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Plan of the Lectures

Scattering Amplitudes in Yang-Mills and Gravity
1. Photon decoupling and KK relations
2. Spinor helicity formalism and BCFW Recurrence Relation.

Kinematic Relations for Yang-Mills Amplitudes
3. Field-theory proof and Open-string monodromy derivation of BCJ relations

Kinematic Relations for Gravity Amplitudes
4. Color Kinematics Duality and Field-theory KLT relations

Amplitudes and Geometry
5. Intersection Theory for twisted DeRham co-homology.
6. KLT from twisted period/Riemann bilinear relations.



Field-theory proof of BCJ relation



Bern-Carrasco-Johannsson (BCJ) relations

Statement of the fundamental BCJ relation

The fundamental BCJ relation for primitive QCD tree amplitudes is

4 /

Z Z 25 -pj | An(1,3,...,4,24,i+1,...,n—1,n) = 0.
122

Equivalently, by momentum conservation,

n )
> 2py-pi=-—)» 2p2-p;.
1=1

j=i+1
n—1
> ZQpQ pi | An(1,3,...,0,24,i+1,...,n—1,n) = 0.
1=2 1=1

The overall sign is irrelevant because the right-hand side of the relation vanishes.



Bern-Carrasco-Johannsson (BCJ) relations / 4- and 5-gluon amplitudes

Sij = 2pz " Pj

®4-
! gluon e (823 + 824)A4(17 27 37 4) + 824A4(17 37 27 4) = 0.

Using momentum conservation,
S91 + S23 + S24 = 0,

we have
S$23 + S24 = —S12.

Theretfore the four-point BCJ relation may be written as

812A4(1, 2, 3, 4) — 824A4(1, 3, 2, 4) = 0.

®5-gluon case
(S23 + S24 + s25)A5(1,2,3,4,5) + (S24 + s95)A5(1,3,2,4,5) + so5A45(1,3,4,2,5) = 0.
Using momentum conservation,
S21 + S23 + S24 + s25 = 0,

we may rewrite this as

812A5(1, 2, 3, 4, 5) =+ (812 + 823)A5(1, 3, 2, 4, 5) — 825A5(1, 3, 4, 2, 5) = 0.




BCJ relations / the proof

The proof has two main ingredients:

1. A complex deformation of the three distinguished legs 1, 2, and n.

2. Induction in the number of external particles.

® 3- particle deformation

We deform the momenta of legs 1, 2, and n:

1] = 1] — zgn],
p1 — p1(2), p2 — p2(z), Pn — Pn(2), 2] = [2] — zya|n],
with n) = n) + zy1|1) + 2y2/2),
p1(0) = p1, p2(0) = po, Pn(0) = pp. arbitrary parameters y; , y,
The deformation is chosen so that 51(2) = p1 — 2w,
p1(2) + p2(2) + pn(2) = p1 + P2 + P, p2(2) = p2 — 2 y24o,
Pn(2) = pn + 2y1q1 + 2 Y242,

and the on-shell conditions are preserved:
~ N2 2 ~ N2
pl(z) — My, pQ(Z)
(i) momentum conservation is preserved;

(ii) all shifted external momenta remain on shell;

(iii) the resulting BCJ sum has no pole at infinity.

1) = |1),
2) = [2),
n| = |nl.
wo o - ALY n]
1 1n 2
(27" |n]
% =6, =



BCJ relations / the proof

® Deformed BCJ sum

Define
n—1 n
L(z) =) | > 2p2(2) - pj(2) | An(1.3,...,i,2g,i+1,...,n—1,7).
1=2 \j=1+1

n—1 n
L0)=) | > 2p2-pj | An(1,3,...,i,2¢,i+1,...,n—1,n).
1=2 \j=1+1

Thus the desired result is
I,(0) =0.

At tree level, I,,(z) is a rational function of z. Consider the contour integral

1

21 2z
The pole at z = 0 gives I,,(0). If there is no contribution from infinity, then

1,(0) = — Z Res Iniz).

Za 70

[#]

Therefore the proot reduces to two statements:

there is no boundary term at z = oo,

all finite residues on the right-hand side of [#] vanish.



BCJ relations / the proof

p 2
® INDUCTION PROOF | . /zv
\
We now prove [#] by induction in the number of external particles. \pf
' @3-point amplitude: the base case 3

At three points, the relation is
2p2 - p3 A3(1,24,3) = 0. pz2 =0

Using momentum conservation,
p1+p2+p3 =0,

we have
2p2 - p3 = (pz +p3)2 —pg —p% :P% —p;%.

If legs 1 and 3 are a quark—antiquark pair, they have equal mass, so p% = p%. If the amplitude
is purely gluonic, both are massless. Therefore

2p2 - p3 = 0,

and the relation holds.



BCJ relations / the proof

® Induction Hypothesis

Assume that the fundamental BCJ relation holds for all primitive QCD amplitudes with fewer
than n external legs. We prove it for n legs.
Because there is no boundary term at infinity, Cauchy’s theorem gives

Iy,
I,(0) = — Z Zfigs iz)
2o 70 -

The finite poles occur when a deformed internal momentum goes on shell:
P2(z,) = m%.
At such a pole, the amplitude factorises into lower-point primitive amplitudes:

An(2) — 3" Ar(z0) 57— An(za).
A

where the sum is over the physical states of the internal particle.
It remains to show that the sum of all residues vanishes.



R, k k+ 1 R, R,

[ [+1 k k+ 1
/ i i N i+1 T
L R 2 Ap Ap — 1 2 A A
P —P - P —P ~—_ L p —P R
/ l+1 i “\ ': 3 l :/
1 n k+ 1 k 3 | ,

® Residue analysis

The three shifted legs are 1, 2, and n. A factorisation channel can separate one of these shifted
legs from the other two. It is convenient to group the residues into three classes:

In(O) = R+ Ry + R,

where:
e [?; contains residues in which leg 1 1s separated from 2, and n;
e [?, contains residues in which leg n 1s separated from 1 and 2;

e [?5 contains residues in which the gluon 2, is separated from 1 and n.

We show separately that



k+1

The R, residues

In the Ry class, a typical factorisation term has the form

Ap(1,...,P)

P2_m2P 70007 gjooo

The sum over insertions of Qg appears entirely inside the right subamplitude. After reorganising
the BCJ coeflicients, the relevant sum is precisely a lower-point BCJ relation acting on Ap:

Z 22]/?\2-]3\]' AR(—ﬁ,...,i,ég,i—F1,...,ﬁ).

t J

The right subamplitude has tewer than n external legs. Therefore the induction hypothesis
implies that this sum vanishes. Hence

R1 = 0.




h k
i+ 1
2
A; P
: 1

The R, residues

The R,, residues are analogous. The factorisation channel separates leg n, and the sum over
insertions of 2, appears inside the left subamplitude:

~ ~ 1

Ar(1,...,4,24,3+1,..., P)

7 Ar(=P,....7).
P

In this case it is convenient to use the equivalent BCJ form

1
[momentum conservation] Z Z 22/9\2 ’ﬁj AL(l, - ,i, Qg,i + 1, .o ,P) = 0.
1 7=1

This is again a lower-point BCJ relation. By the induction hypothesis,

R, =0.

S



1 [+ 1
i+1 N
2 |
Ap = — Ap 1
ey T
k+1 k

The R, residues

n [ n
The BCJ coeflicient into two pieces: ~ o~ ~ o~ ~ o~
P E:sz'pj: E:2p2'pj+ E:2p2°pg‘-
1=1+1 1=1+1 j=I1+1
inside Ay, outside Ay,



[ [+ 1
i+1 /n
2 |
Ap = — Ap 1
I / \ 3
k+ 1 k
The R, residues
n [ n
The BCJ coefficient into two pieces: ~ o~ ~ o~ ~ o~
E:sz'pj— §:2p2°pj+ E:2p2°pg‘-
1=1+1 1=1+1 j=I1+1
inside Ay, outside Ay,

The first part gives a lower-point BCJ relation on the left subamplitude and therefore vanishes
by induction.

[
Z Z zﬁQﬁ] AL(ﬁak_I_17---,i,ég,i—|—1,...,l)=O
1 71=1+1




i+ 1 /n
2 |
Ap — — Ap !
l / \ 3
k+1 k
The R, residues
n [ n
The BCJ coefficient into two pieces: ~ o~ ~ o~ ~ o~
E 2p2-pj = E - 2p2 - pj+ E 2p2 - D;
1=1+1 1=1+1 j=l+1
inside Ay, outside Ay,

The first part gives a lower—point BCJ relation on the left subamplitude and therefore vanishes

by induction.
Z Z 2p2 - Dj AL(P,k+1,.
_ 1=1+1

0,2g,0+1,...,1) =0

The second part is independent of the insertion position ¢. It factors out of the sum over
insertions of 2,4, leaving

Z Z 2]/7\2']/7\3' AL = Z 2]02 pg ZALP]C—I-I

) J=Il+1 J=l+1

[exchanging Sums] the U( )—decouphng 1dent1ty

29,2—|—1

Ry = 0.




4-gluon BCJ relation

The fundamental BCJ relation with leg 2 moved through the ordering is

(823 -+ 824)A4(1, 2, 3, 4) -+ 824A4(1, 3, 2, 4) = 0.

Using momentum conservation,
S91 + So3 + S24 = 0,

we have
S$23 + S24 = —S12.

Therefore the four-point BCJ relation may be written as

812A4(1, 2, 3, 4) — 824A4(1, 3, 2, 4) = 0.

The amplitudes

o B (12)4
Aa(17,27,8547) = oo s
For the ordering (1,3, 2,4),
_ _ B (12)4
A 872040 = g oy )
Since (32) = —(23), this is
_ (12)*
AdL,3.2.4) = = e s oy

Therefore
4,01,3,2,0)  (12)(34)

A4(1,2,3,4) (13)(24)

Spinor identity from momentum conservation

Momentum conservation gives
p1+p2 +p3+ps = 0.

Acting with (3| from the left and |2]| from the right gives

(3|p1 + p2 + p3 + pa|2] = 0.

The py and p3 terms vanish, so
(31)[12] + (34)[42] = 0.

Equivalently,
21 84
[42]  (13)
Hence
s (1221 (12)(34)
saa  (24)[42] (13)(24)
Thus
A4(1, 3, 2, 4) o SLQ
A4(17 27 37 4) B 524 .
Theretfore

812A4(1, 2, 3, 4) — SQ4A4(1, 3, 2, 4) = 0.
This proves the four-point BCJ relation.



String-theory proof of BCJ relation




String Amplitudes in a nutshell

5 'Tree-level topology summary

The basic topological distinction is therefore s 0
closed string : circle evolving in time = closed worldsheet, .~
open string : interval evolving in time =- worldsheet with boundary. . /

® Perturbative expansion , ~ ¢ 7

= genus expansion. 8***
0

IOISIED L
M.y Mg Moy M.
At tree level this gives
—
closed strings at tree level: S? with punctures

and

open strings at tree level: D? with boundary punctures | ~__ ] Q
—




Open String monodromy derivation of BCJ Relations

Goal: from disk integrals of open-string partial amplitudes to field theory BCJ relations in the limit: o — 0.

® Open-string partial Amplitudes on the disk

\/
> <H©M
L T

Atfter mapping the disk to the upper half-plane, the vertex operators sit on the real axis.

Color-ordered open-string Amplitudes from integrals of vertex positions in a fixed ordering:

n—2
An(l, 2, - . ,n) — / H dil?@ H ‘LIZ‘Z — wﬂalki'kj Fn
0

<xo<-<xp—o2<l ;_ < j<n— |
n i=2 1<i<y<n—1 ‘ , External string state type

and polarisations

 Koba-Nielsen kernel

using the SL(2,R) invariance to fix three insertion points, 1 =0, Tp—1 = 1, Tp = +00.



Monodromy relations for 4-point Amplitudes

®4-point amplitude: the integrand ~_
SCNe

T
n=4 x1=O X3:1 X4:OO
a'k-k; __ a' k-k a' kyk
A(1,2,3,4)=J dx, I I | X; — x; J—[ dxy | x; — X7 T | xy — x5 |7 2
0<x,<1 1<i<j<3 0<x,<1

a,kl . 1 ‘a/kz'k3

2 x,

J dx, | = x, |
O<x,<1

1
J dx2 (xz)wkﬂ€2 (1= 352)0[%2.]{3 {xl- —x;, if x>x

X — x| = |
0 S x—x;, if x<x



Basic monodromy idea

® KN-factor multivaluedness

()é/ki°kj

The key observation is that the factors T; — I are multi-valued functions in the complex plane.

® Branch points and phases

S NN
If an integration contour is moved across a branch point, the integrand picks up a phase e ki-k

® Monodromy relations from contour deformations

By analytically continuing one integration variable and deforming its contour,

one obtains linear relations among different color orderings of the same open-string amplitude.

® Algorithm
The simplest derivation is obtained by starting from the amplitude A,(2,1,3,4,...,n)

and moving the integration contour of x5 from the region ro < 0

through the ordered intervals 0 < x9 < 23, T3 < T9 < X4, Ce e Tn_1 < Tg < OQ.

FEach time z9 passes one of the points x;, the contour picks up a phase. The resulting relation
> expresses an amplitude with leg 2 before leg 1 in terms of amplitudes where leg 2 is inserted in
all possible positions between legs 1 and n.




Monodromy relations for 4-point Amplitudes

The four-point open-string amplitudes are very simple, they involve only one integral,

0
L AL(2,1,3,4) = / Ao (—g) W12 (1 — g)kahs
—00
1 / /
11 ./44(1, 2, 37 4) — / de(CEZ)a k1-k2(1 . CCQ)a ko-k3 7 [#]
0
o0 / /
11 _,44(1, 3, 2, 4) — / dil?z(ajg)a k1-ko (332 - 1)04 ko-ks .
1 0 1
It we make an analytic continuation of the xo variable to the complex plane we can Contour of -integration over the integrand of A4(2,1,3,4).
consider integrating the integrand of A4(2,1,3,4) over the closed contour shown in figure
Since no poles lie inside the contour the residue theorem tells us that this integral is x; =0 x; =1 Xy = 00
zero. Taking the contour to infinity the upper semicircle will not contribute and we have
0 . , 1 ) oo X2<x1 X1<X2<X3 X3<XZ<OO
O — / dajg(—xg)a kl'kQ(l — :132)0‘ ka-ks —+ / d:l?g(—[]?z)a kl'kQ(l — ZCQ)a 273
_OO ’ Xy <0 O0<x,<1 l <x, < o0

o
+ / dzo(—xg) ¥ Frk2(1 — gg)@ k23
1

X:— X:| =

S x—x, if x<x



Monodromy relations for 4-point Amplitudes

The four-point open-string amplitudes are very simple, they involve only one integral,

0
L A(2,1,3,4) = / da(—22) M1 (1 — )@ 'hoks
— OO
1 / /
11 ./44(1, 2, 37 4) — / de(CUZ)a k1-k2(1 . CCQ)a ko-k3 7 [#]
0
o0 / /
11 _,44(17 3, 2, 4) — / dil?z(ajg)a k1-ko (562 - 1)04 ko-ks .
1 0 1
It we make an analytic continuation of the xo variable to the complex plane we can Contour of -integration over the integrand of A4(2,1,3,4).
consider integrating the integrand of A4(2,1,3,4) over the closed contour shown in figure
Since no poles lie inside the contour the residue theorem tells us that this integral is x; =0 x; =1 Xy = 00
zero. Taking the contour to infinity the upper semicircle will not contribute and we have
0 . , 1 ) oo .X2<x1 X1<X2<X3 .X3<XZ<OO
O — / d.CCQ(—ZEQ)a kl'kQ(l — :132)0‘ ka-ks —+ / dZCQ(—ZEQ)a kl'kQ(l — ZCQ)a 273
—= ’ X, <0 0<x, <1 l <x, < o0

-|—£/ daz‘Q(_CBQ)a/kl.kz(l - aﬁz)a/@'lﬂ.
1

Comparing with the expressions in [#] this can be rewritten in terms of the open-string
amplitudes as

X:— X:| =

1 , , s , , S x.—x;, 1if x <ux;
[;44(27 1,3, 432 — / dag (=)™ M H2 (1 — o)™ h2 3 —[/ dxo(—m2)* 172 (1 — 29)” kQ% S -
0 1




Monodromy relations for 4-point Amplitudes

The four-point open-string amplitudes are very simple, they involve only one integral,

0
L A(2,1,3,4) = / da(—22) M1 (1 — )@ 'hoks
— OO
1 / /
11 ./44(1, 2, 37 4) — / de(CUZ)a k1-k2(1 . CCQ)a ko-k3 7 [#]
0
o0 / /
11 _,44(17 3, 2, 4) — / dil?z(ajg)a k1-ko (562 - 1)04 ko-ks .
1 0 1
It we make an analytic continuation of the xo variable to the complex plane we can Contour of -integration over the integrand of A4(2,1,3,4).
consider integrating the integrand of A4(2,1,3,4) over the closed contour shown in figure
Since no poles lie inside the contour the residue theorem tells us that this integral is x; =0 x; =1 Xy = 00
zero. Taking the contour to infinity the upper semicircle will not contribute and we have
0 . , 1 ) oo .X2<x1 X1<X2<X3 .X3<XZ<OO
O — / d.CCQ(—ZEQ)a kl'kQ(l — :132)0‘ ka-ks —+ / dZCQ(—ZEQ)a kl'kQ(l — ZCQ)a 273
—= ’ X, <0 0<x, <1 l <x, < o0

-|—£/ daz‘Q(_CBQ)a/kl.kz(l — aﬁz)a/@'lﬂ.
1

Comparing with the expressions in [#] this can be rewritten in terms of the open-string
amplitudes as

X — Xx.| = .
% = %] x—x;, if x<x

1 ©.@)
[;44(2» 1, 37432 - / dwo(—w2)¥ F1k2(1 — gg) @ keks / day(—xg) ¥ F1R2(1 — gg) ¥ h2ks j
0 1

1
— _|eima'kike / d332(5132)a,k1.k2(1 — $2)a’k2-k3 Ema,(kl'kfrk?k‘g) /OO alxz(wz)()/kl.l62 (29 — 1)(1%2.@
0 1




Monodromy relations for 4-point Amplitudes

The four-point open-string amplitudes are very simple, they involve only one integral,

0
L A(2,1,3,4) = / da(—22) M1 (1 — )@ 'hoks
— OO
1 / /
11 ./44(1, 2, 37 4) — / de(CUZ)a k1-k2(1 . CCQ)a ko-k3 7 [#]
0
o0 / /
11 _,44(17 3, 2, 4) — / dil?z(ajg)a k1-ko (562 - 1)04 ko-ks .
1 0 1
It we make an analytic continuation of the xo variable to the complex plane we can Contour of -integration over the integrand of A4(2,1,3,4).
consider integrating the integrand of A4(2,1,3,4) over the closed contour shown in figure
Since no poles lie inside the contour the residue theorem tells us that this integral is x; =0 x; =1 Xy = 00
zero. Taking the contour to infinity the upper semicircle will not contribute and we have
0 . , 1 ) oo .X2<x1 X1<X2<X3 .X3<XZ<OO
O — / d.CCQ(—ZEQ)a kl'kQ(l — :132)0‘ ka-ks —+ / dZCQ(—ZEQ)a kl'kQ(l — ZCQ)a 273
—= ’ X, <0 0<x, <1 l <x, < o0

-|—£/ daz‘Q(_CBQ)a/kl.kz(l — aﬁz)a/@'lﬂ.
1

Comparing with the expressions in [#] this can be rewritten in terms of the open-string
amplitudes as

X — Xx.| = .
S x—x;, if x<x

1 ©.@)
[;44(2» 1, 37432 - / dwo(—w2)¥ F1k2(1 — gg) @ keks / day(—xg) ¥ F1R2(1 — gg) ¥ h2ks j
0 1

1
= — imakiks / dwg(wa) @ krk2(1 — go)krks _ gima(huhathaks) /OO dwg(z2) ™ F1H2 (g — 1)¥ F2k3
0 1

ek Ay (1,2,3,4) e bRk 44 (1,3,2, 4)




Monodromy relations for 4-point Amplitudes

[A;L(Q, 1, 374) 4 eiwa’k1-k2A4(17 27 3,4) 1 eiwa’kz-(k1+k3)A4(17 37 2,4) — O]

® REAL part...
Taking the real part gives

A4(2, 1, 3, 4) T COS(ﬂ'Oz’kl y kQ)A4(1, 2, 3, 4)
+ COS(T&'CM/]CQ (k1 + kg))A4(1, 3,2,4) = 0.

In the field-theory limit o — 0,
COS(T('CL//K) — 1,

so the real part becomes

A4(2,1,3,4) + A4(1,2,3,4) + A4(1,3,2,4) = 0.



Monodromy relations for 4-point Amplitudes

A4(2, 17 374) 4+ eiﬁa’kl-k2A4(17 2’ 3,4) 14 6i7ro/kz-(/€1—|—l€3)‘/44(17 3’ 2,4) — 0.

® REAL part...
Taking the real part gives

A4(2, 1, 3, 4) T COS(ﬂ'Oz’kl y kQ)A4(1, 2, 3, 4)
+ COS(T&'CM/]CQ - (kl + ]Cg))A4(1, 3, 2, 4) = 0.

In the field-theory limit o — 0,
cos(ma’ K) — 1,

so the real part becomes

A4(2,1,3,4) + A4(1,2,3,4) + A4(1,3,2,4) = 0.

> ®...Photon decoupling relation



Monodromy relations for 4-point Amplitudes

A4(2, 17 374) 4+ eiﬁa’kl-k2A4(17 2’ 3,4) 14 6i7ro/kz-(/€1—|—l€3)‘/44(17 3’ 2,4) — 0.

® IMAGINARY part
Taking the real part gives Taking the imaginary part
A4(2,1,3,4) + cos(ma'ky - k2) As(1,2,3,4) sin(ra’ky - ko) As(1,2,3,4) + sin(ra’ks - (k1 + k3)) A4(1,3,2,4) = 0.

+ COS(?TO/kQ - (kl -+ kg))A4(1, 3, 2, 4) = 0.

Using momentum conservation,

In the field-theory limit o — 0, k1 + ko + ks + ks =0,
COS(?TCM/K) — 1, one has

so the real part becomes ko - (k1 +k3) = —ka - ks

Ag(2.1,3,4) 4+ A4(1,2,3,4) + A4(1,3.2,4) = 0. In the field-theory limit,
4( ) 4( ) 4( ) Sin(ﬂ'OélK) — d K 4 (9((0/)3),

so the imaginary part becomes

(k1 - ko) Aq(1,2,3,4) — (ko - k) Ag(1,3,2,4) = 0.

With
Sz'j = 2]61' . kj,
this is
812A4(1, 2, 3, 4) — 824A4(1, 3, 2, 4) = 0.
Equivalently,

812A4(1, 2, 3, 4) + (812 + 823)A4(1, 3, 2, 4) = 0.




Monodromy relations for 4-point Amplitudes

[A4(27 17 374) + eiﬁa’kl-k2A4(17 2’ 3,4) 1 6i7ro/kz-(/€1—|—l€3)‘,44(17 3’ 2,4) — Oj

® REAL part... ® IMAGINARY part...
Taking the real part gives Taking the imaginary part
A4(2,1,3,4) + cos(ma'ky - ko) A4(1,2,3,4) sin(ma'ky - k2) Ag(1,2,3,4) + sin(ma'ks - (k1 + k3)) As(1,3,2,4) = 0.

+ COS(T&'CM/]CQ - (kl + ]Cg))A4(1, 3, 2, 4) = 0.

Using momentum conservation,
In the field-theory limit o — 0, ki +ko+ks+ ks =0,
cos(ma’ K) — 1,

one has
so the real part becomes ko - (k1 + k3) = —ko - ky.
Ag(2,1,3,4) + Ay(1,2,3,4) + A4(1,3,2,4) = 0. In the field-theory limit,
( ) ( ) ( ) sin(ma’'K) = md’ K + O(()?),
> ®...Photon decoupling relation 50 the imaginary part becomes
(k1 - ko)Ag(1,2,3,4) — (ko - kg)A4(1,3,2,4) = 0.
With
Sz'j = 2]61' . kj,
this is
812A4(1, 2, 3, 4) — 824A4(1, 3, 2, 4) = 0.

Equivalently,

812A4(1, 2, 3, 4) + (812 + 823)A4(1, 3, 2, 4) = 0.

> ®...BCJ relation




Monodromy relations for n-point Amplitudes

X,—integration contour

0 3 4
The same contour argument works for arbitrary n. Starting from
An(2,1,3,4,...,n),
move the contour of 9 through the ordered points
0,23, 24,...,Tpn—1 = 1.

Each crossing produces a phase. The result is

4 )
0=A,(2,1,3,...,n)+e™rF14 (123 ... n)

+ eim/kZ'(kﬁk:”)An(l, 3,2,4,...,n)

4ot eiﬁa’kz-(k1+k3—|—"'+kn—l)An(]_7 3, 4, N ]_, 2, n)
g _J




Monodromy relations for n-point Amplitudes

0=A,(2,1,3,...,n)+ ™k 4 (1,23, ... n)
temeka(bitka) 4 (1.3.2.4,... . n)

4o TRz tha etk 4 (13,4, . n—1,2,n).

® REAL part: Photon Decoupling Relation

Taking the field-theory limit of the real part gives

0=A4,(2,1,3,...,n)+ A,(1,2,3,...,n)+ A,(1,3,2,4,...,n)
+ -+ A,(1,3,4,...,n—1,2,n).

This is a photon-decoupling identity: leg 2 is inserted in all possible positions relative to the
ordered set (1,3,4,...,n).

® IMAGINARY part: BCJ Relation

The field-theory limit of the imaginary part gives the fundamental BCJ relation

[##]




Monodromy relations for n-point Amplitudes: the general case

® KK Relations

®BCJ Relations

® Minimal bases

The relation [##] shows one family of BCJ relations, but the full monodromy system is richer.
More general contour deformations give relations involving two ordered sets

b=

A representative monodromy relation is

(617 R 76?“)7

a=(ag,...,q8).

An(ﬁla“'vﬁralaalw“a

agin) = (~1)"

H eiﬂ‘o/kﬁi-kﬁj Z (H eiwa’ka.kg) An(]., o, n), [###]

1<e<y<r

oceOP(aUpT) y

where OP(a U 81) denotes ordered permutations, or shuffles, of o with the reversed list 8%.
In the field-theory limit, the real part of [###] becomes the Kleiss-Kuijt relation

An (B, ...

767“7]-7a17"°7

agom) = (~1)"

Z An(1,0,n).

ocOP(aupT)

The imaginary part gives generalized BCJ relations. Schematically,

0

2

ocOP(aupT)

5‘7%

Z 10‘J<0‘5

An(1,0,n).

These generalized BCJ relations reduce the number of independent color-ordered amplitudes

from the KK basis size

to the BCJ basis size

A convenient minimal basis is

(n —2)!
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5-gluon BCJ relation

At five points, the fundamental BCJ relation is

(S23 + S24 + S25)A5(1,2,3,4,5) + (524 + s25)A5(1,3,2,4,5) + s95A45(1,3,4,2,5) = 0.

Using momentum conservation,

So1 + S93 + So4 + So5 = 0,

we may rewrite this as

s12A45(1,2,3,4,5) + (s12 + s23)A5(1,3,2,4,5) — s95A45(1,3,4,2,5) = 0.

The amplitudes

(21)

(22)

(23)

For the helicity configuration 17,27,3%,4%, 57, BCFW recursion from the three-point ampli-

tudes gives

B (12)4
As(1,2.3,4,5) = v sy (34 (45) (51)
Similarly,
_ (12)* B (12)*
Al %4 9) = (13)(32)(24)(45)(51)  (13)(23)(24)(45)(51)’
and

_ (12)* _ (12)
A5(1,3,4,2,5) = (13)(34)(42)(25)(51) ~  (13)(34)(24)(25)(51)

Substitution into the BCJ combination

Define

Bs = 51245(1,2,3,4,5) + (s12 + s23)A5(1,3,2,4,5) — s2545(1, 3,4, 2,5).

Substituting the Parke—Taylor expressions, it is enough to show

0— S12 B S12 + S923
<12><23>(34> <45><51> <13>(23><24> (45><51>
B BH R B

Multiplying by the common denominator
(13)(23)(24)(34)(45)(51)(25),

we need to prove that
N =0,

where

(13)(24)(25)

N = s1——05

— (s12 + 523)(34)(25) + s95(23)(45).

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

Using s;; = (4)|j¢], this becomes

N = [21](13)(24)(25) — ((12)[21] + (23)[32]) (34)(25)
+ (25)[52](23) (45).

Factoring out (25) gives

N = (25) [[21] ({13)(24) — (12)(34)) — [32](23)(34) + [52](23)(45)] .

Now use Schouten,
(13)(24) — (12)(34) = (23)(14).

Therefore
N = (25)(23) (|21](14) — [32](34) + [52](45)) .

Final momentum-conservation identity

Momentum conservation gives

p1+p2+p3+ps+ps =0.

Acting with (4| from the left and |2] from the right gives

(4|p1 + p2 + p3 + pa + p5|2] = 0.

The po and p4 terms vanish, so
(41)[12] + (43)|32] + (45)[52] = 0.

Using
(41) = —(14),  (43)=-(34),  [21] = —[12],

this becomes
121](14) — [32](34) + [52](45) = 0.

Hence
N =0,

and therefore

812A5(1, 2, 3, 4, 5) + (812 + 823)A5(1, 3, 2, 4, 5) — 825A5(1, 3, 4, 2, 5) = 0.

This proves the five-point BCJ relation.

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)



4 Five-point monodromy relation

7\ N\ 7\
@ ® ®

0 z3 1

Figure 3.2: Contour of zs-integration over I(xs).

At five points, start from
A5(27 17 37 47 5)7

where x9 < 0 < 3 < 1. Deforming the x9 contour across the branch points at 0, z3, and 1

gives

0 1
./45(27 173’ 4’ 5) f— / dxz/ dxg(_$2)a/k1-k2(xg)a’klokg
— 00 0

> (1 . x2)a’k4-k2(1 . $3)o/k4-k3 (333 o xQ)a’kQ-kg

0

= / drol(x2) . (3.14)
— 00

Again we analytically continue the xo-integration of I(xz2) to the complex plane, and look

at an integration over the contour shown in figure 3.2. Like for the four-point case this

gives us a relation

T3 1 00
./45(2, 1, 3, 4, 5) = —/ dZUQI(QZQ) — / dZEQI(CIZQ) — / dCCQI(QJQ) , (3.15)
0 rs3 1
with
s oy
/ drol(xo) = €™ M72 A5(1,2,3,4,5), (3.16)
0
1
/ duol (z9) = ™ F2(kiths) A. (1.3 2 4.5), (3.17)
T3
dzol (o) = ™ ke-(kithatha) g1 3 4 2 5), (3.18)
1
and hence
A5(2,1,3,4,5) = — ¥Rk A (1,234, 5) — em k2 (kitks) Ao (1.3 9 4, 5)

— ima'ke(kitkatha) A (1.3 4.2, 5) . (3.19)

0= A5(2,1,3,4,5) 4+ ™ k2F1 4.(1,2. 3. 4,5)
+ eiﬁa’kQ.(kl—i—kg)AE)(l’ 37 27 47 5)
_|_ eiﬂa/kQ.(kl—l—k3+l€4)A5<1’ 3, 4’ 2, 5)

Real part: five-point photon decoupling

(12)

The real part gives a string-corrected photon-decoupling relation. In the field-theory limit all

cosine factors go to one, giving

0= A5(2, 1,3,4, 5) + A5(1, 2,3,4, 5) —+ A5(1, 3,2,4, 5)
+ A5(1,3,4,2,5).
Imaginary part: five-point BCJ

The imaginary part of (?77) is

0= Sin(ﬂ'()élkg : kl)A5(1, 2, 3,4, 5)
+ SiIl(ﬂ'O/kQ . (k’l + kg))A5(1, 3,2, 4, 5)
+ sin(ma'ks - (k1 + ks + ka)) A5(1, 3,4, 2,5).

Taking o/ — 0 gives

0= (k2 . kl)A5(17 273747 5) + ko - (kl + k3)A5(1737 2747 5)
+ ko - (kl =+ k?) =+ k4)A5(17 3747 27 5)

Multiplying by 2 yields

0= 812A5(17 27 37 47 5) + (512 + 823)A5(17 37 27 47 5) + (812 + 523 + 324)A5<17 37 47 27 5)

Using momentum conservation this is equivalent to the more standard form

0= (823 + S24 + 325)A5(17 27 37 47 5) + (824 + 825)A5(17 37 27 47 5) =+ 825A5(17 37 47 27 5)

(13)

(14)

(15)

(16)

(17)



