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Bern-Carrasco-Johannsson (BCJ) relations
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The overall sign is irrelevant because the right-hand side of the relation vanishes.

3.1 Four-point example

At four points, the relation reads

(s23 + s24)A4(1, 2, 3, 4) + s24A4(1, 3, 2, 4) = 0. (8)

Using momentum conservation,
s21 + s23 + s24 = 0, (9)

this may also be written as

�s12A4(1, 2, 3, 4) + s24A4(1, 3, 2, 4) = 0. (10)

This is the simplest instance of a BCJ amplitude relation.

4 Proof strategy

The proof has two main ingredients:

1. A complex deformation of the three distinguished legs 1, 2g and n.

2. Induction in the number of external particles.

The proof is analytic. One packages the whole BCJ sum into a single rational function of
a complex variable z. Cauchy’s theorem then reduces the identity to a statement about the
factorisation residues of this function. Each residue is shown to vanish either by the induction
hypothesis or by the U(1)-decoupling identity.

5 Three-particle deformation

We deform the momenta of legs 1, 2g and n:

p1 �! bp1(z), p2 �! bp2(z), pn �! bpn(z), (11)

with
bp1(0) = p1, bp2(0) = p2, bpn(0) = pn. (12)

The deformation is chosen so that

bp1(z) + bp2(z) + bpn(z) = p1 + p2 + pn, (13)
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Lecture Note: A Simple Proof of the Fundamental BCJ Relation
for QCD Primitive Amplitudes

Prepared for lectures on Amplitudes and Gravity

Contents

1 Aim of the note

This note gives a lecture-level derivation of the fundamental BCJ relation for tree-level primitive
QCD amplitudes, following the proof strategy of de la Cruz, Kniss and Weinzierl. The goal is
not to reproduce all technical details of the massive spinor shifts, but to isolate the conceptual
and algebraic steps needed for a clear presentation.

The result applies to primitive tree amplitudes in QCD with gluons and quark–antiquark
pairs. The quarks may be massless or massive. The crucial condition is that the leg whose
position is moved through the ordering is a gluon.

2 Primitive amplitudes and notation

At tree level, QCD amplitudes may be decomposed into gauge-invariant, colour-stripped, cycli-
cally ordered objects called primitive amplitudes,

An(1, 2, . . . , n). (1)

The ordering in the argument is a cyclic ordering of the external particles. The external particles
may include gluons, quarks and antiquarks. We assume that at least one external particle is a
gluon.

We single out three labels:
1, 2g, n. (2)

The leg labelled 2g is a gluon. The legs 1 and n may be gluons, quarks or antiquarks. The
fundamental BCJ relation moves the gluon 2g through all possible insertion positions between
1 and n, while the relative order of the remaining legs is held fixed.

We use the shorthand
sij = 2pi · pj . (3)

For massive quarks, p2i = m2
i ; for gluons, p

2
i = 0.

3 Statement of the fundamental BCJ relation

The fundamental BCJ relation for primitive QCD tree amplitudes is

n�1X

i=2

0

@
nX

j=i+1

2p2 · pj

1

AAn(1, 3, . . . , i, 2g, i+ 1, . . . , n� 1, n) = 0. (4)

1
Equivalently, by momentum conservation,

n�1X

i=2

0

@
iX

j=1

2p2 · pj

1

AAn(1, 3, . . . , i, 2g, i+ 1, . . . , n� 1, n) = 0. (5)

Indeed,
nX

j=1

pj = 0, p22 = 0, (6)

so
nX

j=i+1

2p2 · pj = �

iX

j=1

2p2 · pj . (7)

The overall sign is irrelevant because the right-hand side of the relation vanishes.

3.1 Four-point example

At four points, the relation reads

(s23 + s24)A4(1, 2, 3, 4) + s24A4(1, 3, 2, 4) = 0. (8)

Using momentum conservation,
s21 + s23 + s24 = 0, (9)

this may also be written as

�s12A4(1, 2, 3, 4) + s24A4(1, 3, 2, 4) = 0. (10)

This is the simplest instance of a BCJ amplitude relation.

4 Proof strategy

The proof has two main ingredients:

1. A complex deformation of the three distinguished legs 1, 2g and n.

2. Induction in the number of external particles.

The proof is analytic. One packages the whole BCJ sum into a single rational function of
a complex variable z. Cauchy’s theorem then reduces the identity to a statement about the
factorisation residues of this function. Each residue is shown to vanish either by the induction
hypothesis or by the U(1)-decoupling identity.

5 Three-particle deformation

We deform the momenta of legs 1, 2g and n:

p1 �! bp1(z), p2 �! bp2(z), pn �! bpn(z), (11)

with
bp1(0) = p1, bp2(0) = p2, bpn(0) = pn. (12)

The deformation is chosen so that

bp1(z) + bp2(z) + bpn(z) = p1 + p2 + pn, (13)

2

Equivalently, by momentum conservation,

n�1X

i=2

0

@
iX

j=1

2p2 · pj

1

AAn(1, 3, . . . , i, 2g, i+ 1, . . . , n� 1, n) = 0. (5)

Indeed,
nX

j=1

pj = 0, p22 = 0, (6)

so
nX

j=i+1

2p2 · pj = �

iX

j=1

2p2 · pj . (7)

The overall sign is irrelevant because the right-hand side of the relation vanishes.

3.1 Four-point example

At four points, the relation reads

(s23 + s24)A4(1, 2, 3, 4) + s24A4(1, 3, 2, 4) = 0. (8)

Using momentum conservation,
s21 + s23 + s24 = 0, (9)

this may also be written as

�s12A4(1, 2, 3, 4) + s24A4(1, 3, 2, 4) = 0. (10)

This is the simplest instance of a BCJ amplitude relation.

4 Proof strategy

The proof has two main ingredients:

1. A complex deformation of the three distinguished legs 1, 2g and n.

2. Induction in the number of external particles.

The proof is analytic. One packages the whole BCJ sum into a single rational function of
a complex variable z. Cauchy’s theorem then reduces the identity to a statement about the
factorisation residues of this function. Each residue is shown to vanish either by the induction
hypothesis or by the U(1)-decoupling identity.

5 Three-particle deformation

We deform the momenta of legs 1, 2g and n:

p1 �! bp1(z), p2 �! bp2(z), pn �! bpn(z), (11)

with
bp1(0) = p1, bp2(0) = p2, bpn(0) = pn. (12)

The deformation is chosen so that

bp1(z) + bp2(z) + bpn(z) = p1 + p2 + pn, (13)

2



Bern-Carrasco-Johannsson (BCJ) relations / 4- and 5-gluon amplitudes

4-gluon case

Low-Point BCJ Relations from Three-Gluon Building Blocks

Aim

These notes give explicit four- and five-gluon examples of the fundamental BCJ relation. The

amplitudes are reconstructed from the three-point on-shell gluon amplitudes, or equivalently

from the Parke–Taylor formula obtained by BCFW recursion from the three-point building

blocks.

We use bra-ket spinor notation. For a massless momentum,

p = |pi[p|+ |p]hp|, (1)

and

sij = 2pi · pj = hiji[ji]. (2)

1 Three-gluon building blocks

For complex momenta, the non-vanishing color-ordered three-gluon amplitudes are

A3(1
�, 2�, 3+) =

h12i3

h23ih31i , (3)

and

A3(1
+, 2+, 3�) =

[12]
3

[23][31]
. (4)

All tree amplitudes may be constructed recursively from these three-point amplitudes by BCFW

recursion. For the MHV sector, this gives the Parke–Taylor formula

An(1, 2, . . . , n) =
habi4

h12ih23i · · · hn1i , (5)

where a and b are the two negative-helicity gluons.

In the following examples we choose the negative-helicity gluons to be 1
�
and 2

�
.

2 Four-gluon BCJ relation

The fundamental BCJ relation with leg 2 moved through the ordering is

(s23 + s24)A4(1, 2, 3, 4) + s24A4(1, 3, 2, 4) = 0. (6)

Using momentum conservation,

s21 + s23 + s24 = 0, (7)

we have

s23 + s24 = �s12. (8)

Therefore the four-point BCJ relation may be written as

s12A4(1, 2, 3, 4)� s24A4(1, 3, 2, 4) = 0. (9)

1

sij ≡ 2pi ⋅ pj

5-gluon case

The amplitudes

For the helicity configuration 1
�, 2�, 3+, 4+, BCFW recursion from the three-point amplitudes

gives

A4(1
�, 2�, 3+, 4+) =

h12i4

h12ih23ih34ih41i . (10)

For the ordering (1, 3, 2, 4),

A4(1
�, 3+, 2�, 4+) =

h12i4

h13ih32ih24ih41i . (11)

Since h32i = �h23i, this is

A4(1, 3, 2, 4) = � h12i4

h13ih23ih24ih41i . (12)

Therefore
A4(1, 3, 2, 4)

A4(1, 2, 3, 4)
= �h12ih34i

h13ih24i . (13)

Spinor identity from momentum conservation

Momentum conservation gives

p1 + p2 + p3 + p4 = 0. (14)

Acting with h3| from the left and |2] from the right gives

h3|p1 + p2 + p3 + p4|2] = 0. (15)

The p2 and p3 terms vanish, so

h31i[12] + h34i[42] = 0. (16)

Equivalently,

[21]

[42]
= �h34i

h13i . (17)

Hence
s12
s24

=
h12i[21]
h24i[42] = �h12ih34i

h13ih24i . (18)

Thus
A4(1, 3, 2, 4)

A4(1, 2, 3, 4)
=

s12
s24

. (19)

Therefore

s12A4(1, 2, 3, 4)� s24A4(1, 3, 2, 4) = 0. (20)

This proves the four-point BCJ relation.

3 Five-gluon BCJ relation

At five points, the fundamental BCJ relation is

(s23 + s24 + s25)A5(1, 2, 3, 4, 5) + (s24 + s25)A5(1, 3, 2, 4, 5) + s25A5(1, 3, 4, 2, 5) = 0. (21)

Using momentum conservation,

s21 + s23 + s24 + s25 = 0, (22)

we may rewrite this as

s12A5(1, 2, 3, 4, 5) + (s12 + s23)A5(1, 3, 2, 4, 5)� s25A5(1, 3, 4, 2, 5) = 0. (23)
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4 Proof strategy

The proof has two main ingredients:

1. A complex deformation of the three distinguished legs 1, 2g and n.

2. Induction in the number of external particles.

The proof is analytic. One packages the whole BCJ sum into a single rational function of
a complex variable z. Cauchy’s theorem then reduces the identity to a statement about the
factorisation residues of this function. Each residue is shown to vanish either by the induction
hypothesis or by the U(1)-decoupling identity.

5 Three-particle deformation

We deform the momenta of legs 1, 2g and n:

p1 �! bp1(z), p2 �! bp2(z), pn �! bpn(z), (11)

with
bp1(0) = p1, bp2(0) = p2, bpn(0) = pn. (12)

The deformation is chosen so that

bp1(z) + bp2(z) + bpn(z) = p1 + p2 + pn, (13)

2

and the on-shell conditions are preserved:

bp1(z)2 = m2
1, bp2(z)2 = 0, bpn(z)2 = m2

n. (14)

All other momenta are kept fixed:

bpj(z) = pj , j 6= 1, 2, n. (15)

The detailed shift depends on the helicities and on whether legs 1 and n are massless or
massive. For the lecture proof, the only properties needed are:

(i) momentum conservation is preserved;

(ii) all shifted external momenta remain on shell;

(iii) the resulting BCJ sum has no pole at infinity.

6 The deformed BCJ sum

Define

In(z) =
n�1X
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1

AAn(1̂, 3, . . . , i, 2̂g, i+ 1, . . . , n� 1, n̂). (16)

At z = 0, this becomes exactly the BCJ combination:

In(0) =
n�1X
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2p2 · pj

1

AAn(1, 3, . . . , i, 2g, i+ 1, . . . , n� 1, n). (17)

Thus the desired result is
In(0) = 0. (18)

At tree level, In(z) is a rational function of z. Consider the contour integral

1

2⇡i

I
dz

z
In(z). (19)

The pole at z = 0 gives In(0). If there is no contribution from infinity, then

In(0) = �

X

z↵ 6=0

Res
z=z↵

In(z)

z
. (20)

Therefore the proof reduces to two statements:

there is no boundary term at z = 1, (21)

all finite residues on the right-hand side of (??) vanish. (22)

7 Large-z behaviour

The first key statement is

In(z) = O

✓
1

z

◆
as z ! 1. (23)

It follows that
In(z)

z
= O

✓
1

z2

◆
, (24)

and hence the contour at infinity gives no contribution.
The large-z behaviour is established by power counting under the three-particle shift.
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3- particle deformation

Explicit Factorisation Poles in the Three-Line Shift Proof of the
Fundamental BCJ Relation

Lecture notes

1 Purpose of this note

In the proof of the fundamental BCJ relation, one introduces the shifted BCJ sum

In(z) =
n�1X

i=2

0

@
nX

j=i+1

2bp2(z) · bpj(z)

1

AAn(b1, 3, . . . , i,b2, i+ 1, . . . , n� 1, bn). (1)

The finite poles of In(z) occur when an analytically continued internal momentum goes on shell,

bP 2
S(zS) = m2

S . (2)

Often this is written schematically as

bP 2(z↵) = m2
P , (3)

without specifying the explicit channel. However, in the residue decomposition into

R1, R2, Rn, (4)

one should distinguish the corresponding channel momenta and pole positions.
This note spells out the pole locations using an explicit massless three-particle shift.

2 The massless three-line shift

We work in the massless case and shift the three distinguished legs

1, 2, n. (5)

A convenient massless specialization of the three-particle deformation is

|b1] = |1]� z y1|n], |b1i = |1i,

|b2] = |2]� z y2|n], |b2i = |2i,

|bni = |ni+ z y1|1i+ z y2|2i, |bn] = |n]. (6)

The parameters y1 and y2 are non-zero deformation parameters. They specify the direction of
the complex deformation and do not a↵ect the final physical BCJ relation obtained at z = 0.

In terms of shifted momenta,

bp1(z) = p1 � z y1q1, (7)

bp2(z) = p2 � z y2q2, (8)

bpn(z) = pn + z y1q1 + z y2q2, (9)
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1, 2, n. (5)
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⟨2 |γμ |n]
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The analytical continuation of the amplitude can be diagrammatically represented as

M = M(0) =
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1 n

. . . (4.6)

The z dependence in the amplitude can be introduced using a type 1 deformation. We choose
two legs i and j and define new momenta î and ĵby shifting the square bracket of i and the
angle bracket of j, ---̂i

f
© |iÍ

---̂i
È

© |i] + z |j]---ĵ
f

© |jÍ ≠ z |iÍ

---ĵ
È

© |j]
. (4.7)
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The extra momentum is injected into one of the external legs and flows out from another, so
that momentum comservation is respected,

p̂i + p̂j = pi + pj . (4.8)

The modified momenta are complex valued and still massless,

p̂
2
i = p

2
i + ‘

2
ij + 2z‘ij · pi = 0, p̂

2
j = 0. (4.9)

Poles We have seen that f(z) has an obvious pole at z = 0. The other poles will come from
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where we have defined the propagator momentum
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=

bÿ

m=a

p
µ
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If the two modified legs î and ĵ are on the same side of the factorization, as in the first and
third kind of diagrams in the decomposition, this momentum is independent of z and there is
no pole. The only contribution can come from the second kind of diagram, where î is on the left
and ĵ on the right. In this case,
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and the on-shell conditions are preserved:

bp1(z)2 = m2
1, bp2(z)2 = 0, bpn(z)2 = m2

n. (14)

All other momenta are kept fixed:

bpj(z) = pj , j 6= 1, 2, n. (15)

The detailed shift depends on the helicities and on whether legs 1 and n are massless or
massive. For the lecture proof, the only properties needed are:

(i) momentum conservation is preserved;

(ii) all shifted external momenta remain on shell;

(iii) the resulting BCJ sum has no pole at infinity.

6 The deformed BCJ sum

Define

In(z) =
n�1X

i=2

0

@
nX

j=i+1

2bp2(z) · bpj(z)

1

AAn(1̂, 3, . . . , i, 2̂g, i+ 1, . . . , n� 1, n̂). (16)

At z = 0, this becomes exactly the BCJ combination:

In(0) =
n�1X

i=2

0

@
nX

j=i+1

2p2 · pj

1

AAn(1, 3, . . . , i, 2g, i+ 1, . . . , n� 1, n). (17)

Thus the desired result is
In(0) = 0. (18)

At tree level, In(z) is a rational function of z. Consider the contour integral

1

2⇡i

I
dz

z
In(z). (19)

The pole at z = 0 gives In(0). If there is no contribution from infinity, then

In(0) = �

X

z↵ 6=0

Res
z=z↵

In(z)

z
. (20)

Therefore the proof reduces to two statements:

there is no boundary term at z = 1, (21)

all finite residues on the right-hand side of (??) vanish. (22)

7 Large-z behaviour

The first key statement is

In(z) = O

✓
1

z

◆
as z ! 1. (23)

It follows that
In(z)

z
= O

✓
1

z2

◆
, (24)

and hence the contour at infinity gives no contribution.
The large-z behaviour is established by power counting under the three-particle shift.
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1

2

3

p2

p3

p1

The improvement comes from the fact that the leading large-z terms cancel in the BCJ sum.
At large z, the shifted hard particles propagate through a soft background. The leading terms
are universal eikonal factors. In the sum over all insertions of the gluon 2g, these leading eikonal
contributions cancel. Consequently the full sum satisfies

In(z) = O

✓
1

z

◆
, (35)

even though each individual amplitude may scale only as 1/z.

8 Induction proof

We now prove (??) by induction in the number of external particles.

8.1 Base case

At three points, the relation is
2p2 · p3A3(1, 2g, 3) = 0. (36)

Using momentum conservation,
p1 + p2 + p3 = 0, (37)

we have
2p2 · p3 = (p2 + p3)

2
� p22 � p23 = p21 � p23. (38)

If legs 1 and 3 are a quark–antiquark pair, they have equal mass, so p21 = p23. If the amplitude
is purely gluonic, both are massless. Therefore

2p2 · p3 = 0, (39)

and the relation holds.

8.2 Induction hypothesis

Assume that the fundamental BCJ relation holds for all primitive QCD amplitudes with fewer
than n external legs. We prove it for n legs.

Because there is no boundary term at infinity, Cauchy’s theorem gives

In(0) = �

X

z↵ 6=0

Res
z=z↵

In(z)

z
. (40)

The finite poles occur when a deformed internal momentum goes on shell:

bP 2(z↵) = m2
P . (41)

At such a pole, the amplitude factorises into lower-point primitive amplitudes:

An(z) �!
X

�

AL(z↵)
i

P 2 �m2
P

AR(z↵), (42)

where the sum is over the physical states of the internal particle.
It remains to show that the sum of all residues vanishes.
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Residue analysis 9 Residue analysis

The three shifted legs are 1, 2g and n. A factorisation channel can separate one of these shifted
legs from the other two. It is convenient to group the residues into three classes:

In(0) = R1 +R2 +Rn, (43)

where:

• R1 contains residues in which leg 1 is separated from 2g and n;

• Rn contains residues in which leg n is separated from 1 and 2g;

• R2 contains residues in which the gluon 2g is separated from 1 and n.

We show separately that
R1 = 0, R2 = 0, Rn = 0. (44)

9.1 The R1 residues

In the R1 class, a typical factorisation term has the form

AL(1̂, . . . , bP )
i

P 2 �m2
P

AR(� bP , . . . , 2̂g, . . . , n̂). (45)

The sum over insertions of 2̂g appears entirely inside the right subamplitude. After reorganising
the BCJ coe�cients, the relevant sum is precisely a lower-point BCJ relation acting on AR:

X

i

0

@
X

j

2bp2 · bpj

1

AAR(� bP , . . . , i, 2̂g, i+ 1, . . . , n̂). (46)

The right subamplitude has fewer than n external legs. Therefore the induction hypothesis
implies that this sum vanishes. Hence

R1 = 0. (47)

9.2 The Rn residues

The Rn residues are analogous. The factorisation channel separates leg n, and the sum over
insertions of 2̂g appears inside the left subamplitude:

AL(1̂, . . . , i, 2̂g, i+ 1, . . . , bP )
i

P 2 �m2
P

AR(� bP , . . . , n̂). (48)

In this case it is convenient to use the equivalent BCJ form

X

i

0

@
iX

j=1

2bp2 · bpj

1

AAL(1̂, . . . , i, 2̂g, i+ 1, . . . , bP ) = 0. (49)

This is again a lower-point BCJ relation. By the induction hypothesis,

Rn = 0. (50)

6
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n
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k
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AL AR
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9.3 The R2 residues

The R2 residues are slightly more delicate. Here the factorisation channel isolates the shifted
gluon 2g on one side. A typical term contains a subamplitude of the form

AL( bP , k + 1, . . . , i, 2̂g, i+ 1, . . . , l). (51)

The BCJ coe�cient multiplying this term is

nX

j=i+1

2bp2 · bpj . (52)

Split this coe�cient into two pieces:

nX

j=i+1

2bp2 · bpj =
lX

j=i+1

2bp2 · bpj
| {z }

inside AL

+
nX

j=l+1

2bp2 · bpj

| {z }
outside AL

. (53)

The first part gives a lower-point BCJ relation on the left subamplitude and therefore vanishes
by induction.

The second part is independent of the insertion position i. It factors out of the sum over
insertions of 2̂g, leaving X

i

AL( bP , k + 1, . . . , i, 2̂g, i+ 1, . . . , l). (54)

This is the U(1)-decoupling identity for a colour-ordered primitive amplitude. Therefore this
second contribution also vanishes.

Hence
R2 = 0. (55)

10 Conclusion of the proof

All finite residues vanish:
R1 = R2 = Rn = 0. (56)

Since there is no contribution from infinity, Cauchy’s theorem gives

In(0) = 0. (57)

Therefore
n�1X

i=2

0

@
nX

j=i+1

2p2 · pj

1

AAn(1, 3, . . . , i, 2g, i+ 1, . . . , n� 1, n) = 0. (58)

This proves the fundamental BCJ relation for primitive tree-level QCD amplitudes, assuming
the moving leg is a gluon.

11 Lecture summary

The proof can be summarised as follows:

1. Package the BCJ sum into a deformed object In(z).

2. Choose a three-particle shift of legs 1, 2g and n.
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9 Residue analysis

The three shifted legs are 1, 2g and n. A factorisation channel can separate one of these shifted
legs from the other two. It is convenient to group the residues into three classes:

In(0) = R1 +R2 +Rn, (43)

where:

• R1 contains residues in which leg 1 is separated from 2g and n;

• Rn contains residues in which leg n is separated from 1 and 2g;

• R2 contains residues in which the gluon 2g is separated from 1 and n.

We show separately that
R1 = 0, R2 = 0, Rn = 0. (44)

9.1 The R1 residues

In the R1 class, a typical factorisation term has the form

AL(1̂, . . . , bP )
i

P 2 �m2
P

AR(� bP , . . . , 2̂g, . . . , n̂). (45)

The sum over insertions of 2̂g appears entirely inside the right subamplitude. After reorganising
the BCJ coe�cients, the relevant sum is precisely a lower-point BCJ relation acting on AR:

X

i

0

@
X

j

2bp2 · bpj

1

AAR(� bP , . . . , i, 2̂g, i+ 1, . . . , n̂). (46)

The right subamplitude has fewer than n external legs. Therefore the induction hypothesis
implies that this sum vanishes. Hence

R1 = 0. (47)

9.2 The Rn residues

The Rn residues are analogous. The factorisation channel separates leg n, and the sum over
insertions of 2̂g appears inside the left subamplitude:

AL(1̂, . . . , i, 2̂g, i+ 1, . . . , bP )
i

P 2 �m2
P

AR(� bP , . . . , n̂). (48)

In this case it is convenient to use the equivalent BCJ form

X

i

0

@
iX

j=1

2bp2 · bpj

1

AAL(1̂, . . . , i, 2̂g, i+ 1, . . . , bP ) = 0. (49)

This is again a lower-point BCJ relation. By the induction hypothesis,

Rn = 0. (50)
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9 Residue analysis

The three shifted legs are 1, 2g and n. A factorisation channel can separate one of these shifted
legs from the other two. It is convenient to group the residues into three classes:

In(0) = R1 +R2 +Rn, (43)

where:

• R1 contains residues in which leg 1 is separated from 2g and n;

• Rn contains residues in which leg n is separated from 1 and 2g;

• R2 contains residues in which the gluon 2g is separated from 1 and n.

We show separately that
R1 = 0, R2 = 0, Rn = 0. (44)

9.1 The R1 residues

In the R1 class, a typical factorisation term has the form

AL(1̂, . . . , bP )
i

P 2 �m2
P

AR(� bP , . . . , 2̂g, . . . , n̂). (45)

The sum over insertions of 2̂g appears entirely inside the right subamplitude. After reorganising
the BCJ coe�cients, the relevant sum is precisely a lower-point BCJ relation acting on AR:

X

i

0

@
X

j

2bp2 · bpj

1

AAR(� bP , . . . , i, 2̂g, i+ 1, . . . , n̂). (46)

The right subamplitude has fewer than n external legs. Therefore the induction hypothesis
implies that this sum vanishes. Hence

R1 = 0. (47)

9.2 The Rn residues

The Rn residues are analogous. The factorisation channel separates leg n, and the sum over
insertions of 2̂g appears inside the left subamplitude:

AL(1̂, . . . , i, 2̂g, i+ 1, . . . , bP )
i

P 2 �m2
P

AR(� bP , . . . , n̂). (48)

In this case it is convenient to use the equivalent BCJ form

X

i

0

@
iX

j=1

2bp2 · bpj

1

AAL(1̂, . . . , i, 2̂g, i+ 1, . . . , bP ) = 0. (49)

This is again a lower-point BCJ relation. By the induction hypothesis,

Rn = 0. (50)
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9.3 The R2 residues

The R2 residues are slightly more delicate. Here the factorisation channel isolates the shifted
gluon 2g on one side. A typical term contains a subamplitude of the form

AL( bP , k + 1, . . . , i, 2̂g, i+ 1, . . . , l). (51)

The BCJ coe�cient multiplying this term is

nX

j=i+1

2bp2 · bpj . (52)

Split this coe�cient into two pieces:

nX

j=i+1

2bp2 · bpj =
lX

j=i+1

2bp2 · bpj
| {z }

inside AL

+
nX

j=l+1

2bp2 · bpj

| {z }
outside AL

. (53)

The first part gives a lower-point BCJ relation on the left subamplitude and therefore vanishes
by induction.

The second part is independent of the insertion position i. It factors out of the sum over
insertions of 2̂g, leaving X

i

AL( bP , k + 1, . . . , i, 2̂g, i+ 1, . . . , l). (54)

This is the U(1)-decoupling identity for a colour-ordered primitive amplitude. Therefore this
second contribution also vanishes.

Hence
R2 = 0. (55)

10 Conclusion of the proof

All finite residues vanish:
R1 = R2 = Rn = 0. (56)

Since there is no contribution from infinity, Cauchy’s theorem gives

In(0) = 0. (57)

Therefore
n�1X

i=2

0

@
nX

j=i+1

2p2 · pj

1

AAn(1, 3, . . . , i, 2g, i+ 1, . . . , n� 1, n) = 0. (58)

This proves the fundamental BCJ relation for primitive tree-level QCD amplitudes, assuming
the moving leg is a gluon.
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Low-Point BCJ Relations from Three-Gluon Building Blocks

Aim

These notes give explicit four- and five-gluon examples of the fundamental BCJ relation. The

amplitudes are reconstructed from the three-point on-shell gluon amplitudes, or equivalently

from the Parke–Taylor formula obtained by BCFW recursion from the three-point building

blocks.

We use bra-ket spinor notation. For a massless momentum,

p = |pi[p|+ |p]hp|, (1)

and

sij = 2pi · pj = hiji[ji]. (2)

1 Three-gluon building blocks

For complex momenta, the non-vanishing color-ordered three-gluon amplitudes are

A3(1
�, 2�, 3+) =

h12i3

h23ih31i , (3)

and

A3(1
+, 2+, 3�) =

[12]
3

[23][31]
. (4)

All tree amplitudes may be constructed recursively from these three-point amplitudes by BCFW

recursion. For the MHV sector, this gives the Parke–Taylor formula

An(1, 2, . . . , n) =
habi4

h12ih23i · · · hn1i , (5)

where a and b are the two negative-helicity gluons.

In the following examples we choose the negative-helicity gluons to be 1
�
and 2

�
.

2 Four-gluon BCJ relation

The fundamental BCJ relation with leg 2 moved through the ordering is

(s23 + s24)A4(1, 2, 3, 4) + s24A4(1, 3, 2, 4) = 0. (6)

Using momentum conservation,

s21 + s23 + s24 = 0, (7)

we have

s23 + s24 = �s12. (8)

Therefore the four-point BCJ relation may be written as

s12A4(1, 2, 3, 4)� s24A4(1, 3, 2, 4) = 0. (9)

1

The amplitudes

For the helicity configuration 1
�, 2�, 3+, 4+, BCFW recursion from the three-point amplitudes

gives

A4(1
�, 2�, 3+, 4+) =

h12i4

h12ih23ih34ih41i . (10)

For the ordering (1, 3, 2, 4),

A4(1
�, 3+, 2�, 4+) =

h12i4

h13ih32ih24ih41i . (11)

Since h32i = �h23i, this is

A4(1, 3, 2, 4) = � h12i4

h13ih23ih24ih41i . (12)

Therefore
A4(1, 3, 2, 4)

A4(1, 2, 3, 4)
= �h12ih34i

h13ih24i . (13)

Spinor identity from momentum conservation

Momentum conservation gives

p1 + p2 + p3 + p4 = 0. (14)

Acting with h3| from the left and |2] from the right gives

h3|p1 + p2 + p3 + p4|2] = 0. (15)

The p2 and p3 terms vanish, so

h31i[12] + h34i[42] = 0. (16)

Equivalently,

[21]

[42]
= �h34i

h13i . (17)

Hence
s12
s24

=
h12i[21]
h24i[42] = �h12ih34i

h13ih24i . (18)

Thus
A4(1, 3, 2, 4)

A4(1, 2, 3, 4)
=

s12
s24

. (19)

Therefore

s12A4(1, 2, 3, 4)� s24A4(1, 3, 2, 4) = 0. (20)

This proves the four-point BCJ relation.

3 Five-gluon BCJ relation

At five points, the fundamental BCJ relation is

(s23 + s24 + s25)A5(1, 2, 3, 4, 5) + (s24 + s25)A5(1, 3, 2, 4, 5) + s25A5(1, 3, 4, 2, 5) = 0. (21)

Using momentum conservation,

s21 + s23 + s24 + s25 = 0, (22)

we may rewrite this as

s12A5(1, 2, 3, 4, 5) + (s12 + s23)A5(1, 3, 2, 4, 5)� s25A5(1, 3, 4, 2, 5) = 0. (23)
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Momentum conservation gives

p1 + p2 + p3 + p4 = 0. (14)

Acting with h3| from the left and |2] from the right gives

h3|p1 + p2 + p3 + p4|2] = 0. (15)

The p2 and p3 terms vanish, so

h31i[12] + h34i[42] = 0. (16)

Equivalently,

[21]

[42]
= �h34i

h13i . (17)

Hence
s12
s24

=
h12i[21]
h24i[42] = �h12ih34i

h13ih24i . (18)

Thus
A4(1, 3, 2, 4)

A4(1, 2, 3, 4)
=

s12
s24

. (19)

Therefore

s12A4(1, 2, 3, 4)� s24A4(1, 3, 2, 4) = 0. (20)

This proves the four-point BCJ relation.

3 Five-gluon BCJ relation

At five points, the fundamental BCJ relation is

(s23 + s24 + s25)A5(1, 2, 3, 4, 5) + (s24 + s25)A5(1, 3, 2, 4, 5) + s25A5(1, 3, 4, 2, 5) = 0. (21)

Using momentum conservation,

s21 + s23 + s24 + s25 = 0, (22)

we may rewrite this as

s12A5(1, 2, 3, 4, 5) + (s12 + s23)A5(1, 3, 2, 4, 5)� s25A5(1, 3, 4, 2, 5) = 0. (23)
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At tree level there are no holes. The corresponding open-string worldsheet is topologically
a disc:

tree-level open-string worldsheet ' D2.

External open-string states are represented by vertex operators inserted on the boundary of the
disc. Hence an n-point open-string tree amplitude is naturally associated with

D2 with n boundary punctures.

Schematically,

Aopen
n ⇠

Z nY

i=1

dxi hV1(x1) · · ·Vn(xn)iD2 ,

where the insertion points xi lie on the boundary of the disc.
Using conformal symmetry, the disc can be mapped to the upper half-plane

H
+ = {z 2 C | Im(z) > 0},

whose boundary is the real axis. In that representation the open-string vertex operators are
inserted at real positions

xi 2 R.

4 Why boundary ordering matters for open strings

The boundary of the disc is one-dimensional. Therefore, once the open-string vertex operators
are placed on the boundary, their cyclic order is meaningful. For instance, the ordering

x1 < x2 < · · · < xn

defines one integration region, while a di↵erent ordering defines a di↵erent region.
This is the worldsheet origin of colour-ordered open-string amplitudes. One may write

schematically

Aopen
n =

X

�

Tr (T a1T a�(2) · · ·T a�(n))Aopen
n (1,�(2), . . . ,�(n)).

The partial amplitude
Aopen

n (1, 2, . . . , n)

corresponds to integrating over the boundary region in which the punctures have that cyclic
ordering.

This has no direct analogue for closed strings, because closed-string vertex operators are
inserted in the interior of the sphere. There is no distinguished one-dimensional boundary on
which they are ordered.

5 Tree-level topology summary

The basic topological distinction is therefore

closed string : circle evolving in time ) closed worldsheet,

open string : interval evolving in time ) worldsheet with boundary.

At tree level this gives

closed strings at tree level: S2 with punctures

and
open strings at tree level: D2 with boundary punctures .

2

D. Open-string four-point scattering amplitudes III. EXAMPLES AND APPLICATIONS

we should go back right to the beginning, re-
calling the idea that motivated the discussion
we have carried on so far. We started from
a classical relativistic point of view, in which
particles are intended as point-like entities and
promoted this concept to imagine particles as
vibrating strings. We also said that their tra-
jectory in spacetime, in this new point point
of view is no more a 1D manifold, the world-
line, but rather a 2D worldsheet. The concep-
tual step to do in order to jump from ordinary
QFT amplitudes to string amplitudes is then
same: while in QFT scattering amplitudes are
expressed in term of Feynman diagrams, a set
of particle lines meeting in interaction vertices,
the string scattering amplitude is represented
by a Riemann surface obtained promoting the
lines to 2D surfaces smoothly joined together.
In the same way, the usual loop expansion of
QFT is replaced in the string case by a sum
over surfaces with increasing genus. Genus-0
surfaces correspond to tree level amplitudes,
genus-1 to 1-loop amplitudes and so on.

As we mentioned, we also distinguish between
open and closed strings. This amounts for a
di�erent topological structure of string ampli-
tude diagrams: in the case of closed strings
the surface is topologically equivalent (at tree
level) to a 2-sphere with punctures on it where
the asymptotic states attach, while in the case
of open strings the surface is equivalent (at
tree-level) to a disc with punctures on its bor-
der.

Historically, one of the first examples of a
string scattering amplitude is given by the
Veneziano’s amplitude

AV en(s, t) =
⁄ 1

0
dz z

≠–Õs≠2(1 ≠ z)≠–Õt≠2 (157)

which describes a four-point amplitude of open
bosonic strings in the ground state (tachyons).

We immediately recognize in this integral a B
function: Veneziano’s amplitude then can be
expressed in terms of Gamma functions as

AV en(s, t) = B(≠–
Õ
s ≠ 1, ≠–

Õ
t ≠ 1)

©
�(≠–

Õ
s ≠ 1)�(≠–

Õ
t ≠ 1)

�(≠–Õs ≠ –Õt ≠ 2) (158)

Even if we will not prove this result, we know
that we can write the 4-point amplitude of
open bosonic strings in the first excited state
(gluons) as

Agluon(s, t) =
⁄ 1

0
dz z

≠–Õs≠2(1 ≠ z)≠–Õt≠2
·

·

A
A1
z2 + A2

(1 ≠ z)2 + A3
z

+ A4
1 ≠ z

+ A5
z(1 ≠ z)

B

(159)

Through intersection theory we can show that
the four open gluon string scattering amplitude
is directly proportional to Veneziano’s ampli-
tude through a coe�cient, which we will com-
pute, depending on the kinematics of the prob-
lem. To do this it is indeed clever to choose the
twist to be

u = z
≠–Õs≠2(1 ≠ z)≠–Õt≠2 (160)

The connection Ê reads

Ê = 2 ≠ 4z + –
Õ(s ≠ sz ≠ tz)

(z ≠ 1)z (161)

which admits only ‹ = 1 roots. The only mas-
ter integral can be chosen to be J1 = È„0| C],
with, as always, „0 = 1. We now only need to
evaluate the five integrals

Ii =
⁄

dz u Ïi (162)

decomposing the forms

Ï1 = 1
z2 Ï2 = 1

(1 ≠ z)2 Ï3 = 1
z

Ï4 = 1
1 ≠ z

Ï5 = 1
z(1 ≠ z) (163)

in terms of the only master form we have. The
intersection matrix in this case reads

C = ≠
(2 + –

Õ
s)(2 + –

Õ
t)

(3 + –Õ(s + t))(4 + –Õ(s + t)) ·

·
1

(5 + –Õ(s + t)) (164)
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String Amplitudes in a nutshell

Perturbative expansion     
   = genus expansion.

At tree level there are no holes. The corresponding open-string worldsheet is topologically
a disc:

tree-level open-string worldsheet ' D2.

External open-string states are represented by vertex operators inserted on the boundary of the
disc. Hence an n-point open-string tree amplitude is naturally associated with

D2 with n boundary punctures.

Schematically,

Aopen
n ⇠

Z nY

i=1

dxi hV1(x1) · · ·Vn(xn)iD2 ,

where the insertion points xi lie on the boundary of the disc.
Using conformal symmetry, the disc can be mapped to the upper half-plane

H
+ = {z 2 C | Im(z) > 0},

whose boundary is the real axis. In that representation the open-string vertex operators are
inserted at real positions

xi 2 R.

4 Why boundary ordering matters for open strings

The boundary of the disc is one-dimensional. Therefore, once the open-string vertex operators
are placed on the boundary, their cyclic order is meaningful. For instance, the ordering

x1 < x2 < · · · < xn

defines one integration region, while a di↵erent ordering defines a di↵erent region.
This is the worldsheet origin of colour-ordered open-string amplitudes. One may write
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Aopen
n =

X
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The partial amplitude
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corresponds to integrating over the boundary region in which the punctures have that cyclic
ordering.
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which they are ordered.
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The basic topological distinction is therefore
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Lecture Notes: Open-String Monodromy and the Derivation of

BCJ Relations

Prepared from Chapter 3 of T. Søndergaard

Purpose and scope

These notes summarize the open-string monodromy derivation of the Bern-Carrasco-Johansson
(BCJ) relations. The goal is to give a lecture-ready path from disk integrals for open-string
partial amplitudes to field-theory BCJ relations in the limit

↵0
! 0.

The presentation follows the logic of Chapter 3 of Søndergaard’s thesis. The main point is that
the BCJ relations of Yang-Mills theory arise as the imaginary part of open-string monodromy
relations.

1 Open-string partial amplitudes on the disk

At tree level, an open-string amplitude is computed on a disk. After mapping the disk to
the upper half-plane, the vertex operators sit on the real axis. A color-ordered open-string
amplitude is obtained by integrating the vertex positions in a fixed order.

After using the SL(2,R) invariance to fix three insertion points, one may choose

x1 = 0, xn�1 = 1, xn = +1.

Then a typical ordered amplitude has the schematic form

An(1, 2, . . . , n) =

Z

0<x2<···<xn�2<1

n�2Y

i=2

dxi
Y

1i<jn�1

|xi � xj |
↵0ki·kj Fn. (1)

Here Fn contains the dependence on polarizations and on the type of external string states.
For tachyons one has Fn = 1. For gauge bosons, Fn is more complicated, but the monodromy
argument is essentially unchanged: the branch cuts relevant for the phase factors come from
the Koba-Nielsen factors

|xi � xj |
↵0ki·kj .

Remark. For the purpose of deriving amplitude relations, it is enough to track the phase factors
acquired when one integration variable is analytically continued around branch points. The
details of Fn do not modify the phase structure.

2 The basic monodromy idea

The key observation is that the factors

(xi � xj)
↵0ki·kj

1

Open String monodromy derivation of BCJ Relations

Goal: from disk integrals of open-string partial amplitudes to field theory BCJ relations in the limit:

D. Open-string four-point scattering amplitudes III. EXAMPLES AND APPLICATIONS

we should go back right to the beginning, re-
calling the idea that motivated the discussion
we have carried on so far. We started from
a classical relativistic point of view, in which
particles are intended as point-like entities and
promoted this concept to imagine particles as
vibrating strings. We also said that their tra-
jectory in spacetime, in this new point point
of view is no more a 1D manifold, the world-
line, but rather a 2D worldsheet. The concep-
tual step to do in order to jump from ordinary
QFT amplitudes to string amplitudes is then
same: while in QFT scattering amplitudes are
expressed in term of Feynman diagrams, a set
of particle lines meeting in interaction vertices,
the string scattering amplitude is represented
by a Riemann surface obtained promoting the
lines to 2D surfaces smoothly joined together.
In the same way, the usual loop expansion of
QFT is replaced in the string case by a sum
over surfaces with increasing genus. Genus-0
surfaces correspond to tree level amplitudes,
genus-1 to 1-loop amplitudes and so on.

As we mentioned, we also distinguish between
open and closed strings. This amounts for a
di�erent topological structure of string ampli-
tude diagrams: in the case of closed strings
the surface is topologically equivalent (at tree
level) to a 2-sphere with punctures on it where
the asymptotic states attach, while in the case
of open strings the surface is equivalent (at
tree-level) to a disc with punctures on its bor-
der.

Historically, one of the first examples of a
string scattering amplitude is given by the
Veneziano’s amplitude

AV en(s, t) =
⁄ 1

0
dz z

≠–Õs≠2(1 ≠ z)≠–Õt≠2 (157)

which describes a four-point amplitude of open
bosonic strings in the ground state (tachyons).

We immediately recognize in this integral a B
function: Veneziano’s amplitude then can be
expressed in terms of Gamma functions as

AV en(s, t) = B(≠–
Õ
s ≠ 1, ≠–

Õ
t ≠ 1)

©
�(≠–

Õ
s ≠ 1)�(≠–

Õ
t ≠ 1)

�(≠–Õs ≠ –Õt ≠ 2) (158)

Even if we will not prove this result, we know
that we can write the 4-point amplitude of
open bosonic strings in the first excited state
(gluons) as

Agluon(s, t) =
⁄ 1

0
dz z

≠–Õs≠2(1 ≠ z)≠–Õt≠2
·

·

A
A1
z2 + A2

(1 ≠ z)2 + A3
z

+ A4
1 ≠ z

+ A5
z(1 ≠ z)

B

(159)

Through intersection theory we can show that
the four open gluon string scattering amplitude
is directly proportional to Veneziano’s ampli-
tude through a coe�cient, which we will com-
pute, depending on the kinematics of the prob-
lem. To do this it is indeed clever to choose the
twist to be

u = z
≠–Õs≠2(1 ≠ z)≠–Õt≠2 (160)

The connection Ê reads

Ê = 2 ≠ 4z + –
Õ(s ≠ sz ≠ tz)

(z ≠ 1)z (161)

which admits only ‹ = 1 roots. The only mas-
ter integral can be chosen to be J1 = È„0| C],
with, as always, „0 = 1. We now only need to
evaluate the five integrals

Ii =
⁄

dz u Ïi (162)

decomposing the forms

Ï1 = 1
z2 Ï2 = 1

(1 ≠ z)2 Ï3 = 1
z

Ï4 = 1
1 ≠ z

Ï5 = 1
z(1 ≠ z) (163)

in terms of the only master form we have. The
intersection matrix in this case reads

C = ≠
(2 + –

Õ
s)(2 + –

Õ
t)

(3 + –Õ(s + t))(4 + –Õ(s + t)) ·

·
1

(5 + –Õ(s + t)) (164)
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Open-string partial Amplitudes on the disk

Lecture Notes: Open-String Monodromy and the Derivation of

BCJ Relations

Prepared from Chapter 3 of T. Søndergaard

Purpose and scope

These notes summarize the open-string monodromy derivation of the Bern-Carrasco-Johansson
(BCJ) relations. The goal is to give a lecture-ready path from disk integrals for open-string
partial amplitudes to field-theory BCJ relations in the limit

↵0
! 0.

The presentation follows the logic of Chapter 3 of Søndergaard’s thesis. The main point is that
the BCJ relations of Yang-Mills theory arise as the imaginary part of open-string monodromy
relations.

1 Open-string partial amplitudes on the disk

At tree level, an open-string amplitude is computed on a disk. After mapping the disk to
the upper half-plane, the vertex operators sit on the real axis. A color-ordered open-string
amplitude is obtained by integrating the vertex positions in a fixed order.

After using the SL(2,R) invariance to fix three insertion points, one may choose

x1 = 0, xn�1 = 1, xn = +1.

Then a typical ordered amplitude has the schematic form

An(1, 2, . . . , n) =

Z

0<x2<···<xn�2<1

n�2Y

i=2

dxi
Y

1i<jn�1

|xi � xj |
↵0ki·kj Fn. (1)

Here Fn contains the dependence on polarizations and on the type of external string states.
For tachyons one has Fn = 1. For gauge bosons, Fn is more complicated, but the monodromy
argument is essentially unchanged: the branch cuts relevant for the phase factors come from
the Koba-Nielsen factors

|xi � xj |
↵0ki·kj .

Remark. For the purpose of deriving amplitude relations, it is enough to track the phase factors
acquired when one integration variable is analytically continued around branch points. The
details of Fn do not modify the phase structure.

2 The basic monodromy idea

The key observation is that the factors

(xi � xj)
↵0ki·kj

1
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Koba-Nielsen kernel

External string state type 
and polarisations



A(1,2,3,4) = ∫0<x2<1
dx2 ∏

1≤i<j≤3

|xi − xj |
α′￼ki⋅kj = ∫0<x2<1

dx2 |x1 − x2 |α′￼k1⋅k2 |x2 − x3 |α′￼k2⋅k3

n = 4

= ∫0<x2<1
dx2 | − x2 |α′￼k1⋅k2 |x2 − 1 |α′￼k2⋅k3

x1 = 0 x3 = 1 x4 = ∞

Monodromy relations for 4-point Amplitudes

|xi − xj | = {
xi − xj , if xi > xj

xj − xi , if xi < xj

D. Open-string four-point scattering amplitudes III. EXAMPLES AND APPLICATIONS

we should go back right to the beginning, re-
calling the idea that motivated the discussion
we have carried on so far. We started from
a classical relativistic point of view, in which
particles are intended as point-like entities and
promoted this concept to imagine particles as
vibrating strings. We also said that their tra-
jectory in spacetime, in this new point point
of view is no more a 1D manifold, the world-
line, but rather a 2D worldsheet. The concep-
tual step to do in order to jump from ordinary
QFT amplitudes to string amplitudes is then
same: while in QFT scattering amplitudes are
expressed in term of Feynman diagrams, a set
of particle lines meeting in interaction vertices,
the string scattering amplitude is represented
by a Riemann surface obtained promoting the
lines to 2D surfaces smoothly joined together.
In the same way, the usual loop expansion of
QFT is replaced in the string case by a sum
over surfaces with increasing genus. Genus-0
surfaces correspond to tree level amplitudes,
genus-1 to 1-loop amplitudes and so on.

As we mentioned, we also distinguish between
open and closed strings. This amounts for a
di�erent topological structure of string ampli-
tude diagrams: in the case of closed strings
the surface is topologically equivalent (at tree
level) to a 2-sphere with punctures on it where
the asymptotic states attach, while in the case
of open strings the surface is equivalent (at
tree-level) to a disc with punctures on its bor-
der.

Historically, one of the first examples of a
string scattering amplitude is given by the
Veneziano’s amplitude

AV en(s, t) =
⁄ 1

0
dz z

≠–Õs≠2(1 ≠ z)≠–Õt≠2 (157)

which describes a four-point amplitude of open
bosonic strings in the ground state (tachyons).

We immediately recognize in this integral a B
function: Veneziano’s amplitude then can be
expressed in terms of Gamma functions as

AV en(s, t) = B(≠–
Õ
s ≠ 1, ≠–

Õ
t ≠ 1)

©
�(≠–

Õ
s ≠ 1)�(≠–

Õ
t ≠ 1)

�(≠–Õs ≠ –Õt ≠ 2) (158)

Even if we will not prove this result, we know
that we can write the 4-point amplitude of
open bosonic strings in the first excited state
(gluons) as

Agluon(s, t) =
⁄ 1

0
dz z

≠–Õs≠2(1 ≠ z)≠–Õt≠2
·

·

A
A1
z2 + A2

(1 ≠ z)2 + A3
z

+ A4
1 ≠ z

+ A5
z(1 ≠ z)

B

(159)

Through intersection theory we can show that
the four open gluon string scattering amplitude
is directly proportional to Veneziano’s ampli-
tude through a coe�cient, which we will com-
pute, depending on the kinematics of the prob-
lem. To do this it is indeed clever to choose the
twist to be

u = z
≠–Õs≠2(1 ≠ z)≠–Õt≠2 (160)

The connection Ê reads

Ê = 2 ≠ 4z + –
Õ(s ≠ sz ≠ tz)

(z ≠ 1)z (161)

which admits only ‹ = 1 roots. The only mas-
ter integral can be chosen to be J1 = È„0| C],
with, as always, „0 = 1. We now only need to
evaluate the five integrals

Ii =
⁄

dz u Ïi (162)

decomposing the forms

Ï1 = 1
z2 Ï2 = 1

(1 ≠ z)2 Ï3 = 1
z

Ï4 = 1
1 ≠ z

Ï5 = 1
z(1 ≠ z) (163)

in terms of the only master form we have. The
intersection matrix in this case reads

C = ≠
(2 + –

Õ
s)(2 + –

Õ
t)

(3 + –Õ(s + t))(4 + –Õ(s + t)) ·

·
1

(5 + –Õ(s + t)) (164)
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4-point amplitude: the integrand

= ∫
1

0
dx2 (x2)α′￼k1⋅k2 (1 − x2)α′￼k2⋅k3
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amplitude is obtained by integrating the vertex positions in a fixed order.
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Here Fn contains the dependence on polarizations and on the type of external string states.
For tachyons one has Fn = 1. For gauge bosons, Fn is more complicated, but the monodromy
argument is essentially unchanged: the branch cuts relevant for the phase factors come from
the Koba-Nielsen factors
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Remark. For the purpose of deriving amplitude relations, it is enough to track the phase factors
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are multi-valued functions in the complex plane. If an integration contour is moved across a
branch point, the integrand picks up a phase

ei⇡↵
0ki·kj .

By analytically continuing one integration variable and deforming its contour, one obtains linear
relations among di↵erent color orderings of the same open-string amplitude. These are the
monodromy relations.

The simplest derivation is obtained by starting from the amplitude

An(2, 1, 3, 4, . . . , n)

and moving the integration contour of x2 from the region

x2 < 0

through the ordered intervals

0 < x2 < x3, x3 < x2 < x4, . . . , xn�1 < x2 < 1.

Each time x2 passes one of the points xj , the contour picks up a phase. The resulting relation
expresses an amplitude with leg 2 before leg 1 in terms of amplitudes where leg 2 is inserted in
all possible positions between legs 1 and n.

3 Four-point monodromy relation

At four points there is only one non-trivial integration variable. The three relevant orderings
are

A4(2, 1, 3, 4) =

Z
0

�1
dx2 (�x2)

↵0k1·k2(1� x2)
↵0k2·k3 , (2)

A4(1, 2, 3, 4) =

Z
1

0

dx2 (x2)
↵0k1·k2(1� x2)

↵0k2·k3 , (3)

A4(1, 3, 2, 4) =

Z 1

1

dx2 (x2)
↵0k1·k2(x2 � 1)↵

0k2·k3 . (4)

Analytically continue the x2 variable into the complex plane. Since no poles lie inside the
relevant closed contour, the contour integral vanishes. After deforming the contour onto the
real intervals one obtains

A4(2, 1, 3, 4) + ei⇡↵
0k1·k2A4(1, 2, 3, 4) + ei⇡↵

0k2·(k1+k3)A4(1, 3, 2, 4) = 0. (5)

This is the four-point open-string monodromy relation.

Real part: photon decoupling

Taking the real part gives

A4(2, 1, 3, 4) + cos
�
⇡↵0k1 · k2

�
A4(1, 2, 3, 4)

+ cos
�
⇡↵0k2 · (k1 + k3)

�
A4(1, 3, 2, 4) = 0. (6)

In the field-theory limit ↵0
! 0,

cos
�
⇡↵0K

�
! 1,

so the real part becomes

A4(2, 1, 3, 4) +A4(1, 2, 3, 4) +A4(1, 3, 2, 4) = 0. (7)

This is the four-point photon-decoupling identity.
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are multi-valued functions in the complex plane. If an integration contour is moved across a
branch point, the integrand picks up a phase

ei⇡↵
0ki·kj .

By analytically continuing one integration variable and deforming its contour, one obtains linear
relations among di↵erent color orderings of the same open-string amplitude. These are the
monodromy relations.

The simplest derivation is obtained by starting from the amplitude

An(2, 1, 3, 4, . . . , n)

and moving the integration contour of x2 from the region

x2 < 0

through the ordered intervals

0 < x2 < x3, x3 < x2 < x4, . . . , xn�1 < x2 < 1.

Each time x2 passes one of the points xj , the contour picks up a phase. The resulting relation
expresses an amplitude with leg 2 before leg 1 in terms of amplitudes where leg 2 is inserted in
all possible positions between legs 1 and n.

3 Four-point monodromy relation

At four points there is only one non-trivial integration variable. The three relevant orderings
are

A4(2, 1, 3, 4) =

Z
0

�1
dx2 (�x2)

↵0k1·k2(1� x2)
↵0k2·k3 , (2)

A4(1, 2, 3, 4) =

Z
1

0

dx2 (x2)
↵0k1·k2(1� x2)

↵0k2·k3 , (3)

A4(1, 3, 2, 4) =

Z 1

1

dx2 (x2)
↵0k1·k2(x2 � 1)↵

0k2·k3 . (4)

Analytically continue the x2 variable into the complex plane. Since no poles lie inside the
relevant closed contour, the contour integral vanishes. After deforming the contour onto the
real intervals one obtains

A4(2, 1, 3, 4) + ei⇡↵
0k1·k2A4(1, 2, 3, 4) + ei⇡↵

0k2·(k1+k3)A4(1, 3, 2, 4) = 0. (5)

This is the four-point open-string monodromy relation.

Real part: photon decoupling

Taking the real part gives

A4(2, 1, 3, 4) + cos
�
⇡↵0k1 · k2

�
A4(1, 2, 3, 4)

+ cos
�
⇡↵0k2 · (k1 + k3)

�
A4(1, 3, 2, 4) = 0. (6)

In the field-theory limit ↵0
! 0,

cos
�
⇡↵0K

�
! 1,

so the real part becomes

A4(2, 1, 3, 4) +A4(1, 2, 3, 4) +A4(1, 3, 2, 4) = 0. (7)

This is the four-point photon-decoupling identity.
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cos
�
⇡↵0K

�
! 1,

so the real part becomes

A4(2, 1, 3, 4) +A4(1, 2, 3, 4) +A4(1, 3, 2, 4) = 0. (7)

This is the four-point photon-decoupling identity.
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Imaginary part: four-point BCJ

Taking the imaginary part of (??) gives

sin
�
⇡↵0k1 · k2

�
A4(1, 2, 3, 4) + sin

�
⇡↵0k2 · (k1 + k3)

�
A4(1, 3, 2, 4) = 0. (8)

Using momentum conservation,
k1 + k2 + k3 + k4 = 0,

one has
k2 · (k1 + k3) = �k2 · k4.

In the field-theory limit,
sin

�
⇡↵0K

�
= ⇡↵0K +O((↵0)3),

so the imaginary part becomes

(k1 · k2)A4(1, 2, 3, 4)� (k2 · k4)A4(1, 3, 2, 4) = 0. (9)

With
sij = 2ki · kj ,

this is
s12A4(1, 2, 3, 4)� s24A4(1, 3, 2, 4) = 0. (10)

Equivalently,

s12A4(1, 2, 3, 4) + (s12 + s23)A4(1, 3, 2, 4) = 0. (11)

This is the four-point fundamental BCJ relation.

4 Five-point monodromy relation

At five points, start from
A5(2, 1, 3, 4, 5),

where x2 < 0 < x3 < 1. Deforming the x2 contour across the branch points at 0, x3, and 1
gives

0 = A5(2, 1, 3, 4, 5) + ei⇡↵
0k2·k1A5(1, 2, 3, 4, 5)

+ ei⇡↵
0k2·(k1+k3)A5(1, 3, 2, 4, 5)

+ ei⇡↵
0k2·(k1+k3+k4)A5(1, 3, 4, 2, 5). (12)

Real part: five-point photon decoupling

The real part gives a string-corrected photon-decoupling relation. In the field-theory limit all
cosine factors go to one, giving

0 = A5(2, 1, 3, 4, 5) +A5(1, 2, 3, 4, 5) +A5(1, 3, 2, 4, 5)

+A5(1, 3, 4, 2, 5). (13)
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relations among di↵erent color orderings of the same open-string amplitude. These are the
monodromy relations.

The simplest derivation is obtained by starting from the amplitude

An(2, 1, 3, 4, . . . , n)

and moving the integration contour of x2 from the region

x2 < 0

through the ordered intervals

0 < x2 < x3, x3 < x2 < x4, . . . , xn�1 < x2 < 1.

Each time x2 passes one of the points xj , the contour picks up a phase. The resulting relation
expresses an amplitude with leg 2 before leg 1 in terms of amplitudes where leg 2 is inserted in
all possible positions between legs 1 and n.

3 Four-point monodromy relation

At four points there is only one non-trivial integration variable. The three relevant orderings
are

A4(2, 1, 3, 4) =

Z
0

�1
dx2 (�x2)

↵0k1·k2(1� x2)
↵0k2·k3 , (2)

A4(1, 2, 3, 4) =

Z
1

0

dx2 (x2)
↵0k1·k2(1� x2)

↵0k2·k3 , (3)

A4(1, 3, 2, 4) =

Z 1

1

dx2 (x2)
↵0k1·k2(x2 � 1)↵

0k2·k3 . (4)

Analytically continue the x2 variable into the complex plane. Since no poles lie inside the
relevant closed contour, the contour integral vanishes. After deforming the contour onto the
real intervals one obtains

A4(2, 1, 3, 4) + ei⇡↵
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4 Five-point monodromy relation

At five points, start from
A5(2, 1, 3, 4, 5),

where x2 < 0 < x3 < 1. Deforming the x2 contour across the branch points at 0, x3, and 1
gives

0 = A5(2, 1, 3, 4, 5) + ei⇡↵
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Imaginary part: five-point BCJ

The imaginary part of (??) is

0 = sin
�
⇡↵0k2 · k1

�
A5(1, 2, 3, 4, 5)

+ sin
�
⇡↵0k2 · (k1 + k3)

�
A5(1, 3, 2, 4, 5)

+ sin
�
⇡↵0k2 · (k1 + k3 + k4)

�
A5(1, 3, 4, 2, 5). (14)

Taking ↵0
! 0 gives

0 = (k2 · k1)A5(1, 2, 3, 4, 5) + k2 · (k1 + k3)A5(1, 3, 2, 4, 5)

+ k2 · (k1 + k3 + k4)A5(1, 3, 4, 2, 5). (15)

Multiplying by 2 yields

0 = s12A5(1, 2, 3, 4, 5) + (s12 + s23)A5(1, 3, 2, 4, 5) + (s12 + s23 + s24)A5(1, 3, 4, 2, 5). (16)

Using momentum conservation this is equivalent to the more standard form

0 = (s23 + s24 + s25)A5(1, 2, 3, 4, 5) + (s24 + s25)A5(1, 3, 2, 4, 5) + s25A5(1, 3, 4, 2, 5). (17)

5 The general n-point monodromy relation

The same contour argument works for arbitrary n. Starting from

An(2, 1, 3, 4, . . . , n),

move the contour of x2 through the ordered points

0, x3, x4, . . . , xn�1 = 1.

Each crossing produces a phase. The result is

0 = An(2, 1, 3, . . . , n) + ei⇡↵
0k2·k1An(1, 2, 3, . . . , n)

+ ei⇡↵
0k2·(k1+k3)An(1, 3, 2, 4, . . . , n)

+ · · ·+ ei⇡↵
0k2·(k1+k3+···+kn�1)An(1, 3, 4, . . . , n� 1, 2, n). (18)

Real part

Taking the field-theory limit of the real part gives

0 = An(2, 1, 3, . . . , n) +An(1, 2, 3, . . . , n) +An(1, 3, 2, 4, . . . , n)

+ · · ·+An(1, 3, 4, . . . , n� 1, 2, n). (19)

This is a photon-decoupling identity: leg 2 is inserted in all possible positions relative to the
ordered set (1, 3, 4, . . . , n).

Imaginary part

The field-theory limit of the imaginary part gives the fundamental BCJ relation

0 =
n�1X

i=2

0

@
iX

j=1

s2j

1

AAn(1, 3, 4, . . . , i, 2, i+ 1, . . . , n). (20)

4

x2

0 = sin(πα′k1 · k2)A5(1, 2, 3, 4, 5) + sin(πα′k2 · (k1 + k3))A5(1, 3, 2, 4, 5)

+ sin(πα′k2 · (k1 + k3 + k4))A5(1, 3, 4, 2, 5) ,

0 = s12A5(1, 2, 3, 4, 5) + (s12 + s23)A5(1, 3, 2, 4, 5) + (s12 + s23 + s24)A5(1, 3, 4, 2, 5) .

n

n

An(2, 1, 3, 4, . . . , n) =

∫ n−2∏

i=2

dxi|xi|α
′k1·ki |xi − 1|α′kn−1·ki

∏

i<j≤n−2

|xj − xi|α
′ki·kj ,

x2 < 0 < x3 < · · · < xn−2 < 1
x2 x2 xj

eiπα
′k2·kj

0 = An(2, 1, 3, . . . , n) + eiπα
′k2·k1An(1, 2, 3, . . . , n) + eiπα

′k2·(k1+k3)An(1, 3, 2, 4, . . . , n)

+ · · ·+ eiπα
′k2·(k1+k3+···+kn−1)An(1, 3, 4, . . . , n− 1, 2, n) .

α′ → 0

0 = An(2, 1, 3, . . . , n) +An(1, 2, 3, . . . , n) +An(1, 3, 2, 4, . . . , n)

+ · · ·+An(1, 3, 4, . . . , n− 1, 2, n) ,
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Imaginary part: five-point BCJ
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Using momentum conservation this is equivalent to the more standard form

0 = (s23 + s24 + s25)A5(1, 2, 3, 4, 5) + (s24 + s25)A5(1, 3, 2, 4, 5) + s25A5(1, 3, 4, 2, 5). (17)

5 The general n-point monodromy relation

The same contour argument works for arbitrary n. Starting from

An(2, 1, 3, 4, . . . , n),

move the contour of x2 through the ordered points

0, x3, x4, . . . , xn�1 = 1.
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Real part
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This is a photon-decoupling identity: leg 2 is inserted in all possible positions relative to the
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The imaginary part of (??) is

0 = sin
�
⇡↵0k2 · k1

�
A5(1, 2, 3, 4, 5)

+ sin
�
⇡↵0k2 · (k1 + k3)

�
A5(1, 3, 2, 4, 5)

+ sin
�
⇡↵0k2 · (k1 + k3 + k4)

�
A5(1, 3, 4, 2, 5). (14)

Taking ↵0
! 0 gives

0 = (k2 · k1)A5(1, 2, 3, 4, 5) + k2 · (k1 + k3)A5(1, 3, 2, 4, 5)

+ k2 · (k1 + k3 + k4)A5(1, 3, 4, 2, 5). (15)

Multiplying by 2 yields

0 = s12A5(1, 2, 3, 4, 5) + (s12 + s23)A5(1, 3, 2, 4, 5) + (s12 + s23 + s24)A5(1, 3, 4, 2, 5). (16)

Using momentum conservation this is equivalent to the more standard form

0 = (s23 + s24 + s25)A5(1, 2, 3, 4, 5) + (s24 + s25)A5(1, 3, 2, 4, 5) + s25A5(1, 3, 4, 2, 5). (17)

5 The general n-point monodromy relation

The same contour argument works for arbitrary n. Starting from

An(2, 1, 3, 4, . . . , n),

move the contour of x2 through the ordered points

0, x3, x4, . . . , xn�1 = 1.

Each crossing produces a phase. The result is

0 = An(2, 1, 3, . . . , n) + ei⇡↵
0k2·k1An(1, 2, 3, . . . , n)

+ ei⇡↵
0k2·(k1+k3)An(1, 3, 2, 4, . . . , n)

+ · · ·+ ei⇡↵
0k2·(k1+k3+···+kn�1)An(1, 3, 4, . . . , n� 1, 2, n). (18)

Real part

Taking the field-theory limit of the real part gives

0 = An(2, 1, 3, . . . , n) +An(1, 2, 3, . . . , n) +An(1, 3, 2, 4, . . . , n)

+ · · ·+An(1, 3, 4, . . . , n� 1, 2, n). (19)

This is a photon-decoupling identity: leg 2 is inserted in all possible positions relative to the
ordered set (1, 3, 4, . . . , n).

Imaginary part

The field-theory limit of the imaginary part gives the fundamental BCJ relation

0 =
n�1X

i=2

0

@
iX

j=1

s2j

1

AAn(1, 3, 4, . . . , i, 2, i+ 1, . . . , n). (20)
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REAL part: Photon Decoupling Relation

IMAGINARY part: BCJ Relation

[##]



Here the term i = 2 means the ordering (1, 2, 3, . . . , n). Equivalently, using momentum conser-
vation,

0 =
n�1X

i=2

0

@
nX

j=i+1

s2j

1

AAn(1, 3, 4, . . . , i, 2, i+ 1, . . . , n). (21)

This is the fundamental BCJ relation.

6 Why the imaginary part gives BCJ

The logic can be summarized in one line:

monodromy phases =) sin
�
⇡↵0K

� ↵0!0
���! ⇡↵0K =) linear kinematic coe�cients.

The kinematic coe�cient multiplying each color ordering is precisely the sum of Mandelstam
invariants picked up by leg 2 as it crosses the branch points associated with the other legs.

Thus, the field-theory BCJ coe�cients have a simple string-theory origin:
X

s2j

counts the total phase accumulated by the moving vertex operator.

7 Minimal basis from monodromy

The relation (??) shows one family of BCJ relations, but the full monodromy system is richer.
More general contour deformations give relations involving two ordered sets

� = (�1, . . . ,�r), ↵ = (↵1, . . . ,↵s).

A representative monodromy relation is

An(�1, . . . ,�r, 1,↵1, . . . ,↵s, n) = (�1)r
Y

1i<jr

ei⇡↵
0k�i ·k�j

X

�2OP(↵[�T )

⇣Y
ei⇡↵

0k↵·k�
⌘
An(1,�, n),

(22)
where OP(↵ [ �T ) denotes ordered permutations, or shu✏es, of ↵ with the reversed list �T .

In the field-theory limit, the real part of (??) becomes the Kleiss-Kuijf relation

An(�1, . . . ,�r, 1,↵1, . . . ,↵s, n) = (�1)r
X

�2OP(↵[�T )

An(1,�, n). (23)

The imaginary part gives generalized BCJ relations. Schematically,

0 =
X

�2OP(↵[�T )

2

4
rX

i=1

X

�J<��i

s�iJ

3

5An(1,�, n). (24)

These generalized BCJ relations reduce the number of independent color-ordered amplitudes
from the KK basis size

(n� 2)!

to the BCJ basis size
(n� 3)!.

A convenient minimal basis is

An(1,�(2, 3, . . . , n� 2), n� 1, n), � 2 Sn�3. (25)
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The amplitudes

For the helicity configuration 1
�, 2�, 3+, 4+, BCFW recursion from the three-point amplitudes

gives

A4(1
�, 2�, 3+, 4+) =

h12i4

h12ih23ih34ih41i . (10)

For the ordering (1, 3, 2, 4),

A4(1
�, 3+, 2�, 4+) =

h12i4

h13ih32ih24ih41i . (11)

Since h32i = �h23i, this is

A4(1, 3, 2, 4) = � h12i4

h13ih23ih24ih41i . (12)

Therefore
A4(1, 3, 2, 4)

A4(1, 2, 3, 4)
= �h12ih34i

h13ih24i . (13)

Spinor identity from momentum conservation

Momentum conservation gives

p1 + p2 + p3 + p4 = 0. (14)

Acting with h3| from the left and |2] from the right gives

h3|p1 + p2 + p3 + p4|2] = 0. (15)

The p2 and p3 terms vanish, so

h31i[12] + h34i[42] = 0. (16)

Equivalently,

[21]

[42]
= �h34i

h13i . (17)

Hence
s12
s24

=
h12i[21]
h24i[42] = �h12ih34i

h13ih24i . (18)

Thus
A4(1, 3, 2, 4)

A4(1, 2, 3, 4)
=

s12
s24

. (19)

Therefore

s12A4(1, 2, 3, 4)� s24A4(1, 3, 2, 4) = 0. (20)

This proves the four-point BCJ relation.

3 Five-gluon BCJ relation

At five points, the fundamental BCJ relation is

(s23 + s24 + s25)A5(1, 2, 3, 4, 5) + (s24 + s25)A5(1, 3, 2, 4, 5) + s25A5(1, 3, 4, 2, 5) = 0. (21)

Using momentum conservation,

s21 + s23 + s24 + s25 = 0, (22)

we may rewrite this as

s12A5(1, 2, 3, 4, 5) + (s12 + s23)A5(1, 3, 2, 4, 5)� s25A5(1, 3, 4, 2, 5) = 0. (23)

2

The amplitudes

For the helicity configuration 1
�, 2�, 3+, 4+, 5+, BCFW recursion from the three-point ampli-

tudes gives

A5(1, 2, 3, 4, 5) =
h12i4

h12ih23ih34ih45ih51i . (24)

Similarly,

A5(1, 3, 2, 4, 5) =
h12i4

h13ih32ih24ih45ih51i = � h12i4

h13ih23ih24ih45ih51i , (25)

and

A5(1, 3, 4, 2, 5) =
h12i4

h13ih34ih42ih25ih51i = � h12i4

h13ih34ih24ih25ih51i . (26)

Substitution into the BCJ combination

Define

B5 = s12A5(1, 2, 3, 4, 5) + (s12 + s23)A5(1, 3, 2, 4, 5)� s25A5(1, 3, 4, 2, 5). (27)

Substituting the Parke–Taylor expressions, it is enough to show

0 =
s12

h12ih23ih34ih45ih51i �
s12 + s23

h13ih23ih24ih45ih51i

+
s25

h13ih34ih24ih25ih51i . (28)

Multiplying by the common denominator

h13ih23ih24ih34ih45ih51ih25i, (29)

we need to prove that

N = 0, (30)

where

N = s12
h13ih24ih25i

h12i � (s12 + s23)h34ih25i+ s25h23ih45i. (31)

Using sij = hiji[ji], this becomes

N = [21]h13ih24ih25i � (h12i[21] + h23i[32]) h34ih25i
+ h25i[52]h23ih45i. (32)

Factoring out h25i gives

N = h25i [[21] (h13ih24i � h12ih34i)� [32]h23ih34i+ [52]h23ih45i] . (33)

Now use Schouten,

h13ih24i � h12ih34i = h23ih14i. (34)

Therefore

N = h25ih23i ([21]h14i � [32]h34i+ [52]h45i) . (35)

3

The amplitudes

For the helicity configuration 1
�, 2�, 3+, 4+, 5+, BCFW recursion from the three-point ampli-

tudes gives

A5(1, 2, 3, 4, 5) =
h12i4

h12ih23ih34ih45ih51i . (24)

Similarly,

A5(1, 3, 2, 4, 5) =
h12i4

h13ih32ih24ih45ih51i = � h12i4

h13ih23ih24ih45ih51i , (25)

and

A5(1, 3, 4, 2, 5) =
h12i4

h13ih34ih42ih25ih51i = � h12i4

h13ih34ih24ih25ih51i . (26)

Substitution into the BCJ combination

Define

B5 = s12A5(1, 2, 3, 4, 5) + (s12 + s23)A5(1, 3, 2, 4, 5)� s25A5(1, 3, 4, 2, 5). (27)

Substituting the Parke–Taylor expressions, it is enough to show

0 =
s12

h12ih23ih34ih45ih51i �
s12 + s23

h13ih23ih24ih45ih51i

+
s25

h13ih34ih24ih25ih51i . (28)

Multiplying by the common denominator

h13ih23ih24ih34ih45ih51ih25i, (29)

we need to prove that

N = 0, (30)

where

N = s12
h13ih24ih25i

h12i � (s12 + s23)h34ih25i+ s25h23ih45i. (31)

Using sij = hiji[ji], this becomes

N = [21]h13ih24ih25i � (h12i[21] + h23i[32]) h34ih25i
+ h25i[52]h23ih45i. (32)

Factoring out h25i gives

N = h25i [[21] (h13ih24i � h12ih34i)� [32]h23ih34i+ [52]h23ih45i] . (33)

Now use Schouten,

h13ih24i � h12ih34i = h23ih14i. (34)

Therefore

N = h25ih23i ([21]h14i � [32]h34i+ [52]h45i) . (35)

3

Final momentum-conservation identity

Momentum conservation gives

p1 + p2 + p3 + p4 + p5 = 0. (36)

Acting with h4| from the left and |2] from the right gives

h4|p1 + p2 + p3 + p4 + p5|2] = 0. (37)

The p2 and p4 terms vanish, so

h41i[12] + h43i[32] + h45i[52] = 0. (38)

Using

h41i = �h14i, h43i = �h34i, [21] = �[12], (39)

this becomes

[21]h14i � [32]h34i+ [52]h45i = 0. (40)

Hence

N = 0, (41)

and therefore

s12A5(1, 2, 3, 4, 5) + (s12 + s23)A5(1, 3, 2, 4, 5)� s25A5(1, 3, 4, 2, 5) = 0. (42)

This proves the five-point BCJ relation.

4 Pedagogical summary

The logic of the examples is

A3
BCFW����! A4, A5

spinor algebra��������! BCJ relations. (43)

At four points, the BCJ relation follows from a single momentum-conservation identity. At five

points, it follows from the Schouten identity plus one momentum-conservation identity.

These examples show that, at low multiplicity, BCJ relations become elementary identities

once the amplitudes are written in on-shell spinor-helicity variables.

4

5-gluon BCJ relation



Imaginary part: four-point BCJ

Taking the imaginary part of (??) gives

sin
�
⇡↵0k1 · k2

�
A4(1, 2, 3, 4) + sin

�
⇡↵0k2 · (k1 + k3)

�
A4(1, 3, 2, 4) = 0. (8)

Using momentum conservation,
k1 + k2 + k3 + k4 = 0,

one has
k2 · (k1 + k3) = �k2 · k4.

In the field-theory limit,
sin

�
⇡↵0K

�
= ⇡↵0K +O((↵0)3),

so the imaginary part becomes

(k1 · k2)A4(1, 2, 3, 4)� (k2 · k4)A4(1, 3, 2, 4) = 0. (9)

With
sij = 2ki · kj ,

this is
s12A4(1, 2, 3, 4)� s24A4(1, 3, 2, 4) = 0. (10)

Equivalently,

s12A4(1, 2, 3, 4) + (s12 + s23)A4(1, 3, 2, 4) = 0. (11)

This is the four-point fundamental BCJ relation.

4 Five-point monodromy relation

At five points, start from
A5(2, 1, 3, 4, 5),

where x2 < 0 < x3 < 1. Deforming the x2 contour across the branch points at 0, x3, and 1
gives

0 = A5(2, 1, 3, 4, 5) + ei⇡↵
0k2·k1A5(1, 2, 3, 4, 5)

+ ei⇡↵
0k2·(k1+k3)A5(1, 3, 2, 4, 5)

+ ei⇡↵
0k2·(k1+k3+k4)A5(1, 3, 4, 2, 5). (12)

Real part: five-point photon decoupling

The real part gives a string-corrected photon-decoupling relation. In the field-theory limit all
cosine factors go to one, giving

0 = A5(2, 1, 3, 4, 5) +A5(1, 2, 3, 4, 5) +A5(1, 3, 2, 4, 5)

+A5(1, 3, 4, 2, 5). (13)

3

Imaginary part: five-point BCJ

The imaginary part of (??) is

0 = sin
�
⇡↵0k2 · k1

�
A5(1, 2, 3, 4, 5)

+ sin
�
⇡↵0k2 · (k1 + k3)

�
A5(1, 3, 2, 4, 5)

+ sin
�
⇡↵0k2 · (k1 + k3 + k4)

�
A5(1, 3, 4, 2, 5). (14)

Taking ↵0
! 0 gives

0 = (k2 · k1)A5(1, 2, 3, 4, 5) + k2 · (k1 + k3)A5(1, 3, 2, 4, 5)

+ k2 · (k1 + k3 + k4)A5(1, 3, 4, 2, 5). (15)

Multiplying by 2 yields

0 = s12A5(1, 2, 3, 4, 5) + (s12 + s23)A5(1, 3, 2, 4, 5) + (s12 + s23 + s24)A5(1, 3, 4, 2, 5). (16)

Using momentum conservation this is equivalent to the more standard form

0 = (s23 + s24 + s25)A5(1, 2, 3, 4, 5) + (s24 + s25)A5(1, 3, 2, 4, 5) + s25A5(1, 3, 4, 2, 5). (17)

5 The general n-point monodromy relation

The same contour argument works for arbitrary n. Starting from

An(2, 1, 3, 4, . . . , n),

move the contour of x2 through the ordered points

0, x3, x4, . . . , xn�1 = 1.

Each crossing produces a phase. The result is

0 = An(2, 1, 3, . . . , n) + ei⇡↵
0k2·k1An(1, 2, 3, . . . , n)

+ ei⇡↵
0k2·(k1+k3)An(1, 3, 2, 4, . . . , n)

+ · · ·+ ei⇡↵
0k2·(k1+k3+···+kn�1)An(1, 3, 4, . . . , n� 1, 2, n). (18)

Real part

Taking the field-theory limit of the real part gives

0 = An(2, 1, 3, . . . , n) +An(1, 2, 3, . . . , n) +An(1, 3, 2, 4, . . . , n)

+ · · ·+An(1, 3, 4, . . . , n� 1, 2, n). (19)

This is a photon-decoupling identity: leg 2 is inserted in all possible positions relative to the
ordered set (1, 3, 4, . . . , n).

Imaginary part

The field-theory limit of the imaginary part gives the fundamental BCJ relation

0 =
n�1X

i=2

0

@
iX

j=1

s2j

1

AAn(1, 3, 4, . . . , i, 2, i+ 1, . . . , n). (20)

4

x2 I(x2)

A5(2, 1, 3, 4, 5) =

∫ 0

−∞
dx2

∫ 1

0
dx3(−x2)α

′k1·k2(x3)
α′k1·k3

× (1− x2)
α′k4·k2(1− x3)

α′k4·k3(x3 − x2)
α′k2·k3

≡
∫ 0

−∞
dx2I(x2) .

x2 I(x2)

A5(2, 1, 3, 4, 5) = −
∫ x3

0
dx2I(x2)−

∫ 1

x3

dx2I(x2)−
∫ ∞

1
dx2I(x2) ,

∫ x3

0
dx2I(x2) = eiπα

′k1·k2A5(1, 2, 3, 4, 5) ,

∫ 1

x3

dx2I(x2) = eiπα
′k2·(k1+k3)A5(1, 3, 2, 4, 5) ,

∫ ∞

1
dx2I(x2) = eiπα

′k2·(k1+k3+k4)A5(1, 3, 4, 2, 5) ,

A5(2, 1, 3, 4, 5) = − eiπα
′k1·k2A5(1, 2, 3, 4, 5)− eiπα

′k2·(k1+k3)A5(1, 3, 2, 4, 5)

− eiπα
′k2·(k1+k3+k4)A5(1, 3, 4, 2, 5) .

A5(2, 1, 3, 4, 5) = − cos(πα′k1 · k2)A5(1, 2, 3, 4, 5)− cos(πα′k2 · (k1 + k3))A5(1, 3, 2, 4, 5)

− cos(πα′k2 · (k1 + k3 + k4))A5(1, 3, 4, 2, 5) ,

α′ → 0

A5(2, 1, 3, 4, 5) = −A5(1, 2, 3, 4, 5)−A5(1, 3, 2, 4, 5)−A5(1, 3, 4, 2, 5) .

Imaginary part: four-point BCJ

Taking the imaginary part of (??) gives

sin
�
⇡↵0k1 · k2

�
A4(1, 2, 3, 4) + sin

�
⇡↵0k2 · (k1 + k3)

�
A4(1, 3, 2, 4) = 0. (8)

Using momentum conservation,
k1 + k2 + k3 + k4 = 0,

one has
k2 · (k1 + k3) = �k2 · k4.

In the field-theory limit,
sin

�
⇡↵0K

�
= ⇡↵0K +O((↵0)3),

so the imaginary part becomes

(k1 · k2)A4(1, 2, 3, 4)� (k2 · k4)A4(1, 3, 2, 4) = 0. (9)

With
sij = 2ki · kj ,

this is
s12A4(1, 2, 3, 4)� s24A4(1, 3, 2, 4) = 0. (10)

Equivalently,

s12A4(1, 2, 3, 4) + (s12 + s23)A4(1, 3, 2, 4) = 0. (11)

This is the four-point fundamental BCJ relation.

4 Five-point monodromy relation

At five points, start from
A5(2, 1, 3, 4, 5),

where x2 < 0 < x3 < 1. Deforming the x2 contour across the branch points at 0, x3, and 1
gives

0 = A5(2, 1, 3, 4, 5) + ei⇡↵
0k2·k1A5(1, 2, 3, 4, 5)

+ ei⇡↵
0k2·(k1+k3)A5(1, 3, 2, 4, 5)

+ ei⇡↵
0k2·(k1+k3+k4)A5(1, 3, 4, 2, 5). (12)

Real part: five-point photon decoupling

The real part gives a string-corrected photon-decoupling relation. In the field-theory limit all
cosine factors go to one, giving

0 = A5(2, 1, 3, 4, 5) +A5(1, 2, 3, 4, 5) +A5(1, 3, 2, 4, 5)

+A5(1, 3, 4, 2, 5). (13)

3

x2 I(x2)

A5(2, 1, 3, 4, 5) =

∫ 0

−∞
dx2

∫ 1

0
dx3(−x2)α

′k1·k2(x3)
α′k1·k3

× (1− x2)
α′k4·k2(1− x3)

α′k4·k3(x3 − x2)
α′k2·k3

≡
∫ 0

−∞
dx2I(x2) .

x2 I(x2)

A5(2, 1, 3, 4, 5) = −
∫ x3

0
dx2I(x2)−

∫ 1

x3

dx2I(x2)−
∫ ∞

1
dx2I(x2) ,

∫ x3

0
dx2I(x2) = eiπα

′k1·k2A5(1, 2, 3, 4, 5) ,

∫ 1

x3

dx2I(x2) = eiπα
′k2·(k1+k3)A5(1, 3, 2, 4, 5) ,

∫ ∞

1
dx2I(x2) = eiπα

′k2·(k1+k3+k4)A5(1, 3, 4, 2, 5) ,

A5(2, 1, 3, 4, 5) = − eiπα
′k1·k2A5(1, 2, 3, 4, 5)− eiπα

′k2·(k1+k3)A5(1, 3, 2, 4, 5)

− eiπα
′k2·(k1+k3+k4)A5(1, 3, 4, 2, 5) .

A5(2, 1, 3, 4, 5) = − cos(πα′k1 · k2)A5(1, 2, 3, 4, 5)− cos(πα′k2 · (k1 + k3))A5(1, 3, 2, 4, 5)

− cos(πα′k2 · (k1 + k3 + k4))A5(1, 3, 4, 2, 5) ,

α′ → 0

A5(2, 1, 3, 4, 5) = −A5(1, 2, 3, 4, 5)−A5(1, 3, 2, 4, 5)−A5(1, 3, 4, 2, 5) .

Imaginary part: four-point BCJ

Taking the imaginary part of (??) gives

sin
�
⇡↵0k1 · k2

�
A4(1, 2, 3, 4) + sin

�
⇡↵0k2 · (k1 + k3)

�
A4(1, 3, 2, 4) = 0. (8)

Using momentum conservation,
k1 + k2 + k3 + k4 = 0,

one has
k2 · (k1 + k3) = �k2 · k4.

In the field-theory limit,
sin

�
⇡↵0K

�
= ⇡↵0K +O((↵0)3),

so the imaginary part becomes

(k1 · k2)A4(1, 2, 3, 4)� (k2 · k4)A4(1, 3, 2, 4) = 0. (9)

With
sij = 2ki · kj ,

this is
s12A4(1, 2, 3, 4)� s24A4(1, 3, 2, 4) = 0. (10)

Equivalently,

s12A4(1, 2, 3, 4) + (s12 + s23)A4(1, 3, 2, 4) = 0. (11)

This is the four-point fundamental BCJ relation.

4 Five-point monodromy relation

At five points, start from
A5(2, 1, 3, 4, 5),

where x2 < 0 < x3 < 1. Deforming the x2 contour across the branch points at 0, x3, and 1
gives

0 = A5(2, 1, 3, 4, 5) + ei⇡↵
0k2·k1A5(1, 2, 3, 4, 5)

+ ei⇡↵
0k2·(k1+k3)A5(1, 3, 2, 4, 5)

+ ei⇡↵
0k2·(k1+k3+k4)A5(1, 3, 4, 2, 5). (12)

Real part: five-point photon decoupling

The real part gives a string-corrected photon-decoupling relation. In the field-theory limit all
cosine factors go to one, giving

0 = A5(2, 1, 3, 4, 5) +A5(1, 2, 3, 4, 5) +A5(1, 3, 2, 4, 5)

+A5(1, 3, 4, 2, 5). (13)
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