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Plan of the Lectures

Scattering Amplitudes in Yang-Mills and Gravity
1. Photon decoupling and KK relations 
2. Spinor helicity formalism and BCFW Recurrence Relation. 

Kinematic Relations for Yang-Mills Amplitudes  
3. Field-theory proof and Open-string monodromy derivation of BCJ relations 

Kinematic Relations for Gravity Amplitudes  
4. Color Kinematics Duality and Field-theory KLT relations 

Amplitudes and Geometry  
5. Intersection Theory for twisted DeRham co-homology. 
6. KLT from twisted period/Riemann bilinear relations.



From Holes to de Rham Cohomology

An introductory route through homology

Homology detects holes by closed chains that are not boundaries.

Cohomology detects them by closed forms that are not exact.



The basic intuition: what is a hole?

No hole

In a filled plane or disk, a closed loop usually
bounds an inner region:

“ = ˆ�.

The loop is closed, but it is also a boundary.

A hole

In a punctured plane, a loop around the
missing point satisfies

ˆ“H = 0,

but there is no allowed surface � with

“H = ˆ�.

A hole is detected by a closed object that is not the boundary of anything.
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Homology

Chains, boundaries, cycles, and holes



k-simplex

The simplest possible k-dimensional object with orientation



Chains: algebraic combinations of geometric pieces

A k-chain is a formal linear combination of oriented k-dimensional pieces.

Low-dimensional chains

C0(X ) : c0 =
ÿ

i

nipi

points with integer weights

C1(X ) : c1 =
ÿ

i

ni“i

oriented curves

Higher-dimensional chains

C2(X ) : c2 =
ÿ

i

ni�i

oriented surfaces

C3(X ) : c3 =
ÿ

i

niVi

oriented volumes
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The boundary operator

The boundary map lowers dimension by one:

ˆk : Ck(X ) ≠æ Ck≠1(X ).

Examples

ˆp = 0

ˆ[p, q] = q ≠ p

ˆ� = oriented boundary curve of �

ˆV = oriented surface enclosing V
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The boundary operator ∂k
∂0 0

∂1

∂2

∂3

0

(v2 − v1) − (v2 − v0) + (v1 − v0) = 0

= … = 0



The boundary of a boundary is zero

The fundamental identity is
ˆ2 = 0.

In words:
The boundary of a boundary has no boundary.

For example, if � is a surface and “ = ˆ�, then

ˆ“ = ˆ(ˆ�) = 0.

This is the algebraic reason why every boundary is automatically closed.
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Cycles and boundaries

Cycles

A k-cycle is a k-chain with no boundary:

Zk(X ) = ker ˆk .

Thus
c œ Zk(X ) ≈∆ ˆc = 0.

Boundaries

A k-boundary is the boundary of a
(k + 1)-chain:

Bk(X ) = im ˆk+1.

Thus
c œ Bk(X ) ≈∆ c = ˆb.

Since ˆ2 = 0, every boundary is a cycle:

Bk(X ) ™ Zk(X ).
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Homology groups

The k-th homology group is

Hk(X ) = Zk(X )
Bk(X ) = ker ˆk

im ˆk+1
.

This means:

Hk(X ) = closed k-chains
closed k-chains that bound .

A nonzero class [c] œ Hk(X ) is represented by

ˆc = 0, c ”= ˆb for every b œ Ck+1(X ).
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Definition of a hole

Homological definition

A k-dimensional hole is detected by a k-chain c such that

ˆc = 0,

but
c ”= ˆb

for every (k + 1)-chain b in the space.

Equivalently,
[c] ”= 0 œ Hk(X ).

So homology does not identify the hole itself as a point or region. It identifies a closed chain
that cannot be filled inside the space.
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Examples of homology classes

Disk D2

The boundary circle satisfies

S
1 = ˆD

2.

So it is a cycle, but also a boundary:

[S1] = 0 œ H1(D2).

No 1-dimensional hole.

Circle S1

The whole circle satisfies

ˆS
1 = 0.

But no disk is contained in S
1, so

[S1] ”= 0 œ H1(S1).

One 1-dimensional hole.
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S1 = ∂D2D2
S1∂S1 = 0hole=empty space



de Rham Cohomology

Di�erential forms as detectors of holes



From chains to di�erential forms

Homology uses chains and the boundary operator:

Ck(X ) ˆ≠æ Ck≠1(X ).

De Rham cohomology uses di�erential forms and the exterior derivative:

�k(M) d≠æ �k+1(M).

The key parallel is

ˆ2 = 0 ≈∆ d
2 = 0.
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Closed and exact forms

Let Ê œ �k(M).

Closed form

dÊ = 0.

The form has zero exterior derivative.

Exact form

Ê = d÷

for some (k ≠ 1)-form ÷.

Since d
2 = 0, every exact form is closed:

Ê = d÷ =∆ dÊ = d
2÷ = 0.
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The de Rham cohomology group

The k-th de Rham cohomology group is

H
k

dR(M) = ker(d : �k(M) æ �k+1(M))
im(d : �k≠1(M) æ �k(M)) .

In words:

H
k

dR(M) = closed k-forms
exact k-forms .

Thus cohomology measures closed forms that cannot be written as derivatives.
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Example: a closed form which is exact

On R2, define the function
f (x , y) = x

2 + y
2.

Then
Ê = df = 2x dx + 2y dy .

So Ê is exact by construction. It is also closed:

dÊ = d(df ) = d
2
f = 0.

Therefore
Ê = 2x dx + 2y dy is closed and exact on R2.
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Example: a closed form which is not exact

On the punctured plane
M = R2 \ {0},

consider the 1-form
Ê = ≠y dx + x dy

x2 + y2 .

One checks that
dÊ = 0

on M, so Ê is closed. But it is not exact, because on the unit circle S
1,

⁄

S1
Ê = 2fi ”= 0.

If Ê = df , then
s

S1 df = 0. Contradiction.
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Why the non-exact form detects the hole

The form
Ê = ≠y dx + x dy

x2 + y2

measures angular change around the origin. For a loop “ going once around the missing point,

⁄

“
Ê = 2fi.

For a loop that does not wind around the hole,
⁄

“
Ê = 0.

Thus the closed non-exact form detects the nontrivial homology class of loops around the

puncture.
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The homology/cohomology dictionary

Homology de Rham cohomology

k-chains Ck(X ) k-forms �k(M)

ˆ : Ck æ Ck≠1 d : �k æ �k+1

ˆ2 = 0 d
2 = 0

cycles: ˆc = 0 closed forms: dÊ = 0

boundaries: c = ˆb exact forms: Ê = d÷

Hk = Zk/Bk H
k

dR = ker d/ im d
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The bridge: integration and Stokes’ theorem

A k-form can be integrated over a k-chain:

È[Ê], [c]Í =
⁄

c

Ê.

The bridge between boundaries and derivatives is Stokes’ theorem:

⁄

ˆc

Ê =
⁄

c

dÊ.

Consequences:

• closed forms give invariants of homology classes;
• exact forms integrate to zero on cycles;
• non-exact closed forms can detect holes.
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⟨ω |c] = ∫c
ω

⟨ω |∂c] = = ⟨dω |c]



Takeaway

Homology

A hole is detected by a cycle that is not a boundary.

de Rham cohomology

A hole is detected by a closed form that is not exact.

The two viewpoints are linked by integration and Stokes’ theorem.
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Modern Calculus
Algebraic structure of (regulated) Integrals
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Also, the rotational symmetry makes the magnitude B φ-independent, while the translation

symmetry in z direction makes it z-independent. Altogether,

B(s,φ, z) = B(s only) φ̂. (3)

Given this symmetry-restricted from of the magnetic field, we may find its radius de-

pendence from the Ampere’s law. Let the Ampere’s loop L be a circle in the plane ⊥ to the

wire and centered on the wire,

wire

Ampere’s loop

(4)

For this loop, dℓ⃗ = s dφ φ̂, hence

∮

B · dℓ⃗ =

∮

B(s)× s× dφ = 2πs× B(s). (5)

On the other hand, the current through the loop is simply the net current I in the wire, thus

2πs×B(s) = µ0 × I =⇒ B(s) =
µ0 × I

2πs
. (6)

Now consider a wire of finite thickness. For simplicity, let the wire have round cross-

section of radius a and uniform current density

J =
I

πa2
ẑ . (7)

In this case, the same considerations as for the thin wire tells us that the magnetic field is

in the φ̂ direction while its magnitude depends only on the radial coordinate s. Moreover,
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By elaborating on the recent progress made in the area of Feynman integrals, we apply the
intersection theory for twisted de Rham cohomologies to special functions appearing in Quantum
Mechanics and Quantum Field Theory, showing that the algebraic identities they obey can be derived
by means of intersection numbers. Our investigation suggests an algebraic approach generically
applicable to the study of higher-order moments of probability distributions, which are interpreted
as a basis of integrals, where the number of independent moments corresponds to the dimension of
the cohomology groups. Our study o↵ers additional evidence of the intertwinement between physics,
geometry, and statistics.

I. INTRODUCTION

In electromagnetism, Ampere’s theorem states that in
presence of a circuit carrying an electric current I, the
circulation of the induced magnetic field along the bound-
ary of an oriented surface is just µ0(±n)I, where µ0 is the
magnetic permeability of empty space, and n is the total
number of times the wire crosses the surface, whereas the
sign depends on the alignment of the normal to the sur-
face and of the direction of the current flow. In presence
of several closed circuits �k, each carrying a current Ik,
computing the circulation of the induced magnetic field
along a closed path � that wounds them, may look like a
complicated problem, depending on the shapes of � and
�k. Nevertheless, the answer turns out to be simple, be-
cause it can be expressed as a combination of elementary
terms, as µ0

P
k(±nk)Ik, exploiting the geometric infor-

mation carried by the intersection number of �k and (the
surface bounded by) �, i.e. nk = Link(�k, �), known as
Gauss’ linking number. See Figure 1, for an illustration.

I3I3I3 �3�3�3

���

�1�1�1

I1I1I1

�2�2�2

I2I2I2

SSS

FIG. 1. Circuits linked with the boundary � of a surface S.
The central vector is the orientation of S. Link numbers:
Link(�1, �) = +2, Link(�2, �) = �1, and Link(�3, �) = 0.

⇤ sergio.cacciatori@uninsubria.it
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Computing integrals is routine in any scientific ambit:
expectation values in Quantum Mechanics, Feynman in-
tegrals in Quantum Field Theory, Partition Functions in
Statistical Mechanics, and higher momenta in Statistics
are just a few paradigmatic examples out of a plethora
of cases. Stokes’ theorem represents a first step toward a
unifying vision of integrals evaluation as a whole: when
it is possible to look at them as representing fluxes of
closed di↵erential forms through surfaces, it tells us that
such integrals are invariant upon deforming either the
integrand, by exact forms, or the contour, by boundary
terms. This gives rise to the de Rham theory of coho-
mology, and its generalizations, as its twisted version,
which allows the inclusion of singular di↵erential forms.
Thus, within cohomology theories, the analytic proper-
ties of functions are tight to the algebraic properties of
the elements appearing in the corresponding integral rep-
resentations (forms and contours), which, in turn, are
determined by the geometry (holes and singularities) of
their existence domains.

The linearity of integral calculus makes it not sur-
prising that (regulated bounded) integrals form a vector
space structure. The intersection theory of twisted de
Rham cohomology [1–21] o↵ers the proper mathemati-
cal framework to characterize it and to establish linear
and quadratic relations involving the integrals. These
relations emerge from the intersection numbers of either
integration contours or di↵erential forms, (respectively
known as twisted cycles and twisted cocycles). Contours
and forms belong to two distinct vector spaces, respec-
tively known as homology and cohomology groups, natu-
rally generated by bases of independent elements. They
are isomorphic, and their dimension depends on the geo-
metrical properties of the variety associated with the in-
tegration measure: zeroes and critical points of the mea-
sure determine the algebraic and analytic properties of
the integrals.

The cohomology groups associated with the class of in-
tegrals we deal with in this study are finite dimensional
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integration contours or di↵erential forms, (respectively
known as twisted cycles and twisted cocycles). Contours
and forms belong to two distinct vector spaces, respec-
tively known as homology and cohomology groups, natu-
rally generated by bases of independent elements. They
are isomorphic, and their dimension depends on the geo-
metrical properties of the variety associated with the in-
tegration measure: zeroes and critical points of the mea-
sure determine the algebraic and analytic properties of
the integrals.

The cohomology groups associated with the class of in-
tegrals we deal with in this study are finite dimensional
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I. INTRODUCTION

In electromagnetism, Ampere’s theorem states that in
presence of a circuit carrying an electric current I, the
circulation of the induced magnetic field along the bound-
ary of an oriented surface is just µ0(±n)I, where µ0 is the
magnetic permeability of empty space, and n is the total
number of times the wire crosses the surface, whereas the
sign depends on the alignment of the normal to the sur-
face and of the direction of the current flow. In presence
of several closed circuits �k, each carrying a current Ik,
computing the circulation of the induced magnetic field
along a closed path � that wounds them, may look like a
complicated problem, depending on the shapes of � and
�k. Nevertheless, the answer turns out to be simple, be-
cause it can be expressed as a combination of elementary
terms, as µ0

P
k(±nk)Ik, exploiting the geometric infor-

mation carried by the intersection number of �k and (the
surface bounded by) �, i.e. nk = Link(�k, �), known as
Gauss’ linking number. See Figure 1, for an illustration.
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Computing integrals is routine in any scientific ambit:
expectation values in Quantum Mechanics, Feynman in-
tegrals in Quantum Field Theory, Partition Functions in
Statistical Mechanics, and higher momenta in Statistics
are just a few paradigmatic examples out of a plethora
of cases. Stokes’ theorem represents a first step toward a
unifying vision of integrals evaluation as a whole: when
it is possible to look at them as representing fluxes of
closed di↵erential forms through surfaces, it tells us that
such integrals are invariant upon deforming either the
integrand, by exact forms, or the contour, by boundary
terms. This gives rise to the de Rham theory of coho-
mology, and its generalizations, as its twisted version,
which allows the inclusion of singular di↵erential forms.
Thus, within cohomology theories, the analytic proper-
ties of functions are tight to the algebraic properties of
the elements appearing in the corresponding integral rep-
resentations (forms and contours), which, in turn, are
determined by the geometry (holes and singularities) of
their existence domains.

The linearity of integral calculus makes it not sur-
prising that (regulated bounded) integrals form a vector
space structure. The intersection theory of twisted de
Rham cohomology [1–21] o↵ers the proper mathemati-
cal framework to characterize it and to establish linear
and quadratic relations involving the integrals. These
relations emerge from the intersection numbers of either
integration contours or di↵erential forms, (respectively
known as twisted cycles and twisted cocycles). Contours
and forms belong to two distinct vector spaces, respec-
tively known as homology and cohomology groups, natu-
rally generated by bases of independent elements. They
are isomorphic, and their dimension depends on the geo-
metrical properties of the variety associated with the in-
tegration measure: zeroes and critical points of the mea-
sure determine the algebraic and analytic properties of
the integrals.

The cohomology groups associated with the class of in-
tegrals we deal with in this study are finite dimensional
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ABSTRACT

We propose a universal strategy, based on intersection theory, to access the vector space structure of generic classes of
integrals that are ubiquitous in scientific calculus. We show that the relations linking them can be derived by projections, where
the intersection number for differential forms acts as a scalar product. By elaborating on the recent progress made in the
area of Feynman integrals, de Rham’s intersection theory is applied to special functions appearing in Quantum Mechanics
and Quantum Field Theory. Our investigation suggests a novel approach, generally applicable to the study of higher-order
moments of probability distributions, which are interpreted as a basis of integrals. Our study offers additional evidence of the
intertwinement between fundamental physics, geometry, and statistics.

1 Introduction
In electromagnetism, Ampere’s theorem states that in presence of a circuit carrying an electric current I, the circulation of the
induced magnetic field along the boundary of an oriented surface is just µ0(±n)I, where µ0 is the magnetic permeability of
empty space, and n is the total number of times the wire crosses the surface, whereas the sign depends on the alignment of the
normal to the surface and of the direction of the current flow. In presence of several closed circuits gk, each carrying a current Ik,
computing the circulation of the induced magnetic field along a closed path g that wounds them, may look like a complicated
problem, depending on the shapes of g and gk. Nevertheless, the answer turns out to be simple, because it can be expressed as a
combination of elementary terms, as µ0 Âk(±nk)Ik, exploiting the geometric information carried by the intersection number of
gk and (the surface bounded by) g , i.e. nk = Link(gk,g), known as Gauss’ linking number. See Figure 1, for an illustration.
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Figure 1. Circuits linked with the boundary g of a surface S. The central vector is the orientation of S. Link numbers:
Link(g1,g) = +2, Link(g2,g) =�1, and Link(g3,g) = 0.

Computing integrals is routine in any scientific ambit: expectation values in Quantum Mechanics, Feynman integrals in
Quantum Field Theory, Partition Functions in Statistical Mechanics, and higher momenta in Statistics are just a few paradigmatic
examples out of a plethora of cases. Stokes’ theorem represents a first step toward a unifying vision of integrals evaluation
as a whole: when it is possible to look at them as representing fluxes of closed differential forms through surfaces, it tells us
that such integrals are invariant upon deforming either the integrand, by exact forms, or the contour, by boundary terms. This
gives rise to the de Rham theory of cohomology, and its generalizations, as its twisted version, which allows to include singular
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In electromagnetism, Ampere’s theorem states that in
presence of a circuit carrying an electric current I, the
circulation of the induced magnetic field along the bound-
ary of an oriented surface is just µ0(±n)I, where µ0 is the
magnetic permeability of empty space, and n is the total
number of times the wire crosses the surface, whereas the
sign depends on the alignment of the normal to the sur-
face and of the direction of the current flow. In presence
of several closed circuits �k, each carrying a current Ik,
computing the circulation of the induced magnetic field
along a closed path � that wounds them, may look like a
complicated problem, depending on the shapes of � and
�k. Nevertheless, the answer turns out to be simple, be-
cause it can be expressed as a combination of elementary
terms, as µ0

P
k(±nk)Ik, exploiting the geometric infor-

mation carried by the intersection number of �k and (the
surface bounded by) �, i.e. nk = Link(�k, �), known as
Gauss’ linking number. See Figure 1, for an illustration.
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Computing integrals is routine in any scientific ambit:
expectation values in Quantum Mechanics, Feynman in-
tegrals in Quantum Field Theory, Partition Functions in
Statistical Mechanics, and higher momenta in Statistics
are just a few paradigmatic examples out of a plethora
of cases. Stokes’ theorem represents a first step toward a
unifying vision of integrals evaluation as a whole: when
it is possible to look at them as representing fluxes of
closed di↵erential forms through surfaces, it tells us that
such integrals are invariant upon deforming either the
integrand, by exact forms, or the contour, by boundary
terms. This gives rise to the de Rham theory of coho-
mology, and its generalizations, as its twisted version,
which allows the inclusion of singular di↵erential forms.
Thus, within cohomology theories, the analytic proper-
ties of functions are tight to the algebraic properties of
the elements appearing in the corresponding integral rep-
resentations (forms and contours), which, in turn, are
determined by the geometry (holes and singularities) of
their existence domains.

The linearity of integral calculus makes it not sur-
prising that (regulated bounded) integrals form a vector
space structure. The intersection theory of twisted de
Rham cohomology [1–21] o↵ers the proper mathemati-
cal framework to characterize it and to establish linear
and quadratic relations involving the integrals. These
relations emerge from the intersection numbers of either
integration contours or di↵erential forms, (respectively
known as twisted cycles and twisted cocycles). Contours
and forms belong to two distinct vector spaces, respec-
tively known as homology and cohomology groups, natu-
rally generated by bases of independent elements. They
are isomorphic, and their dimension depends on the geo-
metrical properties of the variety associated with the in-
tegration measure: zeroes and critical points of the mea-
sure determine the algebraic and analytic properties of
the integrals.

The cohomology groups associated with the class of in-
tegrals we deal with in this study are finite dimensional
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Also, the rotational symmetry makes the magnitude B φ-independent, while the translation

symmetry in z direction makes it z-independent. Altogether,

B(s,φ, z) = B(s only) φ̂. (3)

Given this symmetry-restricted from of the magnetic field, we may find its radius de-

pendence from the Ampere’s law. Let the Ampere’s loop L be a circle in the plane ⊥ to the

wire and centered on the wire,

wire

Ampere’s loop

(4)

For this loop, dℓ⃗ = s dφ φ̂, hence

∮

B · dℓ⃗ =

∮

B(s)× s× dφ = 2πs× B(s). (5)

On the other hand, the current through the loop is simply the net current I in the wire, thus

2πs×B(s) = µ0 × I =⇒ B(s) =
µ0 × I

2πs
. (6)

Now consider a wire of finite thickness. For simplicity, let the wire have round cross-

section of radius a and uniform current density

J =
I

πa2
ẑ . (7)

In this case, the same considerations as for the thin wire tells us that the magnetic field is

in the φ̂ direction while its magnitude depends only on the radial coordinate s. Moreover,
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Dipartimento di Fisica e Astronomia, Università degli Studi di Padova, Via Marzolo 8, I-35131 Padova, Italy

INFN, sezione di Padova, Via Marzolo 8, I-35131 Padova, Italy

(Dated: February 16, 2023)

By elaborating on the recent progress made in the area of Feynman integrals, we apply the
intersection theory for twisted de Rham cohomologies to special functions appearing in Quantum
Mechanics and Quantum Field Theory, showing that the algebraic identities they obey can be derived
by means of intersection numbers. Our investigation suggests an algebraic approach generically
applicable to the study of higher-order moments of probability distributions, which are interpreted
as a basis of integrals, where the number of independent moments corresponds to the dimension of
the cohomology groups. Our study o↵ers additional evidence of the intertwinement between physics,
geometry, and statistics.

I. INTRODUCTION

In electromagnetism, Ampere’s theorem states that in
presence of a circuit carrying an electric current I, the
circulation of the induced magnetic field along the bound-
ary of an oriented surface is just µ0(±n)I, where µ0 is the
magnetic permeability of empty space, and n is the total
number of times the wire crosses the surface, whereas the
sign depends on the alignment of the normal to the sur-
face and of the direction of the current flow. In presence
of several closed circuits �k, each carrying a current Ik,
computing the circulation of the induced magnetic field
along a closed path � that wounds them, may look like a
complicated problem, depending on the shapes of � and
�k. Nevertheless, the answer turns out to be simple, be-
cause it can be expressed as a combination of elementary
terms, as µ0

P
k(±nk)Ik, exploiting the geometric infor-

mation carried by the intersection number of �k and (the
surface bounded by) �, i.e. nk = Link(�k, �), known as
Gauss’ linking number. See Figure 1, for an illustration.
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Computing integrals is routine in any scientific ambit:
expectation values in Quantum Mechanics, Feynman in-
tegrals in Quantum Field Theory, Partition Functions in
Statistical Mechanics, and higher momenta in Statistics
are just a few paradigmatic examples out of a plethora
of cases. Stokes’ theorem represents a first step toward a
unifying vision of integrals evaluation as a whole: when
it is possible to look at them as representing fluxes of
closed di↵erential forms through surfaces, it tells us that
such integrals are invariant upon deforming either the
integrand, by exact forms, or the contour, by boundary
terms. This gives rise to the de Rham theory of coho-
mology, and its generalizations, as its twisted version,
which allows the inclusion of singular di↵erential forms.
Thus, within cohomology theories, the analytic proper-
ties of functions are tight to the algebraic properties of
the elements appearing in the corresponding integral rep-
resentations (forms and contours), which, in turn, are
determined by the geometry (holes and singularities) of
their existence domains.

The linearity of integral calculus makes it not sur-
prising that (regulated bounded) integrals form a vector
space structure. The intersection theory of twisted de
Rham cohomology [1–21] o↵ers the proper mathemati-
cal framework to characterize it and to establish linear
and quadratic relations involving the integrals. These
relations emerge from the intersection numbers of either
integration contours or di↵erential forms, (respectively
known as twisted cycles and twisted cocycles). Contours
and forms belong to two distinct vector spaces, respec-
tively known as homology and cohomology groups, natu-
rally generated by bases of independent elements. They
are isomorphic, and their dimension depends on the geo-
metrical properties of the variety associated with the in-
tegration measure: zeroes and critical points of the mea-
sure determine the algebraic and analytic properties of
the integrals.

The cohomology groups associated with the class of in-
tegrals we deal with in this study are finite dimensional
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which allows the inclusion of singular di↵erential forms.
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the elements appearing in the corresponding integral rep-
resentations (forms and contours), which, in turn, are
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their existence domains.
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prising that (regulated bounded) integrals form a vector
space structure. The intersection theory of twisted de
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cal framework to characterize it and to establish linear
and quadratic relations involving the integrals. These
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tively known as homology and cohomology groups, natu-
rally generated by bases of independent elements. They
are isomorphic, and their dimension depends on the geo-
metrical properties of the variety associated with the in-
tegration measure: zeroes and critical points of the mea-
sure determine the algebraic and analytic properties of
the integrals.

The cohomology groups associated with the class of in-
tegrals we deal with in this study are finite dimensional

Z

�
' = h'|�] (4.146)

= h'|� + @�] (4.147)

= h'|�] + h'|@�] (4.148)

= h'|�] + hd'|�] (4.149)

= h'+ d'|�] (4.150)

Z

@�
' =

Z

�
d' () h'|@�] = hd'|�] (4.151)

Z

�
' =

X

i=1

ai

Z

�i

' (4.152)

(4.153)

h'|�] =
X

i=1

ai h'|�i] =
X

i=1

ci hei|�] (4.154)

z0 z1 z2 (4.155)

– 21 –

I

Z

�
' = h'|�] (4.146)

= h'|� + @�] (4.147)

= h'|�] + h'|@�] (4.148)

= h'|�] + hd'|�] (4.149)

= h'+ d'|�] (4.150)

Z

@�
' =

Z

�
d' () h'|@�] = hd'|�] (4.151)

Z

�
' =

X

i=1

ai

Z

�i

' (4.152)

(4.153)

h'|�] =
X

i=1

ai h'|�i] =
X

i=1

ci hei|�] (4.154)

z0 z1 z2 (4.155)

– 21 –

Also, the rotational symmetry makes the magnitude B φ-independent, while the translation

symmetry in z direction makes it z-independent. Altogether,

B(s,φ, z) = B(s only) φ̂. (3)

Given this symmetry-restricted from of the magnetic field, we may find its radius de-

pendence from the Ampere’s law. Let the Ampere’s loop L be a circle in the plane ⊥ to the

wire and centered on the wire,

wire

Ampere’s loop

(4)

For this loop, dℓ⃗ = s dφ φ̂, hence

∮

B · dℓ⃗ =

∮

B(s)× s× dφ = 2πs× B(s). (5)

On the other hand, the current through the loop is simply the net current I in the wire, thus

2πs×B(s) = µ0 × I =⇒ B(s) =
µ0 × I

2πs
. (6)

Now consider a wire of finite thickness. For simplicity, let the wire have round cross-

section of radius a and uniform current density

J =
I

πa2
ẑ . (7)

In this case, the same considerations as for the thin wire tells us that the magnetic field is

in the φ̂ direction while its magnitude depends only on the radial coordinate s. Moreover,
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Department of Science and High Technology, Università dell’Insubria, Via Valleggio 11, 22100, Como, Italy

INFN, sezione di Milano, Via Celoria 16, 20133, Milano, Italy

Pierpaolo Mastrolia†
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circulation of the induced magnetic field along the bound-
ary of an oriented surface is just µ0(±n)I, where µ0 is the
magnetic permeability of empty space, and n is the total
number of times the wire crosses the surface, whereas the
sign depends on the alignment of the normal to the sur-
face and of the direction of the current flow. In presence
of several closed circuits �k, each carrying a current Ik,
computing the circulation of the induced magnetic field
along a closed path � that wounds them, may look like a
complicated problem, depending on the shapes of � and
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Computing integrals is routine in any scientific ambit:
expectation values in Quantum Mechanics, Feynman in-
tegrals in Quantum Field Theory, Partition Functions in
Statistical Mechanics, and higher momenta in Statistics
are just a few paradigmatic examples out of a plethora
of cases. Stokes’ theorem represents a first step toward a
unifying vision of integrals evaluation as a whole: when
it is possible to look at them as representing fluxes of
closed di↵erential forms through surfaces, it tells us that
such integrals are invariant upon deforming either the
integrand, by exact forms, or the contour, by boundary
terms. This gives rise to the de Rham theory of coho-
mology, and its generalizations, as its twisted version,
which allows the inclusion of singular di↵erential forms.
Thus, within cohomology theories, the analytic proper-
ties of functions are tight to the algebraic properties of
the elements appearing in the corresponding integral rep-
resentations (forms and contours), which, in turn, are
determined by the geometry (holes and singularities) of
their existence domains.

The linearity of integral calculus makes it not sur-
prising that (regulated bounded) integrals form a vector
space structure. The intersection theory of twisted de
Rham cohomology [1–21] o↵ers the proper mathemati-
cal framework to characterize it and to establish linear
and quadratic relations involving the integrals. These
relations emerge from the intersection numbers of either
integration contours or di↵erential forms, (respectively
known as twisted cycles and twisted cocycles). Contours
and forms belong to two distinct vector spaces, respec-
tively known as homology and cohomology groups, natu-
rally generated by bases of independent elements. They
are isomorphic, and their dimension depends on the geo-
metrical properties of the variety associated with the in-
tegration measure: zeroes and critical points of the mea-
sure determine the algebraic and analytic properties of
the integrals.

The cohomology groups associated with the class of in-
tegrals we deal with in this study are finite dimensional
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ẑ . (7)

In this case, the same considerations as for the thin wire tells us that the magnetic field is

in the φ̂ direction while its magnitude depends only on the radial coordinate s. Moreover,

2

Z

�
' = h'|�] (4.146)

= h'|� + @�] (4.147)

= h'|�] + h'|@�] (4.148)

= h'|�] + hd'|�] (4.149)

= h'+ d'|�] (4.150)

Z

@�
' =

Z

�
d' () h'|@�] = hd'|�] (4.151)

Z

�
' =

X

i=1

ai

Z

�i

' (4.152)

(4.153)

h'|�] =
X

i=1

ai h'|�i] =
X

i=1

ci hei|�] (4.154)

z0 z1 z2 (4.155)

– 21 –

Intersection Numbers in Quantum Mechanics and Field Theory

Sergio L. Cacciatori⇤

Department of Science and High Technology, Università dell’Insubria, Via Valleggio 11, 22100, Como, Italy
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Consider an integral I over the variables z = (z1, z2, . . . , zm) of the general form:

I =

Z

C
u(z)'(z), (2.1)

where u(z) is a multi-valued function and '(z) = '̂(z)dmz is a differential m-form. We
assume that u(z) vanishes on the boundaries of C, u(@C) = 0, so that, upon integration no
surface-term is leftover. For example, choosing

u(z) = z
a(z � 1)b, '(z) =

dz

z(z � 1)
, C = [0, 1] (2.2)

gives the Euler beta function B(a, b) for Re(a),Re(b) > 0. More generally, integrals of
the type (2.1) are called Aomoto–Gel’fand hypergeometric functions [78, 79], or simply
hypergeometric functions.

As with any integral, there could exist many forms ' that integrate to give the same
result I. Let us consider the total derivative of u times any (m�1)-differential form ⇠:

Z

C
d (u ⇠) = 0. (2.3)

By Stokes’ theorem, the result is zero due to our choice of the integration domain C. Let us
manipulate the above integral so that it is of the form (2.1):

0 =

Z

C
d (u ⇠) =

Z

C
(du ^ ⇠ + u d⇠) =

Z

C
u

✓
du

u
^+ d

◆
⇠ ⌘

Z

C
ur!⇠. (2.4)

In the final equality we defined a connection r!, which differs from the usual derivative by
the one-form !:

r! ⌘ d+ !^, where ! ⌘ d log u. (2.5)

Since the above expression integrates to zero, we have
Z

C
u' =

Z

C
u ('+r!⇠) . (2.6)

Hence ' and ' + r!⇠ carry the same information and we can talk about equivalence
(cohomology) classes !h'| of forms that integrate to the same result:

!h'| : ' ⇠ '+r!⇠. (2.7)

In other words, whenever two forms are equal to each other up to integration-by-parts
identities, they belong to the same equivalence class. This class is called a twisted cocycle.
The word twisted refers to the fact that the usual derivative operator d is replaced by the
covariant derivative r! given in (2.5), as a consequence of the presence of the multi-valued
function u in the hypergeometric integral. We often refer to any representative of the class
(2.7) as twisted cocycle, as well as drop the subscript ! when it is clear from the context.1 A

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration
domains C that give the same result for the integral (2.1), called twisted cycles |C]!, though we do not make
use of this fact in the current manuscript.
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2.6 Intersection Theory

I =

Z

C
u(z) 'm(z) (2.34)

'm(z) = '̂(z)dmz d
m
z = dz1 ^ . . . ^ dzm (2.35)

'm(z) is a di↵erential m-form

u(z) is a multivalued function (regulating all poles of 'm)

I =

Z

C
u(z)

| {z }
twisted
cycle

'm(z)| {z }
twisted
cocycle

(2.36)

There could exist many forms 'm that upon integration give the same result I

Consider the (m� 1)-di↵erential form 'm�1,

0 =

Z

C
d

⇣
u 'm�1

⌘
=

Z

C

⇣
u d'm�1 + du ^ 'm�1

⌘
=

Z

C
u

⇣
d+ ! ^

⌘
'm�1 =

Z

C
u r!'m�1

r! ⌘ d+ !^ , ! = dlogu (2.37)

I =

Z

C
u 'm =

Z

C
u

⇣
'm +r!'m�1

⌘
(2.38)

h'| ⌘ 'm ⇠ 'm +r!'m�1 2 H
m
! (2.39)

H
m
! ⌘ {m�forms 'm |r!'m = 0}/{r!'m�1}, (2.40)

Ĩ =

Z

C
u
�1

�m =

Z

C
u
�1

⇣
�m +r�!�m�1

⌘
(2.41)

|�i ⌘ �m ⇠ �m +r�!�m�1 2 H
m
�! (2.42)

H
m
�! ⌘ {m�forms �m |r�!�m = 0}/{r�!�m�1}, (2.43)

r�! ⌘ d� ! ^ (2.44)
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n n

I = ∫C
u(z) φn(z)

Aomoto, Brown, Cho, Goto, Kita, Matsubara-Heo, Mazumoto, Mimachi, Mizera, Ohara, Yoshida,…, Cacciatori, P.M. 
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gives the Euler beta function B(a, b) for Re(a),Re(b) > 0. More generally, integrals of
the type (2.1) are called Aomoto–Gel’fand hypergeometric functions [78, 79], or simply
hypergeometric functions.

As with any integral, there could exist many forms ' that integrate to give the same
result I. Let us consider the total derivative of u times any (m�1)-differential form ⇠:

Z

C
d (u ⇠) = 0. (2.3)

By Stokes’ theorem, the result is zero due to our choice of the integration domain C. Let us
manipulate the above integral so that it is of the form (2.1):

0 =

Z

C
d (u ⇠) =

Z

C
(du ^ ⇠ + u d⇠) =

Z

C
u

✓
du

u
^+ d

◆
⇠ ⌘

Z

C
ur!⇠. (2.4)

In the final equality we defined a connection r!, which differs from the usual derivative by
the one-form !:

r! ⌘ d+ !^, where ! ⌘ d log u. (2.5)

Since the above expression integrates to zero, we have
Z

C
u' =

Z

C
u ('+r!⇠) . (2.6)

Hence ' and ' + r!⇠ carry the same information and we can talk about equivalence
(cohomology) classes !h'| of forms that integrate to the same result:

!h'| : ' ⇠ '+r!⇠. (2.7)

In other words, whenever two forms are equal to each other up to integration-by-parts
identities, they belong to the same equivalence class. This class is called a twisted cocycle.
The word twisted refers to the fact that the usual derivative operator d is replaced by the
covariant derivative r! given in (2.5), as a consequence of the presence of the multi-valued
function u in the hypergeometric integral. We often refer to any representative of the class
(2.7) as twisted cocycle, as well as drop the subscript ! when it is clear from the context.1 A

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration
domains C that give the same result for the integral (2.1), called twisted cycles |C]!, though we do not make
use of this fact in the current manuscript.
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2.6 Intersection Theory

I =

Z

C
u(z) 'm(z) (2.34)

'm(z) = '̂(z)dmz d
m
z = dz1 ^ . . . ^ dzm (2.35)

'm(z) is a di↵erential m-form

u(z) is a multivalued function (regulating all poles of 'm)

I =

Z

C
u(z)

| {z }
twisted
cycle

'm(z)| {z }
twisted
cocycle

(2.36)

There could exist many forms 'm that upon integration give the same result I

Consider the (m� 1)-di↵erential form 'm�1,

0 =

Z

C
d

⇣
u 'm�1

⌘
=

Z

C

⇣
u d'm�1 + du ^ 'm�1

⌘
=

Z

C
u

⇣
d+ ! ^

⌘
'm�1 =

Z

C
u r!'m�1

r! ⌘ d+ !^ , ! = dlogu (2.37)

I =

Z

C
u 'm =

Z

C
u

⇣
'm +r!'m�1

⌘
(2.38)

h'| ⌘ 'm ⇠ 'm +r!'m�1 2 H
m
! (2.39)

H
m
! ⌘ {m�forms 'm |r!'m = 0}/{r!'m�1}, (2.40)

Ĩ =

Z

C
u
�1

�m =

Z

C
u
�1

⇣
�m +r�!�m�1

⌘
(2.41)

|�i ⌘ �m ⇠ �m +r�!�m�1 2 H
m
�! (2.42)

H
m
�! ⌘ {m�forms �m |r�!�m = 0}/{r�!�m�1}, (2.43)

r�! ⌘ d� ! ^ (2.44)
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n n

I = ∫C
u(z) φn(z)

twist
twisted co-cycle

twisted cycle
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The word twisted refers to the fact that the usual derivative operator d is replaced by the
covariant derivative r! given in (2.5), as a consequence of the presence of the multi-valued
function u in the hypergeometric integral. We often refer to any representative of the class
(2.7) as twisted cocycle, as well as drop the subscript ! when it is clear from the context.1 A

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration
domains C that give the same result for the integral (2.1), called twisted cycles |C]!, though we do not make
use of this fact in the current manuscript.
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 Hypergeometric2F1

Gamma function

Feynman Integrals

Consider an integral I over the variables z = (z1, z2, . . . , zm) of the general form:

I =

Z

C
u(z)'(z), (2.1)

where u(z) is a multi-valued function and '(z) = '̂(z)dmz is a differential m-form. We
assume that u(z) vanishes on the boundaries of C, u(@C) = 0, so that, upon integration no
surface-term is leftover. For example, choosing

u(z) = z
a(z � 1)b, '(z) =

dz

z(z � 1)
, C = [0, 1] (2.2)

gives the Euler beta function B(a, b) for Re(a),Re(b) > 0. More generally, integrals of
the type (2.1) are called Aomoto–Gel’fand hypergeometric functions [78, 79], or simply
hypergeometric functions.

As with any integral, there could exist many forms ' that integrate to give the same
result I. Let us consider the total derivative of u times any (m�1)-differential form ⇠:

Z

C
d (u ⇠) = 0. (2.3)

By Stokes’ theorem, the result is zero due to our choice of the integration domain C. Let us
manipulate the above integral so that it is of the form (2.1):

0 =

Z

C
d (u ⇠) =

Z

C
(du ^ ⇠ + u d⇠) =

Z

C
u

✓
du

u
^+ d

◆
⇠ ⌘

Z

C
ur!⇠. (2.4)

In the final equality we defined a connection r!, which differs from the usual derivative by
the one-form !:

r! ⌘ d+ !^, where ! ⌘ d log u. (2.5)

Since the above expression integrates to zero, we have
Z

C
u' =

Z

C
u ('+r!⇠) . (2.6)

Hence ' and ' + r!⇠ carry the same information and we can talk about equivalence
(cohomology) classes !h'| of forms that integrate to the same result:

!h'| : ' ⇠ '+r!⇠. (2.7)

In other words, whenever two forms are equal to each other up to integration-by-parts
identities, they belong to the same equivalence class. This class is called a twisted cocycle.
The word twisted refers to the fact that the usual derivative operator d is replaced by the
covariant derivative r! given in (2.5), as a consequence of the presence of the multi-valued
function u in the hypergeometric integral. We often refer to any representative of the class
(2.7) as twisted cocycle, as well as drop the subscript ! when it is clear from the context.1 A

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration
domains C that give the same result for the integral (2.1), called twisted cycles |C]!, though we do not make
use of this fact in the current manuscript.
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2.6 Intersection Theory

I =

Z

C
u(z) 'm(z) (2.34)

'm(z) = '̂(z)dmz d
m
z = dz1 ^ . . . ^ dzm (2.35)

'm(z) is a di↵erential m-form

u(z) is a multivalued function (regulating all poles of 'm)

I =

Z

C
u(z)

| {z }
twisted
cycle

'm(z)| {z }
twisted
cocycle

(2.36)

There could exist many forms 'm that upon integration give the same result I

Consider the (m� 1)-di↵erential form 'm�1,

0 =

Z
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d

⇣
u 'm�1

⌘
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Z

C

⇣
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⌘
=

Z

C
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⇣
d+ ! ^

⌘
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Z

C
u r!'m�1

r! ⌘ d+ !^ , ! = dlogu (2.37)

I =

Z

C
u 'm =

Z

C
u

⇣
'm +r!'m�1

⌘
(2.38)

h'| ⌘ 'm ⇠ 'm +r!'m�1 2 H
m
! (2.39)

H
m
! ⌘ {m�forms 'm |r!'m = 0}/{r!'m�1}, (2.40)

Ĩ =

Z

C
u
�1

�m =

Z

C
u
�1

⇣
�m +r�!�m�1

⌘
(2.41)

|�i ⌘ �m ⇠ �m +r�!�m�1 2 H
m
�! (2.42)

H
m
�! ⌘ {m�forms �m |r�!�m = 0}/{r�!�m�1}, (2.43)

r�! ⌘ d� ! ^ (2.44)
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…… …… ……

ni ∈ ℤ

I = ∫C
u(z) φn(z)

n n

Quantum Mechanics and QFT

…and many more
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Consider an integral I over the variables z = (z1, z2, . . . , zm) of the general form:

I =

Z

C
u(z)'(z), (2.1)

where u(z) is a multi-valued function and '(z) = '̂(z)dmz is a differential m-form. We
assume that u(z) vanishes on the boundaries of C, u(@C) = 0, so that, upon integration no
surface-term is leftover. For example, choosing

u(z) = z
a(z � 1)b, '(z) =

dz

z(z � 1)
, C = [0, 1] (2.2)

gives the Euler beta function B(a, b) for Re(a),Re(b) > 0. More generally, integrals of
the type (2.1) are called Aomoto–Gel’fand hypergeometric functions [78, 79], or simply
hypergeometric functions.

As with any integral, there could exist many forms ' that integrate to give the same
result I. Let us consider the total derivative of u times any (m�1)-differential form ⇠:

Z

C
d (u ⇠) = 0. (2.3)

By Stokes’ theorem, the result is zero due to our choice of the integration domain C. Let us
manipulate the above integral so that it is of the form (2.1):

0 =

Z

C
d (u ⇠) =

Z

C
(du ^ ⇠ + u d⇠) =

Z

C
u

✓
du

u
^+ d

◆
⇠ ⌘

Z

C
ur!⇠. (2.4)

In the final equality we defined a connection r!, which differs from the usual derivative by
the one-form !:

r! ⌘ d+ !^, where ! ⌘ d log u. (2.5)

Since the above expression integrates to zero, we have
Z

C
u' =

Z

C
u ('+r!⇠) . (2.6)

Hence ' and ' + r!⇠ carry the same information and we can talk about equivalence
(cohomology) classes !h'| of forms that integrate to the same result:

!h'| : ' ⇠ '+r!⇠. (2.7)

In other words, whenever two forms are equal to each other up to integration-by-parts
identities, they belong to the same equivalence class. This class is called a twisted cocycle.
The word twisted refers to the fact that the usual derivative operator d is replaced by the
covariant derivative r! given in (2.5), as a consequence of the presence of the multi-valued
function u in the hypergeometric integral. We often refer to any representative of the class
(2.7) as twisted cocycle, as well as drop the subscript ! when it is clear from the context.1 A

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration
domains C that give the same result for the integral (2.1), called twisted cycles |C]!, though we do not make
use of this fact in the current manuscript.
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covariant derivative r! given in (2.5), as a consequence of the presence of the multi-valued
function u in the hypergeometric integral. We often refer to any representative of the class
(2.7) as twisted cocycle, as well as drop the subscript ! when it is clear from the context.1 A

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration
domains C that give the same result for the integral (2.1), called twisted cycles |C]!, though we do not make
use of this fact in the current manuscript.
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I =
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cycle

'm(z)| {z }
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cocycle

(2.36)

There could exist many forms 'm that upon integration give the same result I

Consider the (m� 1)-di↵erential form 'm�1,

0 =
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C
d

⇣
u 'm�1
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C
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C
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r! ⌘ d+ !^ , ! = dlogu (2.37)
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m
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⇣
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r�! ⌘ d� ! ^ (2.44)
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ni ∈ ℤ

I = ∫C
u(z) φn(z)

n n
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Equivalence Classes of DIFFERENTIAL FORMS 

The dawn of Relations among Integrals:

Equivalence Classes of INTEGRATION CONTOURS 
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Aomoto, Brown, Cho, Goto, Kita, Matsubara-Heo, Mazumoto, Mimachi, Mizera, Ohara, Yoshida,…, Cacciatori, P.M. 
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2.7 Vector Space Decomposition

⌫ = dimension of the vector space of Feynman integrals

I =
⌫X

i=1

ci Ji (2.45)

Projection

if Ji · Jj = �ij ,

I·Ji = ci , (2.46)

if Ji · Jj = Cij 6= �ij (metric matrix)

X

i,j

I · Jj(C
�1)ji =

⌫X

i,j,k=1

ck Jk · Jj(C
�1)ji =

⌫X

i,j,k=1

ck Ckj(C
�1)ji =

⌫X

i,k=1

ck �ki = ci

Completeness

Plugging back in

I =
X

i,j

I · Jj(C
�1)ji Ji ()

X

i,j

Jj (C
�1)ji Ji = I⌫⇥⌫ (2.47)

The two questions:

1) what is the vector space dimension ⌫ ?

2) what is the scalar product “·” between integrals ?
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Vector decomposition

Projections

Orthogonality

I =
ν

∑
i=1

ci Ei

ci = I ⋅ Ei

Ei ⋅ Ej = δij ∑
i=1

Ei Ei = 𝕀ν×ν

Basis

Completeness
ν

νEi , i = 1,…, ν
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Vector decomposition

Projections

Orthogonality

I =
ν

∑
i=1

ci Ei

ci = I ⋅ Ei

Ei ⋅ Ej = δij ∑
i=1

Ei Ei = 𝕀ν×ν

Basis

Completeness
ν

ν

Questions: 
Q1: what is  ?  
Q2: what is the inner product    ? 

ν

Ei , i = 1,…, ν
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Number of Master Integrals
Chetyrkin, Tkachov (1981);  Remiddi, Laporta (1996);  Laporta (2000)

Number of Critical Points Lee, Pomeranski (2013)

Euler Characteristic χ

Bitoun, Bogner, Klausen, Panzer (2018)

Aluffi, Marcolli (2008)

Primo, Tancredi (2017)Bosma, Sogaard, Zhang (2017)

Number of Independent Contours

Number of Independent Forms
Mizera & P.M. (2018)

  Frellesvig, Gasparotto, Laporta, Mandal, Mattiazzi, Mizera & P.M. (2019)

Ideal saturation / dimension of quotient space
  Frellesvig, Gasparotto, Laporta, Mandal, Mattiazzi, Mizera & P.M. (2020)

Mixed volume of Newton Polyhedra
  Bernstein-Khobaskii-Kushnirenko

  Saito Sturmfels Takayama

Holonomic rank of GKZ systems
  Gelfand Kapranov Zelevinski

Maximum likelihood degree
  Agostini, Brysiewicz, Fevola, Sturmfels, Tellen (2021)

Betti numbers

… … … … …

De Rahm  
Co-Homology 
ν = dim(Hn

dR)

A1: answering Q1
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Number of Critical Points

Number of Independent Forms

I = ∫C
u(z) φn(z)

= dim(Hn
dR)ν

if u(z) = zρ f(z)γ ν = (−1)n(n + 1 − χ(VE)) VE = vanishing locus of {z f(z) = 0}

= {# sol′￼s of
∂

∂zi
log(u(z)) = 0}

Euler Characteristic χ

A1: answering Q1

Dimension of De Rham twisted co-homology group

= (−1)n(χ(ℂℙn) − χ(VE))



Example: Beta and 2F1 ∫C
u φ

Euler Beta integral

u = zp (1 − z)q , φ =
dz

z(1 − z)
,β(p, q) ≡ ∫

1

0
zp(1 − z)q dz

z (1 − z)
=

Γ(p)Γ(q)
Γ(p + q)

ω = 0 ⇒ ν = dim H1 = 1ω = d log(u) =
∂zu
u

=
p
z

−
q

(1 − z)
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u φ

Euler Beta integral

u = zp (1 − z)q , φ =
dz

z(1 − z)
,β(p, q) ≡ ∫

1

0
zp(1 − z)q dz

z (1 − z)
=

Γ(p)Γ(q)
Γ(p + q)

ω = 0 ⇒ ν = dim H1 = 1

 Gauss hypergeometric integral2F1

Γ(b)Γ(c − b) 2F1(a, b, c; x) ≡ ∫
1

0
zb (1 − z)c−b (1 − x z)−a dz

z (1 − z)
u = zb (1 − z)c−b (1 − x z)−a , φ =

dz
z(1 − z)

ω = d log(u) =
∂zu
u

=
p
z

−
q

(1 − z)

ω = d log(u) =
∂zu
u

=
b
z

−
c − b

(1 − z)
+

ax
(1 − zx) ω = 0 ⇒ ν = dim H1 = 2





Basics of Intersection Theory for deRham (co)-Homology

3.6 Intersection Theory

I =

Z

C
u(z) 'm(z) (3.35)

'm(z) = '̂(z)dmz d
mz = dz1 ^ . . . ^ dzm (3.36)

'm(z) is a di↵erential m-form

u(z) is a multivalued function (regulating all poles of 'm)

I =

Z

C
u(z)

| {z }
twisted
cycle

'm(z)| {z }
twisted
cocycle

(3.37)

There could exist many forms 'm that upon integration give the same result I

Consider the (m� 1)-di↵erential form 'm�1,

0 =

Z

C
d

⇣
u 'm�1

⌘
=

Z

C

⇣
u d'm�1 + du ^ 'm�1

⌘
=

Z

C
u

⇣
d+ ! ^

⌘
'm�1 =

Z

C
u r!'m�1

r! ⌘ d+ !^ , ! = dlogu (3.38)

I =

Z

C
u 'm =

Z

C
u

⇣
'm +r!'m�1

⌘
(3.39)

h'| ⌘ 'm ⇠ 'm +r!'m�1 2 H
m
! (3.40)

H
m
! ⌘ {m�forms 'm |r!'m = 0}/{r!'m�1}, (3.41)

Ĩ =

Z

C
u
�1

�m =

Z

C
u
�1

⇣
�m +r�!�m�1

⌘
(3.42)

|�i ⌘ �m ⇠ �m +r�!�m�1 2 H
m
�! (3.43)

H
m
�! ⌘ {m�forms �m |r�!�m = 0}/{r�!�m�1}, (3.44)

r�! ⌘ d� !^ (3.45)
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Basics of Intersection Theory for deRham (co)-Homology

Consider an integral I over the variables z = (z1, z2, . . . , zm) of the general form:

I =

Z

C
u(z)'(z), (2.1)

where u(z) is a multi-valued function and '(z) = '̂(z)dmz is a differential m-form. We
assume that u(z) vanishes on the boundaries of C, u(@C) = 0, so that, upon integration no
surface-term is leftover. For example, choosing

u(z) = z
a(z � 1)b, '(z) =

dz

z(z � 1)
, C = [0, 1] (2.2)

gives the Euler beta function B(a, b) for Re(a),Re(b) > 0. More generally, integrals of
the type (2.1) are called Aomoto–Gel’fand hypergeometric functions [78, 79], or simply
hypergeometric functions.

As with any integral, there could exist many forms ' that integrate to give the same
result I. Let us consider the total derivative of u times any (m�1)-differential form ⇠:

Z

C
d (u ⇠) = 0. (2.3)

By Stokes’ theorem, the result is zero due to our choice of the integration domain C. Let us
manipulate the above integral so that it is of the form (2.1):

0 =

Z

C
d (u ⇠) =

Z

C
(du ^ ⇠ + u d⇠) =

Z

C
u

✓
du

u
^+ d

◆
⇠ ⌘

Z

C
ur!⇠. (2.4)

In the final equality we defined a connection r!, which differs from the usual derivative by
the one-form !:

r! ⌘ d+ !^, where ! ⌘ d log u. (2.5)

Since the above expression integrates to zero, we have
Z

C
u' =

Z

C
u ('+r!⇠) . (2.6)

Hence ' and ' + r!⇠ carry the same information and we can talk about equivalence
(cohomology) classes !h'| of forms that integrate to the same result:

!h'| : ' ⇠ '+r!⇠. (2.7)

In other words, whenever two forms are equal to each other up to integration-by-parts
identities, they belong to the same equivalence class. This class is called a twisted cocycle.
The word twisted refers to the fact that the usual derivative operator d is replaced by the
covariant derivative r! given in (2.5), as a consequence of the presence of the multi-valued
function u in the hypergeometric integral. We often refer to any representative of the class
(2.7) as twisted cocycle, as well as drop the subscript ! when it is clear from the context.1 A

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration
domains C that give the same result for the integral (2.1), called twisted cycles |C]!, though we do not make
use of this fact in the current manuscript.
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Covariant Derivative
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Basics of Intersection Theory for deRham (co)-Homology

Consider an integral I over the variables z = (z1, z2, . . . , zm) of the general form:

I =

Z

C
u(z)'(z), (2.1)

where u(z) is a multi-valued function and '(z) = '̂(z)dmz is a differential m-form. We
assume that u(z) vanishes on the boundaries of C, u(@C) = 0, so that, upon integration no
surface-term is leftover. For example, choosing

u(z) = z
a(z � 1)b, '(z) =

dz

z(z � 1)
, C = [0, 1] (2.2)

gives the Euler beta function B(a, b) for Re(a),Re(b) > 0. More generally, integrals of
the type (2.1) are called Aomoto–Gel’fand hypergeometric functions [78, 79], or simply
hypergeometric functions.

As with any integral, there could exist many forms ' that integrate to give the same
result I. Let us consider the total derivative of u times any (m�1)-differential form ⇠:

Z

C
d (u ⇠) = 0. (2.3)

By Stokes’ theorem, the result is zero due to our choice of the integration domain C. Let us
manipulate the above integral so that it is of the form (2.1):

0 =

Z

C
d (u ⇠) =

Z

C
(du ^ ⇠ + u d⇠) =

Z

C
u

✓
du

u
^+ d

◆
⇠ ⌘

Z

C
ur!⇠. (2.4)

In the final equality we defined a connection r!, which differs from the usual derivative by
the one-form !:

r! ⌘ d+ !^, where ! ⌘ d log u. (2.5)

Since the above expression integrates to zero, we have
Z

C
u' =

Z

C
u ('+r!⇠) . (2.6)

Hence ' and ' + r!⇠ carry the same information and we can talk about equivalence
(cohomology) classes !h'| of forms that integrate to the same result:

!h'| : ' ⇠ '+r!⇠. (2.7)

In other words, whenever two forms are equal to each other up to integration-by-parts
identities, they belong to the same equivalence class. This class is called a twisted cocycle.
The word twisted refers to the fact that the usual derivative operator d is replaced by the
covariant derivative r! given in (2.5), as a consequence of the presence of the multi-valued
function u in the hypergeometric integral. We often refer to any representative of the class
(2.7) as twisted cocycle, as well as drop the subscript ! when it is clear from the context.1 A

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration
domains C that give the same result for the integral (2.1), called twisted cycles |C]!, though we do not make
use of this fact in the current manuscript.
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Covariant Derivative

I(g) =

Z
g(x)e�f(x)

dx (2.99)

[...]

di↵erential N-form

If h'L| and h'R| are dLog n-forms (hence contain only simple poles)

h'L|'Ri =

Z
dz1 · · · dzn �(!1) · · · �(!n) '̂L '̂R = (2.100)

In the 1-variate case:

h'L|'Ri = Resz2P!1

✓
'̂L '̂R

!

◆

=

Z
dz1 �(!1) '̂L '̂R =

X

(z⇤1 )

'̂L '̂R

@!1/@z1
(2.101)

⌘ u
�1

· d · u

⌘ u · d · u
�1 (2.102)

h'
(n)
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(n)
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(n)
L |
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i,j

|h
(n�1)
j i(C(n�1))

�1
j,i he

(n�1)
i |

◆
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(n)
R i (2.103)
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3.6 Intersection Theory
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dz
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gives the Euler beta function B(a, b) for Re(a),Re(b) > 0. More generally, integrals of
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manipulate the above integral so that it is of the form (2.1):
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C
d (u ⇠) =
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C
(du ^ ⇠ + u d⇠) =
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C
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du

u
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Z

C
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In the final equality we defined a connection r!, which differs from the usual derivative by
the one-form !:

r! ⌘ d+ !^, where ! ⌘ d log u. (2.5)

Since the above expression integrates to zero, we have
Z

C
u' =

Z

C
u ('+r!⇠) . (2.6)

Hence ' and ' + r!⇠ carry the same information and we can talk about equivalence
(cohomology) classes !h'| of forms that integrate to the same result:

!h'| : ' ⇠ '+r!⇠. (2.7)

In other words, whenever two forms are equal to each other up to integration-by-parts
identities, they belong to the same equivalence class. This class is called a twisted cocycle.
The word twisted refers to the fact that the usual derivative operator d is replaced by the
covariant derivative r! given in (2.5), as a consequence of the presence of the multi-valued
function u in the hypergeometric integral. We often refer to any representative of the class
(2.7) as twisted cocycle, as well as drop the subscript ! when it is clear from the context.1 A

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration
domains C that give the same result for the integral (2.1), called twisted cycles |C]!, though we do not make
use of this fact in the current manuscript.
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3.6 Intersection Theory

I =

Z

C
u(z) 'm(z) (3.35)

'm(z) = '̂(z)dmz d
mz = dz1 ^ . . . ^ dzm (3.36)

'm(z) is a di↵erential m-form

u(z) is a multivalued function (regulating all poles of 'm)
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twisted
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twisted
cocycle
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There could exist many forms 'm that upon integration give the same result I
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Integrals
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ci = h'|eii , hei|eji = �ij (4.175)

ci = I · Ji , Ji · Jj = �ij (4.176)
X

i

Ji Ji = I⌫⇥⌫ (4.177)

⌫ = number of critical points 2 Z(!) (4.178)

P (!) = {poles of !, including 1} (4.179)

X = C� P (!) (4.180)

for z ! zi 2 P (!)

=

Z
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=
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u
�1
�m (4.182)

(4.183)

– 23 –



Basics of Intersection Theory for deRham (co)-Homology

Consider an integral I over the variables z = (z1, z2, . . . , zm) of the general form:

I =

Z

C
u(z)'(z), (2.1)

where u(z) is a multi-valued function and '(z) = '̂(z)dmz is a differential m-form. We
assume that u(z) vanishes on the boundaries of C, u(@C) = 0, so that, upon integration no
surface-term is leftover. For example, choosing

u(z) = z
a(z � 1)b, '(z) =

dz

z(z � 1)
, C = [0, 1] (2.2)

gives the Euler beta function B(a, b) for Re(a),Re(b) > 0. More generally, integrals of
the type (2.1) are called Aomoto–Gel’fand hypergeometric functions [78, 79], or simply
hypergeometric functions.

As with any integral, there could exist many forms ' that integrate to give the same
result I. Let us consider the total derivative of u times any (m�1)-differential form ⇠:

Z

C
d (u ⇠) = 0. (2.3)

By Stokes’ theorem, the result is zero due to our choice of the integration domain C. Let us
manipulate the above integral so that it is of the form (2.1):

0 =

Z

C
d (u ⇠) =

Z

C
(du ^ ⇠ + u d⇠) =

Z

C
u

✓
du

u
^+ d

◆
⇠ ⌘

Z

C
ur!⇠. (2.4)

In the final equality we defined a connection r!, which differs from the usual derivative by
the one-form !:

r! ⌘ d+ !^, where ! ⌘ d log u. (2.5)

Since the above expression integrates to zero, we have
Z

C
u' =

Z

C
u ('+r!⇠) . (2.6)

Hence ' and ' + r!⇠ carry the same information and we can talk about equivalence
(cohomology) classes !h'| of forms that integrate to the same result:

!h'| : ' ⇠ '+r!⇠. (2.7)

In other words, whenever two forms are equal to each other up to integration-by-parts
identities, they belong to the same equivalence class. This class is called a twisted cocycle.
The word twisted refers to the fact that the usual derivative operator d is replaced by the
covariant derivative r! given in (2.5), as a consequence of the presence of the multi-valued
function u in the hypergeometric integral. We often refer to any representative of the class
(2.7) as twisted cocycle, as well as drop the subscript ! when it is clear from the context.1 A

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration
domains C that give the same result for the integral (2.1), called twisted cycles |C]!, though we do not make
use of this fact in the current manuscript.
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Covariant Derivative

I(g) =

Z
g(x)e�f(x)

dx (2.99)

[...]

di↵erential N-form

If h'L| and h'R| are dLog n-forms (hence contain only simple poles)

h'L|'Ri =

Z
dz1 · · · dzn �(!1) · · · �(!n) '̂L '̂R = (2.100)

In the 1-variate case:

h'L|'Ri = Resz2P!1

✓
'̂L '̂R

!

◆

=

Z
dz1 �(!1) '̂L '̂R =

X

(z⇤1 )

'̂L '̂R

@!1/@z1
(2.101)

⌘ u
�1

· d · u

⌘ u · d · u
�1 (2.102)

h'
(n)
L |'

(n)
R i = h'

(n)
L |

✓X

i,j

|h
(n�1)
j i(C(n�1))

�1
j,i he

(n�1)
i |

◆
|'

(n)
R i (2.103)
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3.6 Intersection Theory

I =

Z

C
u(z) 'm(z) (3.35)

'm(z) = '̂(z)dmz d
mz = dz1 ^ . . . ^ dzm (3.36)

'm(z) is a di↵erential m-form

u(z) is a multivalued function (regulating all poles of 'm)

I =

Z

C
u(z)

| {z }
twisted
cycle

'm(z)| {z }
twisted
cocycle

(3.37)

There could exist many forms 'm that upon integration give the same result I

Consider the (m� 1)-di↵erential form 'm�1,

0 =

Z

C
d

⇣
u 'm�1

⌘
=

Z

C

⇣
u d'm�1 + du ^ 'm�1

⌘
=

Z

C
u

⇣
d+ ! ^

⌘
'm�1 =

Z

C
u r!'m�1

r! ⌘ d+ !^ , ! = dlogu (3.38)

I =

Z

C
u 'm =

Z

C
u

⇣
'm +r!'m�1

⌘
(3.39)

h'| ⌘ 'm ⇠ 'm +r!'m�1 2 H
m
! (3.40)

H
m
! ⌘ {m�forms 'm |r!'m = 0}/{r!'m�1}, (3.41)

Ĩ =

Z

C
u
�1

�m =

Z

C
u
�1

⇣
�m +r�!�m�1

⌘
(3.42)

|�i ⌘ �m ⇠ �m +r�!�m�1 2 H
m
�! (3.43)

H
m
�! ⌘ {m�forms �m |r�!�m = 0}/{r�!�m�1}, (3.44)

r�! ⌘ d� !^ (3.45)
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Integrals

Twisted Cohomology Group

4.6 Intersection Theory

I =

Z

C
u(z) 'm(z) (4.35)

'm(z) = '̂(z)dmz d
mz = dz1 ^ . . . ^ dzm (4.36)
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There could exist many contours C that do not alter the the result of I

H
m

! (X) =
Ker(r! : 'm ! 'm+1)

Im(r! : 'm�1 ! 'm)
(4.38)

Hp(X) =
Ker(@p)

Im(@p)
(4.39)

Consider the (m� 1)-di↵erential form 'm�1,
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d
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'm�1
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⇣
u
�1

d'm�1 � u
�2
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=
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C
u
�1

⇣
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C
u
�1

r�!'m�1

r! ⌘ d+ !^ , ! = dlogu (4.40)
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Basics of Intersection Theory for deRham (co)-Homology

Consider an integral I over the variables z = (z1, z2, . . . , zm) of the general form:

I =

Z

C
u(z)'(z), (2.1)

where u(z) is a multi-valued function and '(z) = '̂(z)dmz is a differential m-form. We
assume that u(z) vanishes on the boundaries of C, u(@C) = 0, so that, upon integration no
surface-term is leftover. For example, choosing

u(z) = z
a(z � 1)b, '(z) =

dz

z(z � 1)
, C = [0, 1] (2.2)

gives the Euler beta function B(a, b) for Re(a),Re(b) > 0. More generally, integrals of
the type (2.1) are called Aomoto–Gel’fand hypergeometric functions [78, 79], or simply
hypergeometric functions.

As with any integral, there could exist many forms ' that integrate to give the same
result I. Let us consider the total derivative of u times any (m�1)-differential form ⇠:

Z

C
d (u ⇠) = 0. (2.3)

By Stokes’ theorem, the result is zero due to our choice of the integration domain C. Let us
manipulate the above integral so that it is of the form (2.1):

0 =

Z

C
d (u ⇠) =

Z

C
(du ^ ⇠ + u d⇠) =

Z

C
u

✓
du

u
^+ d

◆
⇠ ⌘

Z

C
ur!⇠. (2.4)

In the final equality we defined a connection r!, which differs from the usual derivative by
the one-form !:

r! ⌘ d+ !^, where ! ⌘ d log u. (2.5)

Since the above expression integrates to zero, we have
Z

C
u' =

Z

C
u ('+r!⇠) . (2.6)

Hence ' and ' + r!⇠ carry the same information and we can talk about equivalence
(cohomology) classes !h'| of forms that integrate to the same result:

!h'| : ' ⇠ '+r!⇠. (2.7)

In other words, whenever two forms are equal to each other up to integration-by-parts
identities, they belong to the same equivalence class. This class is called a twisted cocycle.
The word twisted refers to the fact that the usual derivative operator d is replaced by the
covariant derivative r! given in (2.5), as a consequence of the presence of the multi-valued
function u in the hypergeometric integral. We often refer to any representative of the class
(2.7) as twisted cocycle, as well as drop the subscript ! when it is clear from the context.1 A

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration
domains C that give the same result for the integral (2.1), called twisted cycles |C]!, though we do not make
use of this fact in the current manuscript.
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3.6 Intersection Theory

I =

Z

C
u(z) 'm(z) (3.35)

'm(z) = '̂(z)dmz d
mz = dz1 ^ . . . ^ dzm (3.36)

'm(z) is a di↵erential m-form

u(z) is a multivalued function (regulating all poles of 'm)

I =

Z

C
u(z)

| {z }
twisted
cycle

'm(z)| {z }
twisted
cocycle

(3.37)

There could exist many forms 'm that upon integration give the same result I

Consider the (m� 1)-di↵erential form 'm�1,
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d
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=
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⌘
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C
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C
u

⇣
'm +r!'m�1

⌘
(3.39)

h'| ⌘ 'm ⇠ 'm +r!'m�1 2 H
m
! (3.40)

H
m
! ⌘ {m�forms 'm |r!'m = 0}/{r!'m�1}, (3.41)

Ĩ =

Z

C
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C
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r�! ⌘ d� !^ (3.45)
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I(g) =

Z
g(x)e�f(x)

dx (2.99)

[...]

di↵erential N-form

If h'L| and h'R| are dLog n-forms (hence contain only simple poles)

h'L|'Ri =
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dz1 · · · dzn �(!1) · · · �(!n) '̂L '̂R = (2.100)
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!
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=
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'̂L '̂R
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i |

◆
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R i (2.103)
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Twisted and Dual-Twisted Co-Homology Groups

4.6 Intersection Theory

I =

Z

C
u(z) 'm(z) (4.35)

'm(z) = '̂(z)dmz d
mz = dz1 ^ . . . ^ dzm (4.36)

'm(z) is a di↵erential m-form

u(z) is a multivalued function (regulating all poles of 'm)

I =

Z

C
u(z)

| {z }
twisted
cycle

'm(z)| {z }
twisted
cocycle

(4.37)

There could exist many forms 'm that upon integration give the same result I

There could exist many contours C that do not alter the the result of I

H
m

! (X) =
Ker(r! : 'm ! 'm+1)

Im(r! : 'm�1 ! 'm)
(4.38)

Hp(X) =
Ker(@p)

Im(@p)
(4.39)

Consider the (m� 1)-di↵erential form 'm�1,

0 =
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d

⇣
u 'm�1
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C
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⇣
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⌘
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Z

C
u
�1

r�!'m�1

r! ⌘ d+ !^ , ! = dlogu (4.40)

I =

Z

C
u 'm =

Z

C
u

⇣
'm +r!'m�1

⌘
(4.41)
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Pairings of Cycles and Co-cycles

Basic building blocks
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�! (2.37)

! ⌘ d log(u) (2.38)
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u(z) 'L(z) = I (2.39)
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'R(z) = Ĩ (2.40)

h 'L | 'R i ⌘
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◆('L) ^ 'R (2.41)

⇥
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⇤
⌘ intersection number (2.42)
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CR | 'R i (2.43)

r! = 'L (2.44)

(2.45)
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dz
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Dual Integrals :: pairings of cycles and co-cycles

Integrals :: pairings of cycles and co-cycles

Intersection numbers for cycles :: pairings of cycles
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'R(z) = Ĩ (2.40)

h 'L | 'R i ⌘

Z

C
◆('L) ^ 'R (2.41)

⇥
CL | CR

⇤
⌘ intersection number (2.42)

h 'L | 'R i =
X

i,j

h 'L | CR,j
⇤ ⇥

CL,i | CR,j
⇤�1 ⇥

CL,i | 'R i (2.43)

⇥
CL | CR

⇤
=

X

i,j

⇥
CL,i | 'R,j i h 'L,i | 'R,j i

�1
h 'L | CR

⇤
(2.44)

– 7 –

H
m
! ⌘ {m�forms 'm |r!'m = 0}/{r!'m�1}, (2.32)

H
m
�! , r�! = d� ! ^ (2.33)

|CR] ⌘

Z

CR
u(z) (2.34)

[CL| ⌘

Z

CL
u(z)�1 (2.35)

h'L| ⌘ 'L(z) 2 H
m
! (2.36)

|'Ri ⌘ 'R(z) 2 H
m
�! (2.37)

! ⌘ d log(u) (2.38)

h 'L | CR ] ⌘

Z

CR
u(z) 'L(z) = I (2.39)

[ CL | 'R i ⌘

Z

CL
u(z)�1

'R(z) = Ĩ (2.40)
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Twisted and Dual-Twisted Co-Homology Groups

4.6 Intersection Theory
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'm(z) is a di↵erential m-form

u(z) is a multivalued function (regulating all poles of 'm)
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(4.37)

There could exist many forms 'm that upon integration give the same result I
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⇤
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X
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h 'L | CR,j
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CL,j | CR,i
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CL,i | 'R i (4.71)

⇥
CL | CR

⇤
=

X

i,j

⇥
CL | 'R,j i h 'L,j | 'R,i i

�1
h 'L | CR

⇤
(4.72)

X

i,j

| CR,j

⇤ ⇥
CL,j | CR,i

⇤�1 ⇥
CL,i | = Ih (4.73)
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Dual Integrals :: pairings of cycles and co-cycles
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Intersection numbers for co-cycles :: pairings of co-cycles
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Twisted and Dual-Twisted Co-Homology Groups

4.6 Intersection Theory

I =

Z

C
u(z) 'm(z) (4.35)

'm(z) = '̂(z)dmz d
mz = dz1 ^ . . . ^ dzm (4.36)

'm(z) is a di↵erential m-form

u(z) is a multivalued function (regulating all poles of 'm)

I =

Z

C
u(z)

| {z }
twisted
cycle

'm(z)| {z }
twisted
cocycle

(4.37)

There could exist many forms 'm that upon integration give the same result I

There could exist many contours C that do not alter the the result of I

H
m

! (X) =
Ker(r! : 'm ! 'm+1)

Im(r! : 'm�1 ! 'm)
(4.38)

Hp(X) =
Ker(@p)

Im(@p)
(4.39)

Consider the (m� 1)-di↵erential form 'm�1,

0 =

Z

C
d

⇣
u 'm�1

⌘
=

Z

C

⇣
u d'm�1 + du ^ 'm�1

⌘
=

Z

C
u

⇣
d+ ! ^

⌘
'm�1 =

Z

C
u r!'m�1

0 =

Z

C
d

⇣
u
�1

'm�1

⌘
=

Z

C

⇣
u
�1

d'm�1 � u
�2

du ^ 'm�1

⌘
=

Z

C
u
�1

⇣
d� ! ^

⌘
'm�1 =

Z

C
u
�1

r�!'m�1

r! ⌘ d+ !^ , ! = dlogu (4.40)

I =

Z

C
u 'm =

Z

C
u

⇣
'm +r!'m�1

⌘
(4.41)
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Linear Algebra

Cohomology Basis :: bra

remarkable observation is that we can pair up h'| and |C] to obtain the integral from (2.1),
which we denote by

h'|C] ⌘
Z

C
u'. (2.8)

This integral representation, as a bilinear in h'| and |C], is suitable for establishing linear
relations between hypergeometric functions. In fact, let us assume that the number of
linearly-independent twisted cocycles is ⌫, and indicate an arbitrary basis of forms,

he1|, he2|, · · · , he⌫ |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say h'|, as a
linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hii for i = 1, 2, . . . , ⌫,
and consider the matrix C, whose entries are the pairing hei|hji,

Cij = hei|hji for i, j = 1, 2, . . . , ⌫ . (2.10)

This pairing is called the intersection number of hei| and |hji. We then construct the
(⌫+1)⇥ (⌫+1) matrix M, defined as,

M =

0

BBBBBB@

h'| i h'|h1i h'|h2i . . . h'|h⌫i
he1| i he1|h1i he1|h2i . . . he1|h⌫i
he2| i he2|h1i he2|h2i . . . he2|h⌫i

...
...

... . . . ...
he⌫ | i he⌫ |h1i he⌫ |h2i . . . he⌫ |h⌫i

1

CCCCCCA
⌘
 
h'| i A|

B C

!
. (2.11)

The columns of the matrix M are labelled by | i, |h1i, |h2i, . . . , |h⌫i for an arbitrary | i,
while the rows are labelled by h'|, he1|, he2|, . . . , he⌫ |. Each entry is given by a pairing
(bilinear) of the corresponding row and column. In the second equality, we expose the
structure of M as a ⌫⇥⌫ submatrix C, a column vector B and a row vector A|, respectively
with elements Bi = hei| i and Ai = h'|hii (for i = 1, 2, . . . , ⌫).

The fact that the ⌫+1 cocycles labelling the rows and columns are necessarily linearly
dependent (since the basis is ⌫-dimensional) and that each entry of M is a bilinear, implies
that the determinant of this matrix vanishes. Using the well-known identity for the
determinant of a block matrix, we find:

detM = detC

✓
h'| i �A|C�1B

◆
= 0. (2.12)

In addition, detC cannot be zero (by definition), since it is formed from bilinears between
two bases. Therefore we conclude that:

h'| i = A|C�1B

=
⌫X

i,j=1

h'|hji (C�1)ji hei| i. (2.13)
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Cohomology Dual-Basis :: ket

remarkable observation is that we can pair up h'| and |C] to obtain the integral from (2.1),
which we denote by

h'|C] ⌘
Z

C
u'. (2.8)
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the class (2.7) as twisted cocycle, as well as drop the subscript ω when it is clear from

the context.1 A remarkable observation is that we can pair up ⟨ϕ| and |C] to obtain the

integral from (2.1), which we denote by

⟨ϕ|C] ≡
∫

C
uϕ. (2.8)

This integral representation, as a bilinear in ⟨ϕ| and |C], is suitable for establishing linear

relations between hypergeometric functions. In fact, let us assume that the number of

linearly-independent twisted cocycles is ν, and indicate an arbitrary basis of forms,

⟨e1|, ⟨e2|, · · · , ⟨eν |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say ⟨ϕ|, as
a linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hi⟩ for i = 1, 2, . . . , ν,

and consider the matrix C, whose entries are the pairing ⟨ei|hj⟩,

Cij = ⟨ei|hj⟩ for i, j = 1, 2, . . . , ν . (2.10)

This pairing is called the intersection number of ⟨ei| and |hj⟩. We then construct the

(ν+1)× (ν+1) matrix M, defined as,

M =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

⟨ϕ|ψ⟩ ⟨ϕ|h1⟩ ⟨ϕ|h2⟩ . . . ⟨ϕ|hν⟩
⟨e1|ψ⟩ ⟨e1|h1⟩ ⟨e1|h2⟩ . . . ⟨e1|hν⟩
⟨e2|ψ⟩ ⟨e2|h1⟩ ⟨e2|h2⟩ . . . ⟨e2|hν⟩

...
...

...
. . .

...

⟨eν |ψ⟩ ⟨eν |h1⟩ ⟨eν |h2⟩ . . . ⟨eν |hν⟩

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

≡
(
⟨ϕ|ψ⟩ Aᵀ

B C

)
. (2.11)

The columns of the matrix M are labelled by |ψ⟩, |h1⟩, |h2⟩, . . . , |hν⟩ for an arbitrary |ψ⟩,
while the rows are labelled by ⟨ϕ|, ⟨e1|, ⟨e2|, . . . , ⟨eν |. Each entry is given by a pairing

(bilinear) of the corresponding row and column. In the second equality, we expose the

structure of M as a ν×ν submatrix C, a column vector B and a row vector Aᵀ, respectively
with elements Bi = ⟨ei|ψ⟩ and Ai = ⟨ϕ|hi⟩ (for i = 1, 2, . . . , ν).

The fact that the ν+1 cocycles labelling the rows and columns are necessarily linearly

dependent (since the basis is ν-dimensional) and that each entry of M is a bilinear, im-

plies that the determinant of this matrix vanishes. Using the well-known identity for the

determinant of a block matrix, we find:

detM = detC

(
⟨ϕ|ψ⟩ −AᵀC−1B

)
= 0. (2.12)

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration

domains C that give the same result for the integral (2.1), called twisted cycles |C]ω, though we do not make

use of this fact in the current manuscript.
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(
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remarkable observation is that we can pair up h'| and |C] to obtain the integral from (2.1),
which we denote by

h'|C] ⌘
Z

C
u'. (2.8)

This integral representation, as a bilinear in h'| and |C], is suitable for establishing linear
relations between hypergeometric functions. In fact, let us assume that the number of
linearly-independent twisted cocycles is ⌫, and indicate an arbitrary basis of forms,

he1|, he2|, · · · , he⌫ |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say h'|, as a
linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hii for i = 1, 2, . . . , ⌫,
and consider the matrix C, whose entries are the pairing hei|hji,

Cij = hei|hji for i, j = 1, 2, . . . , ⌫ . (2.10)

This pairing is called the intersection number of hei| and |hji. We then construct the
(⌫+1)⇥ (⌫+1) matrix M, defined as,

M =
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BBBBBB@
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he⌫ | i he⌫ |h1i he⌫ |h2i . . . he⌫ |h⌫i

1

CCCCCCA
⌘
 
h'| i A|

B C

!
. (2.11)

The columns of the matrix M are labelled by | i, |h1i, |h2i, . . . , |h⌫i for an arbitrary | i,
while the rows are labelled by h'|, he1|, he2|, . . . , he⌫ |. Each entry is given by a pairing
(bilinear) of the corresponding row and column. In the second equality, we expose the
structure of M as a ⌫⇥⌫ submatrix C, a column vector B and a row vector A|, respectively
with elements Bi = hei| i and Ai = h'|hii (for i = 1, 2, . . . , ⌫).

The fact that the ⌫+1 cocycles labelling the rows and columns are necessarily linearly
dependent (since the basis is ⌫-dimensional) and that each entry of M is a bilinear, implies
that the determinant of this matrix vanishes. Using the well-known identity for the
determinant of a block matrix, we find:

detM = detC

✓
h'| i �A|C�1B

◆
= 0. (2.12)

In addition, detC cannot be zero (by definition), since it is formed from bilinears between
two bases. Therefore we conclude that:

h'| i = A|C�1B

=
⌫X

i,j=1

h'|hji (C�1)ji hei| i. (2.13)
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the class (2.7) as twisted cocycle, as well as drop the subscript ω when it is clear from

the context.1 A remarkable observation is that we can pair up ⟨ϕ| and |C] to obtain the

integral from (2.1), which we denote by

⟨ϕ|C] ≡
∫

C
uϕ. (2.8)

This integral representation, as a bilinear in ⟨ϕ| and |C], is suitable for establishing linear

relations between hypergeometric functions. In fact, let us assume that the number of

linearly-independent twisted cocycles is ν, and indicate an arbitrary basis of forms,

⟨e1|, ⟨e2|, · · · , ⟨eν |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say ⟨ϕ|, as
a linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hi⟩ for i = 1, 2, . . . , ν,

and consider the matrix C, whose entries are the pairing ⟨ei|hj⟩,

Cij = ⟨ei|hj⟩ for i, j = 1, 2, . . . , ν . (2.10)

This pairing is called the intersection number of ⟨ei| and |hj⟩. We then construct the

(ν+1)× (ν+1) matrix M, defined as,

M =

⎛
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...
. . .

...

⟨eν |ψ⟩ ⟨eν |h1⟩ ⟨eν |h2⟩ . . . ⟨eν |hν⟩

⎞
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≡
(
⟨ϕ|ψ⟩ Aᵀ

B C

)
. (2.11)
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structure of M as a ν×ν submatrix C, a column vector B and a row vector Aᵀ, respectively
with elements Bi = ⟨ei|ψ⟩ and Ai = ⟨ϕ|hi⟩ (for i = 1, 2, . . . , ν).

The fact that the ν+1 cocycles labelling the rows and columns are necessarily linearly

dependent (since the basis is ν-dimensional) and that each entry of M is a bilinear, im-

plies that the determinant of this matrix vanishes. Using the well-known identity for the

determinant of a block matrix, we find:

detM = detC

(
⟨ϕ|ψ⟩ −AᵀC−1B

)
= 0. (2.12)

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration

domains C that give the same result for the integral (2.1), called twisted cycles |C]ω, though we do not make

use of this fact in the current manuscript.
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linearly-independent twisted cocycles is ν, and indicate an arbitrary basis of forms,

⟨e1|, ⟨e2|, · · · , ⟨eν |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say ⟨ϕ|, as
a linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hi⟩ for i = 1, 2, . . . , ν,

and consider the matrix C, whose entries are the pairing ⟨ei|hj⟩,

Cij = ⟨ei|hj⟩ for i, j = 1, 2, . . . , ν . (2.10)

This pairing is called the intersection number of ⟨ei| and |hj⟩. We then construct the

(ν+1)× (ν+1) matrix M, defined as,

M =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

⟨ϕ|ψ⟩ ⟨ϕ|h1⟩ ⟨ϕ|h2⟩ . . . ⟨ϕ|hν⟩
⟨e1|ψ⟩ ⟨e1|h1⟩ ⟨e1|h2⟩ . . . ⟨e1|hν⟩
⟨e2|ψ⟩ ⟨e2|h1⟩ ⟨e2|h2⟩ . . . ⟨e2|hν⟩

...
...

...
. . .

...

⟨eν |ψ⟩ ⟨eν |h1⟩ ⟨eν |h2⟩ . . . ⟨eν |hν⟩

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

≡
(
⟨ϕ|ψ⟩ Aᵀ

B C

)
. (2.11)

The columns of the matrix M are labelled by |ψ⟩, |h1⟩, |h2⟩, . . . , |hν⟩ for an arbitrary |ψ⟩,
while the rows are labelled by ⟨ϕ|, ⟨e1|, ⟨e2|, . . . , ⟨eν |. Each entry is given by a pairing

(bilinear) of the corresponding row and column. In the second equality, we expose the

structure of M as a ν×ν submatrix C, a column vector B and a row vector Aᵀ, respectively
with elements Bi = ⟨ei|ψ⟩ and Ai = ⟨ϕ|hi⟩ (for i = 1, 2, . . . , ν).

The fact that the ν+1 cocycles labelling the rows and columns are necessarily linearly

dependent (since the basis is ν-dimensional) and that each entry of M is a bilinear, im-

plies that the determinant of this matrix vanishes. Using the well-known identity for the

determinant of a block matrix, we find:

detM = detC

(
⟨ϕ|ψ⟩ −AᵀC−1B

)
= 0. (2.12)

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration

domains C that give the same result for the integral (2.1), called twisted cycles |C]ω, though we do not make

use of this fact in the current manuscript.
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Linear Algebra

Cohomology Basis :: bra

remarkable observation is that we can pair up h'| and |C] to obtain the integral from (2.1),
which we denote by

h'|C] ⌘
Z

C
u'. (2.8)

This integral representation, as a bilinear in h'| and |C], is suitable for establishing linear
relations between hypergeometric functions. In fact, let us assume that the number of
linearly-independent twisted cocycles is ⌫, and indicate an arbitrary basis of forms,

he1|, he2|, · · · , he⌫ |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say h'|, as a
linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hii for i = 1, 2, . . . , ⌫,
and consider the matrix C, whose entries are the pairing hei|hji,

Cij = hei|hji for i, j = 1, 2, . . . , ⌫ . (2.10)

This pairing is called the intersection number of hei| and |hji. We then construct the
(⌫+1)⇥ (⌫+1) matrix M, defined as,

M =

0

BBBBBB@

h'| i h'|h1i h'|h2i . . . h'|h⌫i
he1| i he1|h1i he1|h2i . . . he1|h⌫i
he2| i he2|h1i he2|h2i . . . he2|h⌫i

...
...

... . . . ...
he⌫ | i he⌫ |h1i he⌫ |h2i . . . he⌫ |h⌫i

1

CCCCCCA
⌘
 
h'| i A|

B C

!
. (2.11)

The columns of the matrix M are labelled by | i, |h1i, |h2i, . . . , |h⌫i for an arbitrary | i,
while the rows are labelled by h'|, he1|, he2|, . . . , he⌫ |. Each entry is given by a pairing
(bilinear) of the corresponding row and column. In the second equality, we expose the
structure of M as a ⌫⇥⌫ submatrix C, a column vector B and a row vector A|, respectively
with elements Bi = hei| i and Ai = h'|hii (for i = 1, 2, . . . , ⌫).

The fact that the ⌫+1 cocycles labelling the rows and columns are necessarily linearly
dependent (since the basis is ⌫-dimensional) and that each entry of M is a bilinear, implies
that the determinant of this matrix vanishes. Using the well-known identity for the
determinant of a block matrix, we find:

detM = detC

✓
h'| i �A|C�1B

◆
= 0. (2.12)

In addition, detC cannot be zero (by definition), since it is formed from bilinears between
two bases. Therefore we conclude that:

h'| i = A|C�1B

=
⌫X

i,j=1

h'|hji (C�1)ji hei| i. (2.13)
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Cohomology Dual-Basis :: ket

remarkable observation is that we can pair up h'| and |C] to obtain the integral from (2.1),
which we denote by

h'|C] ⌘
Z

C
u'. (2.8)

This integral representation, as a bilinear in h'| and |C], is suitable for establishing linear
relations between hypergeometric functions. In fact, let us assume that the number of
linearly-independent twisted cocycles is ⌫, and indicate an arbitrary basis of forms,

he1|, he2|, · · · , he⌫ |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say h'|, as a
linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hii for i = 1, 2, . . . , ⌫,
and consider the matrix C, whose entries are the pairing hei|hji,

Cij = hei|hji for i, j = 1, 2, . . . , ⌫ . (2.10)

This pairing is called the intersection number of hei| and |hji. We then construct the
(⌫+1)⇥ (⌫+1) matrix M, defined as,
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structure of M as a ⌫⇥⌫ submatrix C, a column vector B and a row vector A|, respectively
with elements Bi = hei| i and Ai = h'|hii (for i = 1, 2, . . . , ⌫).
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the class (2.7) as twisted cocycle, as well as drop the subscript ω when it is clear from

the context.1 A remarkable observation is that we can pair up ⟨ϕ| and |C] to obtain the

integral from (2.1), which we denote by

⟨ϕ|C] ≡
∫

C
uϕ. (2.8)

This integral representation, as a bilinear in ⟨ϕ| and |C], is suitable for establishing linear

relations between hypergeometric functions. In fact, let us assume that the number of

linearly-independent twisted cocycles is ν, and indicate an arbitrary basis of forms,

⟨e1|, ⟨e2|, · · · , ⟨eν |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say ⟨ϕ|, as
a linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hi⟩ for i = 1, 2, . . . , ν,

and consider the matrix C, whose entries are the pairing ⟨ei|hj⟩,

Cij = ⟨ei|hj⟩ for i, j = 1, 2, . . . , ν . (2.10)

This pairing is called the intersection number of ⟨ei| and |hj⟩. We then construct the

(ν+1)× (ν+1) matrix M, defined as,

M =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝
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. . .
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⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

≡
(
⟨ϕ|ψ⟩ Aᵀ

B C

)
. (2.11)

The columns of the matrix M are labelled by |ψ⟩, |h1⟩, |h2⟩, . . . , |hν⟩ for an arbitrary |ψ⟩,
while the rows are labelled by ⟨ϕ|, ⟨e1|, ⟨e2|, . . . , ⟨eν |. Each entry is given by a pairing

(bilinear) of the corresponding row and column. In the second equality, we expose the

structure of M as a ν×ν submatrix C, a column vector B and a row vector Aᵀ, respectively
with elements Bi = ⟨ei|ψ⟩ and Ai = ⟨ϕ|hi⟩ (for i = 1, 2, . . . , ν).

The fact that the ν+1 cocycles labelling the rows and columns are necessarily linearly

dependent (since the basis is ν-dimensional) and that each entry of M is a bilinear, im-

plies that the determinant of this matrix vanishes. Using the well-known identity for the

determinant of a block matrix, we find:

detM = detC

(
⟨ϕ|ψ⟩ −AᵀC−1B

)
= 0. (2.12)

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration

domains C that give the same result for the integral (2.1), called twisted cycles |C]ω, though we do not make

use of this fact in the current manuscript.
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and consider the matrix C, whose entries are the pairing ⟨ei|hj⟩,

Cij = ⟨ei|hj⟩ for i, j = 1, 2, . . . , ν . (2.10)

This pairing is called the intersection number of ⟨ei| and |hj⟩. We then construct the

(ν+1)× (ν+1) matrix M, defined as,

M =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

⟨ϕ|ψ⟩ ⟨ϕ|h1⟩ ⟨ϕ|h2⟩ . . . ⟨ϕ|hν⟩
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⟨e2|ψ⟩ ⟨e2|h1⟩ ⟨e2|h2⟩ . . . ⟨e2|hν⟩

...
...

...
. . .

...

⟨eν |ψ⟩ ⟨eν |h1⟩ ⟨eν |h2⟩ . . . ⟨eν |hν⟩

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

≡
(
⟨ϕ|ψ⟩ Aᵀ

B C

)
. (2.11)

The columns of the matrix M are labelled by |ψ⟩, |h1⟩, |h2⟩, . . . , |hν⟩ for an arbitrary |ψ⟩,
while the rows are labelled by ⟨ϕ|, ⟨e1|, ⟨e2|, . . . , ⟨eν |. Each entry is given by a pairing

(bilinear) of the corresponding row and column. In the second equality, we expose the

structure of M as a ν×ν submatrix C, a column vector B and a row vector Aᵀ, respectively
with elements Bi = ⟨ei|ψ⟩ and Ai = ⟨ϕ|hi⟩ (for i = 1, 2, . . . , ν).

The fact that the ν+1 cocycles labelling the rows and columns are necessarily linearly

dependent (since the basis is ν-dimensional) and that each entry of M is a bilinear, im-

plies that the determinant of this matrix vanishes. Using the well-known identity for the

determinant of a block matrix, we find:

detM = detC

(
⟨ϕ|ψ⟩ −AᵀC−1B

)
= 0. (2.12)

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration

domains C that give the same result for the integral (2.1), called twisted cycles |C]ω, though we do not make

use of this fact in the current manuscript.
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The columns of the matrix M are labelled by |ψ⟩, |h1⟩, |h2⟩, . . . , |hν⟩ for an arbitrary |ψ⟩,
while the rows are labelled by ⟨ϕ|, ⟨e1|, ⟨e2|, . . . , ⟨eν |. Each entry is given by a pairing

(bilinear) of the corresponding row and column. In the second equality, we expose the

structure of M as a ν×ν submatrix C, a column vector B and a row vector Aᵀ, respectively
with elements Bi = ⟨ei|ψ⟩ and Ai = ⟨ϕ|hi⟩ (for i = 1, 2, . . . , ν).

The fact that the ν+1 cocycles labelling the rows and columns are necessarily linearly

dependent (since the basis is ν-dimensional) and that each entry of M is a bilinear, im-

plies that the determinant of this matrix vanishes. Using the well-known identity for the

determinant of a block matrix, we find:

detM = detC

(
⟨ϕ|ψ⟩ −AᵀC−1B

)
= 0. (2.12)

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration

domains C that give the same result for the integral (2.1), called twisted cycles |C]ω, though we do not make

use of this fact in the current manuscript.
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Linear Algebra

Cohomology Basis :: bra

remarkable observation is that we can pair up h'| and |C] to obtain the integral from (2.1),
which we denote by

h'|C] ⌘
Z

C
u'. (2.8)

This integral representation, as a bilinear in h'| and |C], is suitable for establishing linear
relations between hypergeometric functions. In fact, let us assume that the number of
linearly-independent twisted cocycles is ⌫, and indicate an arbitrary basis of forms,

he1|, he2|, · · · , he⌫ |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say h'|, as a
linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hii for i = 1, 2, . . . , ⌫,
and consider the matrix C, whose entries are the pairing hei|hji,

Cij = hei|hji for i, j = 1, 2, . . . , ⌫ . (2.10)

This pairing is called the intersection number of hei| and |hji. We then construct the
(⌫+1)⇥ (⌫+1) matrix M, defined as,

M =

0

BBBBBB@

h'| i h'|h1i h'|h2i . . . h'|h⌫i
he1| i he1|h1i he1|h2i . . . he1|h⌫i
he2| i he2|h1i he2|h2i . . . he2|h⌫i

...
...

... . . . ...
he⌫ | i he⌫ |h1i he⌫ |h2i . . . he⌫ |h⌫i

1

CCCCCCA
⌘
 
h'| i A|

B C

!
. (2.11)

The columns of the matrix M are labelled by | i, |h1i, |h2i, . . . , |h⌫i for an arbitrary | i,
while the rows are labelled by h'|, he1|, he2|, . . . , he⌫ |. Each entry is given by a pairing
(bilinear) of the corresponding row and column. In the second equality, we expose the
structure of M as a ⌫⇥⌫ submatrix C, a column vector B and a row vector A|, respectively
with elements Bi = hei| i and Ai = h'|hii (for i = 1, 2, . . . , ⌫).

The fact that the ⌫+1 cocycles labelling the rows and columns are necessarily linearly
dependent (since the basis is ⌫-dimensional) and that each entry of M is a bilinear, implies
that the determinant of this matrix vanishes. Using the well-known identity for the
determinant of a block matrix, we find:

detM = detC

✓
h'| i �A|C�1B

◆
= 0. (2.12)

In addition, detC cannot be zero (by definition), since it is formed from bilinears between
two bases. Therefore we conclude that:

h'| i = A|C�1B

=
⌫X

i,j=1

h'|hji (C�1)ji hei| i. (2.13)
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Cohomology Dual-Basis :: ket

remarkable observation is that we can pair up h'| and |C] to obtain the integral from (2.1),
which we denote by

h'|C] ⌘
Z

C
u'. (2.8)

This integral representation, as a bilinear in h'| and |C], is suitable for establishing linear
relations between hypergeometric functions. In fact, let us assume that the number of
linearly-independent twisted cocycles is ⌫, and indicate an arbitrary basis of forms,

he1|, he2|, · · · , he⌫ |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say h'|, as a
linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hii for i = 1, 2, . . . , ⌫,
and consider the matrix C, whose entries are the pairing hei|hji,

Cij = hei|hji for i, j = 1, 2, . . . , ⌫ . (2.10)

This pairing is called the intersection number of hei| and |hji. We then construct the
(⌫+1)⇥ (⌫+1) matrix M, defined as,
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the class (2.7) as twisted cocycle, as well as drop the subscript ω when it is clear from

the context.1 A remarkable observation is that we can pair up ⟨ϕ| and |C] to obtain the

integral from (2.1), which we denote by
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∫

C
uϕ. (2.8)
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linearly-independent twisted cocycles is ν, and indicate an arbitrary basis of forms,

⟨e1|, ⟨e2|, · · · , ⟨eν |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say ⟨ϕ|, as
a linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hi⟩ for i = 1, 2, . . . , ν,

and consider the matrix C, whose entries are the pairing ⟨ei|hj⟩,

Cij = ⟨ei|hj⟩ for i, j = 1, 2, . . . , ν . (2.10)

This pairing is called the intersection number of ⟨ei| and |hj⟩. We then construct the

(ν+1)× (ν+1) matrix M, defined as,

M =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

⟨ϕ|ψ⟩ ⟨ϕ|h1⟩ ⟨ϕ|h2⟩ . . . ⟨ϕ|hν⟩
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...
...

...
. . .

...

⟨eν |ψ⟩ ⟨eν |h1⟩ ⟨eν |h2⟩ . . . ⟨eν |hν⟩

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

≡
(
⟨ϕ|ψ⟩ Aᵀ

B C

)
. (2.11)

The columns of the matrix M are labelled by |ψ⟩, |h1⟩, |h2⟩, . . . , |hν⟩ for an arbitrary |ψ⟩,
while the rows are labelled by ⟨ϕ|, ⟨e1|, ⟨e2|, . . . , ⟨eν |. Each entry is given by a pairing

(bilinear) of the corresponding row and column. In the second equality, we expose the

structure of M as a ν×ν submatrix C, a column vector B and a row vector Aᵀ, respectively
with elements Bi = ⟨ei|ψ⟩ and Ai = ⟨ϕ|hi⟩ (for i = 1, 2, . . . , ν).

The fact that the ν+1 cocycles labelling the rows and columns are necessarily linearly

dependent (since the basis is ν-dimensional) and that each entry of M is a bilinear, im-

plies that the determinant of this matrix vanishes. Using the well-known identity for the

determinant of a block matrix, we find:

detM = detC

(
⟨ϕ|ψ⟩ −AᵀC−1B

)
= 0. (2.12)

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration

domains C that give the same result for the integral (2.1), called twisted cycles |C]ω, though we do not make

use of this fact in the current manuscript.
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while the rows are labelled by ⟨ϕ|, ⟨e1|, ⟨e2|, . . . , ⟨eν |. Each entry is given by a pairing

(bilinear) of the corresponding row and column. In the second equality, we expose the

structure of M as a ν×ν submatrix C, a column vector B and a row vector Aᵀ, respectively
with elements Bi = ⟨ei|ψ⟩ and Ai = ⟨ϕ|hi⟩ (for i = 1, 2, . . . , ν).

The fact that the ν+1 cocycles labelling the rows and columns are necessarily linearly

dependent (since the basis is ν-dimensional) and that each entry of M is a bilinear, im-

plies that the determinant of this matrix vanishes. Using the well-known identity for the

determinant of a block matrix, we find:

detM = detC

(
⟨ϕ|ψ⟩ −AᵀC−1B

)
= 0. (2.12)

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration

domains C that give the same result for the integral (2.1), called twisted cycles |C]ω, though we do not make

use of this fact in the current manuscript.
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In addition, detC cannot be zero (by definition), since it is formed from bilinears between

two bases. Therefore we conclude that:

⟨ϕ|ψ⟩ = AᵀC−1B

=
ν∑

i,j=1

⟨ϕ|hj⟩ (C−1)ji ⟨ei|ψ⟩. (2.13)

Given the arbitrariness of |ψ⟩, we obtain the master decomposition formula

⟨ϕ| =
ν∑

i,j=1

⟨ϕ|hj⟩
(
C−1

)
ji
⟨ei|, (2.14)

which provides an explicit way of projecting ⟨ϕ| onto a basis of ⟨ei|. Following [1], in this

paper we use (2.14) to perform the decomposition of Feynman integrals in terms of master

integrals, on the maximal cut. For example, by contracting both sides with the twisted

cycle |C] (which boils down to multiplying by u and integrating over C), we have a linear

identity between integrals:

∫

C
uϕ =

ν∑

i,j=1

⟨ϕ|hj⟩
(
C−1

)
ji

∫

C
u ei. (2.15)

Similarly, the same idea can be used to derive linear system of differential equations

satisfied by the basis integrals ⟨ei|C] in some external variable x. It is enough to notice

that

∂x ⟨ei|C] = ∂x

∫

C
u ei =

∫

C
u (∂x + σ∧)ei = ⟨(∂x + σ∧)ei|C], (2.16)

where σ ≡ ∂x log(u). Let us remark that even if C depends on x, the differential operator ∂x
commutes with the integral sign, due to the vanishing of u on the boundary of C. Therefore,
the problem reduces to projecting ⟨(∂x + σ∧)ei| on the right-hand side back onto a basis

using (2.14).

One should think of ⟨ei| and |hj⟩ as parameterizing a vector space of inequivalent

integrands of a hypergeometric function. In this sense C provides a metric on this space.

Naturally, the prescription (2.14) is only useful if computing invariants of the type ⟨ϕL|ϕR⟩
is efficient. We argue that this is the case. It turns out that the dual space of twisted

cocycles has a straightforward interpretation as the equivalence classes:

|ϕ⟩ω : ϕ ∼ ϕ+∇−ωξ, (2.17)

where the only difference to (2.7) is the use of the connection ∇−ω ≡ d − ω∧ instead of

∇ω. The resulting bilinear:

⟨ϕL|ϕR⟩ω (2.18)

is called the intersection number of ⟨ϕL| and |ϕR⟩. This term is conventionally used in the

literature on hypergeometric functions, but it does not mean that ⟨ϕL|ϕR⟩ω is an integer.

In general, it can be a rational function of external parameters. The characteristic property
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remarkable observation is that we can pair up h'| and |C] to obtain the integral from (2.1),
which we denote by

h'|C] ⌘
Z

C
u'. (2.8)

This integral representation, as a bilinear in h'| and |C], is suitable for establishing linear
relations between hypergeometric functions. In fact, let us assume that the number of
linearly-independent twisted cocycles is ⌫, and indicate an arbitrary basis of forms,

he1|, he2|, · · · , he⌫ |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say h'|, as a
linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hii for i = 1, 2, . . . , ⌫,
and consider the matrix C, whose entries are the pairing hei|hji,

Cij = hei|hji for i, j = 1, 2, . . . , ⌫ . (2.10)

This pairing is called the intersection number of hei| and |hji. We then construct the
(⌫+1)⇥ (⌫+1) matrix M, defined as,

M =

0

BBBBBB@

h'| i h'|h1i h'|h2i . . . h'|h⌫i
he1| i he1|h1i he1|h2i . . . he1|h⌫i
he2| i he2|h1i he2|h2i . . . he2|h⌫i

...
...

... . . . ...
he⌫ | i he⌫ |h1i he⌫ |h2i . . . he⌫ |h⌫i

1

CCCCCCA
⌘
 
h'| i A|

B C

!
. (2.11)

The columns of the matrix M are labelled by | i, |h1i, |h2i, . . . , |h⌫i for an arbitrary | i,
while the rows are labelled by h'|, he1|, he2|, . . . , he⌫ |. Each entry is given by a pairing
(bilinear) of the corresponding row and column. In the second equality, we expose the
structure of M as a ⌫⇥⌫ submatrix C, a column vector B and a row vector A|, respectively
with elements Bi = hei| i and Ai = h'|hii (for i = 1, 2, . . . , ⌫).

The fact that the ⌫+1 cocycles labelling the rows and columns are necessarily linearly
dependent (since the basis is ⌫-dimensional) and that each entry of M is a bilinear, implies
that the determinant of this matrix vanishes. Using the well-known identity for the
determinant of a block matrix, we find:

detM = detC

✓
h'| i �A|C�1B

◆
= 0. (2.12)

In addition, detC cannot be zero (by definition), since it is formed from bilinears between
two bases. Therefore we conclude that:

h'| i = A|C�1B

=
⌫X

i,j=1

h'|hji (C�1)ji hei| i. (2.13)
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linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hii for i = 1, 2, . . . , ⌫,
and consider the matrix C, whose entries are the pairing hei|hji,

Cij = hei|hji for i, j = 1, 2, . . . , ⌫ . (2.10)

This pairing is called the intersection number of hei| and |hji. We then construct the
(⌫+1)⇥ (⌫+1) matrix M, defined as,

M =

0

BBBBBB@

h'| i h'|h1i h'|h2i . . . h'|h⌫i
he1| i he1|h1i he1|h2i . . . he1|h⌫i
he2| i he2|h1i he2|h2i . . . he2|h⌫i

...
...

... . . . ...
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CCCCCCA
⌘
 
h'| i A|

B C

!
. (2.11)

The columns of the matrix M are labelled by | i, |h1i, |h2i, . . . , |h⌫i for an arbitrary | i,
while the rows are labelled by h'|, he1|, he2|, . . . , he⌫ |. Each entry is given by a pairing
(bilinear) of the corresponding row and column. In the second equality, we expose the
structure of M as a ⌫⇥⌫ submatrix C, a column vector B and a row vector A|, respectively
with elements Bi = hei| i and Ai = h'|hii (for i = 1, 2, . . . , ⌫).

The fact that the ⌫+1 cocycles labelling the rows and columns are necessarily linearly
dependent (since the basis is ⌫-dimensional) and that each entry of M is a bilinear, implies
that the determinant of this matrix vanishes. Using the well-known identity for the
determinant of a block matrix, we find:

detM = detC

✓
h'| i �A|C�1B

◆
= 0. (2.12)

In addition, detC cannot be zero (by definition), since it is formed from bilinears between
two bases. Therefore we conclude that:

h'| i = A|C�1B

=
⌫X

i,j=1

h'|hji (C�1)ji hei| i. (2.13)
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the class (2.7) as twisted cocycle, as well as drop the subscript ω when it is clear from

the context.1 A remarkable observation is that we can pair up ⟨ϕ| and |C] to obtain the

integral from (2.1), which we denote by

⟨ϕ|C] ≡
∫

C
uϕ. (2.8)

This integral representation, as a bilinear in ⟨ϕ| and |C], is suitable for establishing linear

relations between hypergeometric functions. In fact, let us assume that the number of

linearly-independent twisted cocycles is ν, and indicate an arbitrary basis of forms,

⟨e1|, ⟨e2|, · · · , ⟨eν |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say ⟨ϕ|, as
a linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hi⟩ for i = 1, 2, . . . , ν,

and consider the matrix C, whose entries are the pairing ⟨ei|hj⟩,

Cij = ⟨ei|hj⟩ for i, j = 1, 2, . . . , ν . (2.10)

This pairing is called the intersection number of ⟨ei| and |hj⟩. We then construct the

(ν+1)× (ν+1) matrix M, defined as,

M =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

⟨ϕ|ψ⟩ ⟨ϕ|h1⟩ ⟨ϕ|h2⟩ . . . ⟨ϕ|hν⟩
⟨e1|ψ⟩ ⟨e1|h1⟩ ⟨e1|h2⟩ . . . ⟨e1|hν⟩
⟨e2|ψ⟩ ⟨e2|h1⟩ ⟨e2|h2⟩ . . . ⟨e2|hν⟩

...
...

...
. . .

...

⟨eν |ψ⟩ ⟨eν |h1⟩ ⟨eν |h2⟩ . . . ⟨eν |hν⟩

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

≡
(
⟨ϕ|ψ⟩ Aᵀ

B C

)
. (2.11)

The columns of the matrix M are labelled by |ψ⟩, |h1⟩, |h2⟩, . . . , |hν⟩ for an arbitrary |ψ⟩,
while the rows are labelled by ⟨ϕ|, ⟨e1|, ⟨e2|, . . . , ⟨eν |. Each entry is given by a pairing

(bilinear) of the corresponding row and column. In the second equality, we expose the

structure of M as a ν×ν submatrix C, a column vector B and a row vector Aᵀ, respectively
with elements Bi = ⟨ei|ψ⟩ and Ai = ⟨ϕ|hi⟩ (for i = 1, 2, . . . , ν).

The fact that the ν+1 cocycles labelling the rows and columns are necessarily linearly

dependent (since the basis is ν-dimensional) and that each entry of M is a bilinear, im-

plies that the determinant of this matrix vanishes. Using the well-known identity for the

determinant of a block matrix, we find:

detM = detC

(
⟨ϕ|ψ⟩ −AᵀC−1B

)
= 0. (2.12)

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration

domains C that give the same result for the integral (2.1), called twisted cycles |C]ω, though we do not make

use of this fact in the current manuscript.
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uϕ. (2.8)
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linearly-independent twisted cocycles is ν, and indicate an arbitrary basis of forms,

⟨e1|, ⟨e2|, · · · , ⟨eν |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say ⟨ϕ|, as
a linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hi⟩ for i = 1, 2, . . . , ν,

and consider the matrix C, whose entries are the pairing ⟨ei|hj⟩,

Cij = ⟨ei|hj⟩ for i, j = 1, 2, . . . , ν . (2.10)

This pairing is called the intersection number of ⟨ei| and |hj⟩. We then construct the
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while the rows are labelled by ⟨ϕ|, ⟨e1|, ⟨e2|, . . . , ⟨eν |. Each entry is given by a pairing

(bilinear) of the corresponding row and column. In the second equality, we expose the

structure of M as a ν×ν submatrix C, a column vector B and a row vector Aᵀ, respectively
with elements Bi = ⟨ei|ψ⟩ and Ai = ⟨ϕ|hi⟩ (for i = 1, 2, . . . , ν).

The fact that the ν+1 cocycles labelling the rows and columns are necessarily linearly

dependent (since the basis is ν-dimensional) and that each entry of M is a bilinear, im-

plies that the determinant of this matrix vanishes. Using the well-known identity for the

determinant of a block matrix, we find:

detM = detC

(
⟨ϕ|ψ⟩ −AᵀC−1B

)
= 0. (2.12)

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration

domains C that give the same result for the integral (2.1), called twisted cycles |C]ω, though we do not make

use of this fact in the current manuscript.
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In addition, detC cannot be zero (by definition), since it is formed from bilinears between

two bases. Therefore we conclude that:

⟨ϕ|ψ⟩ = AᵀC−1B

=
ν∑

i,j=1

⟨ϕ|hj⟩ (C−1)ji ⟨ei|ψ⟩. (2.13)

Given the arbitrariness of |ψ⟩, we obtain the master decomposition formula

⟨ϕ| =
ν∑

i,j=1

⟨ϕ|hj⟩
(
C−1

)
ji
⟨ei|, (2.14)

which provides an explicit way of projecting ⟨ϕ| onto a basis of ⟨ei|. Following [1], in this

paper we use (2.14) to perform the decomposition of Feynman integrals in terms of master

integrals, on the maximal cut. For example, by contracting both sides with the twisted

cycle |C] (which boils down to multiplying by u and integrating over C), we have a linear

identity between integrals:

∫

C
uϕ =

ν∑

i,j=1

⟨ϕ|hj⟩
(
C−1

)
ji

∫

C
u ei. (2.15)

Similarly, the same idea can be used to derive linear system of differential equations

satisfied by the basis integrals ⟨ei|C] in some external variable x. It is enough to notice

that

∂x ⟨ei|C] = ∂x

∫

C
u ei =

∫

C
u (∂x + σ∧)ei = ⟨(∂x + σ∧)ei|C], (2.16)

where σ ≡ ∂x log(u). Let us remark that even if C depends on x, the differential operator ∂x
commutes with the integral sign, due to the vanishing of u on the boundary of C. Therefore,
the problem reduces to projecting ⟨(∂x + σ∧)ei| on the right-hand side back onto a basis

using (2.14).

One should think of ⟨ei| and |hj⟩ as parameterizing a vector space of inequivalent

integrands of a hypergeometric function. In this sense C provides a metric on this space.

Naturally, the prescription (2.14) is only useful if computing invariants of the type ⟨ϕL|ϕR⟩
is efficient. We argue that this is the case. It turns out that the dual space of twisted

cocycles has a straightforward interpretation as the equivalence classes:

|ϕ⟩ω : ϕ ∼ ϕ+∇−ωξ, (2.17)

where the only difference to (2.7) is the use of the connection ∇−ω ≡ d − ω∧ instead of

∇ω. The resulting bilinear:

⟨ϕL|ϕR⟩ω (2.18)

is called the intersection number of ⟨ϕL| and |ϕR⟩. This term is conventionally used in the

literature on hypergeometric functions, but it does not mean that ⟨ϕL|ϕR⟩ω is an integer.

In general, it can be a rational function of external parameters. The characteristic property
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remarkable observation is that we can pair up h'| and |C] to obtain the integral from (2.1),
which we denote by

h'|C] ⌘
Z

C
u'. (2.8)

This integral representation, as a bilinear in h'| and |C], is suitable for establishing linear
relations between hypergeometric functions. In fact, let us assume that the number of
linearly-independent twisted cocycles is ⌫, and indicate an arbitrary basis of forms,

he1|, he2|, · · · , he⌫ |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say h'|, as a
linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hii for i = 1, 2, . . . , ⌫,
and consider the matrix C, whose entries are the pairing hei|hji,

Cij = hei|hji for i, j = 1, 2, . . . , ⌫ . (2.10)

This pairing is called the intersection number of hei| and |hji. We then construct the
(⌫+1)⇥ (⌫+1) matrix M, defined as,

M =

0

BBBBBB@

h'| i h'|h1i h'|h2i . . . h'|h⌫i
he1| i he1|h1i he1|h2i . . . he1|h⌫i
he2| i he2|h1i he2|h2i . . . he2|h⌫i

...
...

... . . . ...
he⌫ | i he⌫ |h1i he⌫ |h2i . . . he⌫ |h⌫i

1

CCCCCCA
⌘
 
h'| i A|

B C

!
. (2.11)

The columns of the matrix M are labelled by | i, |h1i, |h2i, . . . , |h⌫i for an arbitrary | i,
while the rows are labelled by h'|, he1|, he2|, . . . , he⌫ |. Each entry is given by a pairing
(bilinear) of the corresponding row and column. In the second equality, we expose the
structure of M as a ⌫⇥⌫ submatrix C, a column vector B and a row vector A|, respectively
with elements Bi = hei| i and Ai = h'|hii (for i = 1, 2, . . . , ⌫).

The fact that the ⌫+1 cocycles labelling the rows and columns are necessarily linearly
dependent (since the basis is ⌫-dimensional) and that each entry of M is a bilinear, implies
that the determinant of this matrix vanishes. Using the well-known identity for the
determinant of a block matrix, we find:

detM = detC

✓
h'| i �A|C�1B

◆
= 0. (2.12)

In addition, detC cannot be zero (by definition), since it is formed from bilinears between
two bases. Therefore we conclude that:

h'| i = A|C�1B

=
⌫X

i,j=1

h'|hji (C�1)ji hei| i. (2.13)
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remarkable observation is that we can pair up h'| and |C] to obtain the integral from (2.1),
which we denote by

h'|C] ⌘
Z

C
u'. (2.8)

This integral representation, as a bilinear in h'| and |C], is suitable for establishing linear
relations between hypergeometric functions. In fact, let us assume that the number of
linearly-independent twisted cocycles is ⌫, and indicate an arbitrary basis of forms,

he1|, he2|, · · · , he⌫ |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say h'|, as a
linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hii for i = 1, 2, . . . , ⌫,
and consider the matrix C, whose entries are the pairing hei|hji,

Cij = hei|hji for i, j = 1, 2, . . . , ⌫ . (2.10)

This pairing is called the intersection number of hei| and |hji. We then construct the
(⌫+1)⇥ (⌫+1) matrix M, defined as,

M =

0

BBBBBB@

h'| i h'|h1i h'|h2i . . . h'|h⌫i
he1| i he1|h1i he1|h2i . . . he1|h⌫i
he2| i he2|h1i he2|h2i . . . he2|h⌫i

...
...

... . . . ...
he⌫ | i he⌫ |h1i he⌫ |h2i . . . he⌫ |h⌫i

1

CCCCCCA
⌘
 
h'| i A|

B C

!
. (2.11)

The columns of the matrix M are labelled by | i, |h1i, |h2i, . . . , |h⌫i for an arbitrary | i,
while the rows are labelled by h'|, he1|, he2|, . . . , he⌫ |. Each entry is given by a pairing
(bilinear) of the corresponding row and column. In the second equality, we expose the
structure of M as a ⌫⇥⌫ submatrix C, a column vector B and a row vector A|, respectively
with elements Bi = hei| i and Ai = h'|hii (for i = 1, 2, . . . , ⌫).

The fact that the ⌫+1 cocycles labelling the rows and columns are necessarily linearly
dependent (since the basis is ⌫-dimensional) and that each entry of M is a bilinear, implies
that the determinant of this matrix vanishes. Using the well-known identity for the
determinant of a block matrix, we find:

detM = detC

✓
h'| i �A|C�1B

◆
= 0. (2.12)

In addition, detC cannot be zero (by definition), since it is formed from bilinears between
two bases. Therefore we conclude that:

h'| i = A|C�1B

=
⌫X

i,j=1

h'|hji (C�1)ji hei| i. (2.13)
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relations between hypergeometric functions. In fact, let us assume that the number of
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the class (2.7) as twisted cocycle, as well as drop the subscript ω when it is clear from

the context.1 A remarkable observation is that we can pair up ⟨ϕ| and |C] to obtain the

integral from (2.1), which we denote by

⟨ϕ|C] ≡
∫

C
uϕ. (2.8)

This integral representation, as a bilinear in ⟨ϕ| and |C], is suitable for establishing linear

relations between hypergeometric functions. In fact, let us assume that the number of

linearly-independent twisted cocycles is ν, and indicate an arbitrary basis of forms,

⟨e1|, ⟨e2|, · · · , ⟨eν |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say ⟨ϕ|, as
a linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hi⟩ for i = 1, 2, . . . , ν,

and consider the matrix C, whose entries are the pairing ⟨ei|hj⟩,

Cij = ⟨ei|hj⟩ for i, j = 1, 2, . . . , ν . (2.10)

This pairing is called the intersection number of ⟨ei| and |hj⟩. We then construct the

(ν+1)× (ν+1) matrix M, defined as,

M =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

⟨ϕ|ψ⟩ ⟨ϕ|h1⟩ ⟨ϕ|h2⟩ . . . ⟨ϕ|hν⟩
⟨e1|ψ⟩ ⟨e1|h1⟩ ⟨e1|h2⟩ . . . ⟨e1|hν⟩
⟨e2|ψ⟩ ⟨e2|h1⟩ ⟨e2|h2⟩ . . . ⟨e2|hν⟩

...
...

...
. . .

...

⟨eν |ψ⟩ ⟨eν |h1⟩ ⟨eν |h2⟩ . . . ⟨eν |hν⟩

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

≡
(
⟨ϕ|ψ⟩ Aᵀ

B C

)
. (2.11)

The columns of the matrix M are labelled by |ψ⟩, |h1⟩, |h2⟩, . . . , |hν⟩ for an arbitrary |ψ⟩,
while the rows are labelled by ⟨ϕ|, ⟨e1|, ⟨e2|, . . . , ⟨eν |. Each entry is given by a pairing

(bilinear) of the corresponding row and column. In the second equality, we expose the

structure of M as a ν×ν submatrix C, a column vector B and a row vector Aᵀ, respectively
with elements Bi = ⟨ei|ψ⟩ and Ai = ⟨ϕ|hi⟩ (for i = 1, 2, . . . , ν).

The fact that the ν+1 cocycles labelling the rows and columns are necessarily linearly

dependent (since the basis is ν-dimensional) and that each entry of M is a bilinear, im-

plies that the determinant of this matrix vanishes. Using the well-known identity for the

determinant of a block matrix, we find:

detM = detC

(
⟨ϕ|ψ⟩ −AᵀC−1B

)
= 0. (2.12)

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration

domains C that give the same result for the integral (2.1), called twisted cycles |C]ω, though we do not make

use of this fact in the current manuscript.
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while the rows are labelled by ⟨ϕ|, ⟨e1|, ⟨e2|, . . . , ⟨eν |. Each entry is given by a pairing

(bilinear) of the corresponding row and column. In the second equality, we expose the

structure of M as a ν×ν submatrix C, a column vector B and a row vector Aᵀ, respectively
with elements Bi = ⟨ei|ψ⟩ and Ai = ⟨ϕ|hi⟩ (for i = 1, 2, . . . , ν).

The fact that the ν+1 cocycles labelling the rows and columns are necessarily linearly

dependent (since the basis is ν-dimensional) and that each entry of M is a bilinear, im-

plies that the determinant of this matrix vanishes. Using the well-known identity for the

determinant of a block matrix, we find:

detM = detC

(
⟨ϕ|ψ⟩ −AᵀC−1B

)
= 0. (2.12)

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration

domains C that give the same result for the integral (2.1), called twisted cycles |C]ω, though we do not make

use of this fact in the current manuscript.
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the class (2.7) as twisted cocycle, as well as drop the subscript ω when it is clear from

the context.1 A remarkable observation is that we can pair up ⟨ϕ| and |C] to obtain the

integral from (2.1), which we denote by

⟨ϕ|C] ≡
∫

C
uϕ. (2.8)

This integral representation, as a bilinear in ⟨ϕ| and |C], is suitable for establishing linear

relations between hypergeometric functions. In fact, let us assume that the number of

linearly-independent twisted cocycles is ν, and indicate an arbitrary basis of forms,

⟨e1|, ⟨e2|, · · · , ⟨eν |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say ⟨ϕ|, as
a linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hi⟩ for i = 1, 2, . . . , ν,

and consider the matrix C, whose entries are the pairing ⟨ei|hj⟩,

Cij = ⟨ei|hj⟩ for i, j = 1, 2, . . . , ν . (2.10)

This pairing is called the intersection number of ⟨ei| and |hj⟩. We then construct the

(ν+1)× (ν+1) matrix M, defined as,

M =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

⟨ϕ|ψ⟩ ⟨ϕ|h1⟩ ⟨ϕ|h2⟩ . . . ⟨ϕ|hν⟩
⟨e1|ψ⟩ ⟨e1|h1⟩ ⟨e1|h2⟩ . . . ⟨e1|hν⟩
⟨e2|ψ⟩ ⟨e2|h1⟩ ⟨e2|h2⟩ . . . ⟨e2|hν⟩

...
...

...
. . .

...

⟨eν |ψ⟩ ⟨eν |h1⟩ ⟨eν |h2⟩ . . . ⟨eν |hν⟩

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

≡
(
⟨ϕ|ψ⟩ Aᵀ

B C

)
. (2.11)

The columns of the matrix M are labelled by |ψ⟩, |h1⟩, |h2⟩, . . . , |hν⟩ for an arbitrary |ψ⟩,
while the rows are labelled by ⟨ϕ|, ⟨e1|, ⟨e2|, . . . , ⟨eν |. Each entry is given by a pairing

(bilinear) of the corresponding row and column. In the second equality, we expose the

structure of M as a ν×ν submatrix C, a column vector B and a row vector Aᵀ, respectively
with elements Bi = ⟨ei|ψ⟩ and Ai = ⟨ϕ|hi⟩ (for i = 1, 2, . . . , ν).

The fact that the ν+1 cocycles labelling the rows and columns are necessarily linearly

dependent (since the basis is ν-dimensional) and that each entry of M is a bilinear, im-

plies that the determinant of this matrix vanishes. Using the well-known identity for the

determinant of a block matrix, we find:

detM = detC

(
⟨ϕ|ψ⟩ −AᵀC−1B

)
= 0. (2.12)

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration

domains C that give the same result for the integral (2.1), called twisted cycles |C]ω, though we do not make

use of this fact in the current manuscript.
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the class (2.7) as twisted cocycle, as well as drop the subscript ω when it is clear from

the context.1 A remarkable observation is that we can pair up ⟨ϕ| and |C] to obtain the

integral from (2.1), which we denote by

⟨ϕ|C] ≡
∫

C
uϕ. (2.8)

This integral representation, as a bilinear in ⟨ϕ| and |C], is suitable for establishing linear

relations between hypergeometric functions. In fact, let us assume that the number of

linearly-independent twisted cocycles is ν, and indicate an arbitrary basis of forms,

⟨e1|, ⟨e2|, · · · , ⟨eν |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say ⟨ϕ|, as
a linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hi⟩ for i = 1, 2, . . . , ν,

and consider the matrix C, whose entries are the pairing ⟨ei|hj⟩,

Cij = ⟨ei|hj⟩ for i, j = 1, 2, . . . , ν . (2.10)

This pairing is called the intersection number of ⟨ei| and |hj⟩. We then construct the

(ν+1)× (ν+1) matrix M, defined as,

M =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

⟨ϕ|ψ⟩ ⟨ϕ|h1⟩ ⟨ϕ|h2⟩ . . . ⟨ϕ|hν⟩
⟨e1|ψ⟩ ⟨e1|h1⟩ ⟨e1|h2⟩ . . . ⟨e1|hν⟩
⟨e2|ψ⟩ ⟨e2|h1⟩ ⟨e2|h2⟩ . . . ⟨e2|hν⟩

...
...

...
. . .

...

⟨eν |ψ⟩ ⟨eν |h1⟩ ⟨eν |h2⟩ . . . ⟨eν |hν⟩

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

≡
(
⟨ϕ|ψ⟩ Aᵀ

B C

)
. (2.11)

The columns of the matrix M are labelled by |ψ⟩, |h1⟩, |h2⟩, . . . , |hν⟩ for an arbitrary |ψ⟩,
while the rows are labelled by ⟨ϕ|, ⟨e1|, ⟨e2|, . . . , ⟨eν |. Each entry is given by a pairing

(bilinear) of the corresponding row and column. In the second equality, we expose the

structure of M as a ν×ν submatrix C, a column vector B and a row vector Aᵀ, respectively
with elements Bi = ⟨ei|ψ⟩ and Ai = ⟨ϕ|hi⟩ (for i = 1, 2, . . . , ν).

The fact that the ν+1 cocycles labelling the rows and columns are necessarily linearly

dependent (since the basis is ν-dimensional) and that each entry of M is a bilinear, im-

plies that the determinant of this matrix vanishes. Using the well-known identity for the

determinant of a block matrix, we find:

detM = detC

(
⟨ϕ|ψ⟩ −AᵀC−1B

)
= 0. (2.12)

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration

domains C that give the same result for the integral (2.1), called twisted cycles |C]ω, though we do not make

use of this fact in the current manuscript.
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the class (2.7) as twisted cocycle, as well as drop the subscript ω when it is clear from

the context.1 A remarkable observation is that we can pair up ⟨ϕ| and |C] to obtain the

integral from (2.1), which we denote by

⟨ϕ|C] ≡
∫

C
uϕ. (2.8)

This integral representation, as a bilinear in ⟨ϕ| and |C], is suitable for establishing linear

relations between hypergeometric functions. In fact, let us assume that the number of

linearly-independent twisted cocycles is ν, and indicate an arbitrary basis of forms,

⟨e1|, ⟨e2|, · · · , ⟨eν |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say ⟨ϕ|, as
a linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hi⟩ for i = 1, 2, . . . , ν,

and consider the matrix C, whose entries are the pairing ⟨ei|hj⟩,

Cij = ⟨ei|hj⟩ for i, j = 1, 2, . . . , ν . (2.10)

This pairing is called the intersection number of ⟨ei| and |hj⟩. We then construct the

(ν+1)× (ν+1) matrix M, defined as,

M =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

⟨ϕ|ψ⟩ ⟨ϕ|h1⟩ ⟨ϕ|h2⟩ . . . ⟨ϕ|hν⟩
⟨e1|ψ⟩ ⟨e1|h1⟩ ⟨e1|h2⟩ . . . ⟨e1|hν⟩
⟨e2|ψ⟩ ⟨e2|h1⟩ ⟨e2|h2⟩ . . . ⟨e2|hν⟩

...
...

...
. . .

...

⟨eν |ψ⟩ ⟨eν |h1⟩ ⟨eν |h2⟩ . . . ⟨eν |hν⟩

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

≡
(
⟨ϕ|ψ⟩ Aᵀ

B C

)
. (2.11)

The columns of the matrix M are labelled by |ψ⟩, |h1⟩, |h2⟩, . . . , |hν⟩ for an arbitrary |ψ⟩,
while the rows are labelled by ⟨ϕ|, ⟨e1|, ⟨e2|, . . . , ⟨eν |. Each entry is given by a pairing

(bilinear) of the corresponding row and column. In the second equality, we expose the

structure of M as a ν×ν submatrix C, a column vector B and a row vector Aᵀ, respectively
with elements Bi = ⟨ei|ψ⟩ and Ai = ⟨ϕ|hi⟩ (for i = 1, 2, . . . , ν).

The fact that the ν+1 cocycles labelling the rows and columns are necessarily linearly

dependent (since the basis is ν-dimensional) and that each entry of M is a bilinear, im-

plies that the determinant of this matrix vanishes. Using the well-known identity for the

determinant of a block matrix, we find:

detM = detC

(
⟨ϕ|ψ⟩ −AᵀC−1B

)
= 0. (2.12)

1For completeness, let us mention that, similarly, there are equivalence (homology) classes of integration

domains C that give the same result for the integral (2.1), called twisted cycles |C]ω, though we do not make

use of this fact in the current manuscript.
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In addition, detC cannot be zero (by definition), since it is formed from bilinears between

two bases. Therefore we conclude that:

⟨ϕ|ψ⟩ = AᵀC−1B

=
ν∑

i,j=1

⟨ϕ|hj⟩ (C−1)ji ⟨ei|ψ⟩. (2.13)

Given the arbitrariness of |ψ⟩, we obtain the master decomposition formula

⟨ϕ| =
ν∑

i,j=1

⟨ϕ|hj⟩
(
C−1

)
ji
⟨ei|, (2.14)

which provides an explicit way of projecting ⟨ϕ| onto a basis of ⟨ei|. Following [1], in this

paper we use (2.14) to perform the decomposition of Feynman integrals in terms of master

integrals, on the maximal cut. For example, by contracting both sides with the twisted

cycle |C] (which boils down to multiplying by u and integrating over C), we have a linear

identity between integrals:

∫

C
uϕ =

ν∑

i,j=1

⟨ϕ|hj⟩
(
C−1

)
ji

∫

C
u ei. (2.15)

Similarly, the same idea can be used to derive linear system of differential equations

satisfied by the basis integrals ⟨ei|C] in some external variable x. It is enough to notice

that

∂x ⟨ei|C] = ∂x

∫

C
u ei =

∫

C
u (∂x + σ∧)ei = ⟨(∂x + σ∧)ei|C], (2.16)

where σ ≡ ∂x log(u). Let us remark that even if C depends on x, the differential operator ∂x
commutes with the integral sign, due to the vanishing of u on the boundary of C. Therefore,
the problem reduces to projecting ⟨(∂x + σ∧)ei| on the right-hand side back onto a basis

using (2.14).

One should think of ⟨ei| and |hj⟩ as parameterizing a vector space of inequivalent

integrands of a hypergeometric function. In this sense C provides a metric on this space.

Naturally, the prescription (2.14) is only useful if computing invariants of the type ⟨ϕL|ϕR⟩
is efficient. We argue that this is the case. It turns out that the dual space of twisted

cocycles has a straightforward interpretation as the equivalence classes:

|ϕ⟩ω : ϕ ∼ ϕ+∇−ωξ, (2.17)

where the only difference to (2.7) is the use of the connection ∇−ω ≡ d − ω∧ instead of

∇ω. The resulting bilinear:

⟨ϕL|ϕR⟩ω (2.18)

is called the intersection number of ⟨ϕL| and |ϕR⟩. This term is conventionally used in the

literature on hypergeometric functions, but it does not mean that ⟨ϕL|ϕR⟩ω is an integer.

In general, it can be a rational function of external parameters. The characteristic property
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@� (4.191)

= c1 + c2 + c3 (4.192)

c1 = c2 = c3 = (4.193)

=

⇣
P!.H

�1
.P�!

⌘

LR

(4.194)

=

⇣
P�!.C

�1
.P!

⌘

LR

(4.195)

C = (4.196)

(c1, c2, c3) = (4.197)

Ih =

X

i

|�i] [�i| , Ic =
X

i

|eii hei| (4.198)

detC 6= 0 ) (4.199)
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remarkable observation is that we can pair up h'| and |C] to obtain the integral from (2.1),
which we denote by

h'|C] ⌘
Z

C
u'. (2.8)

This integral representation, as a bilinear in h'| and |C], is suitable for establishing linear
relations between hypergeometric functions. In fact, let us assume that the number of
linearly-independent twisted cocycles is ⌫, and indicate an arbitrary basis of forms,

he1|, he2|, · · · , he⌫ |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say h'|, as a
linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hii for i = 1, 2, . . . , ⌫,
and consider the matrix C, whose entries are the pairing hei|hji,

Cij = hei|hji for i, j = 1, 2, . . . , ⌫ . (2.10)

This pairing is called the intersection number of hei| and |hji. We then construct the
(⌫+1)⇥ (⌫+1) matrix M, defined as,

M =

0

BBBBBB@

h'| i h'|h1i h'|h2i . . . h'|h⌫i
he1| i he1|h1i he1|h2i . . . he1|h⌫i
he2| i he2|h1i he2|h2i . . . he2|h⌫i

...
...

... . . . ...
he⌫ | i he⌫ |h1i he⌫ |h2i . . . he⌫ |h⌫i

1

CCCCCCA
⌘
 
h'| i A|

B C

!
. (2.11)

The columns of the matrix M are labelled by | i, |h1i, |h2i, . . . , |h⌫i for an arbitrary | i,
while the rows are labelled by h'|, he1|, he2|, . . . , he⌫ |. Each entry is given by a pairing
(bilinear) of the corresponding row and column. In the second equality, we expose the
structure of M as a ⌫⇥⌫ submatrix C, a column vector B and a row vector A|, respectively
with elements Bi = hei| i and Ai = h'|hii (for i = 1, 2, . . . , ⌫).

The fact that the ⌫+1 cocycles labelling the rows and columns are necessarily linearly
dependent (since the basis is ⌫-dimensional) and that each entry of M is a bilinear, implies
that the determinant of this matrix vanishes. Using the well-known identity for the
determinant of a block matrix, we find:

detM = detC

✓
h'| i �A|C�1B

◆
= 0. (2.12)

In addition, detC cannot be zero (by definition), since it is formed from bilinears between
two bases. Therefore we conclude that:

h'| i = A|C�1B

=
⌫X

i,j=1

h'|hji (C�1)ji hei| i. (2.13)
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In addition, detC cannot be zero (by definition), since it is formed from bilinears between

two bases. Therefore we conclude that:

⟨ϕ|ψ⟩ = AᵀC−1B

=
ν∑

i,j=1

⟨ϕ|hj⟩ (C−1)ji ⟨ei|ψ⟩. (2.13)

Given the arbitrariness of |ψ⟩, we obtain the master decomposition formula

⟨ϕ| =
ν∑

i,j=1

⟨ϕ|hj⟩
(
C−1

)
ji
⟨ei|, (2.14)

which provides an explicit way of projecting ⟨ϕ| onto a basis of ⟨ei|. Following [1], in this

paper we use (2.14) to perform the decomposition of Feynman integrals in terms of master

integrals, on the maximal cut. For example, by contracting both sides with the twisted

cycle |C] (which boils down to multiplying by u and integrating over C), we have a linear

identity between integrals:

∫

C
uϕ =

ν∑

i,j=1

⟨ϕ|hj⟩
(
C−1

)
ji

∫

C
u ei. (2.15)

Similarly, the same idea can be used to derive linear system of differential equations

satisfied by the basis integrals ⟨ei|C] in some external variable x. It is enough to notice

that

∂x ⟨ei|C] = ∂x

∫

C
u ei =

∫

C
u (∂x + σ∧)ei = ⟨(∂x + σ∧)ei|C], (2.16)

where σ ≡ ∂x log(u). Let us remark that even if C depends on x, the differential operator ∂x
commutes with the integral sign, due to the vanishing of u on the boundary of C. Therefore,
the problem reduces to projecting ⟨(∂x + σ∧)ei| on the right-hand side back onto a basis

using (2.14).

One should think of ⟨ei| and |hj⟩ as parameterizing a vector space of inequivalent

integrands of a hypergeometric function. In this sense C provides a metric on this space.

Naturally, the prescription (2.14) is only useful if computing invariants of the type ⟨ϕL|ϕR⟩
is efficient. We argue that this is the case. It turns out that the dual space of twisted

cocycles has a straightforward interpretation as the equivalence classes:

|ϕ⟩ω : ϕ ∼ ϕ+∇−ωξ, (2.17)

where the only difference to (2.7) is the use of the connection ∇−ω ≡ d − ω∧ instead of

∇ω. The resulting bilinear:

⟨ϕL|ϕR⟩ω (2.18)

is called the intersection number of ⟨ϕL| and |ϕR⟩. This term is conventionally used in the

literature on hypergeometric functions, but it does not mean that ⟨ϕL|ϕR⟩ω is an integer.

In general, it can be a rational function of external parameters. The characteristic property
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⌫ = number of independent master integrals

= is finite

= number of critical points of graph polynomials

= is related to Euler characteritics �E

= number of independent integration contours

= number of independent forms

= dimH
m
±!

h'| =
⌫X

i,j=1

h'|hji (C
�1)ji hei| (4.57)

⌫X

i,j=1

|hji (C
�1)ji hei| = Ic (4.58)

Cij ⌘ hei|hji (4.59)

ci =
⌫X

j=1

h'|hji (C
�1)ji (4.60)

⌫X

i,j=1

|Cj ] (H
�1)ji [Ci| = Ih (4.61)

Hji ⌘ [Ci|Cj ] (4.62)
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Identity Resolution

Forms

4.6 Intersection Theory

I =

Z

C
u(z) 'm(z) (4.35)

'm(z) = '̂(z)dmz d
mz = dz1 ^ . . . ^ dzm (4.36)

'm(z) is a di↵erential m-form

u(z) is a multivalued function (regulating all poles of 'm)

I =

Z

C
u(z)

| {z }
twisted
cycle

'm(z)| {z }
twisted
cocycle

(4.37)

There could exist many forms 'm that upon integration give the same result I

H
m

! (X) =
Ker(r! : 'm ! 'm+1)

Im(r! : 'm�1 ! 'm)
(4.38)

H
m

�!(X) =
Ker(r�! : 'm ! 'm+1)

Im(r�! : 'm�1 ! 'm)
(4.39)

There could exist many contours C that do not alter the the result of I

H
!

p (X) =
Ker(@ : Cp+1 ! Cp)

Im(@ : Cp ! Cp�1)
(4.40)

H
�!

p (X) =
Ker(@ : Cp+1 ! Cp)

Im(@ : Cp ! Cp�1)
(4.41)

dimH
m

±! = dimH
±!

m ⌘ ⌫ (4.42)

Consider the (m� 1)-di↵erential form 'm�1,

0 =

Z

C
d

⇣
u 'm�1

⌘
=

Z

C

⇣
u d'm�1 + du ^ 'm�1

⌘
=

Z

C
u

⇣
d+ ! ^

⌘
'm�1 =

Z

C
u r!'m�1
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Metric Matrix for Forms 

⌫ = number of independent master integrals

= is finite

= number of critical points of graph polynomials

= is related to Euler characteritics �E

= number of independent integration contours

= number of independent forms

= dimH
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�1)ji hei| (4.57)
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�1)ji hei| = Ic (4.58)

Cij ⌘ hei|hji (4.59)

ci =
⌫X

j=1

h'|hji (C
�1)ji (4.60)

⌫X

i,j=1

|CR,j ] (H
�1)ji [CL,i| = Ih (4.61)

Hji ⌘ [CL,i|CR,j ] (4.62)
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Cohomology Basis 

remarkable observation is that we can pair up h'| and |C] to obtain the integral from (2.1),
which we denote by

h'|C] ⌘
Z

C
u'. (2.8)

This integral representation, as a bilinear in h'| and |C], is suitable for establishing linear
relations between hypergeometric functions. In fact, let us assume that the number of
linearly-independent twisted cocycles is ⌫, and indicate an arbitrary basis of forms,

he1|, he2|, · · · , he⌫ |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say h'|, as a
linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hii for i = 1, 2, . . . , ⌫,
and consider the matrix C, whose entries are the pairing hei|hji,

Cij = hei|hji for i, j = 1, 2, . . . , ⌫ . (2.10)
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The columns of the matrix M are labelled by | i, |h1i, |h2i, . . . , |h⌫i for an arbitrary | i,
while the rows are labelled by h'|, he1|, he2|, . . . , he⌫ |. Each entry is given by a pairing
(bilinear) of the corresponding row and column. In the second equality, we expose the
structure of M as a ⌫⇥⌫ submatrix C, a column vector B and a row vector A|, respectively
with elements Bi = hei| i and Ai = h'|hii (for i = 1, 2, . . . , ⌫).

The fact that the ⌫+1 cocycles labelling the rows and columns are necessarily linearly
dependent (since the basis is ⌫-dimensional) and that each entry of M is a bilinear, implies
that the determinant of this matrix vanishes. Using the well-known identity for the
determinant of a block matrix, we find:

detM = detC

✓
h'| i �A|C�1B

◆
= 0. (2.12)

In addition, detC cannot be zero (by definition), since it is formed from bilinears between
two bases. Therefore we conclude that:

h'| i = A|C�1B

=
⌫X

i,j=1

h'|hji (C�1)ji hei| i. (2.13)
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Identity Resolution

Forms

Contours

4.6 Intersection Theory

I =

Z

C
u(z) 'm(z) (4.35)

'm(z) = '̂(z)dmz d
mz = dz1 ^ . . . ^ dzm (4.36)

'm(z) is a di↵erential m-form

u(z) is a multivalued function (regulating all poles of 'm)

I =

Z

C
u(z)

| {z }
twisted
cycle

'm(z)| {z }
twisted
cocycle

(4.37)

There could exist many forms 'm that upon integration give the same result I

H
m

! (X) =
Ker(r! : 'm ! 'm+1)

Im(r! : 'm�1 ! 'm)
(4.38)

H
m

�!(X) =
Ker(r�! : 'm ! 'm+1)

Im(r�! : 'm�1 ! 'm)
(4.39)

There could exist many contours C that do not alter the the result of I

H
!

p (X) =
Ker(@ : Cp+1 ! Cp)

Im(@ : Cp ! Cp�1)
(4.40)

H
�!

p (X) =
Ker(@ : Cp+1 ! Cp)

Im(@ : Cp ! Cp�1)
(4.41)

dimH
m

±! = dimH
±!

m ⌘ ⌫ (4.42)

Consider the (m� 1)-di↵erential form 'm�1,

0 =

Z

C
d

⇣
u 'm�1

⌘
=

Z

C

⇣
u d'm�1 + du ^ 'm�1

⌘
=

Z

C
u

⇣
d+ ! ^

⌘
'm�1 =

Z

C
u r!'m�1
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Metric Matrix for Forms 

Metric Matrix for Contours 

⌫ = number of independent master integrals

= is finite

= number of critical points of graph polynomials

= is related to Euler characteritics �E

= number of independent integration contours

= number of independent forms

= dimH
m
±!

h'| =
⌫X

i,j=1

h'|hji (C
�1)ji hei| (4.57)

⌫X

i,j=1

|hji (C
�1)ji hei| = Ic (4.58)

Cij ⌘ hei|hji (4.59)

ci =
⌫X

j=1

h'|hji (C
�1)ji (4.60)

⌫X

i,j=1

|CR,j ] (H
�1)ji [CL,i| = Ih (4.61)

Hji ⌘ [CL,i|CR,j ] (4.62)
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Cohomology Basis 

remarkable observation is that we can pair up h'| and |C] to obtain the integral from (2.1),
which we denote by

h'|C] ⌘
Z

C
u'. (2.8)

This integral representation, as a bilinear in h'| and |C], is suitable for establishing linear
relations between hypergeometric functions. In fact, let us assume that the number of
linearly-independent twisted cocycles is ⌫, and indicate an arbitrary basis of forms,

he1|, he2|, · · · , he⌫ |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say h'|, as a
linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hii for i = 1, 2, . . . , ⌫,
and consider the matrix C, whose entries are the pairing hei|hji,

Cij = hei|hji for i, j = 1, 2, . . . , ⌫ . (2.10)

This pairing is called the intersection number of hei| and |hji. We then construct the
(⌫+1)⇥ (⌫+1) matrix M, defined as,

M =

0

BBBBBB@

h'| i h'|h1i h'|h2i . . . h'|h⌫i
he1| i he1|h1i he1|h2i . . . he1|h⌫i
he2| i he2|h1i he2|h2i . . . he2|h⌫i

...
...

... . . . ...
he⌫ | i he⌫ |h1i he⌫ |h2i . . . he⌫ |h⌫i

1

CCCCCCA
⌘
 
h'| i A|

B C

!
. (2.11)

The columns of the matrix M are labelled by | i, |h1i, |h2i, . . . , |h⌫i for an arbitrary | i,
while the rows are labelled by h'|, he1|, he2|, . . . , he⌫ |. Each entry is given by a pairing
(bilinear) of the corresponding row and column. In the second equality, we expose the
structure of M as a ⌫⇥⌫ submatrix C, a column vector B and a row vector A|, respectively
with elements Bi = hei| i and Ai = h'|hii (for i = 1, 2, . . . , ⌫).

The fact that the ⌫+1 cocycles labelling the rows and columns are necessarily linearly
dependent (since the basis is ⌫-dimensional) and that each entry of M is a bilinear, implies
that the determinant of this matrix vanishes. Using the well-known identity for the
determinant of a block matrix, we find:

detM = detC

✓
h'| i �A|C�1B

◆
= 0. (2.12)

In addition, detC cannot be zero (by definition), since it is formed from bilinears between
two bases. Therefore we conclude that:

h'| i = A|C�1B

=
⌫X

i,j=1

h'|hji (C�1)ji hei| i. (2.13)
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The fact that the ⌫+1 cocycles labelling the rows and columns are necessarily linearly
dependent (since the basis is ⌫-dimensional) and that each entry of M is a bilinear, implies
that the determinant of this matrix vanishes. Using the well-known identity for the
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⌫ = number of independent master integrals

= is finite

= number of critical points of graph polynomials

= is related to Euler characteritics �E

= number of independent integration contours

= number of independent forms

= dimH
m
±!

h'| =
⌫X

i,j=1

h'|hji (C
�1)ji hei| (4.57)

⌫X

i,j=1

|hji (C
�1)ji hei| = Ic (4.58)

Cij ⌘ hei|hji (4.59)

ci =
⌫X

j=1

h'|hji (C
�1)ji (4.60)

⌫X

i,j=1

|CR,j ] (H
�1)ji [CL,i| = Ih (4.61)

Hji ⌘ [CL,i|CR,j ] (4.62)
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where: z = (z1, . . . , zn) are integration variables; C is the
integration domain; u is a multi-valued function of the
form u =

Q
i Bi(z)�i with �i /2 Z, such that

Q
i Bi vanishes

on the integration boundary @C; and ' is a single-valued
differential n-form,

'(z) = '̂(z) dnz , d
nz ⌘ dz1 ^ . . . ^ dzn , (2)

with '̂ being a rational function with all poles regulated by
u(z). Then employing Stokes’ theorem we find equivalence
classes of n-forms,

' ⇠ '+r!⇠, (3)

for any (n�1)-form ⇠ and where r! ⌘ d + !^ is a co-
variant derivative with a one-form ! ⌘ d log u. The space
of n-forms modulo the relation eq. (3) forms a vector
space called a twisted cohomology group1

H
n
! . We denote

its elements by h'| 2 H
n
! . Within this framework, the

integral I from eq. (1) can be interpreted as a pairing of
h'| with the integration contour |C],

I = h'|C] . (4)

Since in our applications |C] will always stay constant,
the vector space of such integrals is the same as that of
h'|.

Consider a set of ⌫ MIs, say Ji, defined as

Ji =

Z

C
u(z) ei(z) = hei|C] , i = 1, . . . , ⌫ , (5)

in terms of any independent set of differential forms hei|.
Then, the decomposition of a generic integral I in terms
of the MIs Ji,

I =
⌫X

i=1

ci Ji , (6)

can be interpreted as coming from the more fundamental
decomposition of the differential form h'| in terms of the
basis forms hei| , namely

h'| =
⌫X

i=1

ci hei| , (7)

with the coefficients determined by the master decompo-
sition formula [8, 10],

ci =
⌫X

j=1

h'|hji
�
C�1

�
ji

, Cij = hei|hji , (8)

1
We refer the interested reader to [20–22] for reviews of twisted

(co)homologies and their intersection theory, as well as [8, 10, 18,

20, 23–28] and [29–32] for some recent applications of these ideas

to physics.

where |hji (j = 1, . . . , ⌫)2, span a dual (and auxiliary)
vector space (Hn

! )
⇤ = H

n
�!. The scalar product h'L|'Ri

between the two vector spaces is called an intersection
number of differential forms [9].

Using eqs. (6,8), our algorithm for expressing any inte-
gral of the type of eq. (1) as linear combinations of MIs
proceeds along three steps:

1. Determination of the number ⌫ of MIs.

2. Choice of the bases of forms hei| and |hii.

3. Evaluation of the intersection numbers for multi-variate
forms, appearing in the entries of the C-matrix, and
in h'|hji.

Number of Master Integrals. Under some assump-
tions one can show that all other vector spaces H

k 6=n
±! are

trivial, which means that ' can only be n-forms [33]. In
those cases the dimension of these vector spaces, i.e. the
number ⌫ of MIs, can be determined topologically3,

⌫ ⌘ dimH
n
±! = (�1)n (n+1� �(P!)) , (9)

in terms of the Euler characteristic �(P!) of the projective
variety P! defined as the set of poles of !.

This connection allows us to use complex Morse (Picard–
Lefschetz) theory to determine ⌫ as the number of critical
points of the function log u(z). Let us define

! ⌘ dlog u(z) =
nX

i=1

!̂i dzi , (10)

then the number of critical points is given by the number
of solutions of the system of equations

!̂i ⌘ @zi log u(z) = 0 , i = 1, . . . , n , (11)

with the short-hand notation @zi ⌘ @/@zi, provided that
the set of solutions is finite. Additional details are pro-
vided in the App. A.

INTERSECTION NUMBERS

In this section we review a recursive algorithm for
the evaluation of intersection numbers of multivariate
differential forms introduced in [20].

We start by decomposing the n-dimensional space with
coordinates (z1, . . . , zn) into a (n�1)-dimensional sub-
space parametrized by (z1, . . . , zn�1), which we call inner

2
Suitable choices of the basis forms hei| and |hii can be made,

such that C = I⌫⇥⌫ , yielding a simplified decomposition formula

[8, 10], h'| =
P⌫

i=1h'|hii hei|.
3

In the Feynman integral literature, the finiteness of ⌫ was first

considered in [34], while its connection to the number of critical

points and Euler characteristics were previously explored in [8,

10, 35–38].
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�
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�
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�

d(u') =

Z

�

(du'+ u d') =

Z

�

u

✓
du

u
+ d

◆
' =

Z

�

u (r') (4.171)

r ⌘ d+ ! (4.172)

! ⌘
du

u
= dlogu (4.173)

Z(!) = {solutions of ! = 0} = critical points of u (4.174)
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where: z = (z1, . . . , zn) are integration variables; C is the
integration domain; u is a multi-valued function of the
form u =

Q
i Bi(z)�i with �i /2 Z, such that

Q
i Bi vanishes

on the integration boundary @C; and ' is a single-valued
differential n-form,

'(z) = '̂(z) dnz , d
nz ⌘ dz1 ^ . . . ^ dzn , (2)

with '̂ being a rational function with all poles regulated by
u(z). Then employing Stokes’ theorem we find equivalence
classes of n-forms,

' ⇠ '+r!⇠, (3)

for any (n�1)-form ⇠ and where r! ⌘ d + !^ is a co-
variant derivative with a one-form ! ⌘ d log u. The space
of n-forms modulo the relation eq. (3) forms a vector
space called a twisted cohomology group1

H
n
! . We denote

its elements by h'| 2 H
n
! . Within this framework, the

integral I from eq. (1) can be interpreted as a pairing of
h'| with the integration contour |C],

I = h'|C] . (4)

Since in our applications |C] will always stay constant,
the vector space of such integrals is the same as that of
h'|.

Consider a set of ⌫ MIs, say Ji, defined as

Ji =

Z

C
u(z) ei(z) = hei|C] , i = 1, . . . , ⌫ , (5)

in terms of any independent set of differential forms hei|.
Then, the decomposition of a generic integral I in terms
of the MIs Ji,

I =
⌫X

i=1

ci Ji , (6)

can be interpreted as coming from the more fundamental
decomposition of the differential form h'| in terms of the
basis forms hei| , namely

h'| =
⌫X

i=1

ci hei| , (7)

with the coefficients determined by the master decompo-
sition formula [8, 10],

ci =
⌫X

j=1

h'|hji
�
C�1

�
ji

, Cij = hei|hji , (8)

1
We refer the interested reader to [20–22] for reviews of twisted

(co)homologies and their intersection theory, as well as [8, 10, 18,

20, 23–28] and [29–32] for some recent applications of these ideas

to physics.

where |hji (j = 1, . . . , ⌫)2, span a dual (and auxiliary)
vector space (Hn

! )
⇤ = H

n
�!. The scalar product h'L|'Ri

between the two vector spaces is called an intersection
number of differential forms [9].

Using eqs. (6,8), our algorithm for expressing any inte-
gral of the type of eq. (1) as linear combinations of MIs
proceeds along three steps:

1. Determination of the number ⌫ of MIs.

2. Choice of the bases of forms hei| and |hii.

3. Evaluation of the intersection numbers for multi-variate
forms, appearing in the entries of the C-matrix, and
in h'|hji.

Number of Master Integrals. Under some assump-
tions one can show that all other vector spaces H

k 6=n
±! are

trivial, which means that ' can only be n-forms [33]. In
those cases the dimension of these vector spaces, i.e. the
number ⌫ of MIs, can be determined topologically3,

⌫ ⌘ dimH
n
±! = (�1)n (n+1� �(P!)) , (9)

in terms of the Euler characteristic �(P!) of the projective
variety P! defined as the set of poles of !.

This connection allows us to use complex Morse (Picard–
Lefschetz) theory to determine ⌫ as the number of critical
points of the function log u(z). Let us define

! ⌘ dlog u(z) =
nX

i=1

!̂i dzi , (10)

then the number of critical points is given by the number
of solutions of the system of equations

!̂i ⌘ @zi log u(z) = 0 , i = 1, . . . , n , (11)

with the short-hand notation @zi ⌘ @/@zi, provided that
the set of solutions is finite. Additional details are pro-
vided in the App. A.

INTERSECTION NUMBERS

In this section we review a recursive algorithm for
the evaluation of intersection numbers of multivariate
differential forms introduced in [20].

We start by decomposing the n-dimensional space with
coordinates (z1, . . . , zn) into a (n�1)-dimensional sub-
space parametrized by (z1, . . . , zn�1), which we call inner

2
Suitable choices of the basis forms hei| and |hii can be made,

such that C = I⌫⇥⌫ , yielding a simplified decomposition formula

[8, 10], h'| =
P⌫

i=1h'|hii hei|.
3

In the Feynman integral literature, the finiteness of ⌫ was first

considered in [34], while its connection to the number of critical

points and Euler characteristics were previously explored in [8,

10, 35–38].

⌫ = number of independent master integrals

= is finite

= number of critical points of graph polynomials

= is related to Euler characteritics �E

= number of independent integration contours

= number of independent forms

= dimH
m
±!

h'| =
⌫X

i,j=1

h'|hji (C
�1)ji hei| (4.57)

⌫X

i,j=1

|hji (C
�1)ji hei| = Ic (4.58)

Cij ⌘ hei|hji (4.59)

ci =
⌫X

j=1

h'|hji (C
�1)ji (4.60)

⌫X

i,j=1

|CR,j ] (H
�1)ji [CL,i| = Ih (4.61)

Hji ⌘ [CL,i|CR,j ] (4.62)
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[independent of        ]

remarkable observation is that we can pair up h'| and |C] to obtain the integral from (2.1),
which we denote by

h'|C] ⌘
Z

C
u'. (2.8)

This integral representation, as a bilinear in h'| and |C], is suitable for establishing linear
relations between hypergeometric functions. In fact, let us assume that the number of
linearly-independent twisted cocycles is ⌫, and indicate an arbitrary basis of forms,

he1|, he2|, · · · , he⌫ |. (2.9)

A basis decomposition is achieved by expressing an arbitrary twisted cocycle, say h'|, as a
linear combination of the above ones. This goal be achieved as follows. Introduce a dual

(and auxiliary) space of twisted cocycles, whose basis is denoted by |hii for i = 1, 2, . . . , ⌫,
and consider the matrix C, whose entries are the pairing hei|hji,

Cij = hei|hji for i, j = 1, 2, . . . , ⌫ . (2.10)

This pairing is called the intersection number of hei| and |hji. We then construct the
(⌫+1)⇥ (⌫+1) matrix M, defined as,

M =

0

BBBBBB@

h'| i h'|h1i h'|h2i . . . h'|h⌫i
he1| i he1|h1i he1|h2i . . . he1|h⌫i
he2| i he2|h1i he2|h2i . . . he2|h⌫i

...
...

... . . . ...
he⌫ | i he⌫ |h1i he⌫ |h2i . . . he⌫ |h⌫i

1

CCCCCCA
⌘
 
h'| i A|

B C

!
. (2.11)

The columns of the matrix M are labelled by | i, |h1i, |h2i, . . . , |h⌫i for an arbitrary | i,
while the rows are labelled by h'|, he1|, he2|, . . . , he⌫ |. Each entry is given by a pairing
(bilinear) of the corresponding row and column. In the second equality, we expose the
structure of M as a ⌫⇥⌫ submatrix C, a column vector B and a row vector A|, respectively
with elements Bi = hei| i and Ai = h'|hii (for i = 1, 2, . . . , ⌫).

The fact that the ⌫+1 cocycles labelling the rows and columns are necessarily linearly
dependent (since the basis is ⌫-dimensional) and that each entry of M is a bilinear, implies
that the determinant of this matrix vanishes. Using the well-known identity for the
determinant of a block matrix, we find:

detM = detC

✓
h'| i �A|C�1B

◆
= 0. (2.12)

In addition, detC cannot be zero (by definition), since it is formed from bilinears between
two bases. Therefore we conclude that:

h'| i = A|C�1B

=
⌫X

i,j=1

h'|hji (C�1)ji hei| i. (2.13)
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(Left) Form decomposition
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Twisted Riemann Periods Relations (TRPR)

Twisted Riemann Period Relations

Pω =

∫
γ1

u φ1 ∫
γ2

u φ1 ⋯ ∫
γν

u φ1

∫
γ1

u φ2 ∫
γ2

u φ2 ⋯ ∫
γν

u φ2

⋮ ⋮ ⋱ ⋮
∫

γ1
u φν ∫

γ2
u φν ⋯ ∫

γν
u φν

⟨φi |φj⟩ = ∑
k,ℓ

⟨φi |γk] [γℓ |γk]−1 [γℓ |φj⟩ = (Pω ⋅ H−1 ⋅ P−ω)ij

P−ω =

∫
γ1

u−1 φ1 ∫
γ2

u−1 φ1 ⋯ ∫
γν

u−1 φ1

∫
γ1

u−1 φ2 ∫
γ2

u−1 φ2 ⋯ ∫
γν

u−1 φ2

⋮ ⋮ ⋱ ⋮
∫

γ1
u−1 φν ∫

γ2
u−1 φν ⋯ ∫

γν
u−1 φν

H =

[γ1 |γ1] [γ1 |γ2] ⋯ [γ1 |γν]
[γ2 |γ1] [γ2 |γ2] ⋯ [γ2 |γν]

⋮ ⋮ ⋱ ⋮
[γν |γ1] [γν |γ2] ⋯ [γν |γν]

=1
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=1
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⋮ ⋮ ⋱ ⋮
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∫
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Master Decomposition Formulas

(Left) Form decomposition

(Right) Form decomposition

(Left) Contour decomposition

(Right) Contour decomposition
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3.4. Linear and bilinear identities

The bases of dual twisted cocycles {ei} 2 Hn
w and {hi} 2 Hn

�w, as well as the bases of the dual
twisted cycles |CR,i] 2 Hw

n and [CL,i| 2 H�w
n can be used to express the identity operator in the

respective vector spaces. In particular, in the cohomology space, the identity resolution reads as,

n

Â
i,j=1

|hii
⇣

C�1
⌘

ij
hej| = Ic (31)

where we defined the metric matrix
Cij = hei|hji , (32)

whose elements are intersection numbers of the twisted basic forms. Similarly, in the homology space,
the resolution of the identity reads as,

n

Â
i,j=1

|CR,i]
⇣

H�1
⌘

ij
[CL,j| = Ih , (33)

where
Hij = [CL,i|CR,j] , (34)

is the metric matrix, in terms of intersection numbers of the basic twisted cycles.
Linear and bilinear relations for Aomoto-Gel’fand-Feynman integrals, as well as the differential

equations and the finite difference equation they obey are a consequence of the purely algebraic
application of the identity operators defined above: this is the simple observation made in [59],
yielding what we consider as the profound developments reached in the subsequent studies [].

In fact, the decomposition of any generic integral I = hjL|CR] in terms of a set of n MIs Ji = hei|CR]
reads as

I =
n

Â
i=1

ci Ji (35)

and can be understood as coming from the underpinning decomposition of differential forms, as

hfL| =
n

Â
i=1

ci hei| , (36)

(because the integration cycle is the same for all the integrals of eq. (35)). Likewise, the decomposition
of a dual integral Ĩ = [CL|jRi in terms of a set of n dual MIs J̃i = [CL|hii

Ĩ =
n

Â
i=1

c̃i J̃i (37)

becomes

|fRi =
n

Â
i=1

c̃i |hii. (38)

By applying the identity operator Ic to the forms hfL| and |fRi,

hfL| = hfL|Ic =
n

Â
i,j=1

hfL|hji
⇣

C�1
⌘

ji
hei| , (39)

|fRi = Ic|fRi =
n

Â
i,j=1

|hii
⇣

C�1
⌘

ij
hej|fRi , (40)
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the coefficients ci, and c̃i of the linear relations in Eqs. (36), (38) read as

ci =
n

Â
j=1

hfL|hji
⇣

C�1
⌘

ji
, (41)

c̃i =
n

Â
j=1

⇣
C�1

⌘

ij
hej|fRi . (42)

The latter two formulas, dubbed master decomposition formulas for twisted cycles [59,61], imply
that the decomposition of any (dual) Aomoto-Gel’fand-Feynman integral can be expressed
as linear combination of (dual) master integrals is an algebraic operation, similar to the
decomposition/projection of any vector within a vector space, that can be executed by computing
intersection numbers of twisted de Rham differential forms (cocycles).

Alternatively, by using the identity operator Ih in the homology space, one obtains the
decomposition of (dual) twisted cycles |CR| and |CL| in terms of (dual) bases,

|CR] = Â
i

ai |CR,i] , and [CL| = Â
i

ãi [CL,i| , (43)

where

ai =
n

Â
j=1

⇣
H�1

⌘

ij
[CL,j|CR] , and ãi =

n

Â
i=1

[CL|CR,j]
⇣

H�1
⌘

ji
. (44)

They imply the decomposition of the (dual) integrals, I = hjL|CR] and Ĩ = [CL|jRi, in terms of MIs, J0i
and J̃0i ,

I = hjL|CR] =
n

Â
i=1

ai Ji , and Ĩ = [CL|jRi =
n

Â
i=1

ãi J̃i , (45)

with

J0i = hjL|CR,i] , and J̃0i = [CL,i|jRi , (46)

where the MIs are characterised by the independent elements of the homology bases.
In the above formulas, C and H are (n ⇥ n)-matrices of intersection numbers, which, in general,

differ from the identity matrix. For orthonormal intersections of basic cocycles, hei| and dual-forms
|hii, and basic cycles, |CR,i] and their dual [CL,i|, they turn into the unit matix, hence simplifying the
decomposition formulas in Eqs. (41,42,44). The construction of orthonormal bases of forms (and
contours) can be achieved by the Gram-Schmidt algorithm, using the intersection numbers as scalar
products. In the case of 1-form, orthonormal bases can be built directly, simply using the expression of
w [61].

The operators Ic and Ih can be inserted either in the bilinear pairing between the twisted cocyles
or the twisted cycles, to obtain the quadratic identities

hfL|fRi =
n

Â
i,j=1

hfL|CR,i]
⇣

H�1
⌘

ij
[CL,j|fRi (47)

[CL|CR] =
n

Â
i,j=1

[CL|hii
⇣

C�1
⌘

ij
hej|CR] , (48)

which are the Twisted Riemann’s Period Relations (TRPR) [74], see Eq. (151). TRPR relates intersection
numbers for (co)-homologies to products of integrals and dual integrals.
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whose elements are intersection numbers of the twisted basic forms. Similarly, in the homology space,
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n
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H�1
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where
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is the metric matrix, in terms of intersection numbers of the basic twisted cycles.
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application of the identity operators defined above: this is the simple observation made in [59],
yielding what we consider as the profound developments reached in the subsequent studies [].

In fact, the decomposition of any generic integral I = hjL|CR] in terms of a set of n MIs Ji = hei|CR]
reads as

I =
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i=1

ci Ji (35)

and can be understood as coming from the underpinning decomposition of differential forms, as
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Â
i=1

ci hei| , (36)

(because the integration cycle is the same for all the integrals of eq. (35)). Likewise, the decomposition
of a dual integral Ĩ = [CL|jRi in terms of a set of n dual MIs J̃i = [CL|hii

Ĩ =
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the coefficients ci, and c̃i of the linear relations in Eqs. (36), (38) read as

ci =
n

Â
j=1

hfL|hji
⇣

C�1
⌘

ji
, (41)

c̃i =
n

Â
j=1

⇣
C�1

⌘

ij
hej|fRi . (42)

The latter two formulas, dubbed master decomposition formulas for twisted cycles [59,61], imply
that the decomposition of any (dual) Aomoto-Gel’fand-Feynman integral can be expressed
as linear combination of (dual) master integrals is an algebraic operation, similar to the
decomposition/projection of any vector within a vector space, that can be executed by computing
intersection numbers of twisted de Rham differential forms (cocycles).

Alternatively, by using the identity operator Ih in the homology space, one obtains the
decomposition of (dual) twisted cycles |CR| and |CL| in terms of (dual) bases,

|CR] = Â
i

ai |CR,i] , and [CL| = Â
i

ãi [CL,i| , (43)

where
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n

Â
j=1

⇣
H�1

⌘

ij
[CL,j|CR] , and ãi =

n

Â
i=1

[CL|CR,j]
⇣

H�1
⌘

ji
. (44)

They imply the decomposition of the (dual) integrals, I = hjL|CR] and Ĩ = [CL|jRi, in terms of MIs, J0i
and J̃0i ,

I = hjL|CR] =
n
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ai Ji , and Ĩ = [CL|jRi =
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ãi J̃i , (45)

with

J0i = hjL|CR,i] , and J̃0i = [CL,i|jRi , (46)

where the MIs are characterised by the independent elements of the homology bases.
In the above formulas, C and H are (n ⇥ n)-matrices of intersection numbers, which, in general,

differ from the identity matrix. For orthonormal intersections of basic cocycles, hei| and dual-forms
|hii, and basic cycles, |CR,i] and their dual [CL,i|, they turn into the unit matix, hence simplifying the
decomposition formulas in Eqs. (41,42,44). The construction of orthonormal bases of forms (and
contours) can be achieved by the Gram-Schmidt algorithm, using the intersection numbers as scalar
products. In the case of 1-form, orthonormal bases can be built directly, simply using the expression of
w [61].

The operators Ic and Ih can be inserted either in the bilinear pairing between the twisted cocyles
or the twisted cycles, to obtain the quadratic identities

hfL|fRi =
n

Â
i,j=1

hfL|CR,i]
⇣

H�1
⌘

ij
[CL,j|fRi (47)

[CL|CR] =
n

Â
i,j=1

[CL|hii
⇣

C�1
⌘

ij
hej|CR] , (48)

which are the Twisted Riemann’s Period Relations (TRPR) [74], see Eq. (151). TRPR relates intersection
numbers for (co)-homologies to products of integrals and dual integrals.
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numbers for (co)-homologies to products of integrals and dual integrals.

Version July 15, 2021 submitted to Universe 11 of 70

the coefficients ci, and c̃i of the linear relations in Eqs. (36), (38) read as

ci =
n

Â
j=1

hfL|hji
⇣

C�1
⌘

ji
, (41)

c̃i =
n

Â
j=1

⇣
C�1

⌘

ij
hej|fRi . (42)
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that the decomposition of any (dual) Aomoto-Gel’fand-Feynman integral can be expressed
as linear combination of (dual) master integrals is an algebraic operation, similar to the
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In the above formulas, C and H are (n ⇥ n)-matrices of intersection numbers, which, in general,
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products. In the case of 1-form, orthonormal bases can be built directly, simply using the expression of
w [61].
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ãi J̃i , (45)

with

J0i = hjL|CR,i] , and J̃0i = [CL,i|jRi , (46)

where the MIs are characterised by the independent elements of the homology bases.
In the above formulas, C and H are (n ⇥ n)-matrices of intersection numbers, which, in general,

differ from the identity matrix. For orthonormal intersections of basic cocycles, hei| and dual-forms
|hii, and basic cycles, |CR,i] and their dual [CL,i|, they turn into the unit matix, hence simplifying the
decomposition formulas in Eqs. (41,42,44). The construction of orthonormal bases of forms (and
contours) can be achieved by the Gram-Schmidt algorithm, using the intersection numbers as scalar
products. In the case of 1-form, orthonormal bases can be built directly, simply using the expression of
w [61].

The operators Ic and Ih can be inserted either in the bilinear pairing between the twisted cocyles
or the twisted cycles, to obtain the quadratic identities

hfL|fRi =
n

Â
i,j=1

hfL|CR,i]
⇣

H�1
⌘

ij
[CL,j|fRi (47)

[CL|CR] =
n

Â
i,j=1

[CL|hii
⇣

C�1
⌘

ij
hej|CR] , (48)

which are the Twisted Riemann’s Period Relations (TRPR) [74], see Eq. (151). TRPR relates intersection
numbers for (co)-homologies to products of integrals and dual integrals.

Version July 15, 2021 submitted to Universe 11 of 70

the coefficients ci, and c̃i of the linear relations in Eqs. (36), (38) read as

ci =
n

Â
j=1

hfL|hji
⇣

C�1
⌘

ji
, (41)

c̃i =
n

Â
j=1

⇣
C�1

⌘

ij
hej|fRi . (42)

The latter two formulas, dubbed master decomposition formulas for twisted cycles [59,61], imply
that the decomposition of any (dual) Aomoto-Gel’fand-Feynman integral can be expressed
as linear combination of (dual) master integrals is an algebraic operation, similar to the
decomposition/projection of any vector within a vector space, that can be executed by computing
intersection numbers of twisted de Rham differential forms (cocycles).

Alternatively, by using the identity operator Ih in the homology space, one obtains the
decomposition of (dual) twisted cycles |CR| and |CL| in terms of (dual) bases,

|CR] = Â
i

ai |CR,i] , and [CL| = Â
i
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