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QCD gradient flow [Narayanan, Neuberger JHEP 0603(2006)064] [Lüscher CMP 293(2010)899][JHEP 1008(2010)071]

∂

∂τ
Bµ(τ) = Dν(τ)Gνµ(τ) with Bµ(τ = 0) = Aµ

▶ Ordinary differential equation (ODE)

▶ Covariant derivative defined in terms of the flow field Bµ(τ) and the Yang-Mills action SYM(B)

Lattice gradient (gauge) flow

∂

∂τ
Vτ(x , µ) = −g 2

0 {∂x ,µSYM}Vτ(x , µ) with Vτ(x , µ)
∣∣∣
τ=0

= U(x , µ)
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Lattice gradient flow

▶ Gauge field configurations are generated using a Markov Chain Monte Carlo (MCMC) simulations

→ Configurations are evolved along a Monte Carlo time

MCMC

4-
di
m

4-
di
m

▶Matrix elements are commonly evaluated on sufficiently independent configurations

▶ Similarly we apply gradient flow to a set of independent configurations
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Lattice gradient flow
Monte Carlo time−−−−−−−−−→
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▶ Gauge field configurations are

saved as binary checkpoints

▶ Gradient flow is cheap

→ Calculated “on the fly”

▶ ODE are numerically calculated using

standard Runge-Kutta methods

→ Numerically stable only in

forward direction

→ Backward flow requires tricks

▶ Evaluate matrix elements at the

same GF time
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Lattice gradient flow
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GF

▶ Gradient flow acts as a

“smearing” procedure

→ Infinitesimal

stout-smearing

▶ Gradually removing

UV fluctuations

▶ Nf = 4

244, βb = 4.30

Wilson flow ϵ = 0.01
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Gradient flow scale setting

▶ Define gradient flow renormalized coupling using the energy density E

g 2
GF (τ) = N τ 2⟨E (τ)⟩/C (τ, L)

→ τ 2⟨E (τ)⟩ is dimensionless ⇒ τ has mass dimension -2

→ Normalization to match tree-level MS: N = 128π2/(3N2
c − 3)

→ Estimate E (τ) using plaquette, Symanzik, clover, . . . operator

→ C (τ, L) tree-level improvement coefficient, [Fodor et al. JHEP09(2014)018]

correct for zero modes of periodic boundaries [Fodor et al. JHEP11(2012)007]

▶ Determine gradient flow scale t0 [Lüscher JHEP 1008(2010)071]{
τ 2⟨E (τ)⟩

}
τ=t0

= 0.3

▶ Alternative gradient flow scale w0 [Borsanyi et al. JHEP09 (2012)010]{
τ
d

dτ

[
τ 2⟨E (τ)⟩

]}
τ=w0

= 0.3
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Gradient flow scales
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[Schneider, Hasenfratz, OW PoS Lattice2022 288]
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▶
√
t0/a and w0/a are lattice scale and have a continuum limit

→ Use other scales/hadronic quantities to get continuum limit
√
t0 or w0 in physical units

[FLAG 2024] (2+1)
√
t0 = 0.14474(57) fm [RQCD][RBC/UKQCD][BMWc][CLS]

w0 = 0.17355(92) fm [RBC/UKQCD][BMWc][HotQCD]

→ “Shortcut” to turn
√
t0/a or w0 into determinations of a [fm]
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Real-space Renormalization Group (RG) flow

▶ RG flow: change of (bare) parameters and coarse graining (blocking)

▶ Gradient flow is a continuous transformation

→ Define real-space RG blocked quantities by incorporating coarse graining

as part of calculating expectation values [Carosso, Hasenfratz, Neil PRL 121 (2018) 201601]

▶ Relate GF time τ/a2 to RG scale change b ∝
√
τ/a2

→ Quantities at flow time τ/a2 describe physical quantities at energy scale µ ∝ 1/
√
τ

→ Local operator with non-vanishing expectation value can be used to define running coupling

⇝ Simplest choice: τ 2⟨E (τ)⟩ [Lüscher JHEP 1008 (2010) 071]

▶ Continuous RG β function
β(g2

GF ) =µ2 dg
2
GF

dµ2
= −τ dg

2
GF

dτ
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Example: QCD
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N
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b
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b
=7.00

L/a  16 continuum

1-loop

2-loop

3-loop MS

3-loop GF

[Hasenfratz, OW PRD101(2020)034514]

▶ QCD: SU(3) gauge theory

with two light flavors in the

fundamental representation

▶ Fast “running” coupling

⇝ Confinement

▶ Plot: Comparison of nonperturbative

and perturbative determinations

→ 3-loop order in the GF scheme
[Harlander, Neumann JHEP06(2016)161]

→ Details presented by Robert
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Example: QCD
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[Hasenfratz, Monahan, Rizik, Shindler, OW in preparation]

preliminary

▶ Extended data to stronger coupling

→ Confining region, g2
GF ∼ 16

▶ At strong coupling RG β function

is highly linear

→ Nonperturbative phenomenon

▶ Integrate β function to obtain ΛGF

→ g2
m GF renormalized coupling

at energy scale µ = 1/
√
8t0

ΛGF = µ
(
b0g

2
m

)− b1
2b2

0 exp

(
− 1

2b0g2
m

)
exp

[
−
∫ g2

m

0

dg2

(
1

β(g2)
+

1

b0g4
− b1

b20g
2

)]
⇒ Λprelim

MS
= 326(13) MeV (stat. error only) compare to ALPHA: fK : 310(20) MeV

[Fritzsch et al. NPB865(2012)397]Oliver Witzel (University of Siegen) 7 / 24
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Fermion Flow

∂

∂τ
χ(τ , x) = D2(τ)χ(τ , x), χ(τ = 0, x) = q(x)

▶ q(x) standard quark propagator

▶ Derivative given by Laplace operator acting on flowed fermion field χ(τ , x)
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Renormalized quark masses [M. Black, R. Harlander, A. Hasenfratz A. Rago, OW, arXiv:2506.16327]

▶ GF renormalized partially conserved axial current (PCAC) relation (Ward-Identity)

(
m

(r)
GF(τ) +m

(s)
GF(τ)

)
= M

(rs)
PS R̄P

rs (τ) with R̄P
rs (t; τ) = lim

t→∞
−⟨A0(t; τ)P(t = 0; τ = 0)⟩rs
⟨P(t; τ)P(t = 0; τ = 0)⟩rs

→ Wave-function renormalization Zχ cancels in ratio

→ MPS pseudo-scalar meson with flavors r and s

→ m
(r)
GF(τ) GF renormalized quark mass for flavor r

→ Smearing radius must remain small compared to Euclidean time:
√
8τ ≪ t

▶Match to the MS scheme

mMS(µUV) = lim
τ→0

ζ−1
AP (µUV, τ)mGF(τ)

→ ζ−1
AP (µUV , τ) perturbatively calculated SFTX coefficient ⇝ Details presented by Robert
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Extract ratios R̄(τ/a2)

0 10 20 30 40

time slice t/a

0.3

0.4

0.5
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R
A

P
sc

(t
/a

;=
/a

2 )

R(=/a 2=3.50)=0.79937(32)

R(=/a 2=3.00)=0.78331(33)

R(=/a 2=2.50)=0.76467(33)

R(=/a 2=2.00)=0.74251(33)

R(=/a 2=1.50)=0.71536(33)

R(=/a 2=1.00)=0.68053(32)

R(=/a 2=0.50)=0.63174(32)

▶ R̄AP
rs (t; τ) = lim

t→∞

√
⟨A0(t; τ)A0(t = 0; τ = 0)⟩rs
⟨P(t; τ)A0(t = 0; τ = 0)⟩rs

⟨A0(t; τ)P(t = 0; τ = 0)⟩rs
⟨P(t; τ)P(t = 0; τ = 0)⟩rs

▶ Example F1S:

a−1 = 2.785 GeV, Mπ = 267 MeV

▶ Statistical errors smaller than symbol size

▶ Correlated fits for t ∈ (36, 46)

▶ Extract ratios for other

gauge field ensembles
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Obtain R̄ as a function of flow time τ
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▶ Results for flow time in lattice units

→ No sea light quark mass dependence

▶ Convert to “physical” flow time in GeV−2

→ Mild continuum limit
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a→ 0 continuum limit
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▶ GF renormalizes our ratios

→ Take a→ 0 continuum limit for τ > 0

▶ No sea light quark mass dependence

▶ All actions O(a) improved

⇒ Linear ansatz in a2
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Multiply by SFTX coefficient and extrapolate τ → 0
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NNLO

▶Multiply ζ−1
AP to match to MS scheme

and take τ → 0 limit

▶ ζ−1
AP calculated at NLO and NNLO

[Borgulat et al. JHEP 05 (2024) 179]

▶ Choose two fit ansätze

→ Lin-log: fl(τ) = τ(cl log(τµ
2) + c1) + c0

→ Quadratic: f2(τ) = τ 2c2 + τc1 + c0

▶ Vary range of τ

τmin ∈ (0.08, 0.2) GeV−2 with τmax = 0.3 GeV−2

τmax ∈ (0.25, 0.35) GeV−2 with τmin = 0.14 GeV−2

▶ Uncorrelated fit to central values shifted by ±1σ
Oliver Witzel (University of Siegen) 13 / 24
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Improve by using RG running in GF scheme
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▶ Resum logarithmic terms using RG equation

mMS(µUV) = lim
τ→0

(ζ imp
AP (µUV, τµ))

−1mGF(τ)

(ζ imp
AP (µUV, τµ))

−1 =

ζ−1
AP (µUV, τµ)× exp

(
−
∫ τ

τµ

dτ ′
γGF
m (τ ′)

τ ′

)

→ γGF
m gradient flowed anomalous dimension

→ τµ = e−γE/(2µ2
UV)

▶ This work: γGF
m calculated perturbatively

[Borgulat et al. JHEP 05 (2024) 179]

▶ Known how to calculate γGF
m on the lattice

[Hasenfratz et al. PoS Lattice2021 155]

[Hasenfratz et al. PRD 107(2023)11504][PRD 108(2023) L071503]
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Final result
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▶Multiply ζ−1
AP and take τ → 0 limit to get MS mass

→ Calculate ζ−1
AP at NLO and NNLO

→ Improve using RG running with PT γGF
m

▶ Choose two fit ansätze

→ Lin-log: fl(τ) = τ(cl log(τµ
2) + c1) + c0

→ Quadratic: f2(τ) = τ 2c2 + τc1 + c0

▶ Vary range of τ

τmin ∈ (0.08, 0.2) GeV−2 with τmax = 0.3 GeV−2

τmax ∈ (0.25, 0.35) GeV−2 with τmin = 0.14 GeV−2

▶ Uncorrelated fit to central values ±1σ
▶ Vary µUV ∈ (2, 3, 4, 5, 6) GeV

→ Run back to µ = 3GeV using 4-loop MS running

▶ Calculate correlated average using lin-log and quad

for NLO imp, NNLO imp at µUV = (3, 4, 5) GeV
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Analyzing ηc and ηs correlators
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▶mηc
c (µ = 3GeV)=999(14) MeV

▶mηs
s (µ = 2GeV)=89(3) MeV▶mc(µ = 3GeV)=974(8) MeV

▶

(
mc +ms

2

)
(µ = 3GeV) = 527(4) MeV▶

mc

ms
= 12.1(4)

⇐
{
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Strange and charm quark masses [M. Black, R. Harlander, A. Hasenfratz A. Rago, OW, arXiv:2506.16327]
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[FLAG 2024 arXiv:2411.04268] [χQCD PRD92(2015)034517] [ETM PRD104(2021)074515] [FNAL/MILC/TUM PRD98(2018)054517]
[HPQCD PRD91(2015)054508] [ETM NPB887(2014)19] [CQCD PRD109(2024)054507] [Alpha EPJC80(2020)169]
[RBC-UKQCD PRD93(2016)074505] [HPQCD PRD82(2010)034512] [BMW JHEP08(2011)146] [FNAL/MILC PoS CD09(2009)007]
[HPQCD PRD98 (2018) 014513] [Alpha EPJC84(2024)506] [Alpha JHEP05(2021)288] [Petreczky,Weber PRD100(2019)034519]
[JLQCD PRD94(2016)054507] [HPQCD PRD102(2020)054511] [HPQCD PRD102(2020)054511] [RBC-UKQCD PRD110(2024)054512]

▶mηc
c (µ = 3 GeV) = 999(14) MeV▶mηs

s (µ = 2 GeV) = 89(3) MeV

▶mc(µ = 3 GeV) = 974(8) MeV (Ds and ηs)

▶
mc

ms
= 12.1(4)
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Lattice calculation of neutral B0
(s) meson mixing

▶ Standard model process described by box diagrams

▶ Top quark contribution dominates ⇒ short-distance process

→ Describe by point-like 4-quark operators

▶ Parameterize experimentally measured oscillation frequencies ∆mq by

∆mq =
G 2
Fm

2
W

6π2
ηBS0MBq f

2
Bq
B̂Bq

∣∣V ∗
tqVtb

∣∣2 , q = d , s

→ Nonperturbative contribution decay constant f 2Bq
times bag parameter B̂Bq
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∆Q = 2 mixing operators

▶ Standard model process described by

Qq
1 = b̄αγµ(1− γ5)q

α b̄βγµ(1− γ5)q
β

→ General BSM considerations give rise to four additional dim-6 operators

▶ Calculate matrix element

⟨Qq
1⟩ = ⟨Bq|Qq

1 |Bq⟩ = 8
3 f

2
Bq
MBqBBq

▶ Convert “lattice” bag parameter BBq to RGI bag parameter B̂Bq

→ Renormalization/matching procedures used in the literature

Perturbative scheme: Fermilab/MILC, HPQCD

Nonperturbative scheme: ETMC, RBC-UKQCD

▶ Operator mixing occurs for non-chiral lattice fermions

Oliver Witzel (University of Siegen) 19 / 24
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∆Q = 2 mixing operators (literature)
17

Fig. 26 Comparison of different SM predictions for the mass
differences ∆Md and ∆Ms by using different determinations
of the dimension-six matrix elements, as indicated in the leg-
end, see also the text for more detail, with the correspond-
ing HFLAV average denoted by the black dot (the latter has
tiny uncertainties, practically invisible within the scale of the
plot).

the mass difference∆Ms. Thus, at that time a Z ′-model
explanation of the B-anomalies was largely excluded
by ∆Ms [293]. Redoing this analysis after the sum rule

values and HQPCD values for ∆Ms became available,
which reduced the SM expectation considerably, a Z ′-
model became viable again [276]. This example shows

nicely the importance of precise SM predictions for the
mixing parameters and its crucial implications for po-
tential BSM models, see also e.g. Ref [294].

3.3.2 Decay rate differences

The decay rate difference has so far only been measured
for the Bs system. Its first measurement by the LHCb
collaboration in 2012 [295] presented a nice test of the

theoretical tools to describe the mixing quantities [296].
Comparing values in Eqs. (14) and (34), one can see
that experiment and theory agree very well for ∆Γs,

∆Γ SM
s

∆ΓExp.
s

= 1.10± 0.19 ,
δ∆Γ SM

s

δ∆ΓExp.
s

≃ 3 , (48)

with experiment being roughly a factor of three more

precise than experiment. Besides being a further testing
ground for our theoretical tools, decay rate differences
are also sensitive to BSM effects in tree-level decays and
light new physics, see e.g. Refs. [114–119,262,263].

Due to its smallness in the SM, future measurements
of ∆Γd offer interesting possibilities as Null tests [290].

3.3.3 Flavour specific CP asymmetries

In the SM, flavour-specfic CP asymmetries are both

CKM and GIM suppressed and thus expected to be
tiny. Currently, the experimental uncertainty of asfs, see
Eq. (15), is roughly 140 times as large as the SM central

value in Eq. (39), while the experimental uncertainty in
adfs is roughly three times as large as the corresponding
SM central value, see Eqs. (15) and (38). This leaves
plenty of space for future discoveries of BSM effects. A

particular sensitivity of the flavour-specific CP asym-
metries to new effects in non-leptonic tree-level decays
was worked out e.g. in Refs. [129,261,297].

3.4 Outlook to the Charm system

The success of the HQE to describe also charmed hadron
lifetimes suggests to apply the same framework for charm

mixing quantities, see e.g. the review [298]. Charm mix-
ing suffers, however, from an extreme GIM [299] sup-
pression. Analyses of exclusive decays [300, 301], using
simplified assumptions, like taking only phase space ef-

fects into account but no dynamical QCD contribu-
tions, lead to a range of values for the mixing parame-
ters that is consistent with the experimental data [37],

whereas studies computed within the HQE yield ex-
tremely suppressed results, see e.g. Ref. [302]. Despite
recent progress made in assessing the uncertainty of the
HQE prediction [303], it is still unclear how to deal with

such a strong GIM suppression from a theoretical point
of view.

Neglecting the SM contribution to D-mixing and
attributing the experimental values to BSM effects can
nethertheless provide interesting and important bounds

on extensions of the SM, see e.g. Refs. [304–306].

4 Conclusion and outlook

Observables in B-mixing and b-hadron lifetimes are im-

portant tools to test and increase our understanding of
quantum chromodynamics and for indirect searches for
BSM effects. The historical evolution as well as the cur-
rent status of these observables has been reviewed both

from an experimental and theoretical point of view. In
particular, we presented new updates for the SM pre-
dictions of the mixing observables ∆Mq, ∆Γq and aqfs,

based on most recent values for the CKM matrix ele-
ments and new averages of the non-perturbative param-
eters. All in all, we find an excellent agreement of the ex-

perimental data for lifetimes and mixing with our the-
oretical predictions. Therefore, we conclude, that our

[Albrecht et al. 2402.04224] [King Thesis 2022]

▶ Ongoing work by RBC-UKQCD+JLQCD
[Boyle et al. PoS Lattice 2021 224] [Tsang Lattice 2023]

▶ Dim-7 operators pioneered by HPQCD
[HPQCD PRL 124 (2020) 082001]
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Example: ∆Q = 2 mixing for a “neutral charm-strange meson”
[M. Black, R. Harlander, J. Kohnen, F. Lange, A. Rago, A. Shindler, OW]

▶ Data anlysis/plots: Matthew Black
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▶ F1S: a−1 = 2.785 GeV

Mπ = 268 MeV

▶ Consistent with short-distance

results for D0 meson mixing

→ ETM 2015: 0.757(27)

→ FNAL/MILC 2017: 0.787(57)

Oliver Witzel (University of Siegen) 20 / 24



Gradient flow gauge flow fermion flow mixing and lifetimes summary

Heavy meson lifetimes (∆Q = 0 operators)

▶ Heavy quark expansion (HQE): lifetimes of heavy mesons

described by 4-quark operators with ∆B = 0

→ Optical theorem: calculate imaginary part

→ Integrate out W boson, double insertion

∆Q = 1 eff. weak Hamiltonian

▶ Operators O1, O2, T1, T2, contribute

▶∆Q = 0 operators mix under renormalization

→ To date no complete LQCD determination

(only exploratory work 20+ years ago)

→ Mixing suppressed using GF

▶ Quark-line disconnected contributions

→ Notoriously noisy, expensive to calculate on the lattice

→ In principal we know what to do . . .
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∆Q = 0 operators and bag parameters

▶ The four ∆Q = 0 operators

O1(τ) = (Q̄γµ(1− γ5)q)(q̄γµ(1− γ5)Q)(τ) T1(τ) = (Q̄γµ(1− γ5)T
Aq)(q̄γµ(1− γ5)T

AQ)(τ)

O2(τ) = (Q̄(1− γ5)q)(q̄(1 + γ5)Q)(τ) T2(τ) = (Q̄(1− γ5)T
Aq)(q̄(1 + γ5)T

AQ)(τ)

▶ Determine bag parameters by calculating hadronic matrix elements using GF

⟨H|O1|H⟩(τ) = f 2H M2
H BH

1 (τ) ⟨H|T1|H⟩(τ) = f 2H M2
H ϵH1 (τ)

⟨H|O2|H⟩(τ) =
M2

H

(mQ +mq)2
f 2H M2

H BH
2 (τ) ⟨H|T2|H⟩(τ) =

M2
H

(mQ +mq)2
f 2H M2

H ϵH2 (τ)

▶Match to the MS scheme using SFTX(
Bi (τ, µ)
ϵi (τ, µ)

)
= ζ−1

B,i (τ, µ)

(
BGF
i (τ)
ϵGFi (τ)

)
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Example: Ds meson lifetimes (∆Q = 0 operators)
[M. Black, R. Harlander, J. Kohnen, F. Lange, A. Rago, A. Shindler, OW]

▶ Data anlysis/plots: Matthew Black▶ Extract bag parameters for all ensembles

→ F1S: a−1 = 2.785 GeV, Mπ = 268 MeV
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Example: Ds meson lifetimes (∆Q = 0 operators)
[M. Black, R. Harlander, J. Kohnen, F. Lange, A. Rago, A. Shindler, OW]

▶ Data anlysis/plots: Matthew Black▶ Results for flow time in lattice units
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Example: Ds meson lifetimes (∆Q = 0 operators)
[M. Black, R. Harlander, J. Kohnen, F. Lange, A. Rago, A. Shindler, OW]

▶ Data anlysis/plots: Matthew Black▶ Results for flow time in “physical” units (GeV−2)
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Example: Ds meson lifetimes (∆Q = 0 operators)
[M. Black, R. Harlander, J. Kohnen, F. Lange, A. Rago, A. Shindler, OW]

▶ Data anlysis/plots:

Matthew Black

▶ τ → 0 limit (work in progress)
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▶ Vary scale µ to compute ζnm

▶ Run back to µ0 = 3 GeV in

MS scheme

▶ RG improve

τ∂τ Õ(τ) = γ̃(αs(µ))Lµτ Õ(τ)

▶ Final result: spread of fits w/

good p-val. btw. (τmin, τmax)

▶ Half the spread of NNLO and

NLO added as additional

systematic error
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Summary

▶ GF scales
√
t0 and w0 are well-established for scale setting

▶ GF+SFTX provides an alternative, non-perturbative renormalization procedure

→ Entirely different systematics than RI/(s)MOM methods

→ Windowing condition in flow time appears to be easy to meet

→ Allows for high precision determinations

▶ GF provides an alternative way to renormalize bag-parameters for heavy meson lifetimes

→ To-date no lattice calculation with full error budget for heavy baryon lifetimes

→ Results from our pilot study about to be arXiv ready
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RBC-UKQCD’s 2+1 flavor SDWF+Iwasaki gauge field configurations

L a−1(GeV) aml ams Mπ (MeV) Nsrc × Nconf

C1 24 1.785 0.005 0.040 340 32×101 [PRD 78 (2008) 114509]

C2 24 1.785 0.010 0.040 433 32×101 [PRD 78 (2008) 114509]

M1 32 2.383 0.004 0.030 302 32×79 [PRD 83 (2011) 074508]

M2 32 2.383 0.006 0.030 362 32×89 [PRD 83 (2011) 074508]

M3 32 2.383 0.008 0.030 411 32×68 [PRD 83 (2011) 074508]

F1S 48 2.785 0.002144 0.02144 267 24×98 [JHEP 1712 (2017) 008]

▶ Lattice spacing determined from combined analysis [Blum et al. PRD 93 (2016) 074505]

▶ a: ∼ 0.11 fm, ∼ 0.08 fm, ∼ 0.07 fm
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