condition β = 0

• Contract with one-particle fourier modes ui and ūj with momenta pi and kj

Marc Schiffer, Radboud University Nijmegen 4
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Boundary perspective: outline of derivation

• Goal: show

⟨k⃗1, . . . , k⃗N | Ŝ |p⃗1, . . . , p⃗M ⟩ = 1

Sβ[φ̄]

 N∏
j=1

∫
∂M(Yj)

ūj

( M∏
i=1

∫
∂M(Xi)

ui

)
S(M+N,0)
β [φ̄]

∣∣
β=0

• Key steps (some more detail in the next slide)
see [Jain, Kundu, Minwalla, Parrikar, Prabhu, Shrivastava; ’23] for full derivation

▶ Start with standard definition

⟨k⃗1, . . . , k⃗N | Ŝ |p⃗1, . . . , p⃗M ⟩ = ⟨Ω| ak⃗1
(∞) . . . ak⃗N

(∞) a†p⃗1
(−∞) . . . a†p⃗M

(−∞) |Ω⟩

▶ Express ai, a
†
i in terms of quantum fields, using Klein-Gordon inner product

▶ Use path integral to express expectation value
▶ Express inner products (now in path integrals) as functional derivatives w.r.t β

Marc Schiffer, Radboud University Nijmegen 5
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▶ Express inner products (now in path integrals) as functional derivatives w.r.t β
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Boundary perspective: rough derivation

⟨k⃗1, . . . , k⃗N | Ŝ |p⃗1, . . . , p⃗M ⟩ = ⟨Ω| a
k⃗1
(∞) . . . a

k⃗N
(∞) a†p⃗1(−∞) . . . a†p⃗M (−∞) |Ω⟩

Rewrite by adding zeros due to time-ordering
=

⟨Ω| T {(a
k⃗1
(∞)− a

k⃗1
(−∞)) . . . (a

k⃗N
(∞)− a

k⃗N
(−∞)) (a†p⃗1(−∞)− a†p⃗1(∞)) . . . (a†p⃗M (−∞)− a†p⃗M (∞))} |Ω⟩

Klein-Gordon inner product: a
k⃗j

(t) = ⟨ϕ, uj⟩Σt

=
1

Zβ [0]

∫
β Dϕ ei I[ϕ]

(∏N
j=1(⟨ϕ, uj⟩Σ∞

− ⟨ϕ, uj⟩Σ−∞
)
)(∏M

i=1(⟨ϕ, ūi⟩Σ∞
− ⟨ϕ, ūi⟩Σ−∞

)
)

⟨ϕ̂,v⟩Σt
=i

∫
Σt

(ϕ̂∂tv̄−v̄∂tϕ̂)=−i
∫
Σt

v̄∂tϕ̂ for β = 0
=

(−i)N+M

S0[φ̄]
∫
0Dϕ ei I[ϕ]

(∏N
j=1

∫
∂M ūj∂tϕ

)(∏M
i=1

∫
∂M ui∂tϕ

)
Now use Dirichlet boundary conditions to show∫

β Dϕ ei I[ϕ] S(M+N,0)[φ̄] = (−i)M+N
∫
β Dϕ ei I[ϕ]

(∏N
j=1 ∂tϕ(Yj)

)(∏M
i=1 ∂tϕ(Xi)

)
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− ⟨ϕ, ūi⟩Σ−∞
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)(∏M
i=1

∫
∂Mui

)
S(M+N,0)
β [φ̄]

∣∣
β=0



Boundary perspective: rough derivation
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Boundary perspective: overview

• Bounday S-matrix functional
[Jain, Kundu, Minwalla, Parrikar, Prabhu, Shrivastava; ’23], [Kim, Kraus, Monten, Myers; ’23]

⟨k⃗1, . . . , k⃗N | Ŝ |p⃗1, . . . , p⃗M ⟩ = 1

Sβ[φ̄]

 N∏
j=1

∫
∂M(Yj)

ūj

( M∏
i=1

∫
∂M(Xi)

ui

)
S(M+N,0)
β [φ̄]

∣∣
β=0

with Sβ[φ̄] =
∫
β Dϕ ei I[ϕ]

• Fully on-shell!
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Sβ[φ] := e
i
2

∫
M φK φ Zβ[J = K φ]



Bulk perspective: overview

• Bulk S-matrix functional
[Aref’eva, Slavnov, Faddeev; ’74], [Jecicki, Lee; ’88]

⟨k⃗1, . . . , k⃗N | Ŝ |p⃗1, . . . , p⃗M ⟩ = 1

Sβ[φ̄]

 N∏
j=1

∫
M(yj)

ūj

( M∏
i=1

∫
M(xi)

ui

)
S(0,M+N)
β [φ̄]

• M +N functional derivatives w.r.t. φ

evaluate for K φ̄ = 0 (trivial on-shell condition)

choose any boundary condition β with φ̄
∣∣
∂M

= β

• Contract with one-particle fourier modes ui and ūj with momenta pi and kj

• Extra step: go on-shell; but: rather simple
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Bulk perspective: derivation

⟨k⃗1, . . . , k⃗N | Ŝ |p⃗1, . . . , p⃗M ⟩ = 1

Sβ[φ̄]

 N∏
j=1

∫
M(yj)

ūj

( M∏
i=1

∫
M(xi)

ui

)
S(0,M+N)
β [φ̄]

• Main point: S(0,n)[φ̄] ∼ KnZ
(0,n)
β [0] See [Nair; ’04] for details!

S(0,1)β [φ] ∼ e
i
2
Kφ2

(iKφ+KZ
(0,1)
β [Kφ])

on-shell
==========⇒
Kφ̄=0; φ̄|∂M=β

S(0,1)β [φ̄] ∼ KZ
(0,1)
β [0]

S(0,2)β [φ] ∼ e
i
2
Kφ2

(iKφ(iKφ+KZ
(0,1)
β [Kφ]) + iK + iK2Z

(0,2)
β [Kφ])

on-shell
==========⇒
Kφ̄=0; φ̄|∂M=β

S(0,2)β [φ̄] ∼ iK +K2Z
(0,2)
β [0]

In general:
1

Sβ [φ̄]

(∏N
j=1

∫
M ūj

)(∏M
i=1

∫
M ui

)
S(0,M+N)
β [φ̄] = 1

Zβ [φ̄]

(∏N
j=1

∫
M ūjKj

)(∏M
i=1

∫
M uiKi

)
Z

(0,M+N)
β [φ̄]
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Bulk perspective: relations to other functionals

In principle: can define QFT based on S[φ];
contains same information as Z, W , Γ . . . .

Different functionals:

easier acess to specific information

Effective action 
generates 1PI correlators. 

Keeps bulk field expectation 
value fixed.

S-matrix generating functional  
generates S-matrix elements. 

Keeps (classical) bulk field 
fixed.

Partition function 
generates correlators. 
Keeps source fixed.

<latexit sha1_base64="Qw7l7G8wlc52MXjXHRE0b3G1u/c="></latexit>

�[�] =�
d 4

x
J[�](x)�(x) −

logZ[J[�]]
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J[�] = ��
��
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Define (cf. Legendre transform)

T[φ] = −i logS[φ]

=
1

2
φKφ−W [Kφ] .

Easily translate between function-

als (and their derivatives).

e.g., for two-point functions:

W ′′ = K−1 +K−1T′′K−1
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Bulk perspective: relations to other functionals

In principle: can define QFT based on S[φ];
contains same information as Z, W , Γ . . . .

Different functionals:

easier acess to specific information

Effective action 
generates 1PI correlators. 

Keeps bulk field expectation 
value fixed.

S-matrix generating functional  
generates S-matrix elements. 

Keeps (classical) bulk field 
fixed.

Partition function 
generates correlators. 
Keeps source fixed.
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Renormalizing the bulk functional

• Work with T

T[φ] = −i logS[φ] =
1

2
φKφ−W [Kφ] .

Reason: similarity to Legendre transform;

Allows to follow standard derivation of Wetterich equation (step by step):
[Polchinski; ’88], [Wetterich; ’93]; [Wegner; ’74]; summary of all flow eq’s: [Ihssen, Pawlowski; ’23 ]

1. Wick rotate
but, see also [Manrique, Rechenberger, Saueressig; ’11], [Floerchinger; ’12], [Fehre, Litim, Pawlowski, Reichert; ’21]

[Braun et al.; ’23], [D’Angelo, Drago, Pinamonti, Rejzner; ’22], [Saueressig, Wang; ’25], . . . , Talk by Gabriel Assant

2. Regularize: K → Kk = K +Rk; T → Tk

3. Take functional derivatives to get two-point functions

4. Derive Polchinski-like equation

5. Express everything in Sk

Marc Schiffer, Radboud University Nijmegen 11
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S-matrix flow equation

∂tSk = 1
2Tr

(
∂tK

−1
k

(
S(2)k + SkKk

))

• Polynomial

• Trivial on-shell condition

• (Rather) direct acess to scattering information

Marc Schiffer, Radboud University Nijmegen 12



Comparison of flow equations
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Further simplification

∂tSk = 1
2Tr

(
∂tK

−1
k

(
S(2)k + SkKk

))

• Introduce free energy of the free field: Fk = 1
2Tr lnKk

• Renormalize Sk: S̃k = eFkSk

• ∂t =
1
2Tr(∂tK

−1
k S(2)k )

Marc Schiffer, Radboud University Nijmegen 14



Comparison of flow equations
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Boundary flow equation?

∂tSk = 1
2Tr

(
∂tK

−1
k

(
S(2)k + SkKk

))

• Can we formulate flow equation for Sβ?

• Only requirement: go on-shell and re-write everything in terms of boundary field

• SkKk: no problem, fully expressable in terms of Sβ
• S(2)k is problematic, due to derivatives w.r.t bulk field.

Trace involves off-shell momenta

• So far: no boundary flow equation.

Specific regulators, or scale-dependent on-shell condition?

See also talk by Gabriel Assant
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Summary & Conclusion

• There are QFT functionals which efficiently encode scattering information, and

generate S-matric elements directly.

• The most efficient one is the boundary S-matrix functional, which is fully on-shell

• The bulk S-matrix functional contains some off-shell information (the bulk field).

Going on-shell is trivial though.

• We derived functional RG equation for the bulk functional.

Marc Schiffer, Radboud University Nijmegen 17



Outlook

• Combine with Lorentzian techniques
[Manrique, Rechenberger, Saueressig; ’11], [Floerchinger; ’12], [Fehre, Litim, Pawlowski, Reichert; ’21]

[Braun et al.; ’23], [D’Angelo, Drago, Pinamonti, Rejzner; ’22], [Saueressig, Wang; ’25], . . . , Talk by Gabriel Assant

• Test for simple example ⇒ is it actually efficient in practice?

• Develop intuition for efficient approximation schemes

• Fully on-shell renormalization via boundary functional?

• Does it provide new insights into the interplay of Unitarity and renormalization?
[Chavda, McLoughlin, Mizera, Stauton; ’25]

Thank you for your attention!
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