Lecture 5

Pierpaolo Mastrolia (UNIPD, INFN)

Vatican Observatory School
June 2026

UNIVERSITA D_lparfumento
INFN di Fisica |
— PADOVA e Astronomia

) '
DI I ADOVA Istituto Nazionale di Fisica Nucleare

Sezione di Padova Gal I I eO Gal | l el

DEGLI STUDI




Plan of the Lectures

Scattering Amplitudes in Yang-Mills and Gravity
1. Photon decoupling and KK relations
2. Spinor helicity formalism and BCFW Recurrence Relation.

Kinematic Relations for Yang-Mills Amplitudes
3. Field-theory proof and Open-string monodromy derivation of BCJ relations

Kinematic Relations for Gravity Amplitudes
4. Color Kinematics Duality and Field-theory KLT relations

Amplitudes and Geometry
5. Intersection Theory for twisted DeRham co-homology.
6. KLT from twisted period/Riemann bilinear relations.



From Holes to de Rham Cohomology

An introductory route through homology

Homology detects holes by closed chains that are not boundaries.

Cohomology detects them by closed forms that are not exact.



The basic intuition: what is a hole?

X DY C_ O VH
In a filled plane or disk, a closed loop usually In a punctured plane, a loop around the
bounds an inner region: missing point satisfies
v = 0X. Ovy = 0,
The loop is closed, but it is also a boundary. ) but there is no allowed surface X2 with
YH — 0X. )

A hole is detected by a closed object that is not the boundary of anything.



Homology

Chains, boundaries, cycles, and holes




K-simplex

The simplest possible k-dimensional object with orientation

0-sim

Hlex

a

b a b

ex 2-simplex
a, b, cl

3-simplex
a,b,c,d|



Chains: algebraic combinations of geometric pieces

A k-chain is a formal linear combination of oriented k-dimensional pieces.

L ow-dimensional chains

Co(X): =) _nip;
points with integer weights

G(X): ca=)» n

oriented curves

Higher-dimensional chains

CQ(X) : Cr = Z n,-Z,-

oriented surfaces

C3(X) : C3:Zn,'\/,'

oriented volumes




The boundary operator ak

The boundary map lowers dimension by one:

5’;( : Ck(X) — Ck_l(X).

Examples

Op =0

0 = oriented boundary curve of X

0V = oriented surface enclosing V
e —————————————————————————————————————————————————————————————————————————————————————————————————————————————————————



The boundary operator 0,
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The boundary of a boundary is zero

The fundamental identity is

0% = 0.

In words:

The boundary of a boundary has no boundary.

For example, if 2 is a surface and v = 0%, then

Oy = 0(0x) = 0.

This is the algebraic reason why every boundary is automatically closed.



Cycles and boundaries

Coes Y Boundaric

A k-cycle is a k-chain with no boundary: A k-boundary is the boundary of a
(k + 1)-chain:

Zk(X) — ker 6’k.
Bk(X) = Im 8k_|_1.
Thus

c € Zy(X) < 0c=0. Thus

C & Bk(X) <— ¢ = 0b.

R E—————————.,

Since 9% = 0, every boundary is a cycle:

Bk(X) C Zk(X)




Homology groups

The k-th homology group is

Zi(X k
Hi (X) = (LX) = - er Ok .
Bk(X) 1M 8k_|_1
This means:
closed k-chains
H.(X) = .
k( ) closed k-chains that bound

A nonzero class [c] € Hi(X) is represented by

oc =0, c # 0b for every b € Ci1(X).

A hole is detected by a closed object that is not the boundary of anything.



Definition of a hole

Homological definition

A k-dimensional hole is detected by a k-chain ¢ such that
oc =0,

but
c # Ob

for every (k + 1)-chain b in the space.

Equivalently,

[C] #+ 0 & Hk(X).

So homology does not identify the hole itself as a point or region. |t identifies a closed chain

that cannot be filled inside the space.



Examples of homology classes

1 _
< D2 >S1 — aDz @ptyspa(:e 05" =0 > Sl

The boundary circle satisfies The whole circle satisfies
St =0aD*. 0S* = 0.
So it is a cycle, but also a boundary: But no disk is contained in S, so
[S'] =0 € Hi(D?). [S'] # 0 € Hi(SY).
No 1-dimensional hole. One 1-dimensional hole.




de Rham Cohomology

Differential forms as detectors of holes



From chains to differential forms

Homology uses chains and the boundary operator:
o,
Ci(X) — Cr_1(X).
De Rham cohomology uses differential forms and the exterior derivative:

QK (M) L5 QKFL(M).

The key parallel is

0% =0 — d? = 0.




Closed and exact forms

Let w € QX(M).

Closed form Bactform

w = dn
The form has zero exterior derivative. for some (k — 1)-form n.
o ——————————————————

Since d? = 0, every exact form is closed:

w=dn =— dw=d*n=0.



The de Rham cohomology group

The k-th de Rham cohomology group is

HE (M) = ker(d : QX(M) — Q<TL1(M))
W im(d - QY (M) — QK(M))
In words:
closed k-forms
HY (M) = .
ar(M) exact k-forms

Thus cohomology measures closed forms that cannot be written as derivatives.



Example: a closed form which is exact

On R?. define the function

Then

f(x,y) =x" +y,

w=df =2xdx+2ydy.

So w is exact by construction. |t is also closed:

T herefore

dw = d(df) = d*f = 0.

w = 2x dx

2y dy is closed and exact on R?.




Example: a closed form which is not exact

On the punctured plane

M =R\ {0},
consider the 1-form
—y dx + x dy
W = .
X2 _|_y2
One checks that
dw =0

on M, so w is closed. But it is not exact, because on the unit circle St

/ w =21 #* 0.
Gl
If w= df, then [, df = 0. Contradiction!



Why the non-exact form detects the hole

The form
 —ydx+xdy

X2_|_y2

measures angular change around the origin. For a loop v going once around the missing point,

/w:27r.
N

For a loop that does not wind around the hole,

/w:O.
N

Thus the closed non-exact form detects the nontrivial homology class of loops around the puncture.

W



The homology/cohomology dictionary

Homology de Rham cohomology
k-chains C(X) k-forms QX (M)
0:Cy — Cr_q d: Qk — QK+l

0* =0 d* =0
cycles: dc =0 closed forms: dw =0
boundaries: ¢ = 0b | exact forms: w = dn

Hi = Zi/ By H%: = kerd/imd




The bridge: integration and Stokes’ theorem

A k-form can be integrated over a k-chain:

(w\C]=Lw

The bridge between boundaries and derivatives is Stokes' theorem:

(@] 0c] = /@Cw:/de. = (dw| c]

Consequences:

® closed forms give invariants of homology classes;
® exact forms integrate to zero on cycles;

® non-exact closed forms can detect holes.



Takeaway

Homology

A hole is detected by a cycle that is not a boundary.
——————————————————————————————————————————————————————————————————————

de Rham cohomology

A hole is detected by a closed form that is not exact.
———————————————————————————————————————————————————————————————————————————————————————————————————————————————————————”=——

The two viewpoints are linked by integration and Stokes' theorem.



Modern Calculus

Algebraic structure of (regulated) Integrals




Cacciatori & PM

Ampere’s Law




Caccilatori & PM

Ampere’s Law

f[ iB.de fl j{B,dZ_MO]
— 1 <=

® Integral decomposition by geometry

%B Al = po Y, (Eng) I} ni = Link(yg,)

o

Master Contributions Gauss' Linking Number

Link(7;,Y) = 42, Link(7»,y) = —1, and Link(}3,7) =0



Basics of Intersection Theory / De Rham Twisted Co-Homology Groups

Aomoto, Brown, Cho, Goto, Kita, Matsubara-Heo, Mazumoto, Mimachi, Mizera, Ohara, Yoshida,..., Cacciatori, P.M.

Consider an integral I over the variables z = (21, 22, ..., Zm)
| = J u(z) (pn(z) u(z) is a multivalued function
C u(0C) =0

© (z) is a differential n-form

28



Basics of Intersection Theory / De Rham Twisted Co-Homology Groups

Aomoto, Brown, Cho, Goto, Kita, Matsubara-Heo, Mazumoto, Mimachi, Mizera, Ohara, Yoshida,..., Cacciatori, P.M.

Consider an integral I over the variables z = (21, 22, ..., Zm)
| = J u(z) (pn(z) u(z) is a multivalued function
c 1? u(0C) =0

4 Itwisted co-cycle

© (z) is a differential n-form
otwist

e twisted cycle

29



Basics of Intersection Theory / De Rham Twisted Co-Homology Groups

Aomoto, Brown, Cho, Goto, Kita, Matsubara-Heo, Mazumoto, Mimachi, Mizera, Ohara, Yoshida, ..., Cacciatori, P.M.

Consider an integral I over the variables z = (21, 22, ..., 2m)
[=1| u(z)e,(z) u(z) is a multivalued function
C ¢ ? u(0C) =0
! », (z) is a differential n-form
& S
[ _ ®
—1 = dz
® Gamma function ? » u=2z""€e ", C = (0, 00) P = g b !
dz
b _
® Euler Beta function ! > u=2z"(z—-1)", C=(0,1) N m S
dz
& : 5 u=z(z—1"(z-1/2)°, C=1(0,1 —
»I'; Hypergeometric ( ) ( /) (0,1) ¥, oz — 1)z — 10"
® Feynman Integrals Lo s «d

® Quantum Mechanics and QFT

® ...and many more n ez

30



Basics of Intersection Theory / De Rham Twisted Co-Homology Groups

Aomoto, Brown, Cho, Goto, Kita, Matsubara-Heo, Mazumoto, Mimachi, Mizera, Ohara, Yoshida, ..., Cacciatori, P.M.

Consider an integral I over the variables z = (21, 22, ..., 2m)
| = J u(z) @, (z) u(z) is a multivalued function
C u(0C) =0

», (z) is a differential n-form

® The dawn of Relations among Integrals:

® Equivalence Classes of DIFFERENTIAL FORMS

There could exist many forms ¢, that upon integration give the same result 1

® Equivalence Classes of INTEGRATION CONTOURS

There could exist many contours C that do not alter the the result of 1

n.e /z

31



Vector Space Structure of Twisted Period Integrals
Feynman [- Euler-Mellin - GKZ - A-hypegeometric] Integrals

®Basis Ei , 1=1,...,v U = dimension of the vector space

1%
®Orthogonality Ei o E] = 51:]- ®Completeness Z EiEi=1,y,
=1

1%

®Vector decomposition [ = Z c; k;
=1

®Projections c;:=1e L.

32



Vector Space Structure of Twisted Period Integrals
Feynman [- Euler-Mellin - GKZ - A-hypegeometric] Integrals

®Basis Ei , | = 1,...,1/ U =

l Y

®Orthogonality E ; ® E] — 51:]- ®Completeness Z EE =1,
=1

dimension of the vector space

1%

®Vector decomposition [ = Z c; k;

=1 -
Questions:

Q1:whatisv ?

®Projections c;:=1e L. _ _
Q2: what is the inner product « ?

l l

33



Vector Space Dimensions / counting “holes”

AT1: answering QT
Chetyrkin, Tkachov (1981); Remiddi, Laporta (1996); Laporta (2000)
Number of Master Integrals

Euler Characteristic y

Aluffi, Marcolli (2008)
Bitoun, Bogner, Klausen, Panzer (2018)
Maximum likelihood degree
Agostini, Brysiewicz, Fevola, Sturmfels, Tellen (2021)
Holonomic rank of GKZ systems
Gelfand Kapranov Zelevinski
Mixed volume of Newton Polyhedra
Bernstein-Khobaskii-Kushnirenko

Saito Sturmfels Takayama Ideal saturation / dimension of quotient space
Frellesvig, Gasparotto, Laporta, Mandal, Mattiazzi, Mizera & P.M. (2020)

Bosma, Sogaard, Zhang (2017)  Primo, Tancredi (2017)
T Number of Independent Contours

Number of Independent Forms

Mizera & P.M. (2018)
Frellesvig, Gasparotto, Laporta, Mandal, Mattiazzi, Mizera & P.M. (2019)

34



Vector Space Dimensions / counting “holes”

A1: answering Q1
[ =J u(z) ¢,(2)
C

® Dimension of De Rham twisted co-homology group

0
UV =dim(Hf;) = {# sol’s of a—log(u(z)) — O}
<

Number of Critical Points

if w(z) =12"f(z) v=(=D"n+1—p(Vy)) V. = vanishing locus of {z f(z) = O}

Number of Independent Forms
Euler Characteristic y

35



Example: Beta and 2F1 J i@
C

®Euler Beta integral

1 dz C(p)[(q) dz
, - P 1 —_— q — — p 1 a— q . — o
AP q) LZ( V0= " To+a == =TT,
du p q
w = dlog(u) = — = v=0 = v=dmH!'=1

u z (1—-2)



Example: Beta and 2F1 J i@
C

®Euler Beta integral

1 dz ['(p)[(q) dz
,q) = P(1 — )4 — — P (] — q’ —
AP q) LZ( V0= " To+a == =TT
du p q
w = dlog(u) = — = v=0 = v=dmH!'=1

u z (1—-2)

®,F, Gauss hypergeometric integral

1

_ _ dz
I'(b)I'(c —b),F(a,b,c;x) = J (1 =2 =x7)™

=b1_ c—bl_ —a,
O e u=z (1-2""0-xz) 7

ou b c—b ax
w =dlog(u) =—— = |
U z (U-2 {d-zx)

w=0 = v=dmH' =2

9

dz

T W(1-2)






Basics of Intersection Theory for deRham (co)-Homology

Consider the (m — 1)-differential form ¢,,_1,

i:)/cd(u 1)



Basics of Intersection Theory for deRham (co)-Homology

Consider the (m — 1)-differential form ¢,,_1,

=) (e emr) = [ (i donr +dunpm)



Basics of Intersection Theory for deRham (co)-Homology

Consider the (m — 1)-differential form ¢,,_1,

i:)/cd(u gpm_l) :/C(u dgam_1+du/\gpm_1> :/Cu(d+wA)gpm_1

® Covariant Derivative W = d lOg Uu



Basics of Intersection Theory for deRham (co)-Homology

Consider the (m — 1)-differential form ¢,,_1,

i:)/cd(u gpm_l) :'[j(u dgam_1+du/\gpm_1> :‘/Cu(d%—w/\)gpm_l :/Cu ngom_l'

® Covariant Derivative = dlogu Vo=d+wAN =ut-d-u



Basics of Intersection Theory for deRham (co)-Homology

Consider the (m — 1)-differential form ¢,,_1,

O—:)/Cd(u gom_l) :‘[z(u dgpm_1+du/\gpm_1) :/Cu(d%—w/\)gom_l :/Cu ngom_l'

|||
I
2|
S¥
<

® Covariant Derivative ( = dlogu

Vi
® Integrals I = / U Pm / ©Pm + Vuom— 1)



Basics of Intersection Theory for deRham (co)-Homology

Consider the (m — 1)-differential form ¢,,_1,

O-:)/Cd(u gom_l) :/C(u dgpm_1+du/\gpm_1) :/Cu(d%—w/\)gom_l :/Cu ngom_l'

® Covariant Derivative ( = dlogu

® Integrals

® Twisted Cohomology Group

[ =

(X) =

|||
I
2|
S¥
<

Vi
/ U Pm / ©Pm + VwPm— 1)

Ker(Vy : ©m — ©ma1)

Im(Vy, @ om—1 — ©m)




Basics of Intersection ThEOl‘y for deRham (co)-Homology

Consider the (m — 1)-differential form ¢,,_1,

o) (o) = [ (wdons +dunn)

® Covariant Derivative w = dlog u

® Integrals

[ =

® Twisted Cohomology Group

(X)

Vo=d+wN =ut-d-u
r A r A
/ U Pm | — (o (@m =+ Vw@m—l) — / U Pm
U y C _ Jeror y
® Twisted Homology Group
Ker(V,, : —
o ( w + Pm Spm—l—l) H% (X)

- Im(Vy, @ om—1 — ©m)

- Ker(@ : Cm_|_1 — Cm)

- Im(0:Chm — Crz1)



Basics of Intersection ThEOl‘y for deRham (co)-Homology

u%u_l > W — —W

Consider the (m — 1)-differential form ¢,,_1,

0= '/ gom 1 — / (u_l APm—_1 — u?du N gpm_l) :/ (d W /\)gpm | = /u_l V_wgom_lj
C C C

® Dual Covariant Derivative Ve, =d—wA =u-d-u"?

® Dual Integrals ~ 1 1 1
I = u  Pm = (% (Spm T v—w@m—l) — U Pm
C C C+orl’

® Dual Twisted Cohomology Group ® Dual Twisted Homology Group
: Ker(0 : C — C
H™ (X) = Ker(V_y @ ©m — ©mi1) H(X) = er( m+1 m)

Im(V_y : ©m_1— ©m) Im(0:Cp, = Cp_1)



Pairings of Cycles and Co-cycles

® Twisted and Dual-Twisted Co-Homology Groups

- Ker(Vy @ 0om — ©ms1) H™ (X) = Ker(V_y : om — ©m+1) HY (X) = Ker(0 : Crn+1 — Ciy) H=(X) Ker(0 : Crpr1 — Cin)

Ho(X) = Im(Vy : om-1 — ©m) B Im(V_y : m-1 — ©m) B Im(a O — Cm_l) " - Im(9: Cm — Cr1)



Pairings of Cycles and Co-cycles

® Twisted and Dual-Twisted Co-Homology Groups

- Ker(Vy @ 0om — ©ms1) H™ (X) = Ker(V_y : om — ©m+1) HY (X) = Ker(0 : Crn+1 — Ciy) H=(X) Ker(0 : Crpr1 — Cin)

H'(X)

- Im(Vy : Ome1 — ©m)  Im(V_y : Ot — Om) B Im(0:Cpy = Cpi_1) m - Im(0:Cp — Cr_1)

dimH?, = dimH=* = v
[a deep identity]



Pairings of Cycles and Co-cycles

® Twisted and Dual-Twisted Co-Homology Groups

- Ker(Vy @ 0om — ©ms1) H™ (X) = Ker(V_y : om — ©m+1) HY (X) = Ker(0 : Crn+1 — Ciy) H=(X) Ker(0 : Crpr1 — Cin)

Ho(X) = Im(Vy : om-1 — ©m) B Im(V_y : m-1 — ©m) B Im(a O — Cm_l) " - Im(9: Cm — Cr1)

dimH?, = dimH=* = v J

® Basic building blocks

(on| = p1(z) € HT or) = pr(z) € H™, crl= u(e) € 1l = /C u(z) ' € H*



Pairings of Cycles and Co-cycles

® Twisted and Dual-Twisted Co-Homology Groups

- - Ker(Vy @ om = ©my1) m (X — Ker(V_y : 0m — ©ma1) 9 (YY) — Ker(0 : Cne1 — Cm) (X — Ker(0 : Crpr1 — Cin)
HJ'(X) = Im(Vy : ©om—1 = ¥m) H_W( ) Im(V_w P Pm—1 — Spm) m( ) Im(@ :Cm — Cm—l) " ( ) Im(@ G — Cm_l)
dimH?, = dimH=* = v J
® Basic building blocks
il= L@ € HD  lpn) = on(z) € HT, Crl = | uta) < 3 cil= [ ula) e m
R Cr

® Integrals :: pairings of cycles and co-cycles (o |Cr| = / w(z) pr(z) = 1
Cr



Pairings of Cycles and Co-cycles

® Twisted and Dual-Twisted Co-Homology Groups

- - Ker(Vy @ om = ©my1) ™) — Ker(V_y : 0m — ©ma1) 9 (YY) — Ker(0 : Cne1 — Cm) (X — Ker(0 : Crpr1 — Cin)

HJ'(X) = Im(Vy : ©om—1 = ¥m) _W( ) Im(V_w P Pm—1 — Spm) m( ) Im(@ :Cm — Cm—l) " ( ) Im(@ G — Cm_l)
dimH?, = dimH=* = v J
® Basic building blocks
il= L@ € HD  lpn) = on(z) € HT, Crl = | uta) < 3 cil= [ ula) e m
R CrL
® Integrals :: pairings of cycles and co-cycles (o |Cr| = / w(z) pr(z) = 1
Cr

® Dual Integrals :: pairings of cycles and co-cycles 1 Cr | pr ) = / w(z)™ ! or(z) = 1
Cr



Pairings of Cycles and Co-cycles

® Twisted and Dual-Twisted Co-Homology Groups

m _ Ker(vw L Pm — Spm—l—l) H™ (X) = Ker(v—w FPm <7p’m—|-1) HY(X) = Ker(a : Cm‘|‘1 — Cm) H (X)) = Ker(a : Cm—l—l — Cm)
HJ'(X) = Im(Vy : ©om—1 = ¥m) _W( ) Im(V_w P Pm—1 — Spm) m( ) Im(@ :Cm — Cm—l) " ( ) Im(@ G — Cm_l)
dimH?, = dimH=* = v J
® Basic building blocks
il= L@ € HD  lpn) = on(z) € HT, Crl = | uta) < 3 cil= [ ula) e m
R Cr
® Integrals :: pairings of cycles and co-cycles (o |Cr| = / w(z) or(z) = 1
Cr
® Dual Integrals :: pairings of cycles and co-cycles 1 Cr | pr ) = / w(z)™ ! or(z) = 1
CrL

® Intersection numbers for cycles :: pairings of cycles [ Ci, | Cr ] = Intersection number



Pairings of Cycles and Co-cycles

® Twisted and Dual-Twisted Co-Homology Groups

- - Ker(Vy @ om = ©my1) ™) — Ker(V_y : 0m — ©ma1) 9 (YY) — Ker(0 : Cne1 — Cm) (X — Ker(0 : Crpr1 — Cin)
H(X) = Im(Vy : om—1 — ©m) “o(X) Im(V_y : ©m-1 = ©m) m(X) Im(0 : Cpy — Cr—1) m (%) Im(9 : Cp — Cin1)
dimH?, = dimH=* = v J
® Basic building blocks
_ _ . 1 _
il= L@ € HD  lpn) = on(z) € HT, Crl = | uta) < 3 cil= [ ula) e m
R Cr
® Integrals :: pairings of cycles and co-cycles (o |Cr| = / w(z) or(z) = 1
Cr
® Dual Integrals :: pairings of cycles and co-cycles 1 Cr | pr ) = / w(z)™ ! or(z) = 1
CrL
® Intersection numbers for cycles :: pairings of cycles [ Ci, | Cr ] = Intersection number

® Intersection numbers for co-cycles :: pairings of co-cycles < 1, | VR, > = / L(QOL) N\ OR
C



Linear Algebra
® Cohomology Basis :: bra <€z| 1=1,2,...,v ® generic form <90|

® Cohomology Dual-Basis :: ket |hj> g=L12,...,v ® generic form ‘w>



Linear Algebra

® Cohomology Basis :: bra

® Cohomology Dual-Basis :: ket

(v+1) X (v+1) matrix M

(e;]  i=1,2,... v

By §=1,2,...,v

® generic form

® generic form

[ (o) (olh1) (plha) ...
<61‘¢> <61‘h1> <61‘h2>
(e2|)) (ealh1) (e2lh2) ...

\ (ev|¥) {ev|h1) (evlha) ...




Linear Algebra

® Cohomology Basis :: bra <€Z| 1=1,2,...,v ® generic form <SO‘

® Cohomology Dual-Basis :: ket |hj> g=L12,...,v ® generic form ‘w>

llllllllllllllllllllllllllllllllllllllllllllllllll
*

*
------------------------------------------------------------
----------------------------------------------------

(V+1) x (v+1) matrix M (plu)i AT

L4
N * a -
|} - || =
n - - =
(] L]
" N " S
Yppus® ®aunsn®

|
N
Q)
N
-
~—
N
Q
N~
>
p—t
~—
N
aQ
N
>
O
~~—
N
Q)
N
>
N
~~—
Il
VY

llllllllllllllllllllllllllllllllllllllllllllllllllll
-----------

det M = det C <<¢|¢> —ATC™! B)



Linear Algebra

® Cohomology Basis :: bra <€Z| 1=1,2,...,v ® generic form <SO‘

® Cohomology Dual-Basis :: ket |hj> g=L12,...,v ® generic form ‘w>

llllllllllllllllllllllllllllllllllllllllllllllllll
*

*
llllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
*

L )

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

(v+1) X (v+1) matrix M

Cij = (ei|hy) detC#0 = (o) =ATC 'B



Linear Algebra

® Cohomology Basis :: bra <€Z‘ 1 =1,2,...,v ® generic form <SO‘

® Cohomology Dual-Basis :: ket |h]> g=12,...,v ® generic form ‘w>

llllllllllllllllllllllllllllllllllllllllllllllllll
*

*
------------------------------------------------------------
----------------------------------------------------

(v+1) x (v+1) matrix M M — §<eg\¢>§§<@|n1> (ealha) ... <82\h,,>§ = (“"WAT)

llllllllllllllllllllllllllllllllllllllllllllllllllll
-----------

det M = det C ((gp\zm —ATC™! B) =0

Ci;j = (ei|hy) detC#£0 = (pl)=ATCI'B =) (glh;) (C1)ji(eilyh)

1,7=1



Linear Algebra

® Cohomology Basis :: bra <€Z| 1 =1,2,...,v ® generic form <SO‘

® Cohomology Dual-Basis :: ket |h]> g=12,...,v ® generic form ‘w>

llllllllllllllllllllllllllllllllllllllllllllllllll
*

*
------------------------------------------------------------
----------------------------------------------------

(v+1) x (v+1) matrix M M — §<eg\¢>§§<eg|m> (ealha) ... <62\h,,>§ = (“"WAT)

llllllllllllllllllllllllllllllllllllllllllllllllllll
-----------

det M = det C ((gp\zm —ATC™! B) =0

Ci;j = (ei|hy) detC#£0 = (pl)=ATCI'B =) (glh;) (C1)ji(eilyh)

1,7=1

> [hy) (C71)ji (eal =1

2,7=1




Identity Resolution

dimH?, = dimH=" = v

® Forms

® Cohomology Basis <€Z| 1=1,2,...,v ® Cohomology Dual-Basis |hj> 7=1,2,...,v

Cij = (eilhy)

Metric Matrix for Forms




Identity Resolution

dimH?, = dimH=" = v

® Forms
® Cohomology Basis <€Z| 1=1,2,...,v ® Cohomology Dual-Basis |hj> 7=1,2,...,v
Cij = (eilhy)
Metric Matrix for Forms
® Contours
® Homology Basis [CL,Z' 1=1,2,...,v ® Homology Dual-Basis ‘CR,]'] 7=12,..,v
1%
1 o
E ‘CRJ] (H )j’i [CL,i‘ = I H,;, =|Cri|Cr ]
i j:1 Metric Matrix for Contours
9




Linear Relations l



Flux Decomposition v

L o= — (o]



Flux Decomposition v

L o= — (o]

® Contour decomposition

¥

:

] = Z a; il

® Coefficients are Intersection Numbers (contours)

a; = 7l vilvi] = 04y



Flux Decomposition

® Contour decomposition

¥

:

] = Z a; il

® Coefficients are Intersection Numbers (contours)

a; = 7l vilvi] = 04y

= (¢|7]

® Form decomposition

¥

(Pl = Z ci (€]

(

® Coefficients are Intersection Numbers (forms)

¢ = {ple;) (eilej) = dij



Twisted Period Integrals and Intersection Theory

Mizera & P.M. (2018)

Frellesvig, Gasparotto, Laporta, Mandal, Mattiazzi, Mizera & P.M. (2019-20)

I = (p|C]

Consider a set of v MIs, J; = / u(z)e;(z) = (e;|C] 1=1,...,v,
C

I = EV:CZ' J@
1=1



Twisted Period Integrals and Intersection Theory

Mizera & P.M. (2018)

Frellesvig, Gasparotto, Laporta, Mandal, Mattiazzi, Mizera & P.M. (2019-20)

I'={p[C]
Consider a set of v MIs, J; = / u(z)e;i(z) = (e;|C] , 1=1,...,v,
C
I=Y cJ; — (ol =D ciled]
1=1 1=1

® (Left) Form decomposition

(| =

[independent of |h;) ]



Quadratic Relations I



Twisted Riemann Periods Relations (TRPR)

® Twisted Riemann Period Relations Cho, Matsumoto (1995)

(@il =Y {@;lvd el vd ™ rel @) = (P, -HT'-P_,),
k,l ~

=1
, : : _ o
U U ceoe U ~ ) ) ) i ] 1 1

N Y1 72 P 7 P VARNSU VAR V4] IR VAR AN N P 12 P

| ” " ’ 1 T " ] ~ ! !
P =|"" P2 %M P2 %u P2 H — -7’2.7’1a _}’2.7’2- _?’2.7’1/4 P =|n u - @ %M )

~1 ~1
Iyl U qpy Iyz U qu oo J},y U gﬂy [}/y ‘ }/l] [yy ‘ }/2] [}/y ‘ }/y] L/l U qpy J}/z U 40,/




Twisted Riemann Periods Relations (TRPR)

® Twisted Riemann Period Relations Cho, Matsumoto (1995)

vl = ) lod (eslo)™ (pelrl = (P_,-C'-P,);
k,l T~/ /

=1
i i L) i i _1 i _1 ) i _1
In Ot It (pile) (le) = {oile,) R A e
“ | " ! ! !
P — ), W | WP ] P C — (@2 le) (@al@y) - (p2l@y) P = J,w ¢ ) U@ ] U P
| o | o) - (o] L U
I}q u @, fyzu @, - Jy,,u , (.l (@,19:) (o, 0,) L/l u"' @, Jyzu @, L/vu ®,



EXTRA



Master Decomposition Formulas

® (Left) Form decomposition (P | = Z c; (]

=1
1%

® (Right) Form decomposition ‘¢R> = Z Ci ‘hi >
=1

® (Left) Contour decomposition Crl =) 4 [CpL;
i

® (Right) Contour decomposition ICr] = Zai Cr |



