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2. Spinor helicity formalism and BCFW Recurrence Relation. 

Kinematic Relations for Yang-Mills Amplitudes  
3. Field-theory proof and Open-string monodromy derivation of BCJ relations 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4. Color Kinematics Duality and Field-theory KLT relations 

Amplitudes and Geometry  
5. Intersection Theory for twisted DeRham co-homology. 
6. KLT from twisted period/Riemann bilinear relations.



Spinor Helicity Formalism

Chapter 2

The spinor-helicity formalism

In this Chapter we introduce the spinor-helicity formalism for the calculation of scattering
amplitudes. With respect to the standard momentum formalism, it exhibits several advantages:

• helicity is a conserved quantity along massless fermion lines;

• gauge invariance can be exploited by selecting explicit representations for polarizations;

• helicity amplitudes are summed incoherently, with no interference terms.

We are going to develop a massless formalism, but the extension to the massive case is straight-
forward. Given a massive momentum P

µ, such that P
2

”= 0, if q
µ, such that q

2 = 0 is an
arbitrary massless momentum, we observe that p

µ, defined as

p
µ = P

µ
≠

P
2

2P · q
q

µ
,

also satisfies p
2 = 0. Thus, our massive momentum P

µ can be decomposed into the two massless
momenta q

µ and p
µ,

P
µ = p

µ + P
2

2P · q
q

µ
. (2.1)

Helicity The helicity of a particle is the projection of the spin onto the direction of motion,
which is given by the momentum p̂ = p

|p| ,

h(p̂) = 1
2� · p̂ = 1

2

A
‡ · p 0

0 ‡ · p

B

. (2.2)

It is well defined because, as an operator, it commutes with Dirac Hamiltonian,
Ë
h(p̂), HD

È
= 0.

Chirality Let us consider the Dirac equation in the momentum space,

particle (/p + m)u(p) = 0
antiparticle (/p ≠ m)v(p) = 0

m=0
∆

/pu(p) = 0
/pv(p) = 0 . (2.3)

It is clear that in the massless limit there is no di�erence between the two solutions u(p) and
v(p). In order to introduce chiral spinors, which are the building blocks of the formalism, we
need to introduce the chirality projectors,

P± = 1 ± “5
2 . (2.4)
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Chiral Spinors

Chiral spinors are defined as

u±(p) = P±u(p),
ū±(p) = ū(p)Pû,

vû(p) = P±v(p),
v̄û(p) = v̄(p)Pû.

(2.5)

We adopt the following notation,

Èi| = ū≠(pi) = v̄+(pi), |iÍ = u+(pi) = v≠(pi)
[i| = ū+(pi) = v̄≠(pi), |i] = u≠(pi) = v+(pi),

(2.6)

where angle and square brakets denote di�erent chirality states. With this notation, the massless
Dirac equation for chiral spinors can be written in the form

/p
i
|iÍ = 0,

/p
i
|i] = 0.

An explicity representations for chiral spinors is the following,

• “-matrices

“
0 =

A
1 0
0 ≠1

B

, “
i =

A
0 ‡

i

≠‡
i 0

B

, “5 =
A

0 1
1 0

B

; (2.7)

• chiral spinors

u+ ©
1

Ô
2

A
‰+
‰+

B

, u≠ ©
1

Ô
2

A
‰≠

≠‰≠

B

, (2.8)

where the two-component ‰ spinors are defined as

‰+ ©

A 
p+


p≠e

i„p

B

, ‰≠ ©

A
p≠e

≠i„p

≠


p+

B

, (2.9)

where
p

±
© p

0
± p

3
, e

±i„p = p
1

± ip
2


p+


p≠ . (2.10)

In the conventional formalism, Feynman rules are written in terms of the external momenta of
the fermions and the polarizations vectors of the gauge bosons. We are going to use spinors
instead. This is possible because Dirac spinors are the

1
1
2 , 0

2
ü

1
0,

1
2

2
representation of the

Lorentz group.

2.0.1 Spinor inner (scalar) product
We define angle and square brakets as

ÈijÍ © ū≠(pi)u+(pj), [ij] © ū+(pi)u≠(pj). (2.11)

They are antisymmetric in their two arguments,

ÈijÍ = ≠ ÈjiÍ , [ij] = ≠ [ji] , (2.12)
ÈiiÍ = [ii] = Èij] = [ijÍ = 0, (2.13)

and can be related (modulo a phase) to the square roots of the corresponding 4-momentum
products,

ÈijÍ [ji] = ÈjiÍ [ij] = (pi + pj)2 = 2pi · pj © sij ∆ ÈijÍ ≥
Ô

sij ≥ [ij] . (2.14)

Another property is
Èi(≠j)Í = i ÈijÍ , [i(≠j)] = i [ij] . (2.15)
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Chirality Projectors PL/Rp) =

✓
1⌥ �5

2

◆
equivalently
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Massless Dirac Equation
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ÈijÍ © ū≠(pi)u+(pj), [ij] © ū+(pi)u≠(pj). (2.11)

They are antisymmetric in their two arguments,

ÈijÍ = ≠ ÈjiÍ , [ij] = ≠ [ji] , (2.12)
ÈiiÍ = [ii] = Èij] = [ijÍ = 0, (2.13)

and can be related (modulo a phase) to the square roots of the corresponding 4-momentum
products,

ÈijÍ [ji] = ÈjiÍ [ij] = (pi + pj)2 = 2pi · pj © sij ∆ ÈijÍ ≥
Ô

sij ≥ [ij] . (2.14)

Another property is
Èi(≠j)Í = i ÈijÍ , [i(≠j)] = i [ij] . (2.15)

21

Chiral spinors are defined as

u±(p) = P±u(p),
ū±(p) = ū(p)Pû,

vû(p) = P±v(p),
v̄û(p) = v̄(p)Pû.

(2.5)

We adopt the following notation,
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ū±(p) = ū(p)Pû,

vû(p) = P±v(p),
v̄û(p) = v̄(p)Pû.

(2.5)

We adopt the following notation,
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Èi| = ū≠(pi) = v̄+(pi), |iÍ = u+(pi) = v≠(pi)
[i| = ū+(pi) = v̄≠(pi), |i] = u≠(pi) = v+(pi),

(2.6)

where angle and square brakets denote di�erent chirality states. With this notation, the massless
Dirac equation for chiral spinors can be written in the form

/p
i
|iÍ = 0,

/p
i
|i] = 0.

An explicity representations for chiral spinors is the following,

• “-matrices

“
0 =

A
1 0
0 ≠1

B

, “
i =

A
0 ‡

i

≠‡
i 0

B

, “5 =
A

0 1
1 0

B

; (2.7)

• chiral spinors

u+ ©
1

Ô
2

A
‰+
‰+

B

, u≠ ©
1

Ô
2

A
‰≠

≠‰≠

B

, (2.8)

where the two-component ‰ spinors are defined as

‰+ ©

A 
p+


p≠e

i„p

B

, ‰≠ ©

A
p≠e

≠i„p

≠


p+

B

, (2.9)

where
p

±
© p

0
± p

3
, e

±i„p = p
1

± ip
2


p+


p≠ . (2.10)

In the conventional formalism, Feynman rules are written in terms of the external momenta of
the fermions and the polarizations vectors of the gauge bosons. We are going to use spinors
instead. This is possible because Dirac spinors are the

1
1
2 , 0

2
ü

1
0,

1
2

2
representation of the

Lorentz group.

2.0.1 Spinor inner (scalar) product
We define angle and square brakets as
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Èi| = ū≠(pi) = v̄+(pi), |iÍ = u+(pi) = v≠(pi)
[i| = ū+(pi) = v̄≠(pi), |i] = u≠(pi) = v+(pi),

(2.6)

where angle and square brakets denote di�erent chirality states. With this notation, the massless
Dirac equation for chiral spinors can be written in the form

/p
i
|iÍ = 0,

/p
i
|i] = 0.

An explicity representations for chiral spinors is the following,

• “-matrices

“
0 =

A
1 0
0 ≠1

B

, “
i =

A
0 ‡

i

≠‡
i 0

B

, “5 =
A

0 1
1 0

B

; (2.7)

• chiral spinors

u+ ©
1

Ô
2

A
‰+
‰+

B

, u≠ ©
1

Ô
2

A
‰≠

≠‰≠

B

, (2.8)

where the two-component ‰ spinors are defined as

‰+ ©

A 
p+


p≠e

i„p

B

, ‰≠ ©

A
p≠e

≠i„p

≠


p+

B

, (2.9)

where
p

±
© p

0
± p

3
, e

±i„p = p
1

± ip
2


p+


p≠ . (2.10)

In the conventional formalism, Feynman rules are written in terms of the external momenta of
the fermions and the polarizations vectors of the gauge bosons. We are going to use spinors
instead. This is possible because Dirac spinors are the

1
1
2 , 0

2
ü

1
0,

1
2

2
representation of the

Lorentz group.

2.0.1 Spinor inner (scalar) product
We define angle and square brakets as
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ki, i = 1, 2, . . . , n, and use the shorthand notation

|i±⟩ ≡ |k±
i ⟩ ≡ u±(ki) = v∓(ki), ⟨i±| ≡ ⟨k±

i | ≡ u±(ki) = v∓(ki).
(11)

We define the basic spinor products by

⟨i j⟩ ≡ ⟨i−|j+⟩ = u−(ki)u+(kj), [i j] ≡ ⟨i+|j−⟩ = u+(ki)u−(kj).
(12)

The helicity projection implies that products like ⟨i+|j+⟩ vanish.
For numerical evaluation of the spinor products, it is useful to have explicit

formulae for them, for some representation of the Dirac γ matrices. In the Dirac
representation,

γ0 =

(

1 0
0 −1

)

, γi =

(

0 σi

−σi 0

)

, γ5 =

(

0 1
1 0

)

, (13)

the massless spinors can be chosen as follows,

u+(k) = v−(k) =
1√
2

⎡

⎢

⎣

√
k+√

k−eiϕk√
k+√

k−eiϕk

⎤

⎥

⎦

, u−(k) = v+(k) =
1√
2

⎡

⎢

⎣

√
k−e−iϕk

−
√

k+

−
√

k−e−iϕk√
k+

⎤

⎥

⎦

,

(14)
where

e±iϕk ≡
k1 ± ik2

√

(k1)2 + (k2)2
=

k1 ± ik2

√
k+k−

, k± = k0 ± k3. (15)

Exercise: Show that these solutions satisfy the massless Dirac equation with
the proper chirality.

Plugging Eqs. 14 into the definitions of the spinor products, Eq. 12, we
get explicit formulae for the case when both energies are positive,

⟨i j⟩ =
√

k−
i k+

j eiϕki −
√

k+
i k−

j eiϕkj =
√

|sij |eiφij ,

[i j] = −
√

k−
i k+

j e−iϕki +
√

k+
i k−

j e−iϕkj =
√

|sij |e−i(φij+π),

k0
i > 0, k0

j > 0, (16)

where sij = (ki + kj)2 = 2ki · kj , and

cosφij =
k1

i k+
j − k1

j k+
i

√

|sij |k+
i k+

j

, sin φij =
k2

i k+
j − k2

j k+
i

√

|sij |k+
i k+

j

. (17)
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[i| = ū+(pi) = v̄≠(pi), |i] = u≠(pi) = v+(pi),

(2.6)

where angle and square brakets denote di�erent chirality states. With this notation, the massless
Dirac equation for chiral spinors can be written in the form

/p
i
|iÍ = 0,

/p
i
|i] = 0.

An explicity representations for chiral spinors is the following,

• “-matrices

“
0 =

A
1 0
0 ≠1

B

, “
i =

A
0 ‡

i

≠‡
i 0

B

, “5 =
A

0 1
1 0

B

; (2.7)

• chiral spinors

u+ ©
1

Ô
2

A
‰+
‰+

B

, u≠ ©
1

Ô
2

A
‰≠

≠‰≠

B

, (2.8)

where the two-component ‰ spinors are defined as

‰+ ©

A 
p+


p≠e

i„p

B

, ‰≠ ©

A
p≠e

≠i„p

≠


p+

B

, (2.9)

where
p

±
© p

0
± p

3
, e

±i„p = p
1

± ip
2


p+


p≠ . (2.10)

In the conventional formalism, Feynman rules are written in terms of the external momenta of
the fermions and the polarizations vectors of the gauge bosons. We are going to use spinors
instead. This is possible because Dirac spinors are the

1
1
2 , 0

2
ü

1
0,

1
2

2
representation of the

Lorentz group.

2.0.1 Spinor inner (scalar) product
We define angle and square brakets as
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Èi| = ū≠(pi) = v̄+(pi), |iÍ = u+(pi) = v≠(pi)
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The helicity projection implies that products like ⟨i+|j+⟩ vanish.
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(
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⎣
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the fermions and the polarizations vectors of the gauge bosons. We are going to use spinors
instead. This is possible because Dirac spinors are the
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ÈiiÍ = [ii] = Èij] = [ijÍ = 0, (2.13)
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Another property is
Èi(≠j)Í = i ÈijÍ , [i(≠j)] = i [ij] . (2.15)
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[i| = ū+(pi) = v̄≠(pi), |i] = u≠(pi) = v+(pi),

(2.6)

where angle and square brakets denote di�erent chirality states. With this notation, the massless
Dirac equation for chiral spinors can be written in the form

/p
i
|iÍ = 0,

/p
i
|i] = 0.

An explicity representations for chiral spinors is the following,

• “-matrices

“
0 =

A
1 0
0 ≠1

B

, “
i =

A
0 ‡

i

≠‡
i 0

B

, “5 =
A

0 1
1 0

B

; (2.7)

• chiral spinors

u+ ©
1

Ô
2

A
‰+
‰+

B

, u≠ ©
1

Ô
2

A
‰≠

≠‰≠

B

, (2.8)

where the two-component ‰ spinors are defined as

‰+ ©

A 
p+


p≠e

i„p

B

, ‰≠ ©

A
p≠e

≠i„p

≠


p+

B

, (2.9)

where
p

±
© p

0
± p

3
, e

±i„p = p
1

± ip
2


p+


p≠ . (2.10)

In the conventional formalism, Feynman rules are written in terms of the external momenta of
the fermions and the polarizations vectors of the gauge bosons. We are going to use spinors
instead. This is possible because Dirac spinors are the

1
1
2 , 0

2
ü

1
0,

1
2

2
representation of the

Lorentz group.

2.0.1 Spinor inner (scalar) product
We define angle and square brakets as
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Spinor products vs Mandelstam inv's

Byproduct

Spinor Helicity Formalism



Massless Real 4-momentum

2.0.2 Spinor outer product
Given the massless momentum

p
µ

i
©

Èi | “
µ

| i]
2 = [i | “

µ
| iÍ

2 , p
2
i = 0, (2.16)

we can also define an outer product between spinors,

|iÍ [i| =
(1 + “5)/p

i

2 , |i] Èi| =
(1 ≠ “5)/p

i

2 , (2.17)

such that
/p

i
= |iÍ [i| + |i] Èi| . (2.18)

It has the following properties,
1. charge conjugation

[i | “
µ

| jÍ = Èj | “
µ

| i] (2.19)

Proof. We recall that a possible choice for the charge conjugation matrix, which is defined
by the relation C

T
“

µ
C = ≠“

µT , with C
≠1 = C

T = ≠C, is C © i“
2
“

0. Now,

• if m ”= 0, v± = Cū
T
±;

• if m = 0, uû = Cū
T
± ∆ ū

T
+ = ≠Cu≠ ∆ ū+ = ≠u

T
≠C

T ,

and, by direct computation, we find

[j | “
µ

| iÍ = ū+(j)“µ
u+(i) = ≠u

T

≠(j) C
T

“
µ
C¸ ˚˙ ˝

≠“µT

ū
T

≠(i)

=

Q

ca
u

T
≠(j)“0T

ū
T
≠(i)

...
u

T
≠(j)“3T

ū
T
≠(i)

R

db =

Q

ca

!
ū≠(i)“0

u≠(j)
"

...!
ū≠(i)“3

u≠(j)
"

R

db

= ū≠(i)“µ
u≠(j) = Èi | “

µ
| j] .

An easier way to prove is the following,

pkµ [i | “
µ

| jÍ = [i | /k | jÍ = [ik] ÈkjÍ = ÈjkÍ [ki] = Èj| /k |i] = pkµ Èj | “
µ

| i] .

2. Fierz identity
[i | “

µ
| jÍ [k | “µ | lÍ = 2 [ik] ÈljÍ (2.20)

Proof.

Ë
i

--- “
µ
/p

j
/p

l
“µ

--- m

È
= [i | 4pj · pl | m] = 4pj · pl [im] = 2 ÈjlÍ [lj] [im]

= [i | “
µ

| jÍ [j | l] Èl | “µ | m] = [i | “
µ

| jÍ Èl | “µ | m] = 2 [il] ÈljÍ .

3. Schouten identity
ÈabÍ ÈcdÍ = ÈadÍ ÈcbÍ + ÈacÍ ÈbdÍ , (2.21)

and analogously for the square brakets.

Proof.

ÈcaÍ [ab] ÈbdÍ + ÈcbÍ [ba] ÈadÍ
(2.18)=

+
c

-- /a/b
-- d

,
+

+
c

-- /b/a
-- d

,
= 2pa · pb ÈcdÍ

(2.14)= ÈabÍ [ba] ÈcdÍ
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T
≠C

T ,

and, by direct computation, we find

[j | “
µ

| iÍ = ū+(j)“µ
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T
+ = ≠Cu≠ ∆ ū+ = ≠u
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ū≠(i)“3

u≠(j)
"

R

db
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,
= 2pa · pb ÈcdÍ

(2.14)= ÈabÍ [ba] ÈcdÍ
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2.0.2 Spinor outer product
Given the massless momentum

p
µ

i
©

Èi | “
µ

| i]
2 = [i | “

µ
| iÍ

2 , p
2
i = 0, (2.16)

we can also define an outer product between spinors,

|iÍ [i| =
(1 + “5)/p

i

2 , |i] Èi| =
(1 ≠ “5)/p

i

2 , (2.17)

such that
/p

i
= |iÍ [i| + |i] Èi| . (2.18)

It has the following properties,
1. charge conjugation
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| jÍ = Èj | “
µ

| i] (2.19)
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by the relation C
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µ
C = ≠“

µT , with C
≠1 = C

T = ≠C, is C © i“
2
“

0. Now,
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T
±;

• if m = 0, uû = Cū
T
± ∆ ū

T
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| iÍ = ū+(j)“µ
u+(i) = ≠u

T

≠(j) C
T

“
µ
C¸ ˚˙ ˝

≠“µT

ū
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like-like spinor sandwich <--> real momenta

How would you express Dirac Equation?

Spinor Helicity Formalism

Slashed momenta



Massless Guage Bosons Polarisations 

2.0.3 Massless gauge bosons
We have to express the polarization vectors of the photon in terms of spinor products. In
the following, instead of explicitly deriving their expression, we are going to define them and
then verify that with this definition they have all the good properties, i.e. they are massless,
transverse and space-like vectors.

• polarization
‘
≠
µ (k, q) © ≠

[q | “
µ

| kÍ
Ô

2 [qk]
, ‘

+
µ (k, q) ©

Èq | “
µ

| k]
Ô

2 ÈqkÍ
, (2.22)

where k
2 = q

2 = 0 and q
µ is a reference momentum. Transversality with respect to both

of the momenta follows from equation (2.18),

‘
±
µ k

µ = 0, ‘
±
µ q

µ = 0. (2.23)

It is useful to have an expression for the slashed polarizations. Using (2.20), we have for
the negative-helicity polarization

e
i

--- /‘≠(k, q)
--- j

È
= Èi | “µ | j] ‘

µ

≠(k, q) = ≠ Èi | “µ | j] [q | “
µ

| kÍ
Ô

2 [qk]
=

K

i

-----

A Ô
2

[kq] |kÍ [q|

B ----- j

D

,

Ë
i

--- /‘≠(k, q)
--- j

f
= [i | “µ | jÍ ‘

µ

≠(k, q) = ≠ [i | “µ | jÍ
[q | “

µ
| kÍ

Ô
2 [qk]

=
C

i

-----

A Ô
2

[kq] |q] Èk|

B ----- j

L

.

The computation for the positive-helicity polarization is completely analogous and we omit
it. It follows that

/‘≠(k, q) =
Ô

2
[kq] (|kÍ [q| + |q] Èk|) , /‘+(k, q) =

Ô
2

ÈqkÍ
(|qÍ [k| + |k] Èq|) . (2.24)

• complex conjugate 1
‘
+
µ

2ú
= ‘

≠
µ . (2.25)

It is easy to check that

‘
+

·

1
‘
+

2ú
= ‘

+
· ‘

≠ = ≠
1
2

Èq | “µ | k]
ÈqkÍ

[q | “
µ

| kÍ

[qk]
(2.20)= ≠

1
2

2 ÈqkÍ [qk]
ÈqkÍ [qk] = ≠1,

‘
+

·
!
‘
≠"ú = ‘

+
· ‘

+ = 1
2

Èq | “µ | k]
ÈqkÍ

Èq | “
µ

| k]
ÈqkÍ

(2.20)= 1
2

2 ÈqqÍ [kk]
ÈqkÍ ÈqkÍ

= 0,

‘
≠

·

1
‘
+

2ú
= ‘

≠
· ‘

≠ = 0.

• polarization sum
ÿ

⁄=±
‘
⁄

µ(k, q)
1
‘
⁄

‹ (k, q)
2ú

= ≠gµ‹ + kµq‹ + k‹qµ

k · q
, (2.26)

in the axial (or light-cone, or physical) gauge.

• polarizations di�ering for the reference momentum

‘
+
µ (k, q̃) ≠ ‘

+
µ (k, q) = Èq̃ | “

µ
| k]

Ô
2 Èq̃kÍ

≠
Èq | “

µ
| k]

Ô
2 ÈqkÍ

= ≠
ÈkqÍ [qq̃] Èq̃ | “µ | k] + Èkq̃Í [q̃q] Èq | “µ | k]

Ô
2 Èq̃kÍ ÈqkÍ [qq̃]

= ≠

e
k

--- /q/̃q“µ

--- k

È
+

e
k

--- /̃q/q“µ

--- k

È

Ô
2 Èq̃kÍ ÈqkÍ [qq̃]

= 2 (q · q̃) Èk | “µ | k]
Ô

2 Èq̃kÍ ÈqkÍ [qq̃]

= ≠
Èq̃qÍ [qq̃]

Ô
2 Èq̃kÍ ÈqkÍ [qq̃]

Èk | “µ | k] =
Ô

2 Èqq̃Í

Èq̃kÍ ÈqkÍ
k

µ
.
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different spinor sandwich <--> complex momenta

2.0.3 Massless gauge bosons
We have to express the polarization vectors of the photon in terms of spinor products. In
the following, instead of explicitly deriving their expression, we are going to define them and
then verify that with this definition they have all the good properties, i.e. they are massless,
transverse and space-like vectors.
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where k
2 = q

2 = 0 and q
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reference momentum

boson momentum

Spinor Helicity Formalism

Transversality from Dirac Eqn.

2.0.3 Massless gauge bosons
We have to express the polarization vectors of the photon in terms of spinor products. In
the following, instead of explicitly deriving their expression, we are going to define them and
then verify that with this definition they have all the good properties, i.e. they are massless,
transverse and space-like vectors.
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where k
2 = q
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2.0.3 Massless gauge bosons
We have to express the polarization vectors of the photon in terms of spinor products. In
the following, instead of explicitly deriving their expression, we are going to define them and
then verify that with this definition they have all the good properties, i.e. they are massless,
transverse and space-like vectors.
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where k
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2 = 0 and q
µ is a reference momentum. Transversality with respect to both

of the momenta follows from equation (2.18),
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It is useful to have an expression for the slashed polarizations. Using (2.20), we have for
the negative-helicity polarization
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The computation for the positive-helicity polarization is completely analogous and we omit
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slashed polarisation

2.0.3 Massless gauge bosons
We have to express the polarization vectors of the photon in terms of spinor products. In
the following, instead of explicitly deriving their expression, we are going to define them and
then verify that with this definition they have all the good properties, i.e. they are massless,
transverse and space-like vectors.
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where k
2 = q

2 = 0 and q
µ is a reference momentum. Transversality with respect to both

of the momenta follows from equation (2.18),
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It is useful to have an expression for the slashed polarizations. Using (2.20), we have for
the negative-helicity polarization
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The computation for the positive-helicity polarization is completely analogous and we omit
it. It follows that
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in the axial (or light-cone, or physical) gauge.
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Properties

2.0.3 Massless gauge bosons
We have to express the polarization vectors of the photon in terms of spinor products. In
the following, instead of explicitly deriving their expression, we are going to define them and
then verify that with this definition they have all the good properties, i.e. they are massless,
transverse and space-like vectors.
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where k
2 = q

2 = 0 and q
µ is a reference momentum. Transversality with respect to both

of the momenta follows from equation (2.18),
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µ = 0. (2.23)

It is useful to have an expression for the slashed polarizations. Using (2.20), we have for
the negative-helicity polarization

e
i

--- /‘≠(k, q)
--- j

È
= Èi | “µ | j] ‘

µ

≠(k, q) = ≠ Èi | “µ | j] [q | “
µ

| kÍ
Ô

2 [qk]
=

K

i

-----

A Ô
2

[kq] |kÍ [q|

B ----- j

D

,

Ë
i

--- /‘≠(k, q)
--- j

f
= [i | “µ | jÍ ‘

µ

≠(k, q) = ≠ [i | “µ | jÍ
[q | “

µ
| kÍ

Ô
2 [qk]

=
C

i

-----

A Ô
2

[kq] |q] Èk|

B ----- j

L

.

The computation for the positive-helicity polarization is completely analogous and we omit
it. It follows that
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in the axial (or light-cone, or physical) gauge.
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2.0.3 Massless gauge bosons
We have to express the polarization vectors of the photon in terms of spinor products. In
the following, instead of explicitly deriving their expression, we are going to define them and
then verify that with this definition they have all the good properties, i.e. they are massless,
transverse and space-like vectors.
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, (2.22)

where k
2 = q

2 = 0 and q
µ is a reference momentum. Transversality with respect to both

of the momenta follows from equation (2.18),
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µ = 0. (2.23)

It is useful to have an expression for the slashed polarizations. Using (2.20), we have for
the negative-helicity polarization
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The computation for the positive-helicity polarization is completely analogous and we omit
it. It follows that
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in the axial (or light-cone, or physical) gauge.
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Spinor Helicity Formalism

Properties (continued)

less trivial to prove

2.0.3 Massless gauge bosons
We have to express the polarization vectors of the photon in terms of spinor products. In
the following, instead of explicitly deriving their expression, we are going to define them and
then verify that with this definition they have all the good properties, i.e. they are massless,
transverse and space-like vectors.
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where k
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of the momenta follows from equation (2.18),
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It is useful to have an expression for the slashed polarizations. Using (2.20), we have for
the negative-helicity polarization
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The computation for the positive-helicity polarization is completely analogous and we omit
it. It follows that
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in the axial (or light-cone, or physical) gauge.
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numerator of propagator in the axial/physical gauge 

2.0.3 Massless gauge bosons
We have to express the polarization vectors of the photon in terms of spinor products. In
the following, instead of explicitly deriving their expression, we are going to define them and
then verify that with this definition they have all the good properties, i.e. they are massless,
transverse and space-like vectors.
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where k
2 = q

2 = 0 and q
µ is a reference momentum. Transversality with respect to both

of the momenta follows from equation (2.18),
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It is useful to have an expression for the slashed polarizations. Using (2.20), we have for
the negative-helicity polarization
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The computation for the positive-helicity polarization is completely analogous and we omit
it. It follows that
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2
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2.1 Tree level QED
Having discussed the basic rules of the formalism, we are now ready to address the calculation
of the scattering amplitude of some QED process at tree level.

2.1.1 Electron-muon scattering
We consider the process

e
+

e
≠

æ µ
+

µ
≠

.

At tree level, it is represented by the diagram

e
+ µ

≠

e
≠

µ
+

p1

p2

p4

p3

,

where all the momenta are taken to be outgoing,

p1 + p2 + p3 + p4 = 0. (2.27)

In the massless approximation, p
2
i

= 0 and we can define

sij © (pi + pj)2 = 2pi · pj , q
2

© (p1 + p2)2 = s12 = s34. (2.28)

The corresponding amplitude is

M = ū(1)h1 (ie“
µ) v(2)h2

3
≠
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q2

4
ū(3)h3 (ie“

‹) v(4)h4 . (2.29)

Specifying the helicity states of the external particles, we obtain a helicity amplitude of the form

M = M
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= 4 s
2
24

s12s34
.

The other helicity amplitudes can be obtained from (2.31) by

parity ÈijÍ ¡ [ji] ,

charge conjugation fermion ¡ anti-fermion.
(2.32)
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2.1 Tree level QED
Having discussed the basic rules of the formalism, we are now ready to address the calculation
of the scattering amplitude of some QED process at tree level.
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+

µ
≠

.

At tree level, it is represented by the diagram
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The other helicity amplitudes can be obtained from (2.31) by

parity ÈijÍ ¡ [ji] ,

charge conjugation fermion ¡ anti-fermion.
(2.32)
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2.1 Tree level QED
Having discussed the basic rules of the formalism, we are now ready to address the calculation
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+
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2.1 Tree level QED
Having discussed the basic rules of the formalism, we are now ready to address the calculation
of the scattering amplitude of some QED process at tree level.

2.1.1 Electron-muon scattering
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e
+
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+
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,
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charge conjugation fermion ¡ anti-fermion.
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2.1 Tree level QED
Having discussed the basic rules of the formalism, we are now ready to address the calculation
of the scattering amplitude of some QED process at tree level.

2.1.1 Electron-muon scattering
We consider the process

e
+
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+
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.

At tree level, it is represented by the diagram
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p3

,

where all the momenta are taken to be outgoing,

p1 + p2 + p3 + p4 = 0. (2.27)

In the massless approximation, p
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= 0 and we can define
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© (p1 + p2)2 = s12 = s34. (2.28)

The corresponding amplitude is

M = ū(1)h1 (ie“
µ) v(2)h2

3
≠

igµ‹
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4
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‹) v(4)h4 . (2.29)

Specifying the helicity states of the external particles, we obtain a helicity amplitude of the form
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The other helicity amplitudes can be obtained from (2.31) by
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charge conjugation fermion ¡ anti-fermion.
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2.1 Tree level QED
Having discussed the basic rules of the formalism, we are now ready to address the calculation
of the scattering amplitude of some QED process at tree level.

2.1.1 Electron-muon scattering
We consider the process

e
+
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æ µ
+

µ
≠

.

At tree level, it is represented by the diagram
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µ
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p4

p3

,

where all the momenta are taken to be outgoing,

p1 + p2 + p3 + p4 = 0. (2.27)

In the massless approximation, p
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= 0 and we can define
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© (p1 + p2)2 = s12 = s34. (2.28)

The corresponding amplitude is
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3
≠
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4
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Specifying the helicity states of the external particles, we obtain a helicity amplitude of the form
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The other helicity amplitudes can be obtained from (2.31) by
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charge conjugation fermion ¡ anti-fermion.
(2.32)
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2.1 Tree level QED
Having discussed the basic rules of the formalism, we are now ready to address the calculation
of the scattering amplitude of some QED process at tree level.

2.1.1 Electron-muon scattering
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.
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,

where all the momenta are taken to be outgoing,

p1 + p2 + p3 + p4 = 0. (2.27)
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= 0 and we can define

sij © (pi + pj)2 = 2pi · pj , q
2

© (p1 + p2)2 = s12 = s34. (2.28)

The corresponding amplitude is
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µ) v(2)h2

3
≠
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4
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Specifying the helicity states of the external particles, we obtain a helicity amplitude of the form
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The other helicity amplitudes can be obtained from (2.31) by

parity ÈijÍ ¡ [ji] ,

charge conjugation fermion ¡ anti-fermion.
(2.32)
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2.1 Tree level QED
Having discussed the basic rules of the formalism, we are now ready to address the calculation
of the scattering amplitude of some QED process at tree level.
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,

where all the momenta are taken to be outgoing,

p1 + p2 + p3 + p4 = 0. (2.27)

In the massless approximation, p
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= 0 and we can define
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© (p1 + p2)2 = s12 = s34. (2.28)

The corresponding amplitude is
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3
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ū(3)h3 (ie“

‹) v(4)h4 . (2.29)

Specifying the helicity states of the external particles, we obtain a helicity amplitude of the form
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The other helicity amplitudes can be obtained from (2.31) by
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charge conjugation fermion ¡ anti-fermion.
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2.1 Tree level QED
Having discussed the basic rules of the formalism, we are now ready to address the calculation
of the scattering amplitude of some QED process at tree level.

2.1.1 Electron-muon scattering
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.

At tree level, it is represented by the diagram
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,

where all the momenta are taken to be outgoing,

p1 + p2 + p3 + p4 = 0. (2.27)
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= 0 and we can define
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Specifying the helicity states of the external particles, we obtain a helicity amplitude of the form
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The other helicity amplitudes can be obtained from (2.31) by
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charge conjugation fermion ¡ anti-fermion.
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2.1 Tree level QED
Having discussed the basic rules of the formalism, we are now ready to address the calculation
of the scattering amplitude of some QED process at tree level.
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,
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M = ū(1)h1 (ie“
µ) v(2)h2

3
≠

igµ‹

q2

4
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Specifying the helicity states of the external particles, we obtain a helicity amplitude of the form
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[21] [43]

B

= 4 s
2
24

s12s34
.

The other helicity amplitudes can be obtained from (2.31) by

parity ÈijÍ ¡ [ji] ,

charge conjugation fermion ¡ anti-fermion.
(2.32)
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2.1 Tree level QED
Having discussed the basic rules of the formalism, we are now ready to address the calculation
of the scattering amplitude of some QED process at tree level.

2.1.1 Electron-muon scattering
We consider the process

e
+

e
≠

æ µ
+

µ
≠

.

At tree level, it is represented by the diagram

e
+ µ

≠

e
≠

µ
+

p1

p2

p4

p3

,

where all the momenta are taken to be outgoing,

p1 + p2 + p3 + p4 = 0. (2.27)

In the massless approximation, p
2
i

= 0 and we can define

sij © (pi + pj)2 = 2pi · pj , q
2

© (p1 + p2)2 = s12 = s34. (2.28)

The corresponding amplitude is

M = ū(1)h1 (ie“
µ) v(2)h2

3
≠

igµ‹

q2

4
ū(3)h3 (ie“

‹) v(4)h4 . (2.29)

Specifying the helicity states of the external particles, we obtain a helicity amplitude of the form

M = M

1
1h1 , 2h2 , 3h3 , 4h4

2
= e

2
a4 (h1 h2 h3 h4) . (2.30)

We begin with

a4(+ ≠ +≠) = i
[1 | “µ | 2Í [3 | “

µ
| 4Í

s12

(2.20)= 2i
[13] È42Í È34Í

[12] È21Í È34Í
= 2i

Ë
1

--- /p3
--- 4

f
È42Í

[12] È21Í È34Í

(2.27)= 2i

Ë
1

--- /p2
--- 4

f
È24Í

[12] È21Í È34Í
= ≠2i

È24Í
2

È12Í È34Í
, (2.31)

and square,

|a4(+ ≠ +≠)|2 = a4(+ ≠ +≠)aú
4(+ ≠ +≠) =

A

≠2i
È24Í

2

È12Í È34Í

B A

2i
[42]2

[21] [43]

B

= 4 s
2
24

s12s34
.

The other helicity amplitudes can be obtained from (2.31) by

parity ÈijÍ ¡ [ji] ,

charge conjugation fermion ¡ anti-fermion.
(2.32)
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2.1 Tree level QED
Having discussed the basic rules of the formalism, we are now ready to address the calculation
of the scattering amplitude of some QED process at tree level.

2.1.1 Electron-muon scattering
We consider the process

e
+

e
≠

æ µ
+

µ
≠

.

At tree level, it is represented by the diagram

e
+ µ

≠

e
≠

µ
+

p1

p2

p4

p3

,

where all the momenta are taken to be outgoing,

p1 + p2 + p3 + p4 = 0. (2.27)

In the massless approximation, p
2
i

= 0 and we can define

sij © (pi + pj)2 = 2pi · pj , q
2

© (p1 + p2)2 = s12 = s34. (2.28)

The corresponding amplitude is

M = ū(1)h1 (ie“
µ) v(2)h2

3
≠

igµ‹

q2

4
ū(3)h3 (ie“

‹) v(4)h4 . (2.29)

Specifying the helicity states of the external particles, we obtain a helicity amplitude of the form

M = M

1
1h1 , 2h2 , 3h3 , 4h4

2
= e

2
a4 (h1 h2 h3 h4) . (2.30)

We begin with

a4(+ ≠ +≠) = i
[1 | “µ | 2Í [3 | “

µ
| 4Í

s12

(2.20)= 2i
[13] È42Í È34Í

[12] È21Í È34Í
= 2i

Ë
1

--- /p3
--- 4

f
È42Í

[12] È21Í È34Í

(2.27)= 2i

Ë
1

--- /p2
--- 4

f
È24Í

[12] È21Í È34Í
= ≠2i

È24Í
2

È12Í È34Í
, (2.31)

and square,

|a4(+ ≠ +≠)|2 = a4(+ ≠ +≠)aú
4(+ ≠ +≠) =

A

≠2i
È24Í

2

È12Í È34Í

B A

2i
[42]2

[21] [43]

B

= 4 s
2
24

s12s34
.

The other helicity amplitudes can be obtained from (2.31) by

parity ÈijÍ ¡ [ji] ,

charge conjugation fermion ¡ anti-fermion.
(2.32)
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(unpolarised) Electron-Muon Scattering



There are only three non vanishing terms,

a4(+ ≠ ≠+) = a4(+ ≠ +≠)| 3¡4
(ch. conj.)

= ≠2i
È23Í

2

È12Í È43Í
,

a4(≠ + ≠+) = a4(+ ≠ +≠)|ÈijÍ¡[ji]
(parity)

= ≠2i
[42]2

[12] [34] ,

a4(≠ + +≠) = a4(+ ≠ ≠+)|ÈijÍ¡[ji]
(parity)

= ≠2i
[23]2

[12] [43] .

Finally, helicity amplitudes sum incoherently,
ÿ

helicity
|M|

2 = e
4

Ó
|a4(+ ≠ +≠)|2 + |a4(+ ≠ ≠+)|2 + |a4(≠ + ≠+)|2 + |a4(≠ + +≠)|2

Ô

= 8e
4 s

2
24 + s

2
23

s12s34
= 8(4fi–)2 t

2 + u
2

s2 .

2.1.2 Compton scattering
We consider the process

e
+
+e

≠
≠ æ ““,

where the electron and the positron are in a well-defined helicity state. At tree level, it receives
contribution from the two topologically inequivalent s and t channel diagrams

“ “

e
+

e
≠

p1 p2

p3 p4

+

“ “

e
+

e
≠

p1 p2

p4p3
,

where all momenta are taken as ougoing. The corresponding amplitude can be written as

M = (ie)2
=

2
----

;
/‘4

i/p24
s24

/‘3 + /‘3
i/p23
s23

/‘4

< ---- 1
6

, (2.33)

where we have defined

pij © pi + pj , sij = p
2
ij = (pi + pj)2 = 2pi · pj = ÈijÍ [ji] . (2.34)

There are four possible choices for the photon polarizations, but it is easy to see that both
configurations in which the photons have the same helicity lead to a vanishing contribution. For
the case “+“+, we choose the reference momentum ri = p2, i = 3, 4 in both polarization vectors,

‘
µ

3+ = Èr3 | “
µ

| 3]
Ô

2 Èr33Í

-----
r3=p2

, ‘
µ

4+ = Èr4 | “
µ

| 4]
Ô

2 Èr44Í

-----
r4=p2

, (2.35)

and
/‘3+ =

Ô
2

È23Í
(|2Í [3| + |3] È2|) , /‘4+ =

Ô
2

È24Í
(|2Í [4| + |4] È2|) . (2.36)

for the slashed quantities. Then we have
I

È2| /‘3+ ≥ È22Í [3| = 0,

È2| /‘4+ ≥ È22Í [4| = 0,
∆ M

1
1+

, 2≠
, 3+

, 4+
2

= 0.
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There are only three non vanishing terms,

a4(+ ≠ ≠+) = a4(+ ≠ +≠)| 3¡4
(ch. conj.)

= ≠2i
È23Í

2

È12Í È43Í
,

a4(≠ + ≠+) = a4(+ ≠ +≠)|ÈijÍ¡[ji]
(parity)

= ≠2i
[42]2

[12] [34] ,

a4(≠ + +≠) = a4(+ ≠ ≠+)|ÈijÍ¡[ji]
(parity)

= ≠2i
[23]2

[12] [43] .

Finally, helicity amplitudes sum incoherently,
ÿ

helicity
|M|

2 = e
4

Ó
|a4(+ ≠ +≠)|2 + |a4(+ ≠ ≠+)|2 + |a4(≠ + ≠+)|2 + |a4(≠ + +≠)|2

Ô

= 8e
4 s

2
24 + s

2
23

s12s34
= 8(4fi–)2 t

2 + u
2

s2 .

2.1.2 Compton scattering
We consider the process

e
+
+e

≠
≠ æ ““,

where the electron and the positron are in a well-defined helicity state. At tree level, it receives
contribution from the two topologically inequivalent s and t channel diagrams

“ “

e
+

e
≠

p1 p2

p3 p4

+

“ “

e
+

e
≠

p1 p2

p4p3
,

where all momenta are taken as ougoing. The corresponding amplitude can be written as

M = (ie)2
=

2
----

;
/‘4

i/p24
s24

/‘3 + /‘3
i/p23
s23

/‘4

< ---- 1
6

, (2.33)

where we have defined

pij © pi + pj , sij = p
2
ij = (pi + pj)2 = 2pi · pj = ÈijÍ [ji] . (2.34)

There are four possible choices for the photon polarizations, but it is easy to see that both
configurations in which the photons have the same helicity lead to a vanishing contribution. For
the case “+“+, we choose the reference momentum ri = p2, i = 3, 4 in both polarization vectors,

‘
µ

3+ = Èr3 | “
µ

| 3]
Ô

2 Èr33Í

-----
r3=p2

, ‘
µ

4+ = Èr4 | “
µ

| 4]
Ô

2 Èr44Í

-----
r4=p2

, (2.35)

and
/‘3+ =

Ô
2

È23Í
(|2Í [3| + |3] È2|) , /‘4+ =

Ô
2

È24Í
(|2Í [4| + |4] È2|) . (2.36)

for the slashed quantities. Then we have
I

È2| /‘3+ ≥ È22Í [3| = 0,

È2| /‘4+ ≥ È22Í [4| = 0,
∆ M

1
1+

, 2≠
, 3+

, 4+
2

= 0.
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Incoherent summation (vanishing interference terms)
Unpolarised Squared Amplitude

(unpolarised) Electron-Muon Scattering

2.1 Tree level QED
Having discussed the basic rules of the formalism, we are now ready to address the calculation
of the scattering amplitude of some QED process at tree level.

2.1.1 Electron-muon scattering
We consider the process

e
+

e
≠

æ µ
+

µ
≠

.

At tree level, it is represented by the diagram

e
+ µ

≠

e
≠

µ
+

p1

p2

p4

p3

,

where all the momenta are taken to be outgoing,

p1 + p2 + p3 + p4 = 0. (2.27)

In the massless approximation, p
2
i

= 0 and we can define

sij © (pi + pj)2 = 2pi · pj , q
2

© (p1 + p2)2 = s12 = s34. (2.28)

The corresponding amplitude is

M = ū(1)h1 (ie“
µ) v(2)h2

3
≠

igµ‹

q2

4
ū(3)h3 (ie“

‹) v(4)h4 . (2.29)

Specifying the helicity states of the external particles, we obtain a helicity amplitude of the form

M = M

1
1h1 , 2h2 , 3h3 , 4h4

2
= e

2
a4 (h1 h2 h3 h4) . (2.30)

We begin with

a4(+ ≠ +≠) = i
[1 | “µ | 2Í [3 | “

µ
| 4Í

s12

(2.20)= 2i
[13] È42Í È34Í

[12] È21Í È34Í
= 2i

Ë
1

--- /p3
--- 4

f
È42Í

[12] È21Í È34Í

(2.27)= 2i

Ë
1

--- /p2
--- 4

f
È24Í

[12] È21Í È34Í
= ≠2i

È24Í
2

È12Í È34Í
, (2.31)

and square,

|a4(+ ≠ +≠)|2 = a4(+ ≠ +≠)aú
4(+ ≠ +≠) =

A

≠2i
È24Í

2

È12Í È34Í

B A

2i
[42]2

[21] [43]

B

= 4 s
2
24

s12s34
.

The other helicity amplitudes can be obtained from (2.31) by

parity ÈijÍ ¡ [ji] ,

charge conjugation fermion ¡ anti-fermion.
(2.32)
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(polarised) Compton Scattering

There are only three non vanishing terms,

a4(+ ≠ ≠+) = a4(+ ≠ +≠)| 3¡4
(ch. conj.)

= ≠2i
È23Í

2

È12Í È43Í
,

a4(≠ + ≠+) = a4(+ ≠ +≠)|ÈijÍ¡[ji]
(parity)

= ≠2i
[42]2

[12] [34] ,

a4(≠ + +≠) = a4(+ ≠ ≠+)|ÈijÍ¡[ji]
(parity)

= ≠2i
[23]2

[12] [43] .

Finally, helicity amplitudes sum incoherently,
ÿ

helicity
|M|

2 = e
4

Ó
|a4(+ ≠ +≠)|2 + |a4(+ ≠ ≠+)|2 + |a4(≠ + ≠+)|2 + |a4(≠ + +≠)|2

Ô

= 8e
4 s

2
24 + s

2
23

s12s34
= 8(4fi–)2 t

2 + u
2

s2 .

2.1.2 Compton scattering
We consider the process

e
+
+e

≠
≠ æ ““,

where the electron and the positron are in a well-defined helicity state. At tree level, it receives
contribution from the two topologically inequivalent s and t channel diagrams

“ “

e
+

e
≠

p1 p2

p3 p4

+

“ “

e
+

e
≠

p1 p2

p4p3
,

where all momenta are taken as ougoing. The corresponding amplitude can be written as

M = (ie)2
=

2
----

;
/‘4

i/p24
s24

/‘3 + /‘3
i/p23
s23

/‘4

< ---- 1
6

, (2.33)

where we have defined

pij © pi + pj , sij = p
2
ij = (pi + pj)2 = 2pi · pj = ÈijÍ [ji] . (2.34)

There are four possible choices for the photon polarizations, but it is easy to see that both
configurations in which the photons have the same helicity lead to a vanishing contribution. For
the case “+“+, we choose the reference momentum ri = p2, i = 3, 4 in both polarization vectors,

‘
µ

3+ = Èr3 | “
µ

| 3]
Ô

2 Èr33Í

-----
r3=p2

, ‘
µ

4+ = Èr4 | “
µ

| 4]
Ô

2 Èr44Í

-----
r4=p2

, (2.35)

and
/‘3+ =

Ô
2

È23Í
(|2Í [3| + |3] È2|) , /‘4+ =

Ô
2

È24Í
(|2Í [4| + |4] È2|) . (2.36)

for the slashed quantities. Then we have
I

È2| /‘3+ ≥ È22Í [3| = 0,

È2| /‘4+ ≥ È22Í [4| = 0,
∆ M

1
1+

, 2≠
, 3+

, 4+
2

= 0.
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There are only three non vanishing terms,

a4(+ ≠ ≠+) = a4(+ ≠ +≠)| 3¡4
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,

a4(≠ + ≠+) = a4(+ ≠ +≠)|ÈijÍ¡[ji]
(parity)

= ≠2i
[42]2

[12] [34] ,

a4(≠ + +≠) = a4(+ ≠ ≠+)|ÈijÍ¡[ji]
(parity)

= ≠2i
[23]2

[12] [43] .

Finally, helicity amplitudes sum incoherently,
ÿ

helicity
|M|

2 = e
4

Ó
|a4(+ ≠ +≠)|2 + |a4(+ ≠ ≠+)|2 + |a4(≠ + ≠+)|2 + |a4(≠ + +≠)|2

Ô

= 8e
4 s

2
24 + s

2
23

s12s34
= 8(4fi–)2 t

2 + u
2

s2 .

2.1.2 Compton scattering
We consider the process

e
+
+e

≠
≠ æ ““,

where the electron and the positron are in a well-defined helicity state. At tree level, it receives
contribution from the two topologically inequivalent s and t channel diagrams

“ “

e
+

e
≠

p1 p2

p3 p4

+

“ “

e
+

e
≠

p1 p2

p4p3
,

where all momenta are taken as ougoing. The corresponding amplitude can be written as

M = (ie)2
=

2
----

;
/‘4

i/p24
s24

/‘3 + /‘3
i/p23
s23

/‘4

< ---- 1
6

, (2.33)

where we have defined

pij © pi + pj , sij = p
2
ij = (pi + pj)2 = 2pi · pj = ÈijÍ [ji] . (2.34)

There are four possible choices for the photon polarizations, but it is easy to see that both
configurations in which the photons have the same helicity lead to a vanishing contribution. For
the case “+“+, we choose the reference momentum ri = p2, i = 3, 4 in both polarization vectors,

‘
µ

3+ = Èr3 | “
µ

| 3]
Ô

2 Èr33Í

-----
r3=p2

, ‘
µ

4+ = Èr4 | “
µ

| 4]
Ô

2 Èr44Í

-----
r4=p2

, (2.35)

and
/‘3+ =

Ô
2

È23Í
(|2Í [3| + |3] È2|) , /‘4+ =

Ô
2

È24Í
(|2Í [4| + |4] È2|) . (2.36)

for the slashed quantities. Then we have
I

È2| /‘3+ ≥ È22Í [3| = 0,

È2| /‘4+ ≥ È22Í [4| = 0,
∆ M

1
1+

, 2≠
, 3+

, 4+
2

= 0.
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all outgoing momenta

2.1 Tree level QED
Having discussed the basic rules of the formalism, we are now ready to address the calculation
of the scattering amplitude of some QED process at tree level.

2.1.1 Electron-muon scattering
We consider the process

e
+

e
≠

æ µ
+

µ
≠

.

At tree level, it is represented by the diagram

e
+ µ

≠

e
≠

µ
+

p1

p2

p4

p3

,

where all the momenta are taken to be outgoing,

p1 + p2 + p3 + p4 = 0. (2.27)

In the massless approximation, p
2
i

= 0 and we can define

sij © (pi + pj)2 = 2pi · pj , q
2

© (p1 + p2)2 = s12 = s34. (2.28)

The corresponding amplitude is

M = ū(1)h1 (ie“
µ) v(2)h2

3
≠

igµ‹

q2

4
ū(3)h3 (ie“

‹) v(4)h4 . (2.29)

Specifying the helicity states of the external particles, we obtain a helicity amplitude of the form

M = M

1
1h1 , 2h2 , 3h3 , 4h4

2
= e

2
a4 (h1 h2 h3 h4) . (2.30)

We begin with

a4(+ ≠ +≠) = i
[1 | “µ | 2Í [3 | “

µ
| 4Í

s12

(2.20)= 2i
[13] È42Í È34Í

[12] È21Í È34Í
= 2i

Ë
1

--- /p3
--- 4

f
È42Í

[12] È21Í È34Í

(2.27)= 2i

Ë
1

--- /p2
--- 4

f
È24Í

[12] È21Í È34Í
= ≠2i

È24Í
2

È12Í È34Í
, (2.31)

and square,

|a4(+ ≠ +≠)|2 = a4(+ ≠ +≠)aú
4(+ ≠ +≠) =

A

≠2i
È24Í

2

È12Í È34Í

B A

2i
[42]2

[21] [43]

B

= 4 s
2
24

s12s34
.

The other helicity amplitudes can be obtained from (2.31) by

parity ÈijÍ ¡ [ji] ,

charge conjugation fermion ¡ anti-fermion.
(2.32)
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There are only three non vanishing terms,

a4(+ ≠ ≠+) = a4(+ ≠ +≠)| 3¡4
(ch. conj.)

= ≠2i
È23Í

2
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,

a4(≠ + ≠+) = a4(+ ≠ +≠)|ÈijÍ¡[ji]
(parity)

= ≠2i
[42]2

[12] [34] ,

a4(≠ + +≠) = a4(+ ≠ ≠+)|ÈijÍ¡[ji]
(parity)

= ≠2i
[23]2

[12] [43] .

Finally, helicity amplitudes sum incoherently,
ÿ

helicity
|M|

2 = e
4

Ó
|a4(+ ≠ +≠)|2 + |a4(+ ≠ ≠+)|2 + |a4(≠ + ≠+)|2 + |a4(≠ + +≠)|2

Ô

= 8e
4 s

2
24 + s

2
23

s12s34
= 8(4fi–)2 t

2 + u
2

s2 .

2.1.2 Compton scattering
We consider the process

e
+
+e

≠
≠ æ ““,

where the electron and the positron are in a well-defined helicity state. At tree level, it receives
contribution from the two topologically inequivalent s and t channel diagrams

“ “

e
+

e
≠

p1 p2

p3 p4

+

“ “

e
+

e
≠

p1 p2

p4p3
,

where all momenta are taken as ougoing. The corresponding amplitude can be written as

M = (ie)2
=

2
----

;
/‘4

i/p24
s24

/‘3 + /‘3
i/p23
s23

/‘4

< ---- 1
6

, (2.33)

where we have defined

pij © pi + pj , sij = p
2
ij = (pi + pj)2 = 2pi · pj = ÈijÍ [ji] . (2.34)

There are four possible choices for the photon polarizations, but it is easy to see that both
configurations in which the photons have the same helicity lead to a vanishing contribution. For
the case “+“+, we choose the reference momentum ri = p2, i = 3, 4 in both polarization vectors,

‘
µ

3+ = Èr3 | “
µ

| 3]
Ô

2 Èr33Í

-----
r3=p2

, ‘
µ

4+ = Èr4 | “
µ

| 4]
Ô

2 Èr44Í

-----
r4=p2

, (2.35)

and
/‘3+ =

Ô
2

È23Í
(|2Í [3| + |3] È2|) , /‘4+ =

Ô
2

È24Í
(|2Í [4| + |4] È2|) . (2.36)

for the slashed quantities. Then we have
I

È2| /‘3+ ≥ È22Í [3| = 0,

È2| /‘4+ ≥ È22Í [4| = 0,
∆ M

1
1+

, 2≠
, 3+

, 4+
2

= 0.
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Left-handed electron

Right-handed positron

There are only three non vanishing terms,

a4(+ ≠ ≠+) = a4(+ ≠ +≠)| 3¡4
(ch. conj.)

= ≠2i
È23Í

2

È12Í È43Í
,
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 Analogously, in the case “≠“≠ we choose ri = p1, i = 3, 4,
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, ‘
µ

4≠ = È4 | “
µ

| r4]
Ô

2 È4r4Í

-----
r4=p1

, (2.37)

/‘3≠ =
Ô

2
[31] (|3Í [1| + |1] È3|) , /‘4≠ =

Ô
2

[41] (|4Í [1| + |1] È4|) , (2.38)

and find I
/‘3≠ |1] ≥ [11] |3Í = 0,

/‘4≠ |1] ≥ [11] |4Í = 0,
∆ M

1
1+

, 2≠
, 3≠

, 4≠
2

= 0.

Equivalently, one can observe that this case can be obtained from the previous one by a parity
operation. Before moving to the “+“≠ configuration, we remark that there is no more freedom
left in the choice of the reference momenta, which have all been fixed in (2.35) and (2.37). In
the case 3+, 4≠, the t-channel diagram doesn’t contribute because

/‘4≠ |1] ≥ (|4Í [1| + |1] È4|) |1] = 0,

and the amplitude reduces to

M

1
1+

, 2≠
, 3+

, 4≠
2

= ≠e
2

=
2

---- /‘4≠

i/p24
s24

/‘3+

---- 1
6

= ≠2ie
2 È24Í (|2] È2| + |4] È4|) |2Í [31]

[41] È23Í È24Í [42]

= ≠2ie
2 È24Í [13]
È23Í [24] = 2ie

2 È24Í
2

È13Í È23Í
.

We end this section observing that in the previous examples no trace computation was required.
This is one of the great advantages of the spinor-helicity formalism.
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operation. Before moving to the “+“≠ configuration, we remark that there is no more freedom
left in the choice of the reference momenta, which have all been fixed in (2.35) and (2.37). In
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2 È24Í (|2] È2| + |4] È4|) |2Í [31]

[41] È23Í È24Í [42]
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2 È24Í [13]
È23Í [24] = 2ie

2 È24Í
2

È13Í È23Í
.

We end this section observing that in the previous examples no trace computation was required.
This is one of the great advantages of the spinor-helicity formalism.
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i

(polarised) Compton Scattering

There are only three non vanishing terms,

a4(+ ≠ ≠+) = a4(+ ≠ +≠)| 3¡4
(ch. conj.)

= ≠2i
È23Í

2

È12Í È43Í
,

a4(≠ + ≠+) = a4(+ ≠ +≠)|ÈijÍ¡[ji]
(parity)

= ≠2i
[42]2

[12] [34] ,

a4(≠ + +≠) = a4(+ ≠ ≠+)|ÈijÍ¡[ji]
(parity)

= ≠2i
[23]2

[12] [43] .

Finally, helicity amplitudes sum incoherently,
ÿ

helicity
|M|

2 = e
4

Ó
|a4(+ ≠ +≠)|2 + |a4(+ ≠ ≠+)|2 + |a4(≠ + ≠+)|2 + |a4(≠ + +≠)|2

Ô

= 8e
4 s

2
24 + s

2
23

s12s34
= 8(4fi–)2 t

2 + u
2

s2 .

2.1.2 Compton scattering
We consider the process

e
+
+e

≠
≠ æ ““,

where the electron and the positron are in a well-defined helicity state. At tree level, it receives
contribution from the two topologically inequivalent s and t channel diagrams

“ “

e
+

e
≠

p1 p2

p3 p4

+

“ “

e
+

e
≠

p1 p2

p4p3
,

where all momenta are taken as ougoing. The corresponding amplitude can be written as

M = (ie)2
=

2
----

;
/‘4

i/p24
s24

/‘3 + /‘3
i/p23
s23

/‘4

< ---- 1
6

, (2.33)

where we have defined

pij © pi + pj , sij = p
2
ij = (pi + pj)2 = 2pi · pj = ÈijÍ [ji] . (2.34)

There are four possible choices for the photon polarizations, but it is easy to see that both
configurations in which the photons have the same helicity lead to a vanishing contribution. For
the case “+“+, we choose the reference momentum ri = p2, i = 3, 4 in both polarization vectors,

‘
µ

3+ = Èr3 | “
µ

| 3]
Ô

2 Èr33Í

-----
r3=p2

, ‘
µ

4+ = Èr4 | “
µ

| 4]
Ô

2 Èr44Í

-----
r4=p2

, (2.35)

and
/‘3+ =

Ô
2

È23Í
(|2Í [3| + |3] È2|) , /‘4+ =

Ô
2

È24Í
(|2Í [4| + |4] È2|) . (2.36)

for the slashed quantities. Then we have
I

È2| /‘3+ ≥ È22Í [3| = 0,

È2| /‘4+ ≥ È22Í [4| = 0,
∆ M

1
1+

, 2≠
, 3+

, 4+
2

= 0.
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 Analogously, in the case “≠“≠ we choose ri = p1, i = 3, 4,

‘
µ

3≠ = È3 | “
µ

| r3]
Ô

2 È3r3Í

-----
r3=p1

, ‘
µ

4≠ = È4 | “
µ

| r4]
Ô

2 È4r4Í

-----
r4=p1

, (2.37)

/‘3≠ =
Ô

2
[31] (|3Í [1| + |1] È3|) , /‘4≠ =

Ô
2

[41] (|4Í [1| + |1] È4|) , (2.38)

and find I
/‘3≠ |1] ≥ [11] |3Í = 0,

/‘4≠ |1] ≥ [11] |4Í = 0,
∆ M

1
1+

, 2≠
, 3≠

, 4≠
2

= 0.

Equivalently, one can observe that this case can be obtained from the previous one by a parity
operation. Before moving to the “+“≠ configuration, we remark that there is no more freedom
left in the choice of the reference momenta, which have all been fixed in (2.35) and (2.37). In
the case 3+, 4≠, the t-channel diagram doesn’t contribute because

/‘4≠ |1] ≥ (|4Í [1| + |1] È4|) |1] = 0,

and the amplitude reduces to

M

1
1+

, 2≠
, 3+

, 4≠
2

= ≠e
2

=
2

---- /‘4≠

i/p24
s24

/‘3+

---- 1
6

= ≠2ie
2 È24Í (|2] È2| + |4] È4|) |2Í [31]

[41] È23Í È24Í [42]

= ≠2ie
2 È24Í [13]
È23Í [24] = 2ie

2 È24Í
2

È13Í È23Í
.

We end this section observing that in the previous examples no trace computation was required.
This is one of the great advantages of the spinor-helicity formalism.
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There are only three non vanishing terms,

a4(+ ≠ ≠+) = a4(+ ≠ +≠)| 3¡4
(ch. conj.)

= ≠2i
È23Í

2

È12Í È43Í
,

a4(≠ + ≠+) = a4(+ ≠ +≠)|ÈijÍ¡[ji]
(parity)

= ≠2i
[42]2

[12] [34] ,

a4(≠ + +≠) = a4(+ ≠ ≠+)|ÈijÍ¡[ji]
(parity)

= ≠2i
[23]2

[12] [43] .

Finally, helicity amplitudes sum incoherently,
ÿ

helicity
|M|

2 = e
4

Ó
|a4(+ ≠ +≠)|2 + |a4(+ ≠ ≠+)|2 + |a4(≠ + ≠+)|2 + |a4(≠ + +≠)|2

Ô

= 8e
4 s

2
24 + s

2
23

s12s34
= 8(4fi–)2 t

2 + u
2

s2 .

2.1.2 Compton scattering
We consider the process

e
+
+e

≠
≠ æ ““,

where the electron and the positron are in a well-defined helicity state. At tree level, it receives
contribution from the two topologically inequivalent s and t channel diagrams

“ “

e
+

e
≠

p1 p2

p3 p4

+

“ “

e
+

e
≠

p1 p2

p4p3
,

where all momenta are taken as ougoing. The corresponding amplitude can be written as

M = (ie)2
=

2
----

;
/‘4

i/p24
s24

/‘3 + /‘3
i/p23
s23

/‘4

< ---- 1
6

, (2.33)

where we have defined

pij © pi + pj , sij = p
2
ij = (pi + pj)2 = 2pi · pj = ÈijÍ [ji] . (2.34)

There are four possible choices for the photon polarizations, but it is easy to see that both
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‘
µ

3+ = Èr3 | “
µ

| 3]
Ô

2 Èr33Í

-----
r3=p2

, ‘
µ

4+ = Èr4 | “
µ

| 4]
Ô

2 Èr44Í

-----
r4=p2

, (2.35)

and
/‘3+ =

Ô
2

È23Í
(|2Í [3| + |3] È2|) , /‘4+ =

Ô
2

È24Í
(|2Í [4| + |4] È2|) . (2.36)

for the slashed quantities. Then we have
I

È2| /‘3+ ≥ È22Í [3| = 0,

È2| /‘4+ ≥ È22Í [4| = 0,
∆ M

1
1+

, 2≠
, 3+

, 4+
2

= 0.
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Therefore the second diagram does not contribute
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4≠ = È4 | “
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| r4]
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/‘3≠ =
Ô

2
[31] (|3Í [1| + |1] È3|) , /‘4≠ =

Ô
2

[41] (|4Í [1| + |1] È4|) , (2.38)
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∆ M
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1+

, 2≠
, 3≠

, 4≠
2

= 0.

Equivalently, one can observe that this case can be obtained from the previous one by a parity
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6
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2 È24Í
2

È13Í È23Í
.

We end this section observing that in the previous examples no trace computation was required.
This is one of the great advantages of the spinor-helicity formalism.
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i

(polarised) Compton Scattering

There are only three non vanishing terms,

a4(+ ≠ ≠+) = a4(+ ≠ +≠)| 3¡4
(ch. conj.)

= ≠2i
È23Í

2

È12Í È43Í
,

a4(≠ + ≠+) = a4(+ ≠ +≠)|ÈijÍ¡[ji]
(parity)

= ≠2i
[42]2

[12] [34] ,

a4(≠ + +≠) = a4(+ ≠ ≠+)|ÈijÍ¡[ji]
(parity)

= ≠2i
[23]2

[12] [43] .

Finally, helicity amplitudes sum incoherently,
ÿ

helicity
|M|

2 = e
4

Ó
|a4(+ ≠ +≠)|2 + |a4(+ ≠ ≠+)|2 + |a4(≠ + ≠+)|2 + |a4(≠ + +≠)|2

Ô

= 8e
4 s

2
24 + s

2
23

s12s34
= 8(4fi–)2 t

2 + u
2

s2 .

2.1.2 Compton scattering
We consider the process

e
+
+e

≠
≠ æ ““,

where the electron and the positron are in a well-defined helicity state. At tree level, it receives
contribution from the two topologically inequivalent s and t channel diagrams

“ “

e
+

e
≠

p1 p2

p3 p4

+

“ “

e
+

e
≠

p1 p2

p4p3
,

where all momenta are taken as ougoing. The corresponding amplitude can be written as

M = (ie)2
=

2
----

;
/‘4

i/p24
s24

/‘3 + /‘3
i/p23
s23

/‘4

< ---- 1
6

, (2.33)

where we have defined

pij © pi + pj , sij = p
2
ij = (pi + pj)2 = 2pi · pj = ÈijÍ [ji] . (2.34)

There are four possible choices for the photon polarizations, but it is easy to see that both
configurations in which the photons have the same helicity lead to a vanishing contribution. For
the case “+“+, we choose the reference momentum ri = p2, i = 3, 4 in both polarization vectors,

‘
µ

3+ = Èr3 | “
µ

| 3]
Ô

2 Èr33Í

-----
r3=p2

, ‘
µ

4+ = Èr4 | “
µ

| 4]
Ô

2 Èr44Í

-----
r4=p2

, (2.35)

and
/‘3+ =

Ô
2

È23Í
(|2Í [3| + |3] È2|) , /‘4+ =

Ô
2

È24Í
(|2Í [4| + |4] È2|) . (2.36)

for the slashed quantities. Then we have
I

È2| /‘3+ ≥ È22Í [3| = 0,

È2| /‘4+ ≥ È22Í [4| = 0,
∆ M

1
1+

, 2≠
, 3+

, 4+
2

= 0.
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in QED

where c
abc is not the same as in Eq. (17). By dimensional analysis, we can now conclude that⇥

c
abc

⇤
M

= 0 in this case. Furthermore, as the amplitude must be symmetric under the exchange
of two particles, and [12]3

[23][31] is antisymmetric under the exchange of any two, also c
abc has to be

antisymmetric.

Two Fermion, One Vector Boson Amplitude

Let us consider the process f(1)f(2) ! �(3). With the helicity configuration +++, we have

M(1+2+3+) = c[23][31].

Again, this can only be achieved in an e�ective theory, as [c]
M

= �1 due to [M]
M

= 1 for this
process 9. In the configuration +�+, we have

M(1+2�3+) = c
[31]2

[12]
.

This result has the proper mass dimension, and this is actually the same result we would obtain
from QED with c =

p
2e.

Bonus Box:

iM(1+2�3+) =(�ie)h2�µ1]
1p
2

hr�µ3]
hr3i

=� i
p
2e

[13]hr2i
hr3i

=� i
p
2e

[13]hr2i[21]
hr3i[21]

=� i
p
2e

[13]hr/21]
hr3i[21]

=i
p
2e

[13]hr(/1 + /3)1]

hr3i[21]

=i
p
2e

[13]hr3i[31]
hr3i[21]

=i
p
2e

[31]2

[12]
.

Three Graviton Amplitude

We can even extend the formalism onto the case of massless spin-2 particles (gravitons). As
these are massless, we again only have two possible helicities for each particle. For the di�erent
helicity configurations we find:

M(1+2+3+) = c[12]2[23]2[31]2,

M(1+2+3�) = c
[12]6

[23]2[31]2
. (19)

We already find that any theory containing massless spin-2 particles can only be an e�ective theory,
as necessarily [c]

M
 �1. It turns out, Eq. (19) is the same as the one derived from the Einstein-

Hilbert action given through LEH = 2
2

p
�gR with  =

p
32⇡G. An interesting and yet not fully

understood result we also see is that we basically have a relation Gravitation = (Gauge)2, when
we compare the three-graviton amplitude in Eq. (19) to the three-gluon amplitude in Eq. (18).
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There are only three non vanishing terms,

a4(+ ≠ ≠+) = a4(+ ≠ +≠)| 3¡4
(ch. conj.)

= ≠2i
È23Í

2

È12Í È43Í
,

a4(≠ + ≠+) = a4(+ ≠ +≠)|ÈijÍ¡[ji]
(parity)

= ≠2i
[42]2

[12] [34] ,

a4(≠ + +≠) = a4(+ ≠ ≠+)|ÈijÍ¡[ji]
(parity)

= ≠2i
[23]2

[12] [43] .

Finally, helicity amplitudes sum incoherently,
ÿ

helicity
|M|

2 = e
4

Ó
|a4(+ ≠ +≠)|2 + |a4(+ ≠ ≠+)|2 + |a4(≠ + ≠+)|2 + |a4(≠ + +≠)|2

Ô

= 8e
4 s

2
24 + s

2
23

s12s34
= 8(4fi–)2 t

2 + u
2

s2 .

2.1.2 Compton scattering
We consider the process

e
+
+e

≠
≠ æ ““,

where the electron and the positron are in a well-defined helicity state. At tree level, it receives
contribution from the two topologically inequivalent s and t channel diagrams

“ “

e
+

e
≠

p1 p2

p3 p4

+

“ “

e
+

e
≠

p1 p2

p4p3
,

where all momenta are taken as ougoing. The corresponding amplitude can be written as

M = (ie)2
=

2
----

;
/‘4

i/p24
s24

/‘3 + /‘3
i/p23
s23

/‘4

< ---- 1
6

, (2.33)

where we have defined

pij © pi + pj , sij = p
2
ij = (pi + pj)2 = 2pi · pj = ÈijÍ [ji] . (2.34)

There are four possible choices for the photon polarizations, but it is easy to see that both
configurations in which the photons have the same helicity lead to a vanishing contribution. For
the case “+“+, we choose the reference momentum ri = p2, i = 3, 4 in both polarization vectors,

‘
µ

3+ = Èr3 | “
µ

| 3]
Ô

2 Èr33Í

-----
r3=p2

, ‘
µ

4+ = Èr4 | “
µ

| 4]
Ô

2 Èr44Í

-----
r4=p2

, (2.35)

and
/‘3+ =

Ô
2

È23Í
(|2Í [3| + |3] È2|) , /‘4+ =

Ô
2

È24Í
(|2Í [4| + |4] È2|) . (2.36)

for the slashed quantities. Then we have
I

È2| /‘3+ ≥ È22Í [3| = 0,

È2| /‘4+ ≥ È22Í [4| = 0,
∆ M

1
1+

, 2≠
, 3+

, 4+
2

= 0.
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3-point Amplitude

2.1 Tree level QED
Having discussed the basic rules of the formalism, we are now ready to address the calculation
of the scattering amplitude of some QED process at tree level.

2.1.1 Electron-muon scattering
We consider the process

e
+

e
≠

æ µ
+

µ
≠

.

At tree level, it is represented by the diagram

e
+ µ

≠

e
≠

µ
+

p1

p2

p4

p3

,

where all the momenta are taken to be outgoing,

p1 + p2 + p3 + p4 = 0. (2.27)

In the massless approximation, p
2
i

= 0 and we can define

sij © (pi + pj)2 = 2pi · pj , q
2

© (p1 + p2)2 = s12 = s34. (2.28)

The corresponding amplitude is

M = ū(1)h1 (ie“
µ) v(2)h2

3
≠

igµ‹

q2

4
ū(3)h3 (ie“

‹) v(4)h4 . (2.29)

Specifying the helicity states of the external particles, we obtain a helicity amplitude of the form

M = M

1
1h1 , 2h2 , 3h3 , 4h4

2
= e

2
a4 (h1 h2 h3 h4) . (2.30)

We begin with

a4(+ ≠ +≠) = i
[1 | “µ | 2Í [3 | “

µ
| 4Í

s12

(2.20)= 2i
[13] È42Í È34Í

[12] È21Í È34Í
= 2i

Ë
1

--- /p3
--- 4

f
È42Í

[12] È21Í È34Í

(2.27)= 2i

Ë
1

--- /p2
--- 4

f
È24Í

[12] È21Í È34Í
= ≠2i

È24Í
2

È12Í È34Í
, (2.31)

and square,

|a4(+ ≠ +≠)|2 = a4(+ ≠ +≠)aú
4(+ ≠ +≠) =

A

≠2i
È24Í

2

È12Í È34Í

B A

2i
[42]2

[21] [43]

B

= 4 s
2
24

s12s34
.

The other helicity amplitudes can be obtained from (2.31) by

parity ÈijÍ ¡ [ji] ,

charge conjugation fermion ¡ anti-fermion.
(2.32)

24

p3

p1 + p2 + p3 = 0



From QED to Color Ordered QCD

Example-1

Feynman Rules of QCD: color and kinematics

3.3.1 Color decomposition of qq̄ æ gg

The qLq̄R æ gg process is similar to the e
+

e
≠

æ ““, except that now there are three diagrams,
including one with a 3-gluon vertex,

2, a 3, b

1≠ 4+

+

2, a 3, b

1≠ 4+

+
c

c

2, a 3, b

4+1≠

Focusing on the color algebra, we observe that the terms t
a
t
b, t

b
t
a and ≠gf

abc
t
c appear in the

first, the second and the third diagram respectively. Moreover, ≠gf
abc

t
c = (ig)(ifabc

t
c) = ig(ta

t
b
≠t

b
t
a),

which are exactly the terms that appear in the first two diagrams. Following Peskin, we define
T

a =
Ô

2t
a, in order to get Tr (T a

T
b) = ”

ab.
Then it can be shown that the following color decomposition holds for the scattering amplitude:

iM = iM(1234)T a
T

b + iM(1324)T b
T

. (3.31)

The elements iM are called color-ordered amplitudes because they must be calculated with
external legs in fixed order and represent the kinematic part of the amplitude, since the color
algebra has been factorized out. The complete amplitude iM is gauge invariant for any choice of
helicities of the external particles and for any Yang-Mills gauge group. In any non-Abelian gauge
group T

a
T

b and T
b
T

a are independent, and hence we have that the color-ordered amplitudes

must be separately gauge invariant. A consequence of this remarkable fact is that the individual
color-ordered amplitudes should obey the Ward identity, as can be shown with an explicit
calculation.
One obvious advantage of this decomposition is that working with color-ordered amplitudes is
much simpler than dealing with full QCD amplitudes.

3.3.2 Color decomposition of gg æ gg

Another useful feature is that we can organize color amplitudes in subamplitudes. An example
is the four-gluon scattering gg æ gg, described by the four diagrams:

2, b 3, c

1, a 4, d

+

2, b 3, c

1, a 4, b

+

2, b 3, c

4, d1, a

+

2, b 3, c

4, d1, a
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where we haven’t explicitly written the ghost and gauge fixing terms because they don’t play
any role in the tree level computations we are interested in. The interaction vertices of the
theory are
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q

q̄

g

, c

a

b

g

g

g

,

c

a

b

d

g

g

g

g
.

Quark flavour is conserved by the QCD lagrangian, but it is not conserved by the Electroweak
interactions. An example is given by the following process,

W
≠

u

d .

3.1.1 QCD Feynman rules
Propagators:

gluon a, µ b, ‹ = ”
ab

G“,µ‹ .

quark a b = ”
ab

GF .

Interaction vertices:

gluon-quarks

a, µ

= igst
a
“

µ.

three gluons

c, “

a, –

b, —

pb

pc

pa

= gsfabc [g–—(pa ≠ pb)“ + g—“(pb ≠ pc)– + g“–(pc ≠ pa)— ]
¸ ˚˙ ˝

V–,—,“(pa,pb,pc)

.

four gluons

c, “

a, – d, ”

b, —

= ≠ig
2
s [fabe

f
cde(g–“

g
—”

≠ g
–”

g
—“) + f

ace
f

bde(g–—
g

“”
≠ g

–”
g

—“)

+f
ade

f
bce(g–—

g
“”

≠ g
–“

g
—”)]
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From QED to Color Ordered QCD

Example-2

3.3.1 Color decomposition of qq̄ æ gg

The qLq̄R æ gg process is similar to the e
+

e
≠

æ ““, except that now there are three diagrams,
including one with a 3-gluon vertex,

2, a 3, b

1≠ 4+

+

2, a 3, b

1≠ 4+

+
c

c

2, a 3, b

4+1≠

Focusing on the color algebra, we observe that the terms t
a
t
b, t

b
t
a and ≠gf

abc
t
c appear in the

first, the second and the third diagram respectively. Moreover, ≠gf
abc

t
c = (ig)(ifabc

t
c) = ig(ta

t
b
≠t

b
t
a),

which are exactly the terms that appear in the first two diagrams. Following Peskin, we define
T

a =
Ô

2t
a, in order to get Tr (T a

T
b) = ”

ab.
Then it can be shown that the following color decomposition holds for the scattering amplitude:

iM = iM(1234)T a
T

b + iM(1324)T b
T

. (3.31)

The elements iM are called color-ordered amplitudes because they must be calculated with
external legs in fixed order and represent the kinematic part of the amplitude, since the color
algebra has been factorized out. The complete amplitude iM is gauge invariant for any choice of
helicities of the external particles and for any Yang-Mills gauge group. In any non-Abelian gauge
group T

a
T

b and T
b
T

a are independent, and hence we have that the color-ordered amplitudes

must be separately gauge invariant. A consequence of this remarkable fact is that the individual
color-ordered amplitudes should obey the Ward identity, as can be shown with an explicit
calculation.
One obvious advantage of this decomposition is that working with color-ordered amplitudes is
much simpler than dealing with full QCD amplitudes.

3.3.2 Color decomposition of gg æ gg

Another useful feature is that we can organize color amplitudes in subamplitudes. An example
is the four-gluon scattering gg æ gg, described by the four diagrams:

2, b 3, c

1, a 4, d

+

2, b 3, c

1, a 4, b

+

2, b 3, c

4, d1, a

+

2, b 3, c

4, d1, a
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In this formula, ta and tb are the color SU(3) representation matrices coupling to
the gluons 2 and 3, respectively. The third diagram in Fig. 4 has a color structure
that can be brought into the forms seen in the first two diagrams by writing

� gfabctc = (ig) · ifabctc = (ig)(tatb � tbta) . (46)

We will find it convenient to rescale the color matrices: T a =
p
2ta, so that the T a

are normalized to
tr[T aT b] = �ab . (47)

We can then write the amplitude in (45) in the form

iM = iM(1234) · T aT b + iM(1324) · T bT a , (48)

with

iM(1234) = (
ig
p
2
)2

h1� · ✏(2)

i(1 + 2)

s12
� · ✏(3)4]

+
�i

s23
h1��4][✏(2) · ✏(3)(2� 3)�

+✏�(3)(2 · 3 + 2) · ✏(2) + ✏�(2)(�2 · 2� 3) · ✏(3)] . (49)

In the second term of (48), M(1324) is given by the same expression with (2, ✏(2))
exchanged with (3, ✏(3)).

The elements iM are called color-ordered amplitudes. The complete helicity am-
plitudes such as (48) are gauge-invariant for any choice of helicities of the external
particles and for any Yang-Mills gauge group. The two color factors T aT b and T bT a

are independent in any non-Abelian gauge group. Thus, the color-ordered amplitudes
must be separately gauge-invariant. This important observation means that we can
apply all of the simplifications discussed in the previous section to individual color-
ordered amplitudes. It will be much simpler to work with these objects rather than
with the full QCD amplitudes.

A consequence of this idea is that the individual color-ordered amplitudes should
obey the Ward identity. It is not di�cult to verify this for (49). Replace ✏(2) by the
four-vector 2, and use the properties that the external momenta are lightlike, that
h1 and 4] satisfy the Dirac equation, and that 3 · ✏(3) = 0. Then all terms in the
resulting expression cancel.

Other QCD amplitudes can also be reduced to color-ordered structures. Another
case that will be important for us is the 4-gluon amplitude shown in Fig. 5. This
amplitude can be written in the form

iM = iM(1234) · tr[T aT bT cT d] + iM(1243) · tr[T aT bT dT c]

+iM(1324) · tr[T aT cT bT d] + iM(1342) · tr[T aT cT dT b]

+iM(1423) · tr[T aT dT bT c] + iM(1432) · tr[T aT dT cT b] . (50)
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Color Ordered Feynman Rules of QCD

Modifi

Color Ordered Partial Amplitudes
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Figure 5: Color-ordered Feynman rules, in Lorentz-Feynman gauge, omitting ghosts.
Straight lines represent fermions, wavy lines gluons. All momenta are taken outgoing.

2.2 Helicity Nitty Gritty

The spinor helicity formalism for massless vector bosons11,12,13 is largely re-
sponsible for the existence of extremely compact representations of tree and
loop partial amplitudes in QCD. It introduces a new set of kinematic objects,
spinor products, which neatly capture the collinear behavior of these ampli-
tudes. A (small) price to pay is that automated simplification of large expres-
sions containing these objects is not always straightforward, because they obey
nonlinear identities. In this section we will review the spinor helicity formalism
and some of the key identities.

We begin with massless fermions. Positive and negative energy solutions
of the massless Dirac equation are identical up to normalization conventions.
One way to see this is to note that the positive and negative energy pro-
jection operators, Λ+(k) ∼ u(k) ⊗ u(k) and Λ−(k) ∼ v(k) ⊗ v(k), are both
proportional to ̸k in the massless limit. Thus the solutions of definite helicity,
u±(k) = 1

2 (1 ± γ5)u(k) and v∓(k) = 1
2 (1 ± γ5)v(k), can be chosen to be equal

to each other. (For negative energy solutions, the helicity is the negative of
the chirality or γ5 eigenvalue.) A similar relation holds between the conjugate
spinors u±(k) = u(k)1

2 (1 ∓ γ5) and v∓(k) = v(k)1
2 (1 ∓ γ5). Since we will be

interested in amplitudes with a large number of momenta, we label them by

11

iMQCD = ∑
j

iM(color ordered)
j × (color factor)j
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3.3.3 Color ordered Feynman rules
Color-ordered amplitudes are computed with color-ordered Feynman rules.

gluon-quarks

µ

= i
gsÔ

2“
µ.

three gluons

3, “

1, –

2, —

p2

p3
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= i

gsÔ
2fabc[g–—(p1 ≠ p2)“ + g—“(p2 ≠ p3)– + g“–(p3 ≠ p1)— ].

four gluons

“

– ”

—

= ≠i
g

2
s
2 [2g–“g—” ≠ g–—g“” ≠ g–”g—“ ].

Color ordered amplitude for qq̄ æ gg

The color-ordered amplitude M(1234) in (3.31) receives contribution from the two following
diagrams,

iM(1234) =

2, a 3, b

1≠ 4+

+
c

c

2, a 3, b

4+1≠

Using the color-ordered Feynman rules, we have

(3.33)

and iM(1324) obtained by exchanging (2, ‘(2)) with (3, ‘(3)). In order to compute (3.33), we
need to consider all possible cases of gluon helicity.
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Color Ordered Amplitudes in QCD 

Example-13.3.1 Color decomposition of qq̄ æ gg

The qLq̄R æ gg process is similar to the e
+

e
≠

æ ““, except that now there are three diagrams,
including one with a 3-gluon vertex,

2, a 3, b

1≠ 4+

+

2, a 3, b

1≠ 4+

+
c

c

2, a 3, b

4+1≠

Focusing on the color algebra, we observe that the terms t
a
t
b, t

b
t
a and ≠gf

abc
t
c appear in the

first, the second and the third diagram respectively. Moreover, ≠gf
abc

t
c = (ig)(ifabc

t
c) = ig(ta

t
b
≠t

b
t
a),

which are exactly the terms that appear in the first two diagrams. Following Peskin, we define
T

a =
Ô

2t
a, in order to get Tr (T a

T
b) = ”

ab.
Then it can be shown that the following color decomposition holds for the scattering amplitude:

iM = iM(1234)T a
T

b + iM(1324)T b
T

. (3.31)

The elements iM are called color-ordered amplitudes because they must be calculated with
external legs in fixed order and represent the kinematic part of the amplitude, since the color
algebra has been factorized out. The complete amplitude iM is gauge invariant for any choice of
helicities of the external particles and for any Yang-Mills gauge group. In any non-Abelian gauge
group T

a
T

b and T
b
T

a are independent, and hence we have that the color-ordered amplitudes

must be separately gauge invariant. A consequence of this remarkable fact is that the individual
color-ordered amplitudes should obey the Ward identity, as can be shown with an explicit
calculation.
One obvious advantage of this decomposition is that working with color-ordered amplitudes is
much simpler than dealing with full QCD amplitudes.

3.3.2 Color decomposition of gg æ gg

Another useful feature is that we can organize color amplitudes in subamplitudes. An example
is the four-gluon scattering gg æ gg, described by the four diagrams:

2, b 3, c

1, a 4, d

+

2, b 3, c

1, a 4, b

+

2, b 3, c

4, d1, a

+

2, b 3, c

4, d1, a
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3.3.3 Color ordered Feynman rules
Color-ordered amplitudes are computed with color-ordered Feynman rules.
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Color ordered amplitude for qq̄ æ gg

The color-ordered amplitude M(1234) in (3.31) receives contribution from the two following
diagrams,

iM(1234) =

2, a 3, b

1≠ 4+

+
c

c

2, a 3, b

4+1≠

Using the color-ordered Feynman rules, we have

(3.33)

and iM(1324) obtained by exchanging (2, ‘(2)) with (3, ‘(3)). In order to compute (3.33), we
need to consider all possible cases of gluon helicity.
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and iM(1324) obtained by exchanging (2, ‘(2)) with (3, ‘(3)). In order to compute (3.33), we
need to consider all possible cases of gluon helicity.
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Example-2

Color ordered amplitude for gg æ gg

Of the four diagrams contributing to the full amplitude M, each color-ordered amplitude M
in the color decomposition (3.32) contains only the three planar, no leg-crossing ones. It is
su�cient to compute only M(1234), since the other permutations are obtained by re-labeling.

M(1234) =

2 3

1 4

+

2 3

41

+

2 3

41

Using the color-ordered Feynman rules, we find

It can be shown that this expression satisfiyes the Ward identity. That demonstrates that, in
this specific case, each color-ordered amplitude is separately gauge-invariant.
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Maximally Helicity Violating (MHV) Amplitudes

n-particle scattering processes

Parke-Taylor formulas
MHV for qq̄ æ g1 . . . gn≠2

We have seen that the qq̄ æ gg amplitude vanishes when the two gluons have the same helicity.
This result can be generalized to an arbitrary number of positive helicity gluons,

M(1≠
q , 2+

, 3+
, . . . , (n ≠ 1)+

, n
+
q̄¸ ˚˙ ˝

same helicity

) = 0.

The first non vanishing tree amplitudes are those with one negative helicity gluon and all other
gluon helicities positive,

n
+

, q̄

n ≠ 1

1≠
, q

2
. . .

= M(1≠
q , 2+
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For this choice of reference vectors,

✏(2) · ✏(3) = 0 , 2 · ✏(3) = 3 · ✏(2) = 0 . (63)

Then only the first line of (49) is nonzero. The value of this line is

iM =
�ig2

2
(�

1

2
)

22

h23i[32]

h12i[3(1 + 2)2i[34]

h12i[21]

= ig2
h12i[31][34]

h23i[32][21]
. (64)

Now multiply top and bottom by h12ih42i. After some rearrangements, all of the
square brackets cancel, and we find

iM = ig2
h12i3h42i

h12ih23ih34ih41i
. (65)

These results are very interesting. The qqgg amplitude vanishes when all of the
gluon helicities are identical. This followed in a very straightforward way from the
choice of reference vectors in (57). It is not hard to see that this method extends
to prove the vanishing of the amplitude for qq plus any number of positive helicity
gluons. Thus, for any number of gluons, the first nonvanishing tree amplitudes are
those with one negative helicity gluon and all other gluon helicities positive. These
amplitudes are called the maximally helicity violating or MHV amplitudes. In the
above examples, these amplitudes are built only from angle brackets, with no square
brackets, and have the form

iM(q�(1)g+(2) · · · g�(i) · · · g+(n� 1)q+(n)) = ign�2 h1ii3hnii

h12ih23i · · · h(n� 1)nihn1i
,

(66)
where i denotes the gluon with negative helicity. This formula is in fact correct for
all i, n. The complex conjugates of these amplitudes give the amplitudes for the case
of one positive helicity gluon and all other gluon helicities negative,

iM(q�(1)g�(2) · · · g+(i) · · · g�(n�1)q+(n)) = (�1)n�1ign�2 [1i][ni]3

[12][23] · · · [(n� 1)n][n1]
.

(67)
I will give a proof of these formulae in Section 6.

4.2 Four-gluon amplitude

A very similar analysis can be applied to the four-gluon amplitude. Consider first
the case with all positive helicities. Choose the gluon polarization vectors so that the
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Figure 10: Feynman diagrams for quark-quark scattering: (a) ud ! ud, (b) uu ! uu.

The form of (74) and (78) strongly suggests that the general form of an n-gluon
MHV amplitude is

iM(g+(1) · · · g�(i) · · · g�(j) · · · g+(n)) = ign�2 hiji4

h12ih23i · · · h(n� 1)nihn1i
. (79)

The corresponding formula, exchanging positive and negative helicities, is

iM(g�(1) · · · g+(i) · · · g+(j) · · · g�(n)) = (�1)nign�2 [ij]4

[12][23] · · · [(n� 1)n][n1]
. (80)

I will give a proof of these formulae for all i, j, n in Section 6. The formula (79) was
discovered in 1986 by Parke and Taylor [17]. This was the original breakthrough that
gave the impetus for all of the work discussed in the latter sections of this review.

5 Parton-parton scattering

Before going deeper into the theory of the MHV formulae presented in the previ-
ous section, I will present a simple application of these formulae. The basic ingredient
for collider physics is the set of tree-level cross sections for parton-parton scattering.
These are straightforward to derive from the QCD Feynman rules, and yet the cal-
culations can be tedious for students. In a one-year course in quantum field theory,
this subject generally arises just at that point in the year when the professor’s family
needs a weeklong ski vacation. Thus, in the textbooks, the derivation of these formu-
lae is typically left as an exercise for the students without detailed explanation. In
this section, I will show that the MHV formulae make these derivations trivial.

5.1 Four-fermion processes

Begin with quark-quark scattering. For scattering of quarks of di↵erent flavor,
there is only one Feynman diagram, shown in Fig. 10(a). The value of this diagram
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(depending just on one type of spinor-product)



Maximally Helicity Violating (MHV) Amplitudes

3-gluon MHV amplitude
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As an example, we consider the all-gluons MHV amplitudes, in which there are only two negative-
helicity gluons.
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prefactors and coupling dropped
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4.1.1 5-gluon amplitude
As an application of BCFW, we can explicitly compute the 5-gluon amplitude. In the sum of
formula (4.17), we should consider all the possible partitions of the external legs in which the
two complexified momenta are attached to opposite sides. However, since the configurations
in which all the gluons, or all of them except one, have the same helicity lead to vanishing
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Little Group Transform

Little Group Transform on Spinors

Little Group Transform on Polarisations

The Little Group is a subgroup of Lorentz group leaving the momentum invariant:

leave invariant

2.0.2 Spinor outer product
Given the massless momentum

p
µ

i
©

Èi | “
µ

| i]
2 = [i | “

µ
| iÍ

2 , p
2
i = 0, (2.16)

we can also define an outer product between spinors,

|iÍ [i| =
(1 + “5)/p

i

2 , |i] Èi| =
(1 ≠ “5)/p

i

2 , (2.17)
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Here, r is a so-called reference momentum, which is arbitrary except for the restrictions r
2 = 0

and k · r 6= 0. We will later see that the arbitrariness of this vector is essentially a manifestation of
gauge invariance. We will start by proving that we can indeed write polarization vectors as given
in Eq. (12):

1. First, we require [✏⇤+(k, r)]
⇤ = ✏
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�(k, r):
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where we have used Eqs. (5), (7), (8) and (10).
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Where in the last step, we used Eq. (9).

4. The polarization vectors have to be space-like and normalized to unit length
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5. The last requirement is the freedom of choice of the reference momenta. For this, we may
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Thus any change in reference momentum only leads to a change of the polarization vector
proportional to the momentum. By means of gauge invariance, this does not lead to a change
of physics, as this is essentially provided by the Ward identity kµMµ = 0.

4 Little Group Covariance

As we saw, representing momenta as four-vectors p
µ and as bispinors p↵↵̇ is equivalent. When

discussing amplitudes, we also know there is an E(2) (sometimes denoted ISO(2)) group of Lorentz
transformations, called the little group, which leaves the momentum of one outgoing particle
fixed. In bispinor representation, the little group transformations appear as

pi ! zpi ; p] ! z
�1

p] ) pi[p , p]hp invariant. (14)

For real momenta, we know that Eq. (3) has to be satisfied, hence z can only be a phase (|z| = 1)
in that case. For complex momenta, there is no relation between uL and uR, hence z can be an
arbitrary number.

This is already all we need in order to construct scattering amplitudes. First, note that little
group transformations do not a�ect internal lines or vertices, as they only depend on constants
or momenta that are left unchanged. Thus, the only e�ect of little group transformations is a
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ū
T
≠(i)

R

db =

Q

ca

!
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ū≠(i)“0

u≠(j)
"

...!
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Thus any change in reference momentum only leads to a change of the polarization vector
proportional to the momentum. By means of gauge invariance, this does not lead to a change
of physics, as this is essentially provided by the Ward identity kµMµ = 0.

4 Little Group Covariance

As we saw, representing momenta as four-vectors p
µ and as bispinors p↵↵̇ is equivalent. When

discussing amplitudes, we also know there is an E(2) (sometimes denoted ISO(2)) group of Lorentz
transformations, called the little group, which leaves the momentum of one outgoing particle
fixed. In bispinor representation, the little group transformations appear as

pi ! zpi ; p] ! z
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p] ) pi[p , p]hp invariant. (14)

For real momenta, we know that Eq. (3) has to be satisfied, hence z can only be a phase (|z| = 1)
in that case. For complex momenta, there is no relation between uL and uR, hence z can be an
arbitrary number.

This is already all we need in order to construct scattering amplitudes. First, note that little
group transformations do not a�ect internal lines or vertices, as they only depend on constants
or momenta that are left unchanged. Thus, the only e�ect of little group transformations is a
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ū
T
≠(i)

R

db =

Q

ca

!
ū≠(i)“0

u≠(j)
"

...!
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ū
T

≠(i)

=

Q

ca
u

T
≠(j)“0T

ū
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2.0.3 Massless gauge bosons
We have to express the polarization vectors of the photon in terms of spinor products. In
the following, instead of explicitly deriving their expression, we are going to define them and
then verify that with this definition they have all the good properties, i.e. they are massless,
transverse and space-like vectors.

• polarization
‘
≠
µ (k, q) © ≠

[q | “
µ

| kÍ
Ô

2 [qk]
, ‘

+
µ (k, q) ©

Èq | “
µ

| k]
Ô

2 ÈqkÍ
, (2.22)

where k
2 = q

2 = 0 and q
µ is a reference momentum. Transversality with respect to both

of the momenta follows from equation (2.18),

‘
±
µ k

µ = 0, ‘
±
µ q

µ = 0. (2.23)

It is useful to have an expression for the slashed polarizations. Using (2.20), we have for
the negative-helicity polarization

e
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È
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B ----- j

D
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Ë
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--- j
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µ
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µ
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L

.

The computation for the positive-helicity polarization is completely analogous and we omit
it. It follows that
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in the axial (or light-cone, or physical) gauge.
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rescaling of the amplitude depending on external lines. Second, recall that there is a (di�erent)
little group transformation for each external line and therefore the scaling of the amplitude has to
be fulfilled for every external line separately.

To now construct amplitudes, let us take a look at the polarization vectors again. A little group
transformation acts on them in the following way:

✏
⇤
�(k, r) = � 1p

2

[r�µ
ki

[rk]
! z

2
✏
⇤
�(k, r) ; ✏

µ⇤
+ (k, r) =

1p
2

[k�µ
ri

hrki ! z
�2

✏
⇤
+(k, r)

We see that the rescaling goes as z
�2hj

j with the helicity hj for the external particle j. As it turns
out, this is the general rule, hence we require the amplitude to fulfill the relation

M(1h1 , ..., n
hn) !

nY

j=1

z
�2hj

j M(1h1 , ..., n
hn)5

.

We can also explicitly write down amplitudes by considering the following rule: The power of ji
plus the power of hj minus the power of j] and the power of [j has to equal �2hj . We will use this
rule next to determine the general formula for a three-point amplitude.

5 Three-point Amplitude

In the following, we will learn how to construct three-point amplitudes just by considering the in-
and outgoing helicites instead of deriving the corresponding Feynman rules:

=?

For the following discussion, we will use the convention that all momenta are outgoing.

5.1 Three-Point Amplitude for Arbitrary Particles

First, let us have a look at momentum conservation:

1i[1 + 2i[2 + 3i[3 = 0.

Multiplying this from the left with h1 and h2, we find the following set of equations

h12i[2 = �h13i[3 ; h21i[1 = �h23i[3.

There are two possible solutions to these equations. The first one is that all the [j are proportional
to each other and hence [12] = [23] = [31] = 0, the second is that h12i = h23i = h31i = 0. Either
way, the three particle amplitude can only depend on hiji or [ij]. Additionally, we can immediately
see that any three particle amplitude has to vanish in the limit of real momenta as in that case
Eq. (5) holds. Nevertheless, we will continue our discussion, as the three-point amplitude appears
in many other n-point amplitudes and we can even use it to determine the unique local interaction
with real fields (in the next seminar). For example, we can put one of the momenta slightly o�-shell
into the complex plane, taking the limit towards real momenta at the end of the calculation.

We call the configurations:

holomorphic: [12] = [23] = [31] = 0,

anti-holomorphic: h12i = h23i = h31i = 06
.

5
We have seen that this is fulfilled for vector bosons. For scalars, the little group does not change anything about

the scattering amplitude and for spin-1/2 fermions, we can easily see this fulfilled by means of Eq. (14). It is also

possible to show this for spin-2 particles, but the derivation would go beyond the scope of this lecture.
6
The reason to call the configurations holomorphic and anti-holomorphic is the way that Weyl-spinors transform

under Lorentz transformations. There we have  L/R ! ⇤L/R L/R = ei
~�
2 ·(~✓⌥i~�) L/R, where ⇤L (⇤R) is (anti-)

holomorphic with respect to ~z = ~✓ + i~�.
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2.0.3 Massless gauge bosons
We have to express the polarization vectors of the photon in terms of spinor products. In
the following, instead of explicitly deriving their expression, we are going to define them and
then verify that with this definition they have all the good properties, i.e. they are massless,
transverse and space-like vectors.
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µ is a reference momentum. Transversality with respect to both

of the momenta follows from equation (2.18),
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It is useful to have an expression for the slashed polarizations. Using (2.20), we have for
the negative-helicity polarization
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The computation for the positive-helicity polarization is completely analogous and we omit
it. It follows that
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in the axial (or light-cone, or physical) gauge.

• polarizations di�ering for the reference momentum

‘
+
µ (k, q̃) ≠ ‘

+
µ (k, q) = Èq̃ | “

µ
| k]

Ô
2 Èq̃kÍ

≠
Èq | “

µ
| k]

Ô
2 ÈqkÍ

= ≠
ÈkqÍ [qq̃] Èq̃ | “µ | k] + Èkq̃Í [q̃q] Èq | “µ | k]

Ô
2 Èq̃kÍ ÈqkÍ [qq̃]

= ≠

e
k

--- /q/̃q“µ

--- k

È
+

e
k

--- /̃q/q“µ

--- k

È

Ô
2 Èq̃kÍ ÈqkÍ [qq̃]

= 2 (q · q̃) Èk | “µ | k]
Ô

2 Èq̃kÍ ÈqkÍ [qq̃]

= ≠
Èq̃qÍ [qq̃]

Ô
2 Èq̃kÍ ÈqkÍ [qq̃]

Èk | “µ | k] =
Ô

2 Èqq̃Í

Èq̃kÍ ÈqkÍ
k

µ
.

23

2.0.3 Massless gauge bosons
We have to express the polarization vectors of the photon in terms of spinor products. In
the following, instead of explicitly deriving their expression, we are going to define them and
then verify that with this definition they have all the good properties, i.e. they are massless,
transverse and space-like vectors.
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where k
2 = q

2 = 0 and q
µ is a reference momentum. Transversality with respect to both

of the momenta follows from equation (2.18),
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It is useful to have an expression for the slashed polarizations. Using (2.20), we have for
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The computation for the positive-helicity polarization is completely analogous and we omit
it. It follows that

/‘≠(k, q) =
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2
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rescaling of the amplitude depending on external lines. Second, recall that there is a (di�erent)
little group transformation for each external line and therefore the scaling of the amplitude has to
be fulfilled for every external line separately.

To now construct amplitudes, let us take a look at the polarization vectors again. A little group
transformation acts on them in the following way:

✏
⇤
�(k, r) = � 1p

2

[r�µ
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[rk]
! z

2
✏
⇤
�(k, r) ; ✏

µ⇤
+ (k, r) =

1p
2

[k�µ
ri

hrki ! z
�2

✏
⇤
+(k, r)

We see that the rescaling goes as z
�2hj

j with the helicity hj for the external particle j. As it turns
out, this is the general rule, hence we require the amplitude to fulfill the relation

M(1h1 , ..., n
hn) !

nY

j=1

z
�2hj

j M(1h1 , ..., n
hn)5

.

We can also explicitly write down amplitudes by considering the following rule: The power of ji
plus the power of hj minus the power of j] and the power of [j has to equal �2hj . We will use this
rule next to determine the general formula for a three-point amplitude.

5 Three-point Amplitude

In the following, we will learn how to construct three-point amplitudes just by considering the in-
and outgoing helicites instead of deriving the corresponding Feynman rules:

=?

For the following discussion, we will use the convention that all momenta are outgoing.

5.1 Three-Point Amplitude for Arbitrary Particles

First, let us have a look at momentum conservation:

1i[1 + 2i[2 + 3i[3 = 0.

Multiplying this from the left with h1 and h2, we find the following set of equations

h12i[2 = �h13i[3 ; h21i[1 = �h23i[3.

There are two possible solutions to these equations. The first one is that all the [j are proportional
to each other and hence [12] = [23] = [31] = 0, the second is that h12i = h23i = h31i = 0. Either
way, the three particle amplitude can only depend on hiji or [ij]. Additionally, we can immediately
see that any three particle amplitude has to vanish in the limit of real momenta as in that case
Eq. (5) holds. Nevertheless, we will continue our discussion, as the three-point amplitude appears
in many other n-point amplitudes and we can even use it to determine the unique local interaction
with real fields (in the next seminar). For example, we can put one of the momenta slightly o�-shell
into the complex plane, taking the limit towards real momenta at the end of the calculation.

We call the configurations:

holomorphic: [12] = [23] = [31] = 0,

anti-holomorphic: h12i = h23i = h31i = 06
.

5
We have seen that this is fulfilled for vector bosons. For scalars, the little group does not change anything about

the scattering amplitude and for spin-1/2 fermions, we can easily see this fulfilled by means of Eq. (14). It is also

possible to show this for spin-2 particles, but the derivation would go beyond the scope of this lecture.
6
The reason to call the configurations holomorphic and anti-holomorphic is the way that Weyl-spinors transform

under Lorentz transformations. There we have  L/R ! ⇤L/R L/R = ei
~�
2 ·(~✓⌥i~�) L/R, where ⇤L (⇤R) is (anti-)

holomorphic with respect to ~z = ~✓ + i~�.
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2.0.3 Massless gauge bosons
We have to express the polarization vectors of the photon in terms of spinor products. In
the following, instead of explicitly deriving their expression, we are going to define them and
then verify that with this definition they have all the good properties, i.e. they are massless,
transverse and space-like vectors.
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where k
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µ is a reference momentum. Transversality with respect to both

of the momenta follows from equation (2.18),
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It is useful to have an expression for the slashed polarizations. Using (2.20), we have for
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The computation for the positive-helicity polarization is completely analogous and we omit
it. It follows that
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in the axial (or light-cone, or physical) gauge.
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Little Group Transform on Amplitudes

rescaling of the amplitude depending on external lines. Second, recall that there is a (di�erent)
little group transformation for each external line and therefore the scaling of the amplitude has to
be fulfilled for every external line separately.

To now construct amplitudes, let us take a look at the polarization vectors again. A little group
transformation acts on them in the following way:
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We see that the rescaling goes as z
�2hj

j with the helicity hj for the external particle j. As it turns
out, this is the general rule, hence we require the amplitude to fulfill the relation
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We can also explicitly write down amplitudes by considering the following rule: The power of ji
plus the power of hj minus the power of j] and the power of [j has to equal �2hj . We will use this
rule next to determine the general formula for a three-point amplitude.

5 Three-point Amplitude

In the following, we will learn how to construct three-point amplitudes just by considering the in-
and outgoing helicites instead of deriving the corresponding Feynman rules:
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For the following discussion, we will use the convention that all momenta are outgoing.

5.1 Three-Point Amplitude for Arbitrary Particles

First, let us have a look at momentum conservation:

1i[1 + 2i[2 + 3i[3 = 0.

Multiplying this from the left with h1 and h2, we find the following set of equations

h12i[2 = �h13i[3 ; h21i[1 = �h23i[3.

There are two possible solutions to these equations. The first one is that all the [j are proportional
to each other and hence [12] = [23] = [31] = 0, the second is that h12i = h23i = h31i = 0. Either
way, the three particle amplitude can only depend on hiji or [ij]. Additionally, we can immediately
see that any three particle amplitude has to vanish in the limit of real momenta as in that case
Eq. (5) holds. Nevertheless, we will continue our discussion, as the three-point amplitude appears
in many other n-point amplitudes and we can even use it to determine the unique local interaction
with real fields (in the next seminar). For example, we can put one of the momenta slightly o�-shell
into the complex plane, taking the limit towards real momenta at the end of the calculation.

We call the configurations:

holomorphic: [12] = [23] = [31] = 0,

anti-holomorphic: h12i = h23i = h31i = 06
.

5
We have seen that this is fulfilled for vector bosons. For scalars, the little group does not change anything about

the scattering amplitude and for spin-1/2 fermions, we can easily see this fulfilled by means of Eq. (14). It is also
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We can also explicitly write down amplitudes by considering the following rule: The power of ji
plus the power of hj minus the power of j] and the power of [j has to equal �2hj . We will use this
rule next to determine the general formula for a three-point amplitude.

5 Three-point Amplitude

In the following, we will learn how to construct three-point amplitudes just by considering the in-
and outgoing helicites instead of deriving the corresponding Feynman rules:
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There are two possible solutions to these equations. The first one is that all the [j are proportional
to each other and hence [12] = [23] = [31] = 0, the second is that h12i = h23i = h31i = 0. Either
way, the three particle amplitude can only depend on hiji or [ij]. Additionally, we can immediately
see that any three particle amplitude has to vanish in the limit of real momenta as in that case
Eq. (5) holds. Nevertheless, we will continue our discussion, as the three-point amplitude appears
in many other n-point amplitudes and we can even use it to determine the unique local interaction
with real fields (in the next seminar). For example, we can put one of the momenta slightly o�-shell
into the complex plane, taking the limit towards real momenta at the end of the calculation.
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Little Group and 3-particle Amplitudes

3-particle Amplitude from Little GroupAs any physical amplitude should only contain coupling constants and momenta for massless
particles, we know that we can write every amplitude as

M = ch12in3h23in1h31in2 ; or M = c[12]n
0
3 [23]n

0
1 [31]n

0
2 . (15)

In the following, we will only take the first form of the amplitude in Eq. (15), as we will see that
these results are related by CP transformation.

Next, we require that the amplitude has to scale appropriately under the little group transfor-
mation for each external momentum. From this we find the helicities of the particles being related
to the exponents by

h1 =� n3 + n2

2
,

h2 =� n3 + n1

2
,

h3 =� n1 + n2

2
.

This is easy to see, when going back to the rule that the power of ji plus the power of hj minus
the power of j] and the power of [j has to equal �2hj . Rewriting this expression, we find the
appropriate exponents

n1 =h1 � h2 � h3,

n2 =h2 � h3 � h1,

n3 =h3 � h1 � h2.

Here, we can see that n
0
j = �nj by CP . Furthermore, we can require n1 + n2 + n3 � 0 and

n
0
1+n

0
2+n

0
3 � 0, as otherwise the amplitude would diverge in the limit of real momenta according

to Eq. (5). Hence we find the first possibility in Eq. (15) (angle brackets) is applied whenever the
total helicity h = h1 + h2 + h3  0, the second case (square brackets) whenever h � 0 and under
CP we simply exchange square and angle brackets7. Put together, we find

M(1h12h23h3) =

⇢
ch12ih3�h1�h2h23ih1�h2�h3h31ih2�h3�h1 h  0,
c[12]�h3+h1+h2 [23]�h1+h2+h3 [31]�h2+h3+h1 h � 0.

(16)

The important point to this amplitude is that it is derived nearly completely from symmetry.
Hence it does not only hold to any order in perturbation theory, but it holds non-perturbatively.
We will put this to work in a few examples now.

5.2 Examples

Three Gluon Amplitude

Let us precisely discuss the three gluon amplitude, as we will look at color ordering in the next
section. In general, we have four possible helicity configurations: +++, ++�, ��+ and ���.
As the latter two are simply the CP transformation of the first two, we will not go through them
explicitly. We will therefore start with the helicities +++.

We know that the total helicity is greater than zero, and plugging in the helicities into Eq. (16),
we can instantly write the amplitude as

M(1a+2b+3c+) = c
abc[12][23][31]8, (17)

where c
abc is some color structure. However, we need to have [M]

M
= 1 for a three point function.

Thus by [[12][23][31]]
M

= 3, we have
⇥
c
abc

⇤
M

= �2. If we only consider renormalizable theories,
the only possible solution is c

abc = 0.
In the case ++�, we still have a positive total helicity h, but now the amplitude is given by

M(1a+2b+3c�) = c
abc [12]3

[23][31]
, (18)

7
In an arbitrary theory, the coupling constants can be di�erent under CP . However, that merely changes the

magnitude of the three-point amplitude, not its behavior.
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these results are related by CP transformation.

Next, we require that the amplitude has to scale appropriately under the little group transfor-
mation for each external momentum. From this we find the helicities of the particles being related
to the exponents by

h1 =� n3 + n2

2
,

h2 =� n3 + n1

2
,

h3 =� n1 + n2

2
.

This is easy to see, when going back to the rule that the power of ji plus the power of hj minus
the power of j] and the power of [j has to equal �2hj . Rewriting this expression, we find the
appropriate exponents

n1 =h1 � h2 � h3,

n2 =h2 � h3 � h1,

n3 =h3 � h1 � h2.

Here, we can see that n
0
j = �nj by CP . Furthermore, we can require n1 + n2 + n3 � 0 and

n
0
1+n

0
2+n

0
3 � 0, as otherwise the amplitude would diverge in the limit of real momenta according

to Eq. (5). Hence we find the first possibility in Eq. (15) (angle brackets) is applied whenever the
total helicity h = h1 + h2 + h3  0, the second case (square brackets) whenever h � 0 and under
CP we simply exchange square and angle brackets7. Put together, we find

M(1h12h23h3) =

⇢
ch12ih3�h1�h2h23ih1�h2�h3h31ih2�h3�h1 h  0,
c[12]�h3+h1+h2 [23]�h1+h2+h3 [31]�h2+h3+h1 h � 0.

(16)

The important point to this amplitude is that it is derived nearly completely from symmetry.
Hence it does not only hold to any order in perturbation theory, but it holds non-perturbatively.
We will put this to work in a few examples now.

5.2 Examples

Three Gluon Amplitude

Let us precisely discuss the three gluon amplitude, as we will look at color ordering in the next
section. In general, we have four possible helicity configurations: +++, ++�, ��+ and ���.
As the latter two are simply the CP transformation of the first two, we will not go through them
explicitly. We will therefore start with the helicities +++.

We know that the total helicity is greater than zero, and plugging in the helicities into Eq. (16),
we can instantly write the amplitude as

M(1a+2b+3c+) = c
abc[12][23][31]8, (17)

where c
abc is some color structure. However, we need to have [M]

M
= 1 for a three point function.

Thus by [[12][23][31]]
M

= 3, we have
⇥
c
abc

⇤
M

= �2. If we only consider renormalizable theories,
the only possible solution is c

abc = 0.
In the case ++�, we still have a positive total helicity h, but now the amplitude is given by

M(1a+2b+3c�) = c
abc [12]3

[23][31]
, (18)
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fermion-antifermion-boson Amplitudes

where c
abc is not the same as in Eq. (17). By dimensional analysis, we can now conclude that⇥

c
abc

⇤
M

= 0 in this case. Furthermore, as the amplitude must be symmetric under the exchange
of two particles, and [12]3

[23][31] is antisymmetric under the exchange of any two, also c
abc has to be

antisymmetric.

Two Fermion, One Vector Boson Amplitude

Let us consider the process f(1)f(2) ! �(3). With the helicity configuration +++, we have

M(1+2+3+) = c[23][31].

Again, this can only be achieved in an e�ective theory, as [c]
M

= �1 due to [M]
M

= 1 for this
process 9. In the configuration +�+, we have

M(1+2�3+) = c
[31]2

[12]
.

This result has the proper mass dimension, and this is actually the same result we would obtain
from QED with c =

p
2e.

Bonus Box:

iM(1+2�3+) =(�ie)h2�µ1]
1p
2

hr�µ3]
hr3i

=� i
p
2e

[13]hr2i
hr3i

=� i
p
2e

[13]hr2i[21]
hr3i[21]

=� i
p
2e

[13]hr/21]
hr3i[21]

=i
p
2e

[13]hr(/1 + /3)1]

hr3i[21]

=i
p
2e

[13]hr3i[31]
hr3i[21]

=i
p
2e

[31]2

[12]
.

Three Graviton Amplitude

We can even extend the formalism onto the case of massless spin-2 particles (gravitons). As
these are massless, we again only have two possible helicities for each particle. For the di�erent
helicity configurations we find:

M(1+2+3+) = c[12]2[23]2[31]2,

M(1+2+3�) = c
[12]6

[23]2[31]2
. (19)

We already find that any theory containing massless spin-2 particles can only be an e�ective theory,
as necessarily [c]

M
 �1. It turns out, Eq. (19) is the same as the one derived from the Einstein-

Hilbert action given through LEH = 2
2

p
�gR with  =

p
32⇡G. An interesting and yet not fully

understood result we also see is that we basically have a relation Gravitation = (Gauge)2, when
we compare the three-graviton amplitude in Eq. (19) to the three-gluon amplitude in Eq. (18).
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Let us consider the process f(1)f(2) ! �(3). With the helicity configuration +++, we have
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= 1 for this
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Three Graviton Amplitude

We can even extend the formalism onto the case of massless spin-2 particles (gravitons). As
these are massless, we again only have two possible helicities for each particle. For the di�erent
helicity configurations we find:

M(1+2+3+) = c[12]2[23]2[31]2,

M(1+2+3�) = c
[12]6

[23]2[31]2
. (19)

We already find that any theory containing massless spin-2 particles can only be an e�ective theory,
as necessarily [c]

M
 �1. It turns out, Eq. (19) is the same as the one derived from the Einstein-

Hilbert action given through LEH = 2
2

p
�gR with  =

p
32⇡G. An interesting and yet not fully

understood result we also see is that we basically have a relation Gravitation = (Gauge)2, when
we compare the three-graviton amplitude in Eq. (19) to the three-gluon amplitude in Eq. (18).
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Three Graviton Amplitude

We can even extend the formalism onto the case of massless spin-2 particles (gravitons). As
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we compare the three-graviton amplitude in Eq. (19) to the three-gluon amplitude in Eq. (18).
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Little Group and 3-particle Amplitudes

As any physical amplitude should only contain coupling constants and momenta for massless
particles, we know that we can write every amplitude as

M = ch12in3h23in1h31in2 ; or M = c[12]n
0
3 [23]n

0
1 [31]n

0
2 . (15)

In the following, we will only take the first form of the amplitude in Eq. (15), as we will see that
these results are related by CP transformation.

Next, we require that the amplitude has to scale appropriately under the little group transfor-
mation for each external momentum. From this we find the helicities of the particles being related
to the exponents by

h1 =� n3 + n2

2
,

h2 =� n3 + n1

2
,

h3 =� n1 + n2

2
.

This is easy to see, when going back to the rule that the power of ji plus the power of hj minus
the power of j] and the power of [j has to equal �2hj . Rewriting this expression, we find the
appropriate exponents

n1 =h1 � h2 � h3,

n2 =h2 � h3 � h1,

n3 =h3 � h1 � h2.

Here, we can see that n
0
j = �nj by CP . Furthermore, we can require n1 + n2 + n3 � 0 and

n
0
1+n

0
2+n

0
3 � 0, as otherwise the amplitude would diverge in the limit of real momenta according

to Eq. (5). Hence we find the first possibility in Eq. (15) (angle brackets) is applied whenever the
total helicity h = h1 + h2 + h3  0, the second case (square brackets) whenever h � 0 and under
CP we simply exchange square and angle brackets7. Put together, we find

M(1h12h23h3) =

⇢
ch12ih3�h1�h2h23ih1�h2�h3h31ih2�h3�h1 h  0,
c[12]�h3+h1+h2 [23]�h1+h2+h3 [31]�h2+h3+h1 h � 0.

(16)

The important point to this amplitude is that it is derived nearly completely from symmetry.
Hence it does not only hold to any order in perturbation theory, but it holds non-perturbatively.
We will put this to work in a few examples now.

5.2 Examples

Three Gluon Amplitude

Let us precisely discuss the three gluon amplitude, as we will look at color ordering in the next
section. In general, we have four possible helicity configurations: +++, ++�, ��+ and ���.
As the latter two are simply the CP transformation of the first two, we will not go through them
explicitly. We will therefore start with the helicities +++.

We know that the total helicity is greater than zero, and plugging in the helicities into Eq. (16),
we can instantly write the amplitude as

M(1a+2b+3c+) = c
abc[12][23][31]8, (17)

where c
abc is some color structure. However, we need to have [M]

M
= 1 for a three point function.

Thus by [[12][23][31]]
M

= 3, we have
⇥
c
abc

⇤
M

= �2. If we only consider renormalizable theories,
the only possible solution is c

abc = 0.
In the case ++�, we still have a positive total helicity h, but now the amplitude is given by

M(1a+2b+3c�) = c
abc [12]3

[23][31]
, (18)

7
In an arbitrary theory, the coupling constants can be di�erent under CP . However, that merely changes the

magnitude of the three-point amplitude, not its behavior.
8
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Hence it does not only hold to any order in perturbation theory, but it holds non-perturbatively.
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Three Gluon Amplitude

Let us precisely discuss the three gluon amplitude, as we will look at color ordering in the next
section. In general, we have four possible helicity configurations: +++, ++�, ��+ and ���.
As the latter two are simply the CP transformation of the first two, we will not go through them
explicitly. We will therefore start with the helicities +++.

We know that the total helicity is greater than zero, and plugging in the helicities into Eq. (16),
we can instantly write the amplitude as
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abc[12][23][31]8, (17)

where c
abc is some color structure. However, we need to have [M]

M
= 1 for a three point function.

Thus by [[12][23][31]]
M

= 3, we have
⇥
c
abc

⇤
M

= �2. If we only consider renormalizable theories,
the only possible solution is c

abc = 0.
In the case ++�, we still have a positive total helicity h, but now the amplitude is given by

M(1a+2b+3c�) = c
abc [12]3

[23][31]
, (18)

7
In an arbitrary theory, the coupling constants can be di�erent under CP . However, that merely changes the

magnitude of the three-point amplitude, not its behavior.
8
The corresponding operator is

fabcFa
µ⌫F

b
⌫⇢F

c
⇢µ

7

As any physical amplitude should only contain coupling constants and momenta for massless
particles, we know that we can write every amplitude as

M = ch12in3h23in1h31in2 ; or M = c[12]n
0
3 [23]n

0
1 [31]n

0
2 . (15)
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Hence it does not only hold to any order in perturbation theory, but it holds non-perturbatively.
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Let us precisely discuss the three gluon amplitude, as we will look at color ordering in the next
section. In general, we have four possible helicity configurations: +++, ++�, ��+ and ���.
As the latter two are simply the CP transformation of the first two, we will not go through them
explicitly. We will therefore start with the helicities +++.

We know that the total helicity is greater than zero, and plugging in the helicities into Eq. (16),
we can instantly write the amplitude as

M(1a+2b+3c+) = c
abc[12][23][31]8, (17)

where c
abc is some color structure. However, we need to have [M]
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= 1 for a three point function.
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= 3, we have
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the only possible solution is c
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3-Graviton Amplitudes (spin-2)

where c
abc is not the same as in Eq. (17). By dimensional analysis, we can now conclude that⇥

c
abc

⇤
M

= 0 in this case. Furthermore, as the amplitude must be symmetric under the exchange
of two particles, and [12]3

[23][31] is antisymmetric under the exchange of any two, also c
abc has to be

antisymmetric.

Two Fermion, One Vector Boson Amplitude

Let us consider the process f(1)f(2) ! �(3). With the helicity configuration +++, we have

M(1+2+3+) = c[23][31].

Again, this can only be achieved in an e�ective theory, as [c]
M

= �1 due to [M]
M

= 1 for this
process 9. In the configuration +�+, we have

M(1+2�3+) = c
[31]2

[12]
.

This result has the proper mass dimension, and this is actually the same result we would obtain
from QED with c =

p
2e.

Bonus Box:

iM(1+2�3+) =(�ie)h2�µ1]
1p
2

hr�µ3]
hr3i

=� i
p
2e

[13]hr2i
hr3i

=� i
p
2e

[13]hr2i[21]
hr3i[21]

=� i
p
2e

[13]hr/21]
hr3i[21]

=i
p
2e

[13]hr(/1 + /3)1]

hr3i[21]

=i
p
2e

[13]hr3i[31]
hr3i[21]

=i
p
2e

[31]2

[12]
.

Three Graviton Amplitude

We can even extend the formalism onto the case of massless spin-2 particles (gravitons). As
these are massless, we again only have two possible helicities for each particle. For the di�erent
helicity configurations we find:

M(1+2+3+) = c[12]2[23]2[31]2,

M(1+2+3�) = c
[12]6

[23]2[31]2
. (19)

We already find that any theory containing massless spin-2 particles can only be an e�ective theory,
as necessarily [c]

M
 �1. It turns out, Eq. (19) is the same as the one derived from the Einstein-

Hilbert action given through LEH = 2
2

p
�gR with  =

p
32⇡G. An interesting and yet not fully

understood result we also see is that we basically have a relation Gravitation = (Gauge)2, when
we compare the three-graviton amplitude in Eq. (19) to the three-gluon amplitude in Eq. (18).
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of two particles, and [12]3

[23][31] is antisymmetric under the exchange of any two, also c
abc has to be
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Two Fermion, One Vector Boson Amplitude

Let us consider the process f(1)f(2) ! �(3). With the helicity configuration +++, we have

M(1+2+3+) = c[23][31].

Again, this can only be achieved in an e�ective theory, as [c]
M

= �1 due to [M]
M

= 1 for this
process 9. In the configuration +�+, we have

M(1+2�3+) = c
[31]2

[12]
.

This result has the proper mass dimension, and this is actually the same result we would obtain
from QED with c =

p
2e.

Bonus Box:
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Three Graviton Amplitude

We can even extend the formalism onto the case of massless spin-2 particles (gravitons). As
these are massless, we again only have two possible helicities for each particle. For the di�erent
helicity configurations we find:

M(1+2+3+) = c[12]2[23]2[31]2,

M(1+2+3�) = c
[12]6

[23]2[31]2
. (19)

We already find that any theory containing massless spin-2 particles can only be an e�ective theory,
as necessarily [c]

M
 �1. It turns out, Eq. (19) is the same as the one derived from the Einstein-

Hilbert action given through LEH = 2
2

p
�gR with  =

p
32⇡G. An interesting and yet not fully

understood result we also see is that we basically have a relation Gravitation = (Gauge)2, when
we compare the three-graviton amplitude in Eq. (19) to the three-gluon amplitude in Eq. (18).
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where c
abc is not the same as in Eq. (17). By dimensional analysis, we can now conclude that⇥

c
abc

⇤
M

= 0 in this case. Furthermore, as the amplitude must be symmetric under the exchange
of two particles, and [12]3

[23][31] is antisymmetric under the exchange of any two, also c
abc has to be

antisymmetric.

Two Fermion, One Vector Boson Amplitude

Let us consider the process f(1)f(2) ! �(3). With the helicity configuration +++, we have

M(1+2+3+) = c[23][31].

Again, this can only be achieved in an e�ective theory, as [c]
M

= �1 due to [M]
M

= 1 for this
process 9. In the configuration +�+, we have

M(1+2�3+) = c
[31]2

[12]
.

This result has the proper mass dimension, and this is actually the same result we would obtain
from QED with c =

p
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Three Graviton Amplitude

We can even extend the formalism onto the case of massless spin-2 particles (gravitons). As
these are massless, we again only have two possible helicities for each particle. For the di�erent
helicity configurations we find:

M(1+2+3+) = c[12]2[23]2[31]2,

M(1+2+3�) = c
[12]6

[23]2[31]2
. (19)

We already find that any theory containing massless spin-2 particles can only be an e�ective theory,
as necessarily [c]

M
 �1. It turns out, Eq. (19) is the same as the one derived from the Einstein-

Hilbert action given through LEH = 2
2

p
�gR with  =

p
32⇡G. An interesting and yet not fully

understood result we also see is that we basically have a relation Gravitation = (Gauge)2, when
we compare the three-graviton amplitude in Eq. (19) to the three-gluon amplitude in Eq. (18).
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abc is not the same as in Eq. (17). By dimensional analysis, we can now conclude that⇥

c
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⇤
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= 0 in this case. Furthermore, as the amplitude must be symmetric under the exchange
of two particles, and [12]3

[23][31] is antisymmetric under the exchange of any two, also c
abc has to be

antisymmetric.

Two Fermion, One Vector Boson Amplitude

Let us consider the process f(1)f(2) ! �(3). With the helicity configuration +++, we have

M(1+2+3+) = c[23][31].

Again, this can only be achieved in an e�ective theory, as [c]
M

= �1 due to [M]
M

= 1 for this
process 9. In the configuration +�+, we have

M(1+2�3+) = c
[31]2

[12]
.

This result has the proper mass dimension, and this is actually the same result we would obtain
from QED with c =
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Three Graviton Amplitude

We can even extend the formalism onto the case of massless spin-2 particles (gravitons). As
these are massless, we again only have two possible helicities for each particle. For the di�erent
helicity configurations we find:

M(1+2+3+) = c[12]2[23]2[31]2,

M(1+2+3�) = c
[12]6

[23]2[31]2
. (19)

We already find that any theory containing massless spin-2 particles can only be an e�ective theory,
as necessarily [c]

M
 �1. It turns out, Eq. (19) is the same as the one derived from the Einstein-

Hilbert action given through LEH = 2
2

p
�gR with  =

p
32⇡G. An interesting and yet not fully

understood result we also see is that we basically have a relation Gravitation = (Gauge)2, when
we compare the three-graviton amplitude in Eq. (19) to the three-gluon amplitude in Eq. (18).
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where c
abc is not the same as in Eq. (17). By dimensional analysis, we can now conclude that⇥
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= 0 in this case. Furthermore, as the amplitude must be symmetric under the exchange
of two particles, and [12]3

[23][31] is antisymmetric under the exchange of any two, also c
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Two Fermion, One Vector Boson Amplitude

Let us consider the process f(1)f(2) ! �(3). With the helicity configuration +++, we have

M(1+2+3+) = c[23][31].

Again, this can only be achieved in an e�ective theory, as [c]
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= �1 due to [M]
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= 1 for this
process 9. In the configuration +�+, we have
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Three Graviton Amplitude

We can even extend the formalism onto the case of massless spin-2 particles (gravitons). As
these are massless, we again only have two possible helicities for each particle. For the di�erent
helicity configurations we find:

M(1+2+3+) = c[12]2[23]2[31]2,

M(1+2+3�) = c
[12]6

[23]2[31]2
. (19)

We already find that any theory containing massless spin-2 particles can only be an e�ective theory,
as necessarily [c]
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 �1. It turns out, Eq. (19) is the same as the one derived from the Einstein-

Hilbert action given through LEH = 2
2
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32⇡G. An interesting and yet not fully

understood result we also see is that we basically have a relation Gravitation = (Gauge)2, when
we compare the three-graviton amplitude in Eq. (19) to the three-gluon amplitude in Eq. (18).
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Three Graviton Amplitude

We can even extend the formalism onto the case of massless spin-2 particles (gravitons). As
these are massless, we again only have two possible helicities for each particle. For the di�erent
helicity configurations we find:

M(1+2+3+) = c[12]2[23]2[31]2,

M(1+2+3�) = c
[12]6

[23]2[31]2
. (19)

We already find that any theory containing massless spin-2 particles can only be an e�ective theory,
as necessarily [c]

M
 �1. It turns out, Eq. (19) is the same as the one derived from the Einstein-

Hilbert action given through LEH = 2
2

p
�gR with  =

p
32⇡G. An interesting and yet not fully

understood result we also see is that we basically have a relation Gravitation = (Gauge)2, when
we compare the three-graviton amplitude in Eq. (19) to the three-gluon amplitude in Eq. (18).
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cles that shoot out of the collider in narrow sprays that physi-
cists call jets.

Somewhere buried in that mess may be things that human be-
ings have never seen before: new particles, new symmetries, may-
be even new dimensions of spacetime. But sifting them out will be 
tough. To our instruments, exotic particles look rather like ordi-
nary ones. The differences are small and easily missed. With the 
unitarity method, we can describe ordinary physics so precisely 
that extraordinary physics will stand out.

For instance, Joe Incandela of U.C. Santa Barbara, who is cur-
rently the spokesperson for the 2,000-plus-physicist CMS experi-
ment at the LHC, came to us with a question about his team’s 
search for exotic particles that make up cosmic dark matter, the 
mysterious stuff that astronomers think is out there but that phys-
icists have yet to identify. Any such particles the LHC produces 
would elude the CMS detector, leaving the impression that some 
energy had gone missing. Unfortunately, an apparent loss of ener-
gy does not, in itself, mean that the LHC has synthesized dark 
matter. For instance, the LHC frequently produces an ordinary 
particle called the Z boson, and one fifth of the time it decays into 
two neutrinos, which also interact very weakly and escape the de-
tector without registering. How could one predict the number of 

Standard Model particles whose effects mimic 
dark particles?

Incandela’s group proposed a solution: take 
the number of photons the CMS detector re-
cords, extrapolate to the number of events in-
volving neutrinos and see whether they fully 
explain the apparent energy loss. If not, the 
LHC might be creating dark matter. This idea 
typifies the indirect estimates experimental 
physicists are always having to make because 
they lack the ability to observe certain types of 
particles directly. But to pull it off, Incandela’s 
group needed to know precisely how the num-
ber of photons related to the number of neutri-
nos. Unless the precision was high enough, the 
backdoor strategy would fail. With several col-
leagues, we studied the problem using the new 
theoretical tools and were able to assure Incan-
dela that the precision was sufficiently high. 
Reassured, the CMS team applied its technique 
and set stringent constraints on dark matter 
particles. Our technique had proved its worth.

This success has inspired us to push for-
ward with more ambitious calculations. As is 
common in modern particle physics, we work 
with collaborators worldwide, including Fer-
nando Febres Cordero of Simón Bolívar Uni-
versity in Caracas, Venezuela, Harald Ita of Tel 
Aviv University and U.C.L.A., Daniel Maître of 
Durham University in England, Stefan Höche 
of SLAC and Kemal Ozeren of U.C.L.A. Togeth-
er we made precise predictions for the proba-
bility that LHC collisions would produce a pair 
of neutrinos along with four jets. Using Feyn-
man diagrams, these calculations would have 
been too imposing even for a large team of 
physicists working hard for a decade assisted 

by state-of-the-art computers. The unitarity method let us do them 
in less than a year. To our delight, another LHC team, the ATLAS 
collaboration, has already compared our predictions with its data, 
and the results are in excellent agreement so far. Going forward, 
experimenters will use these results to search for new physics.

The unitarity method has also aided the search for the long-
sought Higgs particle. A sign of the Higgs is the production of a 
single electron, a pair of jets and a neutrino, the neutrino again 
leaving the impression that energy has gone missing. The same 
outcome can also arise from particle reactions not involving the 
Higgs. One of our first uses of the unitarity method was to calcu-
late the precise probability of these confounding reactions.

Back to Gravity
AN EVEN MORE IMPRESSIVE USE of the unitarity method is to study 
quantum gravity. For physicists to develop a fully consistent the-
ory of nature, we must find a way to fit gravity into a quantum-
mechanical framework. If gravity behaves like the other forces of 
nature, it should be transmitted by graviton particles. Gravitons 
would collide and scatter just as other particles do, and we could 
draw Feyn man diagrams for them. Yet attempts in the mid-1980s 
to describe graviton scattering by quantizing Einstein’s theory in 

Making Life Simpler
The authors have developed an alternative to Feynman diagrams called the unitary 
method. It exploits basic principles in quantum theory to consolidate multiple 
Feynman diagrams, making calculations possible that were once intractable.

A  B E T T E R  WAY 

The technique has revealed features of the natural world that were implicit in current theories but 
got lost in the swarms of Feynman diagrams. Most striking among them is a possible way to incorpo-
àDïy�ï�y��¹à`y�¹���àDÿ�ïĂj�Ā��`���Då�àyå�åïym�ÈDåï�y�¹àïå�ï¹�yāÈ¨D�´��ïÎ�5�y�ÈDàï�`¨yå�ï�Dï�ïàD´å®�ï�ï�y�
force of gravity, known as gravitons, bear a remarkable similarity to gluons; in fact, mathematically, 
each graviton is like two copies of a gluon, working together like contestants in a three-legged race. 

=
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sad0512Bern3p.indd   40 3/20/12   2:18 PM

3-gluon Amplitudes

As any physical amplitude should only contain coupling constants and momenta for massless
particles, we know that we can write every amplitude as

M = ch12in3h23in1h31in2 ; or M = c[12]n
0
3 [23]n

0
1 [31]n

0
2 . (15)

In the following, we will only take the first form of the amplitude in Eq. (15), as we will see that
these results are related by CP transformation.

Next, we require that the amplitude has to scale appropriately under the little group transfor-
mation for each external momentum. From this we find the helicities of the particles being related
to the exponents by

h1 =� n3 + n2

2
,

h2 =� n3 + n1

2
,

h3 =� n1 + n2

2
.

This is easy to see, when going back to the rule that the power of ji plus the power of hj minus
the power of j] and the power of [j has to equal �2hj . Rewriting this expression, we find the
appropriate exponents

n1 =h1 � h2 � h3,

n2 =h2 � h3 � h1,

n3 =h3 � h1 � h2.

Here, we can see that n
0
j = �nj by CP . Furthermore, we can require n1 + n2 + n3 � 0 and

n
0
1+n

0
2+n

0
3 � 0, as otherwise the amplitude would diverge in the limit of real momenta according

to Eq. (5). Hence we find the first possibility in Eq. (15) (angle brackets) is applied whenever the
total helicity h = h1 + h2 + h3  0, the second case (square brackets) whenever h � 0 and under
CP we simply exchange square and angle brackets7. Put together, we find

M(1h12h23h3) =

⇢
ch12ih3�h1�h2h23ih1�h2�h3h31ih2�h3�h1 h  0,
c[12]�h3+h1+h2 [23]�h1+h2+h3 [31]�h2+h3+h1 h � 0.

(16)

The important point to this amplitude is that it is derived nearly completely from symmetry.
Hence it does not only hold to any order in perturbation theory, but it holds non-perturbatively.
We will put this to work in a few examples now.

5.2 Examples

Three Gluon Amplitude

Let us precisely discuss the three gluon amplitude, as we will look at color ordering in the next
section. In general, we have four possible helicity configurations: +++, ++�, ��+ and ���.
As the latter two are simply the CP transformation of the first two, we will not go through them
explicitly. We will therefore start with the helicities +++.

We know that the total helicity is greater than zero, and plugging in the helicities into Eq. (16),
we can instantly write the amplitude as

M(1a+2b+3c+) = c
abc[12][23][31]8, (17)

where c
abc is some color structure. However, we need to have [M]

M
= 1 for a three point function.

Thus by [[12][23][31]]
M

= 3, we have
⇥
c
abc

⇤
M

= �2. If we only consider renormalizable theories,
the only possible solution is c

abc = 0.
In the case ++�, we still have a positive total helicity h, but now the amplitude is given by

M(1a+2b+3c�) = c
abc [12]3

[23][31]
, (18)

7
In an arbitrary theory, the coupling constants can be di�erent under CP . However, that merely changes the

magnitude of the three-point amplitude, not its behavior.
8
The corresponding operator is

fabcFa
µ⌫F

b
⌫⇢F

c
⇢µ

7
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Hence it does not only hold to any order in perturbation theory, but it holds non-perturbatively.
We will put this to work in a few examples now.
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Let us precisely discuss the three gluon amplitude, as we will look at color ordering in the next
section. In general, we have four possible helicity configurations: +++, ++�, ��+ and ���.
As the latter two are simply the CP transformation of the first two, we will not go through them
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We know that the total helicity is greater than zero, and plugging in the helicities into Eq. (16),
we can instantly write the amplitude as

M(1a+2b+3c+) = c
abc[12][23][31]8, (17)

where c
abc is some color structure. However, we need to have [M]

M
= 1 for a three point function.

Thus by [[12][23][31]]
M

= 3, we have
⇥
c
abc

⇤
M

= �2. If we only consider renormalizable theories,
the only possible solution is c

abc = 0.
In the case ++�, we still have a positive total helicity h, but now the amplitude is given by

M(1a+2b+3c�) = c
abc [12]3

[23][31]
, (18)

7
In an arbitrary theory, the coupling constants can be di�erent under CP . However, that merely changes the

magnitude of the three-point amplitude, not its behavior.
8
The corresponding operator is

fabcFa
µ⌫F

b
⌫⇢F

c
⇢µ

7

As any physical amplitude should only contain coupling constants and momenta for massless
particles, we know that we can write every amplitude as

M = ch12in3h23in1h31in2 ; or M = c[12]n
0
3 [23]n

0
1 [31]n

0
2 . (15)

In the following, we will only take the first form of the amplitude in Eq. (15), as we will see that
these results are related by CP transformation.

Next, we require that the amplitude has to scale appropriately under the little group transfor-
mation for each external momentum. From this we find the helicities of the particles being related
to the exponents by

h1 =� n3 + n2

2
,

h2 =� n3 + n1

2
,

h3 =� n1 + n2

2
.

This is easy to see, when going back to the rule that the power of ji plus the power of hj minus
the power of j] and the power of [j has to equal �2hj . Rewriting this expression, we find the
appropriate exponents

n1 =h1 � h2 � h3,

n2 =h2 � h3 � h1,

n3 =h3 � h1 � h2.

Here, we can see that n
0
j = �nj by CP . Furthermore, we can require n1 + n2 + n3 � 0 and

n
0
1+n

0
2+n

0
3 � 0, as otherwise the amplitude would diverge in the limit of real momenta according

to Eq. (5). Hence we find the first possibility in Eq. (15) (angle brackets) is applied whenever the
total helicity h = h1 + h2 + h3  0, the second case (square brackets) whenever h � 0 and under
CP we simply exchange square and angle brackets7. Put together, we find

M(1h12h23h3) =

⇢
ch12ih3�h1�h2h23ih1�h2�h3h31ih2�h3�h1 h  0,
c[12]�h3+h1+h2 [23]�h1+h2+h3 [31]�h2+h3+h1 h � 0.

(16)

The important point to this amplitude is that it is derived nearly completely from symmetry.
Hence it does not only hold to any order in perturbation theory, but it holds non-perturbatively.
We will put this to work in a few examples now.

5.2 Examples

Three Gluon Amplitude

Let us precisely discuss the three gluon amplitude, as we will look at color ordering in the next
section. In general, we have four possible helicity configurations: +++, ++�, ��+ and ���.
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As any physical amplitude should only contain coupling constants and momenta for massless
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fermion-antifermion-boson Amplitudes

where c
abc is not the same as in Eq. (17). By dimensional analysis, we can now conclude that⇥

c
abc

⇤
M

= 0 in this case. Furthermore, as the amplitude must be symmetric under the exchange
of two particles, and [12]3

[23][31] is antisymmetric under the exchange of any two, also c
abc has to be

antisymmetric.

Two Fermion, One Vector Boson Amplitude

Let us consider the process f(1)f(2) ! �(3). With the helicity configuration +++, we have

M(1+2+3+) = c[23][31].

Again, this can only be achieved in an e�ective theory, as [c]
M

= �1 due to [M]
M

= 1 for this
process 9. In the configuration +�+, we have

M(1+2�3+) = c
[31]2

[12]
.

This result has the proper mass dimension, and this is actually the same result we would obtain
from QED with c =

p
2e.

Bonus Box:

iM(1+2�3+) =(�ie)h2�µ1]
1p
2

hr�µ3]
hr3i

=� i
p
2e

[13]hr2i
hr3i

=� i
p
2e

[13]hr2i[21]
hr3i[21]

=� i
p
2e

[13]hr/21]
hr3i[21]

=i
p
2e

[13]hr(/1 + /3)1]

hr3i[21]

=i
p
2e

[13]hr3i[31]
hr3i[21]

=i
p
2e

[31]2

[12]
.

Three Graviton Amplitude

We can even extend the formalism onto the case of massless spin-2 particles (gravitons). As
these are massless, we again only have two possible helicities for each particle. For the di�erent
helicity configurations we find:

M(1+2+3+) = c[12]2[23]2[31]2,

M(1+2+3�) = c
[12]6

[23]2[31]2
. (19)

We already find that any theory containing massless spin-2 particles can only be an e�ective theory,
as necessarily [c]

M
 �1. It turns out, Eq. (19) is the same as the one derived from the Einstein-

Hilbert action given through LEH = 2
2

p
�gR with  =

p
32⇡G. An interesting and yet not fully

understood result we also see is that we basically have a relation Gravitation = (Gauge)2, when
we compare the three-graviton amplitude in Eq. (19) to the three-gluon amplitude in Eq. (18).
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M(1+2+3+) = c[23][31].
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We can even extend the formalism onto the case of massless spin-2 particles (gravitons). As
these are massless, we again only have two possible helicities for each particle. For the di�erent
helicity configurations we find:
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We already find that any theory containing massless spin-2 particles can only be an e�ective theory,
as necessarily [c]

M
 �1. It turns out, Eq. (19) is the same as the one derived from the Einstein-

Hilbert action given through LEH = 2
2

p
�gR with  =

p
32⇡G. An interesting and yet not fully

understood result we also see is that we basically have a relation Gravitation = (Gauge)2, when
we compare the three-graviton amplitude in Eq. (19) to the three-gluon amplitude in Eq. (18).
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cles that shoot out of the collider in narrow sprays that physi-
cists call jets.

Somewhere buried in that mess may be things that human be-
ings have never seen before: new particles, new symmetries, may-
be even new dimensions of spacetime. But sifting them out will be 
tough. To our instruments, exotic particles look rather like ordi-
nary ones. The differences are small and easily missed. With the 
unitarity method, we can describe ordinary physics so precisely 
that extraordinary physics will stand out.

For instance, Joe Incandela of U.C. Santa Barbara, who is cur-
rently the spokesperson for the 2,000-plus-physicist CMS experi-
ment at the LHC, came to us with a question about his team’s 
search for exotic particles that make up cosmic dark matter, the 
mysterious stuff that astronomers think is out there but that phys-
icists have yet to identify. Any such particles the LHC produces 
would elude the CMS detector, leaving the impression that some 
energy had gone missing. Unfortunately, an apparent loss of ener-
gy does not, in itself, mean that the LHC has synthesized dark 
matter. For instance, the LHC frequently produces an ordinary 
particle called the Z boson, and one fifth of the time it decays into 
two neutrinos, which also interact very weakly and escape the de-
tector without registering. How could one predict the number of 

Standard Model particles whose effects mimic 
dark particles?

Incandela’s group proposed a solution: take 
the number of photons the CMS detector re-
cords, extrapolate to the number of events in-
volving neutrinos and see whether they fully 
explain the apparent energy loss. If not, the 
LHC might be creating dark matter. This idea 
typifies the indirect estimates experimental 
physicists are always having to make because 
they lack the ability to observe certain types of 
particles directly. But to pull it off, Incandela’s 
group needed to know precisely how the num-
ber of photons related to the number of neutri-
nos. Unless the precision was high enough, the 
backdoor strategy would fail. With several col-
leagues, we studied the problem using the new 
theoretical tools and were able to assure Incan-
dela that the precision was sufficiently high. 
Reassured, the CMS team applied its technique 
and set stringent constraints on dark matter 
particles. Our technique had proved its worth.

This success has inspired us to push for-
ward with more ambitious calculations. As is 
common in modern particle physics, we work 
with collaborators worldwide, including Fer-
nando Febres Cordero of Simón Bolívar Uni-
versity in Caracas, Venezuela, Harald Ita of Tel 
Aviv University and U.C.L.A., Daniel Maître of 
Durham University in England, Stefan Höche 
of SLAC and Kemal Ozeren of U.C.L.A. Togeth-
er we made precise predictions for the proba-
bility that LHC collisions would produce a pair 
of neutrinos along with four jets. Using Feyn-
man diagrams, these calculations would have 
been too imposing even for a large team of 
physicists working hard for a decade assisted 

by state-of-the-art computers. The unitarity method let us do them 
in less than a year. To our delight, another LHC team, the ATLAS 
collaboration, has already compared our predictions with its data, 
and the results are in excellent agreement so far. Going forward, 
experimenters will use these results to search for new physics.

The unitarity method has also aided the search for the long-
sought Higgs particle. A sign of the Higgs is the production of a 
single electron, a pair of jets and a neutrino, the neutrino again 
leaving the impression that energy has gone missing. The same 
outcome can also arise from particle reactions not involving the 
Higgs. One of our first uses of the unitarity method was to calcu-
late the precise probability of these confounding reactions.

Back to Gravity
AN EVEN MORE IMPRESSIVE USE of the unitarity method is to study 
quantum gravity. For physicists to develop a fully consistent the-
ory of nature, we must find a way to fit gravity into a quantum-
mechanical framework. If gravity behaves like the other forces of 
nature, it should be transmitted by graviton particles. Gravitons 
would collide and scatter just as other particles do, and we could 
draw Feyn man diagrams for them. Yet attempts in the mid-1980s 
to describe graviton scattering by quantizing Einstein’s theory in 

Making Life Simpler
The authors have developed an alternative to Feynman diagrams called the unitary 
method. It exploits basic principles in quantum theory to consolidate multiple 
Feynman diagrams, making calculations possible that were once intractable.

A  B E T T E R  WAY 

The technique has revealed features of the natural world that were implicit in current theories but 
got lost in the swarms of Feynman diagrams. Most striking among them is a possible way to incorpo-
àDïy�ï�y��¹à`y�¹���àDÿ�ïĂj�Ā��`���Då�àyå�åïym�ÈDåï�y�¹àïå�ï¹�yāÈ¨D�´��ïÎ�5�y�ÈDàï�`¨yå�ï�Dï�ïàD´å®�ï�ï�y�
force of gravity, known as gravitons, bear a remarkable similarity to gluons; in fact, mathematically, 
each graviton is like two copies of a gluon, working together like contestants in a three-legged race. 

=
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Residue Theorem and Partial Fractions Formula
COMPLEX VARIABLES

RESIDUE THEOREM

1 The residue theorem
Suppose that the function f is analytic within and on a positively oriented simple closed contour C except for
a finite number of isolated singular points {zj , j = 1, 2, ..., N} interior to C, then

Z

C
f(z)dz = 2⇡i

NX

j=1

Res
z=zj

f(z). (1)

A proof of this can be found in the lecture notes.
This is a very important result and can help us calculate integrals around contours that would be impossible
to do using standard single variable calculus. The residue theorem can even be used when integrating along
the real line.

2 Integrals around closed curves
The most obvious way of using this theorem is for finding an integral around a simple closed contour enclosing
a finite number of singularities.

2.1 Example
Evaluate

I =

Z

C1(1)

z

z2 � 1
dz. (2)

Solution
By factorizing the denominator of the integrand we get

z

z2 � 1
=

z

(z � 1)(z + 1)
.

Here we can see that the two poles of this function are at z = ±1, note that both these poles are simple.
Only one of these poles, z = 1, is inside the contour, so we need to calculate the residue at this pole

Res f(1) = lim
z!1

(z � 1)f(z) = lim
z!1

(z � 1)
z

(z � 1)(z + 1)
= lim

z!1

z

(z + 1)
=

1

2
.

Now using the residue theorem we evaluate I by multiplying the sum of the residues by 2⇡i to get

I =

Z

C1(1)

z

z2 � 1
dz = 2⇡i

1

2
= ⇡i.

Compare this result to example 2.1 of the Cauchy integral formula handout. You will notice that this theorem
is just an extension of the formula.

Example

Chapter 4

On-shell and unitarity-based
methods

As a preliminary step, we recall the residue theorem, a basic result from complex analysis. Given
a rational complex function f(z), it states that

1
2fii

j
dzf(z) =

ÿ

i

Res
z=zi

f(z) = ≠Res
z=Œ

f(z), (4.1)

where the first sum is extended over the finite poles zi. Specifying to the case in which
Res
z=0

f(z) ”= 0 and Res
z=Œ

= 0, we have

Res
z=0

f(z) = ≠

ÿ

i

Res
z=zi ”=0

f(z). (4.2)

As an example, we consider j
dz

z(z ≠ z1) · · · (z ≠ zn) = 0. (4.3)

Using equation (4.2), we obtain a partial fractioning,

(≠1)n+1

z1z2 · · · zn

= 1
z1(z2 ≠ z1) · · · (zn ≠ z1)+ 1

(z1 ≠ z2)z2 · · · (zn ≠ z2)+· · ·+ 1
(z1 ≠ zn) . . . (zn≠1 ≠ zn)zn

.

4.1 BCFW recurrence relation
In BCFW formula, the residue theorem is used to compute tree-level, color-ordered scattering
amplitudes. The idea is the following. We complexify the QFT amplitude M, introducing a
dependence from a fictitious complex parameter z, such that when the "deformed" amplitude
M(z) is evaluated at z = 0, the QFT amplitude is recovered, M = M(z = 0). Then, having the
residue theorem in mind, we consider

f(z) = M(z)
z

. (4.4)

The presence of the simple pole in z = 0 allows us to use equation (4.2) to compute the amplitude,

M = M(0) = Res
z=0

f(z) = ≠

ÿ

i

Res
z=zi ”=0

M(z)
zi

. (4.5)
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COMPLEX VARIABLES

RESIDUE THEOREM

1 The residue theorem
Suppose that the function f is analytic within and on a positively oriented simple closed contour C except for
a finite number of isolated singular points {zj , j = 1, 2, ..., N} interior to C, then

Z

C
f(z)dz = 2⇡i

NX

j=1

Res
z=zj

f(z). (1)

A proof of this can be found in the lecture notes.
This is a very important result and can help us calculate integrals around contours that would be impossible
to do using standard single variable calculus. The residue theorem can even be used when integrating along
the real line.

2 Integrals around closed curves
The most obvious way of using this theorem is for finding an integral around a simple closed contour enclosing
a finite number of singularities.

2.1 Example
Evaluate

I =

Z

C1(1)

z

z2 � 1
dz. (2)

Solution
By factorizing the denominator of the integrand we get

z

z2 � 1
=

z

(z � 1)(z + 1)
.

Here we can see that the two poles of this function are at z = ±1, note that both these poles are simple.
Only one of these poles, z = 1, is inside the contour, so we need to calculate the residue at this pole

Res f(1) = lim
z!1

(z � 1)f(z) = lim
z!1

(z � 1)
z

(z � 1)(z + 1)
= lim

z!1

z

(z + 1)
=

1

2
.

Now using the residue theorem we evaluate I by multiplying the sum of the residues by 2⇡i to get

I =

Z

C1(1)

z

z2 � 1
dz = 2⇡i

1

2
= ⇡i.

Compare this result to example 2.1 of the Cauchy integral formula handout. You will notice that this theorem
is just an extension of the formula.

Chapter 4

On-shell and unitarity-based
methods

As a preliminary step, we recall the residue theorem, a basic result from complex analysis. Given
a rational complex function f(z), it states that

1
2fii

j
dzf(z) =

ÿ

i

Res
z=zi

f(z) = ≠Res
z=Œ

f(z), (4.1)
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M(z) is evaluated at z = 0, the QFT amplitude is recovered, M = M(z = 0). Then, having the
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As any physical amplitude should only contain coupling constants and momenta for massless
particles, we know that we can write every amplitude as

M = ch12in3h23in1h31in2 ; or M = c[12]n
0
3 [23]n

0
1 [31]n

0
2 . (15)

In the following, we will only take the first form of the amplitude in Eq. (15), as we will see that
these results are related by CP transformation.

Next, we require that the amplitude has to scale appropriately under the little group transfor-
mation for each external momentum. From this we find the helicities of the particles being related
to the exponents by

h1 =� n3 + n2

2
,

h2 =� n3 + n1

2
,

h3 =� n1 + n2

2
.

This is easy to see, when going back to the rule that the power of ji plus the power of hj minus
the power of j] and the power of [j has to equal �2hj . Rewriting this expression, we find the
appropriate exponents

n1 =h1 � h2 � h3,

n2 =h2 � h3 � h1,

n3 =h3 � h1 � h2.

Here, we can see that n
0
j = �nj by CP . Furthermore, we can require n1 + n2 + n3 � 0 and

n
0
1+n

0
2+n

0
3 � 0, as otherwise the amplitude would diverge in the limit of real momenta according

to Eq. (5). Hence we find the first possibility in Eq. (15) (angle brackets) is applied whenever the
total helicity h = h1 + h2 + h3  0, the second case (square brackets) whenever h � 0 and under
CP we simply exchange square and angle brackets7. Put together, we find

M(1h12h23h3) =

⇢
ch12ih3�h1�h2h23ih1�h2�h3h31ih2�h3�h1 h  0,
c[12]�h3+h1+h2 [23]�h1+h2+h3 [31]�h2+h3+h1 h � 0.

(16)

The important point to this amplitude is that it is derived nearly completely from symmetry.
Hence it does not only hold to any order in perturbation theory, but it holds non-perturbatively.
We will put this to work in a few examples now.

5.2 Examples

Three Gluon Amplitude

Let us precisely discuss the three gluon amplitude, as we will look at color ordering in the next
section. In general, we have four possible helicity configurations: +++, ++�, ��+ and ���.
As the latter two are simply the CP transformation of the first two, we will not go through them
explicitly. We will therefore start with the helicities +++.

We know that the total helicity is greater than zero, and plugging in the helicities into Eq. (16),
we can instantly write the amplitude as

M(1a+2b+3c+) = c
abc[12][23][31]8, (17)

where c
abc is some color structure. However, we need to have [M]

M
= 1 for a three point function.

Thus by [[12][23][31]]
M

= 3, we have
⇥
c
abc

⇤
M

= �2. If we only consider renormalizable theories,
the only possible solution is c

abc = 0.
In the case ++�, we still have a positive total helicity h, but now the amplitude is given by

M(1a+2b+3c�) = c
abc [12]3

[23][31]
, (18)

7
In an arbitrary theory, the coupling constants can be di�erent under CP . However, that merely changes the

magnitude of the three-point amplitude, not its behavior.
8
The corresponding operator is

fabcFa
µ⌫F

b
⌫⇢F

c
⇢µ

7

i
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4.1 BCFW recurrence relation
In BCFW formula, the residue theorem is used to compute tree-level, color-ordered scattering
amplitudes. The idea is the following. We complexify the QFT amplitude M, introducing a
dependence from a fictitious complex parameter z, such that when the "deformed" amplitude
M(z) is evaluated at z = 0, the QFT amplitude is recovered, M = M(z = 0). Then, having the
residue theorem in mind, we consider
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. (4.4)

The presence of the simple pole in z = 0 allows us to use equation (4.2) to compute the amplitude,
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Let us define

Complex Momenta Deformation by Spinor Shift

Choose two legs i and j

The analytical continuation of the amplitude can be diagrammatically represented as

M = M(0) =
M

3

2

1 n

. . . ≠æ M(z)

3

2

1 n

. . . (4.6)

The z dependence in the amplitude can be introduced using a type 1 deformation. We choose
two legs i and j and define new momenta î and ĵby shifting the square bracket of i and the
angle bracket of j, ---̂i

f
© |iÍ

---̂i
È

© |i] + z |j]---ĵ
f

© |jÍ ≠ z |iÍ

---ĵ
È

© |j]
. (4.7)

Explicitly,

p
µ

i
æ p̂

µ

i
=

e
î

--- “
µ

--- î

È

2 = Èi | “
µ

| i]
2 + z

Èi | “
µ

| j]
2 = p

µ

i
+ z‘

µ

ij
,

p
µ

j
æ p̂

µ

j
=

e
ĵ

--- “
µ

--- ĵ

È

2 = Èj | “
µ

| j]
2 ≠ z

Èi | “
µ

| j]
2 = p

µ

j
≠ z‘

µ

ij
.

The extra momentum is injected into one of the external legs and flows out from another, so
that momentum comservation is respected,

p̂i + p̂j = pi + pj . (4.8)

The modified momenta are complex valued and still massless,

p̂
2
i = p

2
i + ‘

2
ij + 2z‘ij · pi = 0, p̂

2
j = 0. (4.9)

Poles We have seen that f(z) has an obvious pole at z = 0. The other poles will come from
denominators of propagators involved in a factorization of of the amplitude of the form,

M(z) = M(z)

. . .

. . .
î ĵ

=

ĵ

î

n

+ ML

a ≠ 1
î

b + 1 Q̂ab

MR

a

ĵ

b

+
n

î

ĵ

=
ÿ

a,b

ML(z) 1
Q̂

2
ab

MR(z), (4.10)
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The modified momenta are complex valued and still massless,
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Poles We have seen that f(z) has an obvious pole at z = 0. The other poles will come from
denominators of propagators involved in a factorization of of the amplitude of the form,

M(z) = M(z)
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ĵ

î
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Poles We have seen that f(z) has an obvious pole at z = 0. The other poles will come from
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The extra momentum is injected into one of the external legs and flows out from another, so
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Poles We have seen that f(z) has an obvious pole at z = 0. The other poles will come from
denominators of propagators involved in a factorization of of the amplitude of the form,
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If the two modified legs î and ĵ are on the same side of the factorization, as in the first and
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f

© |jÍ ≠ z |iÍ

---ĵ
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The extra momentum is injected into one of the external legs and flows out from another, so
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The modified momenta are complex valued and still massless,
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Poles We have seen that f(z) has an obvious pole at z = 0. The other poles will come from
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If the two modified legs î and ĵ are on the same side of the factorization, as in the first and
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The z dependence in the amplitude can be introduced using a type 1 deformation. We choose
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angle bracket of j, ---̂i

f
© |iÍ

---̂i
È

© |i] + z |j]---ĵ
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The extra momentum is injected into one of the external legs and flows out from another, so
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Poles We have seen that f(z) has an obvious pole at z = 0. The other poles will come from
denominators of propagators involved in a factorization of of the amplitude of the form,
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If the two modified legs î and ĵ are on the same side of the factorization, as in the first and
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The z dependence in the amplitude can be introduced using a type 1 deformation. We choose
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The extra momentum is injected into one of the external legs and flows out from another, so
that momentum comservation is respected,
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Poles We have seen that f(z) has an obvious pole at z = 0. The other poles will come from
denominators of propagators involved in a factorization of of the amplitude of the form,

M(z) = M(z)
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If the two modified legs î and ĵ are on the same side of the factorization, as in the first and
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The z dependence in the amplitude can be introduced using a type 1 deformation. We choose
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The extra momentum is injected into one of the external legs and flows out from another, so
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p̂i + p̂j = pi + pj . (4.8)
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Poles We have seen that f(z) has an obvious pole at z = 0. The other poles will come from
denominators of propagators involved in a factorization of of the amplitude of the form,

M(z) = M(z)
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If the two modified legs î and ĵ are on the same side of the factorization, as in the first and
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and ĵ on the right. In this case,

Q̂
µ

ab
=

bÿ

m=a

p
µ

m = p
µ

a + · · · + p
µ

j≠1 + p
µ

j
+ p

µ

j+1 + · · · + p
µ

b
= Q

µ

ab
≠ z‘

µ

ij
, (4.12)

49

The analytical continuation of the amplitude can be diagrammatically represented as

M = M(0) =
M

3

2

1 n

. . . ≠æ M(z)

3

2

1 n

. . . (4.6)

The z dependence in the amplitude can be introduced using a type 1 deformation. We choose
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The extra momentum is injected into one of the external legs and flows out from another, so
that momentum comservation is respected,
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ĵ

b

+
n

î
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Whenever a denominator vanishes, there is a cut and the amplitude factorizes into two pieces
with a lower number of legs. The starting point is the 3-leg amplitude,
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If momenta were real, this amplitude would vanish because it would be impossible to have
momentum conservation and on-shell conditions at the same time, but it can be di�erent from
zero for complex momenta. Because of boundary terms, one may have to choose between two
di�erent prescriptions,
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BCFW Relation @ Work

4-graviton MHV Amplitude

Figure 3: One of the two diagrams contributing to the recursion relation for the MHV
amplitude M(1−, 2−, 3+, 4+). The other is obtained from this by cyclically permuting the
labels (3, 4) – i.e. swapping 3 with 4.
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and P 2 = (p1 + p4)2. Using
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⟨i|P |1]

[P̂ 1]
, (3.6)

we find, after a little algebra,

M(4) =
⟨12⟩6[14]

⟨14⟩⟨23⟩2⟨34⟩2
. (3.7)

The full amplitude is M(1−, 2−, 3+, 4+) = M(3) +M(4). Thus, we conclude that the four
point MHV amplitude generated by our recursion relation is given by

M(1−, 2−, 3+, 4+) =
⟨12⟩6[14]

⟨14⟩⟨23⟩2⟨34⟩2
+ 3 ↔ 4 . (3.8)
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Figure 2: This class of diagrams also contributes to the recursion relation for the MHV
amplitude M(1−, 2−, 3+, . . . , n+); however, each of these diagrams vanishes if the shifts
(3.2) are performed.
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[k P̂ ] =
[k|P̂ |2̂⟩

⟨P̂ 2̂⟩
=
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where the last equality follows from P = pk+p2. Hence we will have to compute diagrams
of type 1. only. We will do this in the following.

3.1 Four, five and six graviton scattering

To show explicitly how our recursion relation generates amplitudes, we will now derive
the 4, 5 and 6 point MHV scattering amplitudes.

We start with the four point case. There are two diagrams to sum, one of which is
represented in Figure 3; the other is obtained by swapping the labels 4 with 3. For the
diagram in Figure 3, we have

M(4) = ML

1

P 2
MR , (3.4)
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Soft Limit of Gluon and Graviton Amplitudes

Leading Soft Limits of Gluon and Gravity Amplitudes
Low–Weinberg Soft Factors in Spinor-Helicity Form

Lecture notes

1 Soft limit and notation

Let an external massless momentum ps become soft,

ps �! "ps, " ! 0. (1)

In spinor variables we use the symmetric scaling

|si �!
p
" |si, |s] �!

p
" |s]. (2)

Then

hisi = O(
p
"), [is] = O(

p
"), sis = 2pi · ps = hisi[si] = O("). (3)

The leading soft behaviour of scattering amplitudes is universal: it depends only on the

momentum and helicity of the soft particle and on the external hard particles, not on the

detailed structure of the hard process. Historically, this universality is associated with Low’s

soft theorem for photons and Weinberg’s soft theorem for photons and gravitons.

2 Leading soft gluon theorem

Consider a color-ordered Yang–Mills tree amplitude

An+1(. . . , a, s, b, . . .), (4)

where the soft gluon s is inserted between adjacent hard legs a and b in that cyclic ordering.

At leading order,

An+1(. . . , a, s
hs , b, . . .) �! S(0)

YM
(a, shs , b)An(. . . , a, b, . . .). (5)

The leading color-ordered soft factor depends only on the two legs adjacent to the soft gluon.

For a positive-helicity soft gluon,

S(0)

YM
(a, s+, b) =

habi

hasihsbi
. (6)

For a negative-helicity soft gluon,

S(0)

YM
(a, s�, b) =

[ab]

[as][sb]
. (7)

Under the symmetric soft scaling,

S(0)

YM
= O

✓
1

"

◆
, (8)

and therefore

An+1 ⇠
1

"
An. (9)

1
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3 Example: positive-helicity soft gluon from Parke–Taylor
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Here Ti is the color generator acting on the i-th hard external leg.

The color-ordered soft factor is the planar version of this statement. In a fixed cyclic

ordering, the soft gluon only attaches to its two adjacent color neighbours, giving

S(0)

YM
(a, s, b) =

"s · pa
ps · pa

�
"s · pb
ps · pb

. (17)

In spinor-helicity form this becomes

S(0)

YM
(a, s+, b) =

habi

hasihsbi
, (18)

and

S(0)

YM
(a, s�, b) =

[ab]

[as][sb]
. (19)

2

3 Example: positive-helicity soft gluon from Parke–Taylor

Consider an MHV amplitude with a positive-helicity soft gluon s inserted between hard legs a
and b:

An+1(1
�, 2�, 3+, . . . , a, s+, b, . . . , n+

). (10)

The Parke–Taylor formula is

AMHV

n+1 =
h12i

4

h12ih23i · · · hasihsbi · · · hn1i
. (11)

The corresponding n-point amplitude without the soft leg is

AMHV

n =
h12i

4

h12ih23i · · · habi · · · hn1i
. (12)

Therefore,

AMHV

n+1 =
habi

hasihsbi
AMHV

n . (13)

Thus

AMHV

n+1 �! S(0)

YM
(a, s+, b)AMHV

n . (14)

4 Color-dressed soft gluon theorem

For a full color-dressed Yang–Mills amplitude, the leading soft factor is not restricted to adjacent

legs. Instead,

An+1(1, . . . , n, s) �! S(0)

YM,full(s)An(1, . . . , n). (15)

The full leading soft-gluon factor is

S(0)

YM,full(s) =
nX

i=1

Ti
"s · pi
ps · pi

. (16)

Here Ti is the color generator acting on the i-th hard external leg.

The color-ordered soft factor is the planar version of this statement. In a fixed cyclic

ordering, the soft gluon only attaches to its two adjacent color neighbours, giving

S(0)

YM
(a, s, b) =

"s · pa
ps · pa

�
"s · pb
ps · pb

. (17)

In spinor-helicity form this becomes

S(0)

YM
(a, s+, b) =

habi

hasihsbi
, (18)

and

S(0)

YM
(a, s�, b) =

[ab]

[as][sb]
. (19)

2

3 Example: positive-helicity soft gluon from Parke–Taylor

Consider an MHV amplitude with a positive-helicity soft gluon s inserted between hard legs a
and b:

An+1(1
�, 2�, 3+, . . . , a, s+, b, . . . , n+

). (10)

The Parke–Taylor formula is

AMHV

n+1 =
h12i

4

h12ih23i · · · hasihsbi · · · hn1i
. (11)

The corresponding n-point amplitude without the soft leg is

AMHV

n =
h12i

4

h12ih23i · · · habi · · · hn1i
. (12)

Therefore,

AMHV

n+1 =
habi

hasihsbi
AMHV

n . (13)

Thus

AMHV

n+1 �! S(0)

YM
(a, s+, b)AMHV

n . (14)

4 Color-dressed soft gluon theorem

For a full color-dressed Yang–Mills amplitude, the leading soft factor is not restricted to adjacent

legs. Instead,

An+1(1, . . . , n, s) �! S(0)

YM,full(s)An(1, . . . , n). (15)

The full leading soft-gluon factor is

S(0)

YM,full(s) =
nX

i=1

Ti
"s · pi
ps · pi

. (16)

Here Ti is the color generator acting on the i-th hard external leg.

The color-ordered soft factor is the planar version of this statement. In a fixed cyclic

ordering, the soft gluon only attaches to its two adjacent color neighbours, giving

S(0)

YM
(a, s, b) =

"s · pa
ps · pa

�
"s · pb
ps · pb

. (17)

In spinor-helicity form this becomes

S(0)

YM
(a, s+, b) =

habi

hasihsbi
, (18)

and

S(0)

YM
(a, s�, b) =

[ab]

[as][sb]
. (19)

2

3 Example: positive-helicity soft gluon from Parke–Taylor

Consider an MHV amplitude with a positive-helicity soft gluon s inserted between hard legs a
and b:

An+1(1
�, 2�, 3+, . . . , a, s+, b, . . . , n+

). (10)

The Parke–Taylor formula is

AMHV

n+1 =
h12i

4

h12ih23i · · · hasihsbi · · · hn1i
. (11)

The corresponding n-point amplitude without the soft leg is

AMHV

n =
h12i

4

h12ih23i · · · habi · · · hn1i
. (12)

Therefore,

AMHV

n+1 =
habi

hasihsbi
AMHV

n . (13)

Thus

AMHV

n+1 �! S(0)

YM
(a, s+, b)AMHV

n . (14)

4 Color-dressed soft gluon theorem

For a full color-dressed Yang–Mills amplitude, the leading soft factor is not restricted to adjacent

legs. Instead,

An+1(1, . . . , n, s) �! S(0)

YM,full(s)An(1, . . . , n). (15)

The full leading soft-gluon factor is

S(0)

YM,full(s) =
nX

i=1

Ti
"s · pi
ps · pi

. (16)

Here Ti is the color generator acting on the i-th hard external leg.

The color-ordered soft factor is the planar version of this statement. In a fixed cyclic

ordering, the soft gluon only attaches to its two adjacent color neighbours, giving

S(0)

YM
(a, s, b) =

"s · pa
ps · pa

�
"s · pb
ps · pb

. (17)

In spinor-helicity form this becomes

S(0)

YM
(a, s+, b) =

habi

hasihsbi
, (18)

and

S(0)

YM
(a, s�, b) =

[ab]

[as][sb]
. (19)

2

3 Example: positive-helicity soft gluon from Parke–Taylor

Consider an MHV amplitude with a positive-helicity soft gluon s inserted between hard legs a
and b:

An+1(1
�, 2�, 3+, . . . , a, s+, b, . . . , n+

). (10)

The Parke–Taylor formula is

AMHV

n+1 =
h12i

4

h12ih23i · · · hasihsbi · · · hn1i
. (11)

The corresponding n-point amplitude without the soft leg is

AMHV

n =
h12i

4

h12ih23i · · · habi · · · hn1i
. (12)

Therefore,

AMHV

n+1 =
habi

hasihsbi
AMHV

n . (13)

Thus

AMHV

n+1 �! S(0)

YM
(a, s+, b)AMHV

n . (14)

4 Color-dressed soft gluon theorem

For a full color-dressed Yang–Mills amplitude, the leading soft factor is not restricted to adjacent

legs. Instead,

An+1(1, . . . , n, s) �! S(0)

YM,full(s)An(1, . . . , n). (15)

The full leading soft-gluon factor is

S(0)

YM,full(s) =
nX

i=1

Ti
"s · pi
ps · pi

. (16)

Here Ti is the color generator acting on the i-th hard external leg.

The color-ordered soft factor is the planar version of this statement. In a fixed cyclic

ordering, the soft gluon only attaches to its two adjacent color neighbours, giving

S(0)

YM
(a, s, b) =

"s · pa
ps · pa

�
"s · pb
ps · pb

. (17)

In spinor-helicity form this becomes

S(0)

YM
(a, s+, b) =

habi

hasihsbi
, (18)

and

S(0)

YM
(a, s�, b) =

[ab]

[as][sb]
. (19)

2

3 Example: positive-helicity soft gluon from Parke–Taylor

Consider an MHV amplitude with a positive-helicity soft gluon s inserted between hard legs a
and b:

An+1(1
�, 2�, 3+, . . . , a, s+, b, . . . , n+

). (10)

The Parke–Taylor formula is

AMHV

n+1 =
h12i

4

h12ih23i · · · hasihsbi · · · hn1i
. (11)

The corresponding n-point amplitude without the soft leg is

AMHV

n =
h12i

4

h12ih23i · · · habi · · · hn1i
. (12)

Therefore,

AMHV

n+1 =
habi

hasihsbi
AMHV

n . (13)

Thus

AMHV

n+1 �! S(0)

YM
(a, s+, b)AMHV

n . (14)

4 Color-dressed soft gluon theorem

For a full color-dressed Yang–Mills amplitude, the leading soft factor is not restricted to adjacent

legs. Instead,

An+1(1, . . . , n, s) �! S(0)

YM,full(s)An(1, . . . , n). (15)

The full leading soft-gluon factor is

S(0)

YM,full(s) =
nX

i=1

Ti
"s · pi
ps · pi

. (16)

Here Ti is the color generator acting on the i-th hard external leg.

The color-ordered soft factor is the planar version of this statement. In a fixed cyclic

ordering, the soft gluon only attaches to its two adjacent color neighbours, giving

S(0)

YM
(a, s, b) =

"s · pa
ps · pa

�
"s · pb
ps · pb

. (17)

In spinor-helicity form this becomes

S(0)

YM
(a, s+, b) =

habi

hasihsbi
, (18)

and

S(0)

YM
(a, s�, b) =

[ab]

[as][sb]
. (19)

2

3 Example: positive-helicity soft gluon from Parke–Taylor

Consider an MHV amplitude with a positive-helicity soft gluon s inserted between hard legs a
and b:

An+1(1
�, 2�, 3+, . . . , a, s+, b, . . . , n+

). (10)

The Parke–Taylor formula is

AMHV

n+1 =
h12i

4

h12ih23i · · · hasihsbi · · · hn1i
. (11)

The corresponding n-point amplitude without the soft leg is

AMHV

n =
h12i

4

h12ih23i · · · habi · · · hn1i
. (12)

Therefore,

AMHV

n+1 =
habi

hasihsbi
AMHV

n . (13)

Thus

AMHV

n+1 �! S(0)

YM
(a, s+, b)AMHV

n . (14)

4 Color-dressed soft gluon theorem

For a full color-dressed Yang–Mills amplitude, the leading soft factor is not restricted to adjacent

legs. Instead,

An+1(1, . . . , n, s) �! S(0)

YM,full(s)An(1, . . . , n). (15)

The full leading soft-gluon factor is

S(0)

YM,full(s) =
nX

i=1

Ti
"s · pi
ps · pi

. (16)

Here Ti is the color generator acting on the i-th hard external leg.

The color-ordered soft factor is the planar version of this statement. In a fixed cyclic

ordering, the soft gluon only attaches to its two adjacent color neighbours, giving

S(0)

YM
(a, s, b) =

"s · pa
ps · pa

�
"s · pb
ps · pb

. (17)

In spinor-helicity form this becomes

S(0)

YM
(a, s+, b) =

habi

hasihsbi
, (18)

and

S(0)

YM
(a, s�, b) =

[ab]

[as][sb]
. (19)

2

⟨ab⟩
⟨ab⟩

3 Example: positive-helicity soft gluon from Parke–Taylor

Consider an MHV amplitude with a positive-helicity soft gluon s inserted between hard legs a
and b:

An+1(1
�, 2�, 3+, . . . , a, s+, b, . . . , n+

). (10)

The Parke–Taylor formula is

AMHV

n+1 =
h12i

4

h12ih23i · · · hasihsbi · · · hn1i
. (11)

The corresponding n-point amplitude without the soft leg is

AMHV

n =
h12i

4

h12ih23i · · · habi · · · hn1i
. (12)

Therefore,

AMHV

n+1 =
habi

hasihsbi
AMHV

n . (13)

Thus

AMHV

n+1 �! S(0)

YM
(a, s+, b)AMHV

n . (14)

4 Color-dressed soft gluon theorem

For a full color-dressed Yang–Mills amplitude, the leading soft factor is not restricted to adjacent

legs. Instead,

An+1(1, . . . , n, s) �! S(0)

YM,full(s)An(1, . . . , n). (15)

The full leading soft-gluon factor is

S(0)

YM,full(s) =
nX

i=1

Ti
"s · pi
ps · pi

. (16)

Here Ti is the color generator acting on the i-th hard external leg.

The color-ordered soft factor is the planar version of this statement. In a fixed cyclic

ordering, the soft gluon only attaches to its two adjacent color neighbours, giving

S(0)

YM
(a, s, b) =

"s · pa
ps · pa

�
"s · pb
ps · pb

. (17)

In spinor-helicity form this becomes

S(0)

YM
(a, s+, b) =

habi

hasihsbi
, (18)

and

S(0)

YM
(a, s�, b) =

[ab]

[as][sb]
. (19)

2

3 Example: positive-helicity soft gluon from Parke–Taylor

Consider an MHV amplitude with a positive-helicity soft gluon s inserted between hard legs a
and b:

An+1(1
�, 2�, 3+, . . . , a, s+, b, . . . , n+

). (10)

The Parke–Taylor formula is

AMHV

n+1 =
h12i

4

h12ih23i · · · hasihsbi · · · hn1i
. (11)

The corresponding n-point amplitude without the soft leg is

AMHV

n =
h12i

4

h12ih23i · · · habi · · · hn1i
. (12)

Therefore,

AMHV

n+1 =
habi

hasihsbi
AMHV

n . (13)

Thus

AMHV

n+1 �! S(0)

YM
(a, s+, b)AMHV

n . (14)

4 Color-dressed soft gluon theorem

For a full color-dressed Yang–Mills amplitude, the leading soft factor is not restricted to adjacent

legs. Instead,

An+1(1, . . . , n, s) �! S(0)

YM,full(s)An(1, . . . , n). (15)

The full leading soft-gluon factor is

S(0)

YM,full(s) =
nX

i=1

Ti
"s · pi
ps · pi

. (16)

Here Ti is the color generator acting on the i-th hard external leg.

The color-ordered soft factor is the planar version of this statement. In a fixed cyclic

ordering, the soft gluon only attaches to its two adjacent color neighbours, giving

S(0)

YM
(a, s, b) =

"s · pa
ps · pa

�
"s · pb
ps · pb

. (17)

In spinor-helicity form this becomes

S(0)

YM
(a, s+, b) =

habi

hasihsbi
, (18)

and

S(0)

YM
(a, s�, b) =

[ab]

[as][sb]
. (19)

2

3 Example: positive-helicity soft gluon from Parke–Taylor

Consider an MHV amplitude with a positive-helicity soft gluon s inserted between hard legs a
and b:

An+1(1
�, 2�, 3+, . . . , a, s+, b, . . . , n+

). (10)

The Parke–Taylor formula is

AMHV

n+1 =
h12i

4

h12ih23i · · · hasihsbi · · · hn1i
. (11)

The corresponding n-point amplitude without the soft leg is

AMHV

n =
h12i

4

h12ih23i · · · habi · · · hn1i
. (12)

Therefore,

AMHV

n+1 =
habi

hasihsbi
AMHV

n . (13)

Thus

AMHV

n+1 �! S(0)

YM
(a, s+, b)AMHV

n . (14)

4 Color-dressed soft gluon theorem

For a full color-dressed Yang–Mills amplitude, the leading soft factor is not restricted to adjacent

legs. Instead,

An+1(1, . . . , n, s) �! S(0)

YM,full(s)An(1, . . . , n). (15)

The full leading soft-gluon factor is

S(0)

YM,full(s) =
nX

i=1

Ti
"s · pi
ps · pi

. (16)

Here Ti is the color generator acting on the i-th hard external leg.

The color-ordered soft factor is the planar version of this statement. In a fixed cyclic

ordering, the soft gluon only attaches to its two adjacent color neighbours, giving

S(0)

YM
(a, s, b) =

"s · pa
ps · pa

�
"s · pb
ps · pb

. (17)

In spinor-helicity form this becomes

S(0)

YM
(a, s+, b) =

habi

hasihsbi
, (18)

and

S(0)

YM
(a, s�, b) =

[ab]

[as][sb]
. (19)

2

3 Example: positive-helicity soft gluon from Parke–Taylor

Consider an MHV amplitude with a positive-helicity soft gluon s inserted between hard legs a
and b:

An+1(1
�, 2�, 3+, . . . , a, s+, b, . . . , n+

). (10)

The Parke–Taylor formula is

AMHV

n+1 =
h12i

4

h12ih23i · · · hasihsbi · · · hn1i
. (11)

The corresponding n-point amplitude without the soft leg is

AMHV

n =
h12i

4

h12ih23i · · · habi · · · hn1i
. (12)

Therefore,

AMHV

n+1 =
habi

hasihsbi
AMHV

n . (13)

Thus

AMHV

n+1 �! S(0)

YM
(a, s+, b)AMHV

n . (14)

4 Color-dressed soft gluon theorem

For a full color-dressed Yang–Mills amplitude, the leading soft factor is not restricted to adjacent

legs. Instead,

An+1(1, . . . , n, s) �! S(0)

YM,full(s)An(1, . . . , n). (15)

The full leading soft-gluon factor is

S(0)

YM,full(s) =
nX

i=1

Ti
"s · pi
ps · pi

. (16)

Here Ti is the color generator acting on the i-th hard external leg.

The color-ordered soft factor is the planar version of this statement. In a fixed cyclic

ordering, the soft gluon only attaches to its two adjacent color neighbours, giving

S(0)

YM
(a, s, b) =

"s · pa
ps · pa

�
"s · pb
ps · pb

. (17)

In spinor-helicity form this becomes

S(0)

YM
(a, s+, b) =

habi

hasihsbi
, (18)

and

S(0)

YM
(a, s�, b) =

[ab]

[as][sb]
. (19)

2

3 Example: positive-helicity soft gluon from Parke–Taylor

Consider an MHV amplitude with a positive-helicity soft gluon s inserted between hard legs a
and b:

An+1(1
�, 2�, 3+, . . . , a, s+, b, . . . , n+

). (10)

The Parke–Taylor formula is

AMHV

n+1 =
h12i

4

h12ih23i · · · hasihsbi · · · hn1i
. (11)

The corresponding n-point amplitude without the soft leg is

AMHV

n =
h12i

4

h12ih23i · · · habi · · · hn1i
. (12)

Therefore,

AMHV

n+1 =
habi

hasihsbi
AMHV

n . (13)

Thus

AMHV

n+1 �! S(0)

YM
(a, s+, b)AMHV

n . (14)

4 Color-dressed soft gluon theorem

For a full color-dressed Yang–Mills amplitude, the leading soft factor is not restricted to adjacent

legs. Instead,

An+1(1, . . . , n, s) �! S(0)

YM,full(s)An(1, . . . , n). (15)

The full leading soft-gluon factor is

S(0)

YM,full(s) =
nX

i=1

Ti
"s · pi
ps · pi

. (16)

Here Ti is the color generator acting on the i-th hard external leg.

The color-ordered soft factor is the planar version of this statement. In a fixed cyclic

ordering, the soft gluon only attaches to its two adjacent color neighbours, giving

S(0)

YM
(a, s, b) =

"s · pa
ps · pa

�
"s · pb
ps · pb

. (17)

In spinor-helicity form this becomes

S(0)

YM
(a, s+, b) =

habi

hasihsbi
, (18)

and

S(0)

YM
(a, s�, b) =

[ab]

[as][sb]
. (19)

2

3 Example: positive-helicity soft gluon from Parke–Taylor

Consider an MHV amplitude with a positive-helicity soft gluon s inserted between hard legs a
and b:

An+1(1
�, 2�, 3+, . . . , a, s+, b, . . . , n+

). (10)

The Parke–Taylor formula is

AMHV

n+1 =
h12i

4

h12ih23i · · · hasihsbi · · · hn1i
. (11)

The corresponding n-point amplitude without the soft leg is

AMHV

n =
h12i

4

h12ih23i · · · habi · · · hn1i
. (12)

Therefore,

AMHV

n+1 =
habi

hasihsbi
AMHV

n . (13)

Thus

AMHV

n+1 �! S(0)

YM
(a, s+, b)AMHV

n . (14)

4 Color-dressed soft gluon theorem

For a full color-dressed Yang–Mills amplitude, the leading soft factor is not restricted to adjacent

legs. Instead,

An+1(1, . . . , n, s) �! S(0)

YM,full(s)An(1, . . . , n). (15)

The full leading soft-gluon factor is

S(0)

YM,full(s) =
nX

i=1

Ti
"s · pi
ps · pi

. (16)

Here Ti is the color generator acting on the i-th hard external leg.

The color-ordered soft factor is the planar version of this statement. In a fixed cyclic

ordering, the soft gluon only attaches to its two adjacent color neighbours, giving

S(0)

YM
(a, s, b) =

"s · pa
ps · pa

�
"s · pb
ps · pb

. (17)

In spinor-helicity form this becomes

S(0)

YM
(a, s+, b) =

habi

hasihsbi
, (18)

and

S(0)

YM
(a, s�, b) =

[ab]

[as][sb]
. (19)

2



Color-dressed Soft Gluon Theorem

3 Example: positive-helicity soft gluon from Parke–Taylor

Consider an MHV amplitude with a positive-helicity soft gluon s inserted between hard legs a
and b:

An+1(1
�, 2�, 3+, . . . , a, s+, b, . . . , n+

). (10)

The Parke–Taylor formula is

AMHV

n+1 =
h12i

4

h12ih23i · · · hasihsbi · · · hn1i
. (11)

The corresponding n-point amplitude without the soft leg is

AMHV

n =
h12i

4

h12ih23i · · · habi · · · hn1i
. (12)

Therefore,

AMHV

n+1 =
habi

hasihsbi
AMHV

n . (13)

Thus

AMHV

n+1 �! S(0)

YM
(a, s+, b)AMHV

n . (14)

4 Color-dressed soft gluon theorem

For a full color-dressed Yang–Mills amplitude, the leading soft factor is not restricted to adjacent

legs. Instead,

An+1(1, . . . , n, s) �! S(0)

YM,full(s)An(1, . . . , n). (15)

The full leading soft-gluon factor is

S(0)

YM,full(s) =
nX

i=1

Ti
"s · pi
ps · pi

. (16)

Here Ti is the color generator acting on the i-th hard external leg.

The color-ordered soft factor is the planar version of this statement. In a fixed cyclic

ordering, the soft gluon only attaches to its two adjacent color neighbours, giving

S(0)

YM
(a, s, b) =

"s · pa
ps · pa

�
"s · pb
ps · pb

. (17)

In spinor-helicity form this becomes

S(0)

YM
(a, s+, b) =

habi

hasihsbi
, (18)

and

S(0)

YM
(a, s�, b) =

[ab]

[as][sb]
. (19)

2



Soft Graviton Theorem
5 Leading soft graviton theorem

Now consider a pure gravity tree amplitude

Mn+1(1, . . . , n, s). (20)

When the graviton s becomes soft,

ps ! "ps, (21)

the leading behaviour is

Mn+1(1, . . . , n, s
hs) �! S(0)

grav(s
hs)Mn(1, . . . , n). (22)

The leading gravity soft factor is Weinberg’s soft factor,

S(0)

grav(s) =
nX

i=1

"(s)µ⌫ p
µ
i p

⌫
i

ps · pi
. (23)

For a graviton polarization tensor written as a product of two gluon polarizations,

"(s)µ⌫ = "(s)µ e"(s)⌫ , (24)

this becomes

S(0)

grav(s) =
nX

i=1

("s · pi)(e"s · pi)
ps · pi

. (25)

Unlike the color-ordered gluon soft factor, the graviton soft factor is a sum over all hard external

particles.

6 Spinor form of the leading soft graviton factor

For a positive-helicity soft graviton s+, introduce two reference spinors x and y. The polarization
tensor may be viewed as

"+µ⌫(s;x, y) = "+µ (s;x) "
+

⌫ (s; y). (26)

Then the leading soft graviton factor is

S(0)

grav(s
+
) =

nX

i=1

[si]

hsii

hxii

hxsi

hyii

hysi
. (27)

Similarly, for a negative-helicity soft graviton,

S(0)

grav(s
�
) =

nX

i=1

hsii

[si]

[xi]

[xs]

[yi]

[ys]
. (28)

Under the symmetric soft scaling,

S(0)

grav = O

✓
1

"

◆
, (29)

and hence

Mn+1 ⇠
1

"
Mn. (30)
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Soft Graviton Theorem

7 Relation between gluon and graviton soft factors

The gravity soft factor has a squared structure:

S(0)

grav(s) =
nX

i=1

("s · pi)(e"s · pi)
ps · pi

. (31)

Compare this with the full Yang–Mills soft factor,

S(0)

YM,full(s) =
nX

i=1

Ti
"s · pi
ps · pi

. (32)

The graviton factor is not simply the square of the color-dressed gluon soft factor, because there

is no color charge in gravity. However, its numerator is a product of two gluon-like polarization

contractions,

("s · pi)(e"s · pi). (33)

This is why the soft-graviton theorem fits naturally with KLT and double-copy structures:

gravity behaves as a product of two gauge-theory copies, with the color information removed

and replaced by kinematics.

In the KLT soft limit, the product of two Yang–Mills amplitudes gives

An+1
eAn+1 ⇠

1

"2
An

eAn. (34)

The momentum kernel contributes one power of the soft momentum,

Sn+1 ⇠ "Sn, (35)

so the KLT product behaves as

Mn+1 ⇠
1

"2
"Mn =

1

"
Mn. (36)

Thus the gravity soft theorem is compatible with the schematic relation

gravity soft ⇠ Yang–Mills soft⇥Yang–Mills soft⇥ soft part of the KLT kernel. (37)

8 Summary

The leading color-ordered Yang–Mills soft limits are

An+1(. . . , a, s
+, b, . . .) �!

habi

hasihsbi
An(. . . , a, b, . . .), (38)

An+1(. . . , a, s
�, b, . . .) �!

[ab]

[as][sb]
An(. . . , a, b, . . .). (39)

For gravity,

Mn+1(1, . . . , n, s
+
) �!

"
nX

i=1

[si]

hsii

hxii

hxsi

hyii

hysi

#
Mn(1, . . . , n), (40)

and

Mn+1(1, . . . , n, s
�
) �!

"
nX

i=1

hsii

[si]

[xi]

[xs]

[yi]

[ys]

#
Mn(1, . . . , n). (41)

These are the leading Low–Weinberg soft factors written in spinor-helicity variables.
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