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Anomalous dimensions = spectrum

� Anomalous dimensions γO(λ)

determine the spectrum of a CFT

∆O = [O] + γO(λ∗)

� The conformal bootstrap estimates

the spectrum at finite coupling

� How well do perturbative results

match this? Need multiloop results

� Much recent activity by EFT

experts: operator bases, Feynman
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Summary

� The ε-expansion by Wilson and Fisher finds RG fixed-points in 4− ε

dimensions

L =
1

2
(∂ϕ)2 +

λ

24
ϕ4 ⇒ β(λ) = −ελ+ 3λ2 + . . .

⇒ λ∗ =
ε

3
+ . . .

� (Most) fixed-points in 4− ε dimensions are connected to 3d CFTs

� The conformal bootstrap studies CFTs non-perturbatively using CFT

axioms and consistency

� For some 3d CFTs, small “bootstrap islands”

allow non-pertrubative precision study

⇒ compare with perturbative spectrum!

� For other 3d CFTs, we have no precision

bootstrap islands

⇒ perturbative spectrum will guide search

σϵ, Λ=43

Tσϵ, Λ=27

Tσϵ, Λ=35

Tσϵ, Λ=43

0.518148 0.518149 0.51815

1.41261

1.41262
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[Chang et al: 2411.15300]
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Applications

� A. Renormalisable part

� B. Large spin expansions, deep inelastic scattering

� C. Effective field theory

� A,B,C,D. CFT
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Operators in QFT, EFT and CFT

Perturbative perspective

L =
1

2
(∂ϕ)2 − λ

24
ϕ4 +

∑
i

CiOi

Anomalous dimension matrices

µ
d

dµ
Ci =

∑
j

γij(λ)Cj + . . .

At RG fixed-point, theory is scale-invariant (no mass term)

Oi (λx) = λ−∆iOi (x)

Scaling dimension ∆i = [Oi ] + γi (λ∗), γi (λ) eig of γij(λ)

and λ∗ = 1
3
ε+ 17

81
ε2 + . . .

E.g. ∆ϕ2 = 2− ε+
ε

3
+

19

162
ε2 + . . .
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Operators in CFT

Axiomatic perspective

CFT = {Oi ↔ (∆i , ℓi ); λijk}

No reference to Lagrangian!

CFT-data determines all (position-space) correlators of primary operators

⟨Oi (x1)Oj(x2)⟩ =
δij

|x12|2∆i
, ⟨Oi (x1)Oj(x2)Ok(x3)⟩ =

λijk

|x12|∆ij,k |x13|∆ik,j |x23|∆jk,i

Anomalous dimensions are O(1) numbers

∆ϕ = 1− ε

2
+

ε2

108
+ . . . → ∆σ|3d = 0.518148806(24)

∆ϕ2 = 2− ε+
ε

3
+

19

162
ε2 + . . . → ∆ϵ|3d = 1.41262528(29)
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Status:

� A. Impressive results O(ε7) [Schnetz: 2212.03663]

� B. Impressive results O(ε4) [Derkachov, Gracey, Manashov: hep-ph/9705268]

� C. (?) → Impressive results [Cao, Herzog, Melia, Roosmale Nepveu: 2105.12742]

� D. Some systematics at 1-loop [Kehrein, Wegner: hep-th/9405123]. For CFT, want

a) General field indices, b) spinning operators
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Critical phenomena

Scaling of order parameter near critical point

Water near critical point

|ρ− ρc | ∝ |T − Tc |β , β ≈ 0.32

Ising model near phase transition

H = −J
∑
⟨i,j⟩

si sj − h
∑
i

si , si = ±1

Spontaneous magnetization at h = 0

|M| ∝ |T − Tc |β , β ≈ 0.3265

Ising CFT

β =
∆ϕ

d −∆ϕ2
= 0.32641871(6)

[Chang et al: 2411.15300]
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Perturbative results for the renormalisable part

7-loop results for O(n) symmetry ϕ, ϕ2, (ϕ2)2 [Schnetz: 1606.08598],

∆ϕ2 = 2− ε +0.333333ε+ 0.11728395ε2 − 0.12452741ε3 + 0.30684954ε4

−0.95124031ε5 + 3.5725821ε6 − 15.286864ε7 + O(ε8)

6-loops for general symmetry: ϕa, ϕaϕb, ϕaϕbϕc , ϕaϕbϕcϕd
[Bednyakov, Pikelner:

2102.12832]

Asymptotic series ⇒
resummation

� Padé approximant

Padé[m,n] =
a0 + a1ε+ . . . amε

m

1 + b1ε+ bnεn

� Borel, Padé–Borel . . .
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Local twist-2 operators

Operators of leading twist τ = ∆− ℓ

Oℓ(x) = ϕ(x)∂µ1 · · · ∂µℓϕ(x)− traces,

Anomalous dimensions τ = ∆− ℓ = 2− ε+ γℓ [Derkachov et al 1997]

γℓ =
ε2

54

(
1− 6

ℓ(ℓ+1)

)
+ ε3

5832

(
109ℓ4+218ℓ3+373ℓ2−384ℓ−324

ℓ2(ℓ+1)2
− 432S1(ℓ)

ℓ(ℓ+1)

)
+ . . .

� γℓ moments of splitting functions γℓ = −
∫ 1

0
dx xℓ−1P(x)

� Positive+bounded DIS cross-section ⇒ γℓ convex function [Nachtmann 1973]

� Reciprocity: γℓ expands in powers of [∆+ℓ
2

∆+ℓ−2
2

]−1
[Gribov, Lipatov 1972; . . . ;

Alday, Bissi,  Lukowski 2015]

� Lorentzian inversion formula [Caron-Huot 2017] gives γℓ, λ
2
ℓ [Alday, JH, van Loon

2017]

λ2
ϕϕOℓ

= aGFFℓ

(
1 + ε2

9ℓ(ℓ+1)

(
1

ℓ+1
+ S1(2ℓ)− S1(ℓ)

)
+ . . .

)
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Analytic continuation of twist-2 operators

Lightray operators connect the light transform of local spin-ℓ operators

(“Conformal colliders/detectors” ) [Hofman, Maldacena: 0803.1467], [Kravchuk,

Simmons-Duffin: 1805.00098]

Energy (ANEC) operator E = O2 = L[Tµν ]

E(n⃗) = lim
r→∞

r 2
∫ ∞

−∞
dt niT 0

i (t, r n⃗)

i

i
i

i
0

0

+
+

J+

� Free theory, Oℓ(n⃗) counts particles in direction n⃗,

weighted by E ℓ−1

� Interacting theory: soft (IR) divergences ⇒
renormalise lightray operators

Wilson–Fisher ϕ4 theory [Caron-Huot et al 2022]

γ[ℓ] =
ε2

54

(
1− 6

ℓ(ℓ+ 1)

)
+ . . .

Agrees with local expression but valid for ℓ ∈ C!
3 4 5 6 7

Δ

2

3

4

5

6

J
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Lightray data is observable!

Energy–energy correlators [Basham et al 1978],

[Hofman, Maldacena: 0803.1467]

E(θ)E(0) ∼ θ−2+γ[3]αs
π

+...O3(0) + . . .

In general Oℓ1 ×Oℓ2 ∼ Oℓ1+ℓ2−1 [Hofman &

Maldacena 2008; Koloğlu et al 2019]

Review [Moult, Zhu: 2506.09119]
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[Lee, Meçaj, Moult 2022: 2205.03414]

In QCD:

Oq ∼ q̄(z .γ)(z .∂)ℓ−1q,

Og ∼ zµFαµ(z .∂)
ℓ−2zνF

αν

γqq[ℓ] =
1
2
CR(4S1(ℓ)− 3− 2

ℓ(ℓ+1)
)

γqg [ℓ] = −2NfTR
ℓ2+ℓ+2

ℓ(ℓ+1)(ℓ+2)

γgq[ℓ] = −CR
ℓ2+ℓ+2

(ℓ−1)ℓ(ℓ+1)

γgg [ℓ] =
2
3
NfTR + 2CA(S1(ℓ)−

1
(ℓ+1)(ℓ+2)

− 1
ℓ(ℓ−1)

− 11
12
)
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Lightray operators at leading and higher twist

2 4 6 8
Δ-
d

2

2

4

6

8

J ←− [Caron-Huot et al:

2209.00008]

←− [JH, Kravchuk, Oertel:

2312.09283]
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What is EFT?

E

Λ

EFT=Lren.[ϕ] +
∑
i

ciOi

Λ[Oi ]−4

m

Observables in terms of ci ⇒
power-series in 1/Λ

� Low-energy physics determined in

terms of (a few) ci or

� ci ̸= 0 sign of new physics beyond

Lren.

Example

Weak interaction: Λ = MW

E ≪ Λ

−
√
32GF (ν̄µγ

αPLµ)(ēγαPLνe)
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E

Λ

EFT=Lren.[ϕ] +
∑
i

ciOi

Λ[Oi ]−4

m

Observables in terms of ci ⇒
power-series in 1/Λ

� Low-energy physics determined in

terms of (a few) ci or

� ci ̸= 0 sign of new physics beyond

Lren.

Example

Weak interaction: Λ = MW

E ≪ Λ E ≳ Λ

−
√
32GF (ν̄µγ

αPLµ)(ēγαPLνe)

√
32GF =

g2W
M2

W
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EFTs are crucial in particle physics

[Iain Stewart]

Systematic techniques for

1. Counting operators (Hilbert series)

2. Computing anomalous dimensions (diagrammatic or on-shell methods)

Johan Henriksson 17



Example: SMEFT

In searches for new physics at LHC: Λ ≳ TeV scale

L = LSM +
∑
∆

1

Λ∆−4

∑
i

c
(∆)
i O(∆)

i

O(∆)
i singlet scalar operators of

dimension ∆

Nf = 3 Nf = 1

∆ = 5 12 2

∆ = 6 3045 84

∆ = 7 1542 30

∆ = 8 44807 993

How do we know list complete?

Hilbert series [Grzadkowski et al 2010]

“2, 84, 30, 993, 560, 15456, 11962, 261485, . . . : Higher dimension operators in

the SM EFT” [Henning, Lu, Melia, Murayama (2015)] Counts conformal primaries!

Johan Henriksson 18



Primary operators in EFT and CFT

CFT: Spectrum at ∆ = 6: ϕ6, at ∆ = 8: ϕ8, ∂4ϕ4, at ∆ = 10: ϕ10, ∂4ϕ6, ∂6ϕ4

EFT: Two ways to see no operator ∂2ϕ4 at ∆ = 6:

1) Field redefinitions (see [Manohar 2018]) give redundancies in Lagrangian

L =
1

2
(∂ϕ)2 − 1

2
m2ϕ2 − λ

24
ϕ4 +

c4
Λ2

ϕ3□ϕ+
c6
Λ2

ϕ6 + . . .

Now replace ϕ→ ϕ+ c4
Λ2 ϕ

3

L → L′ = L+
c4

Λ2
ϕ3

(
−□ϕ−m2ϕ−

λ

6
ϕ6

)
+ . . .

=
1

2
(∂ϕ)2 −

1

2
m2ϕ2 −

(
λ

24
+

c4m2

Λ2

)
ϕ4 +

(
c6

Λ2
−

c4

Λ2

λ

6

)
ϕ6 + . . .

Redundant operator eliminated at the cost of shift in other constants

2) No independent term in scattering amplitude

Aϕϕ→ϕϕ|L = λ+
6c4
Λ2

(p2
1 + p2

2 + p2
3 + p2

4) = λ+
24c4m

2

Λ2

= −24

(
λ

24
+

c4m
2

Λ2

)
= Aϕϕ→ϕϕ|L′
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Primary operators in EFT and CFT

Counting independent terms in Aϕϕ→ϕϕ

Aϕϕ→ϕϕ = λ+ c1,0(s
2 + t2 + u2) + c0,1stu + c2,0(s

2 + t2 + u2)2

+ c1,1(s
2 + t2 + u2)stu + [c3,0(s

2 + t2 + u2)3 + c0,2(stu)
2] + . . .

So expect two ϕ4-type scalar operators at ∆ = 16

Hilbert series counting [Henning, Lu, Melia, Murayama 2017]

Z |j=j̄=0,ϕ4 =
q4

(1− q4)(1− q6)
= q4(1 + q4 + q6 + q8 + q10 + 2q12 + . . .)

Summary: Conformal primary basis ↔ independent terms in scattering

amplitude

CFT EFT

Primary Defining objects Contribute to S-matrix

Descendant Correlators fixed by primaries Momentum cons. → 0

Redundant Only at coincident points Removed by field redefinitions

Johan Henriksson 20



Matching, running and mapping

[Henning, Lu, Murayama 2014]

Running with RG scale µ

µ
d

dµ
ci (µ) = γijcj(µ) + γijkcj(µ)ck(µ) + . . .

γij anomalous dimension matrix

If no mixing c(µ)O and one coupling αs(µ), we can integrate to get

c(µ2)

c(µ1)
=

(
αs(µ2)

αs(µ1)

)−γ/2b0

where µ
d

dµ
αs = −b0

αs

2π
+ . . .

Johan Henriksson 21



Active work in EFT

� Two-loop running in SMEFT

[Jenkins et al: 2310.19883] [Born et al:

2410.07320] [ Di Noi, Gröber, Mandal:

2408.03252], [Duhr, Ventura, Vryonidou:

2508.04500], [Banik et al: 2510.08682]

� The most general EFT

[Aebischer, Bresciani, Selimovic:

2502.14030] [Fonseca, Olgoso, Santiago:

2501.13185] [Misiak, Na lecz: 2501.17134] [Henning, Lu, Murayama 2014]

Johan Henriksson 22
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Our work

In [JH, Herzog, Kousvos, Roosmale Nepveu: 2507.12518], [JH, Kousvos, Roosmale Nepveu: 2511.16740],

we compute 4/5-loop anomalous dimensions for operators in
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Extractions for global symmetry groups: Z2, O(N), SU(2)× U(1) (singlets),

cubic SN ⋉ ZN
2
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Conformal bootstrap

Goal: to classify, constrain and ultimately solve all conformal field theories

� ⟨ϕϕϕϕ⟩ ∼ G(u, v) =
∑
O

λ2
ϕϕOg∆O,ℓO (u, v) g∆,ℓ(u, v) conformal blocks

� Crossing symmetry G(u, v) ∼
(
u
v

)∆ϕ G(v , u) =

1) Determine rigorous bounds in space of leading parameters

Single correlator

[El-Showk et al: 1203.6064]

Mixed correlators

[Kos et al: 1406.4858]

2) If small island: estimate of spectrum using “extremal functional method”

[El-Showk, Paulos: 1211.2810]

Johan Henriksson 25

http://arxiv.org/abs/1203.6064
http://arxiv.org/abs/1406.4858
http://arxiv.org/abs/1211.2810


Ising spectroscopy

Spectrum of the 3d Ising CFT
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operators in the σ×σ and ϵ× ϵ OPEs

Extracted from tiny bootstrap island in

[Simmons-Duffin: 1612.08471]

[JH, Kousvos, Reehorst: 2207.10118];

[JH et al: 2507.12518]

Perturbative vs

non-perturbative spectra:
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Results and extractions

• General results at https://github.com/jasperrn/EFT-RGE
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(Also dim.-8 scalars with O(n) couplings → Higgs sector dim.-8 at 2-loop)

• Extractions for CFTs at critical coupling ∆i (ε) = [Oi ] + γi (λ∗)

Collected results for O(n) symmetry at https://github.com/johhen1/ON-model, see

also Phys. Rept. [JH: 2201.09520]
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O(3) spectroscopy
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Perturbative estimates [JH, Kousvos, Roosmale Nepveu: 2511.16740]

3d conformal bootstrap values [Chester et al: 2011.14647]

The good agreement was not guaranteed a priori ! Bootstrap results are

essential for final verdict
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Use of perturbative estimates in the bootstrap

� Many experimentally relevant CFTs are

N-component ϕ4 theories with symmetry

G ⊂ O(N) [Pelissetto, Vicari: cond-mat/0012164]

SN⋉ZN
2 , O(m)×O(n), Sn⋉O(m)n, . . .

It is difficult to disentangle these with the

bootstrap, especially since the bootstrap

equations for G are also satisfied by O(N)

� Recall the bootstrap workflow:

CFT-data → bootstrap → no/maybe

Input = data to test + assumptions

� To zoom in on a theory, need a set of

assumptions that are compatible with the

target theory and no other theory!

The role of perturbative estimates is to

inform the choice of assumptions
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[JH, Stergiou: 2101.08788]

[Kousvos, Stergiou: 2507.05338]
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Summary

� Anomalous dimensions provide the

spectrum of a CFT, and are directly

observational quantities

� “All” operators, including non-singlet,

spinning, are essential to make the

CFT self-consistent (bootstrap)

� EFT techiques for higher-dimensional

operators can be directly applied to

CFT, by

– using the primary basis

– extending to non-singlet and

non-Lorentz-scalar operators

� Studying complicated CFTs with the

conformal bootstrap benefits from

multiloop perturbative estimates

2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0
d

0 0
1 1
2 2
3 3
4 4
5 5
6 6
7 7
8 8

∆

ε8

ε7

ε7

ε5(ε3)

ε5(ε2)

ε5(ε2)

ε4 (ε)

Z2-odd Z2-even

Johan Henriksson 30



Outlook

Diagrammatic techniques can be used to study many classes of CFTs

Applications in 4d (ε = 0)

� Banks–Zaks fixed-point Nf =
(
11
2
− δ

)
Nc

� N = 1 susy

� N = 2 susy (e.g. conf. SQCD), N = 4

SYM

Applications in 3d (ε = 1)

� Gross–Neveu–Yukawa models

� 3d conformal gauge theories

Multicritical models λϕk theory

d = dc−ε, dc(ϕ
k) =

2k

k − 2
= 6, 4, 10

3
, 3, . . .

Tricritical Ising CFT (λϕ6 theory) [JH: 2501.18711]

↔ EFT at finite T [Chala, Dashko, Guedes: 2510.26878]
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Thank you for your attention!
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