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Plan of the Lectures

Scattering Amplitudes in Yang-Mills and Gravity
1. Photon decoupling and KK relations
2. Spinor helicity formalism and BCFW Recurrence Relation.

Kinematic Relations for Yang-Mills Amplitudes
3. Field-theory proof and Open-string monodromy derivation of BCJ relations

Kinematic Relations for Gravity Amplitudes
4. Color Kinematics Duality and Field-theory KLT relations

Amplitudes and Geometry
5. Intersection Theory for twisted DeRham co-homology.
6. KLT from twisted period/Riemann bilinear relations.



Spinor Helicity Formalism

We are going to develop a massless formalism, but the extension to the massive case is straight-
forward. Given a massive momentum P*, such that P? # 0, if ¢, such that ¢ = 0 is an
arbitrary massless momentum, we observe that p", defined as

P2
2P - q

p' =P — q",

also satisfies p? = 0. Thus, our massive momentum P* can be decomposed into the two massless

momenta gt and p*,
P2
2P - q

PH = pt + "

Helicity The helicity of a particle is the projection of the spin onto the direction of motion,

negative
which is given by the momentum p = |—Ip)|, S helicity
. ., 1lfo-p O
hp) = 2'p:§<0 a-p>'
positive

It is well defined because, as an operator, it commutes with Dirac Hamiltonian, {h(f)), H D} = 0. helicity




Spinor Helicity Formalism

Chirality Let us consider the Dirac equation in the momentum space,

negative

helicity particle (p +m)u(p) =

0
antiparticle (p —m)v(p) =0 pu(p) =

positive
helicity
® Chirality Projectors P, = 1 ; 15 Pr/p = (1 275>
® Chiral Spinors u+(p) = Pru(p), vx(p) = Pro(p),
u+(p) = u(p)Ps, vx(p) = v(p) Py
® (Bra-Ket) Notation
: 1) = uy(p;) = v—(pi 1) =0
®spinors ‘ >_ +(Pi) . (Pi) ® Massless Dirac Equation P )
i) = u—(pi) = vy (pi), p. li] =0
. . . — 1 _ ) = 1 — O)
® Adjoint spinors <Z| EL (Pi) Q_j+ (i), ® Massless Adjoint Dirac Equation < pz
il = i (i) = - (). il — 0
[/



Spinor Helicity Formalism

® Explicit represenation of Chiral Spinors

® ~y-matrices

e chiral spinors

o= X+ o= L x-
+_\/§(X+)’ _\@(_X>7

where the two-component y spinors are defined as

() ()

where




Spinor Helicity Formalism

® Mandelstam inv's Sij = (pi + pj)2 = 2p; - Dj

® Spinor Inner Products

(i) = t-(pi)ut(ps) = A/I5i] ™% ij] = ug(pi)u—(pj) = — \/lsi] e

®Properties
Antisymmetry <Z]> — <jZ> 7 [Z]] — — []@] :
Byproduct <ZZ> — [ZZ] — <@]] — [Z]> — ()
r )
Spinor products vs Mandelstam inv's Si5 = <Z]> []Z] = <]Z> [Z]]
- J

Negative momentum spinors <@(_])> —




Spinor Helicity Formalism

r N
g ()P, L0 (L=)p, — |3\ [; 1 (7
®Spinor Outer product [¢) [i| = — : pz, 4] (i] = —— : pza > ® Slashed momenta P, = 4) [2] + [2] (4]
- )
( )
2 <Z | 7“ ‘ Z] [Z | 7“ | Z> like-like spinor sandwich <--> real momenta
® Massless Real 4-momentum p; =0, p‘f — — P
‘ 2 2
_ W,
®Special Identities
1. charge conjugation i |y* ] g) = (|4 ]1] Prp [0 | 5) = [E[ K| 3) = [ik] (kj) = (Gk) [ki] = (G R |i] = prp (5 |2 |]
2. Fierz identity 3 |77 | 3) [k |7 | 1) = 2 [ik] (15) i [y | k] =Ll 4py o pil k] = 4p; - pili k] = 25 [15] [i k]
= e[ Uyl k]
3. Schouten identity (ab) (cd) = (ad) (cb) + (ac) (bd) (c|dB|d)+ (c|bd|d) = 2pg - py (cd)
and analogously for the square brakets. (ca) |ab] (bd) + (cb) |ba] (ad) = (ab) [ba] {cd)

® How would you express Dirac Equation?



Spinor Helicity Formalism

® Massless Guage Bosons Polarisations

_ g |Y* | k) AL
k2 _ (]2 — 0 elu (ka) — \/§[Qk] ) GZ(]C,Q) — \/§<Qk> y

\ | J

| different spinor sandwich <--> complex momenta
reference momentum

® Transversality from Dirac Eqn.  ¢fk* =0, ef¢* =0

®slashed polarisation

V2 M
f-(k, ) = gy (R gl +lal (k1) (il £, ]3] = til sl o) = = 1) 2L —<i (Uf]m [q> J}
. . . o . L la | k) V2 .
9 [Z\ﬁ_(k,q)m:[mee_(k,q):—[zmm = {z (kq] <k> j>
¢k q) = % (19} [k] + 1#] (al vefatl ~ [ \ka

®Properties

ot (€+)* _ - Ll gl k) 12{¢k)[gk] _
2 (qk) [qk] 2 (qk) [qk] |
ot (6_)*:€+_6+:1<Q‘7u‘k]<q,/7'u’k] _ 12<QQ>[1€]€]:O
2 (qk) (qk) 2 (qk) (qk)
€ - (€+)* —¢ ¢ =10



Spinor Helicity Formalism

® Properties (continued)

e polarizations differing for the reference momentum

b d) et gy < ST TH 19 K] (k) lad) (@] K + (k) L) a1
S o V2(gk)  V2(qk) V2 (qk) (gk) [qq]
(kg [ K]+ R K] 2 @) (k[ K
V2(Gk) (qk) [qq] V2 (k) (qk) [q]

B (q9) l94] - 9q) .
= Y3k (k) g R = VT

e polarization sum




(unpolarised) Electron-Muon Scattering

all outgoing momenta
massless approximation, p? =0
p1+p2+p3+ps=0

Sij = (i +pj)2 = 2p;i * Py, q2 = (p1 +p2)2 = S12 = S34.

M= AU, (o) o2, (=24 ) 530, (Ger”) oy = iM (14, 2%2, 8%, 4%) = Pay (. By B )

Ol 2B 14 e 13 ey (sl L[4 )y

/) = N = —2

$10 12121 (34) 7 [12] (21) (34) 12] (21) (34) (12) (34)’

N A A Y A
aalt — o = auly —4jaglt —4) = (‘2’<12> <34>) (21[21] [43]) Ry

parity (1) > Jt),
charge conjugation fermion < anti-fermion.



(unpolarised) Electron-Muon Scattering

® Unpolarised Squared Amplitude

Incoherent summation (vanishing interference terms)

> IMP = e {laa(+ = +-)17 + Jas(+ = =) * + laa(= + =) + laa(— + +-)*}

helicity




(polarised) Compton Scattering

all outgoing momenta
Y Y Y Y

p1+p2+p3+ps=0 D3 P4
Right-handed positron g " g M (16) : ¢4 S24 ¢3 i ¢3 523 ¢4 :
Y NN '

Left-handed electron

et e et e

There are four possible choices for the photon polarizations, but it is easy to see that both
configurations in which the photons have the same helicity lead to a vanishing contribution. For

e the case y1vy we choose the reference momentum r; = po, ¢+ = 3,4 in both polarization vectors
PR CIEGE) o (raly]4
+ ’ 4+ T
i V2 (rs3) r3=p2 V2 (rad) ra=p2

/o= g; (20[31+ 13 2),  fyr = <2f> (12) [4] + 14 (21)

{<2 Far ~ (22 B1=0, (17,27,3%,47) =0




(polarised) Compton Scattering

iM = (ie)* <2 {¢4%¢3+¢3%¢4} 1:

e the case y_~vy_ we choose 7, = p1, 1= 3,4
o _ Bl (Al
v V2 (3r3) 7“321917 v V2 (4r4) r4=p17
. & 131U+ 6), gy ﬁ (14) [1] + 11] (4]

fa- 1] ~ [11]]3) = 0, - + 9— 9— 41—\ —
{¢4 I~y o 7 M) =0

Important:

Before moving to the other helicity configurations, notice that all reference momenta have been already chosen for all photon polarisation states -- they must hold
for the whole calculation



(polarised) Compton Scattering

iM = (ie)* <2 {¢4%¢3+¢3%¢4} 1:

e the case V47—

_ (rs]v*[3 o _ (A"l _ V2 _ V2
€hy = V2 rss) | T s | far = T (12 BI+ 131420, f4- = 7 (14) [1] + 1] {4])
¢4_ ‘1] ~ (|4> [1‘ -+ ‘1] <4D |1] = — Therefore the second diagram does not contribute
. T N | o2 CHNNA2J QI+ M@ 3] . 2413 ., (24)°
M (12730 a7) = (2, g |1 = 2 41 (23) (24 [42 = 2 gy )~ 2 18y (28)

® the case 77+

Is left for you



3-point Amplitude

1 (rvy,3]
V2 (r3)
g islr2)

V2 (r3)
5 1131r2) 21
V2 (r3)[21]
i [13](r21
V2 r3)(21]
1+ 3)1]

)[21]
)31

21]

®in QED ML, 27, 3)) =(—ie)(29"1]

pi+p,+p;=0

|

/\/\
/\

e —Z\/_€ [13]
_ivae !

S
Qo

r

—~
=
%

—_ ﬁ —_
SN
~_—

:ﬁh/ie[

T

o]



From QED to Color Ordered QCD

® Feynman Rules of QCD: color and kinematics @ H
gluon &, W09 - b,y = 5“bG%W. quark a —»—}p = §Gp. — gatOyH,
@, a, o d, o
lpa _ s 2rrpabe pcde( oy 6 _ad, By ace ebde/ afB ~v6  _«ad P
pb/' = gsJave [9a8(Pa — b)Yy + 98v(Pb — Pe)a + GyalPe — Pa)sl- ??ﬁ;: = —igs [ S9N 97 — g™+ fU (9 g7 — g™ 9T)
ade pgbce/ afB ~vo a0
b5 AN ¢ b, 3 ¢, + (g g = 9% 9™)]
® Example-1 q9 — 99 2,a 3,b
2,a 3,b 2. a 3.b

1~ AT 1- A+
1~ AT
the color coefficients of each diagram: ta¢b toga —qfete = (ig) (i f2%t¢) = ig(tH"—tt%)
the amplitude structure: iM = iM(1234)T°T° + iM(1324)T°T* T = /2t° Tr (T9T?) = §°

A || ]




From QED to Color Ordered QCD

® Example-2

99 — 99

IM = iM(1234) - tr[T*T°TTY] -

HiM(
LM

324) - tr

423) - tr

TTTT*

+iM(.

TeTT T

+iM(

1342) - tr

432) - tr

- M (1243) - tr[T*T T ]

TTTT"

TeTTT”



From QED to Color Ordered QCD

® Color Ordered Partial Amplitudes

iMpcp = Z iM](.COlOlr ordered) s (color factor);
J

® Color Ordered Feynman Rules of QCD

Modified (simpler) Feynman Rules

P
q k i
V G (oo (2 = 0 + {0 = Ky + 0 (0 = )y )
P
K 1% | ;
— Znupny)\ — 5(77w/77pk - 77/0\77%0)
A P
1%
o q M — 277";”
—_ \/§’Yu P




3-gluon Amplitude < ;

ﬁ) e(1)* e(Q) e(3)* [g,,w<k1 — kz)z + 8y,1<k2 — kg)ﬂ + gzﬂ(kg — kl)v]

_ (ﬁ) [6(1) . €(2) (kl - k2> - €(3) +€(2) - €(3) <k2 - kg) (1) +e(3) - e() ("3 - kl) | 6(2)]




3-gluon Amplitude < ;

$> e(1)* e(Q) e(3)* [g,w<k1 — kz),l + 8y,1<k2 — kg)ﬂ + gzﬂ(kg — kl)v]

_ (é) [6(1) . €(2) (kl - k2> - €(3) +€(2) - €(3) <k2 - kg) -e(1) +e(3) - e(l) ("3 - kl) | 6(2)]

@ b (e 2y ED NI D) (=1 [nlr"12) _ 12[nn121) _ [nrl@1)
H v B B \/5 [y 1] \/5 (2. 2 [r1][r2] [r111[r)2]
1 413 1 ki —k,) |3
¢ 2 <k1 —kz) - €,(3) = <k1 _kz)/1 3177131 — 31tk — k)| 3]

\/5 (r33) \/5 (r33)

1 [rrn)(21) (ry| (k; — ky) | 3]
\/5 [r11][r>2] (r33)

e (1)- e (2) (kl _ k2> . €,(3) =




3-gluon Amplitude < ;

$> e(1)* e(Q) e(3)* [g,w<k1 — kz),l + 8y,1<k2 — kg)ﬂ + gzﬂ(kg — kl)v]

_ (é) [6(1) . €(2) (kl - k2> - €(3) +€(2) - €(3) <k2 - kg) -e(1) +e(3) - e(l) ("3 - kl) | 6(2)]

=D 12y ) (131 [r,3]1r32)
€_(2)-€,.(3) = - =(—1)
=2 \/5 (2 \/5 (r33) [1:2](r33)

\ IRy (. ED A =1 |k = k)| 1)
(=) -0 = (ta- ) IR - S G

1 [r3Krs2) [r|(ky —k3) | 1)
V2 [121(r33) [ry1]

e (2) - €+(3)<k2 ~ k3> e (1) =




3-gluon Amplitude ( ;

ﬁ) e(1)F e(2) e(3)* [gﬂy(kl - k2>/1 + gm(kz - ’%)u T 8@("3 - kl)v]

_ (é) [6(1) . €(2) (kl - k2> - €(3) +€(2) - €(3) (kz — k3) (1) +e(3) - e() <k3 - kl) | 6(2)]

a b
! ) (=1 [ [7*12) (1) (r3lr* ]3] [7,31(r;2)
e (2)-¢,(3) = ER. 3 _ (=122
" A \/5 [1)2. \/5 (r33) [1,2](r33)
: Ry (o ED ) =1 (k= k)| 1)
(o=)eth=(t=b) Va [nll 2 nll
k3

1 [r3Krsl) [1ry| (ks — k) |2)
/2 [1111(733) [r52]

e.(3) - e_(l)(k3 _ k1> e (2) =



3-gluon Amplitude

1 [rn](21) <’”3|(k1_k2)|3] 1 [”23]<”32> [”1|(k2—k3)|1> 1 [’”13]<’”31> [’”2|(k3—k1)|2>

e (1)-e.(2) (kl - k2> e,(3) = e (2)- €+(3)<k2 - k3> e (1) = e, (3)- e_(l)(k3 - kl) e (2) =

\/5 [rll][r22] <V33> \/5 [722]<7'33> [}"11] \/E [7‘11]<}"33> [}’22]

I’1=k2,l”2=k1,1’3=?,

1 [13Krs2) [2|(=k3) | 1) 1 [23Kr31) [1](k3)]2)

e (2)- €+(3)<k2 - k3> e (1) = e, (3)- 6_(1)<k3 _ kl> e (2) =

\/5 [12]{r33) [21] \/5 [21Kr33)  [12]

1 [211€21) (3] (k) — ky) | 3] _ 1 (21) (r3| (k; — (=k1 — k3) | 3] _ 1 (21) 2(r3| k| 3]
/2 [211[12] (r33) /2 [12] (r33) V2 1121 (r33)

e (1)-e_(2) <k1 - k2> e,(3) =

2 (21) (r3lk (3] _ 2 (21) (r))[13]
V2 121 (n3) 2 1121 (r3)

2 2DEDI3] _ 2 @HEDHIBKEL 2 2DHEDEDI2IRY) 2 (12)°

r3 =k ’ V2 [121(23) V2 [121(23)(31) V2 [12]{23)(31) V2 (23)(31)
( k k \
Multiplying by \la {

B 4

iM(1,,2,.30) =" a2 L ()
ﬂ C(23)(31)  (12)(23)(31)

_ R y




Color Ordered Amplitudes in QCD

® Example-1 qq — qQq
2,a 3,0
2,0 3,0 . (1 4.9
™, = ([0 2= o
iM(1234) — « + . e
/ ’ +—(17M][e(2) - €(3)(2 - 3)y
| S23
1~ 4+ +ex(3)(2-3 +2) - €(2) + ex(2)(—2-2 - 3) - €(3)]
1~ 4+

® Example-2 gq — gqg

M (1234) M ﬁ :’i@ _ \/_q_ )2 i[e 1) - €(1)(4 = 1)* + eM(1)(21 +4) - €(4) + €*(4)(—24 = 1) - €(1)]

16(2) - €(3)2 = 3)a 4+ en(3)(23 +2) - €(2) +ex(2)(-22 - 3) - €(3)]

*—[5(1 e(2)(1=2)* + eM2)(22+ 1) - ¢(1) + €Y(1)(—21 —2) - ¢(2)]
[e(3) - e(4)(3 = A)a+ ex(4)(24 +3) - e(3) + ea(3)(—23 — 1) - €(2)]
+(—1)[26(1) - €(3) €(2) - €(4) — €(1) - €(2) €(3) - €(4) — €(1) - €(4) €(2) - €(3)]



Maximally Helicity Violating (MHV) Amplitudes

®n-particle scattering processes

®n-gluon amplitudes gqg — g1...G9n—2

iM(1",...,n") =0=:M(1",2%,3",... (n—1)",n")

] ' ' . n—2 <ij>4
MHV iM(g(1)---g_(i)-+-g_(j) - gs(n)) = ig 12)(23) -~ ((n — D)n)(nl)
W AM(g-(1) i (i) g () - g-(n)) = (=1)"ig" /]

12][23] - - - [(n = D)njnl] Parke-Taylor formulas

qq —7 g1 -.-9n—2 (depending just on one type of spinor-product)

same helicity

| | L (1i)" (ni)
MHV tM(q-(1)g4+(2) -+ g-(2) - - g+(n — 1)g,.(n)) =ig 12)(23) - ((n — Dy (nl)
W Mg (g (2) 0. () g 1T () = (1) g2

12][23] - [(n = 1)n][n]



Maximally Helicity Violating (MHV) Amplitudes

prefactors and coupling dropped

®3-gluon MHV amplitude

2- 2- 3+
' _ _ (2
B - (23) (31)
-
®4-gluon MHV amplitude - -
2~ 3t 2- 3+
_ N n _ (1)
B (23) (34) (41)
1~ At 1 At
1~ At
®5-gluon MHV amplitude
- 3" 2~ 3+
R o 3" 2 3+ AT
A+ 27
3+ 5+
+ 27 + + f;ﬁ-‘l‘ Ezﬁjt ol +
5T 1-
1™ 5T B N B N 1™ 5T n 2— 1~
- 1= 5 1 5 5
3+ o s 4t
. (12)°
+ 57 + + 2 =
2 5+ (23) (34) (45) (51)
2 5+



Little Group Transform

® Little Group Transform on Spinors
The Little Group is a subgroup of Lorentz group leaving the momentum invariant:

4 ) Ko e
k) — 2 |k) & k] — 27 L] eave k' = <k|W2 LS Invariant
\_ W,
® Little Group Transform on Polarisations
] q]7" | k) > (1 ' (q|~" | k] 5 4
GH(I‘@C]): /2 I g %( . q) e (k,q) = — Z € (k,q)
[C] ] negative helicity polarisation \/_ <C] > negative helicity polarisation

®Little Group Transform on Amplitudes

the rescaling goes as zj_%j with the helicity h; for the external particle j.
- . )
—2h.
i./\/l(lhl,...,nh”) —> sz & i,/\/l(lhl’ ,nh”) Amplitudes' scaling

_ = Y,




Little Group and 3-particle Amplitudes

® 3-particle Amplitude from Little Group

® ansatzt i./\/l(1h12h23h3) - <12>n3<23>n1<31>n2

ny + ne +ng > 0

olG scaling i./\/l(lhl 2h2 3h3) ~ <12>n3 <23>n1 <31>n2 —> Z{’l3+n2 Z£l3+n1 Z§l1+n2 i./\/l(lhl 2h2 3h3) — Z1—2h1 Z2_2h2 Z3_2h3 i./\/l(lhl 2h2 3h3)
Lo ng + N2
1= 5 n1 =hy — hg — hs,
> ho = ng;nl > ng =hg — hg — hy,
niy + N9 n3 :hS_hl _h2'
hy = >

®final behaviour

i M(1712h23hs) ~

12 hg—hl—hg 23 hl—hg—hg 31 hg—hg—hl h < O
{< > < > < > — h = hiy+ ho + hs



Little Group and 3-particle Amplitudes

i M(112h23hs) ~

| 12 hg—hl—hg 2 hl—hg—hg 1 hg—hg—hl <
{< ) (23) (31) <0, h = hy+ h + hs

®3-gluon Amplitudes

possible helicity configurations: +++, ++—, — — 4+ and — — —
M(10F 23~ [12)[23)[31] M(72737) ~ (12)(23)(31) —
3 - ; ~ 1= 2—__ 3=
i M(19T20F37) ~ 12 iM(1=273%) ~ 127 < nom s
23][31] (23)(31) hy—hy—hy=—1
> g hy—hy—hy =—1

3-gluon MHV Amplitude \ V),




Little Group and 3-particle Amplitudes

i_/\/l(1h12h23h3) ~{ <12>h3—h1—h2<23>h1—h2—h3<31>h2—h3—h1 h<0,

o h:h1—|—h2—|—h3

®3-gluon Amplitudes

possible helicity configurations: +++, ++—, — — 4+ and — — —
i M (19720735 ~ [12][23][31] iM(1727,37) ~ (12)(23)(31)
| _ 12]° (12)]
l/\/l(la+2b+?)c ) -~ | iM(172737) ~
23][31 S COTETR \V
® 3-Graviton Amplitudes (spin-2)
iM(1F, 25, 35) - [12]%[23]°[31]° iIM(1222,35) ~ (12)2(23)%(31)?

~ ) Graviton Gluon
l./\/l( 12_;, 22, 3G) ~ [ ] IM(152. 32) ~ U2 > S Gluon

232[31]2 23 (1)

3-graviton MHV Amplitude

\




Residue Theorem and Partial Fractions Formula

Suppose that the function f is analytic within and on a positively oriented simple closed contour C except for

a finite number of isolated singular points {z;,7 = 1,2,..., N} interior to C, then 4 C
C S G
N = R e
f(z)dz = 27?12 Res f(z). N e X
C o PR
]:1 > X
ini ! d = R = —R
e Pole at Infinity — 74 2f(2) = Y Resf(z) = —Res f(2),
(/
4 )
i — R = — R
i R fla) =0 > Bgf) =% Re
\_ ' W,
® Example dz
/ =0
2(z—2z1) (2 — zp)
(—1)7 1 1 1 1

122" %n z1(z2 — 21) -+ (20 — 21) | (21 — 22)22 -+ (2 — 22) h (21— 2zn) .- (Zn—1 _Zn)zn'



Residue Theorem and Tree-Level Amplitudes

Tree-Level Amplitude

(redefinition) iM = M

® Residue Theorem

Let us define  f(z) = M(z) with :;fieo% f(z) =

Z

® Complex Momenta Deformation by Spinor Shift

Choose two legs i and j

N i) = i) 2
i) = i) + 21 >
J)=13) — =10 Pl —
j| =]

(7

z-dependence

e

2
~H

2

momentum conservation

masslessness

’[: L—=Zq 1 J
g} <Z|7M|Z] <7J‘7M|]]
— ; - 2 5 = pt' + zeé},

\_ _/

i _ Gl G . .

2 2
Di +Dj = Di +Dpj

ﬁ?zp?JrE?jJrQZEij'pi:O

~
_J

Complex Deformation
Analytic Continuation

s iy
(/A 2

[complex momentum]




Residue Theorem and Tree-Level Amplitudes

Poles We have seen that f(z) has an obvious pole at z = 0. The other poles will come from
denominators of propagators involved in a factorization of of the amplitude of the form,

relevant for the residue thm

NO pole in z pole in z NO pole in z

Propagator momentum:

ab_zpm — ab—me—p2‘+---+p§l1+ﬁ§+p§+1+---+pﬁ= b — zel,
m=a

32 p BT )2 _ — —
ab — ( ab Zezy) = Qgp — QZEianb =0 = QQ QQ
ab (z

simple pole @ Zab =



Residue Theorem and Tree-Level Amplitudes / Quadratic recurrence relation (BCFW)

® Residue Theorem : o b
simple pole @ Zab = = — .
Pie P 2Qab - €5 (1| Dy | 7]
M (z) M(z) My, (2 = zap) MR (2 = 2ab) My, (2 = zap) MR (2 = 2ab)
M =R = — R = : . =
e D L BTy Y R :
/ a-1 a \
3
2 / ‘ Britto
Ny _— 4 - E 1 N th . —h . Cachazo
M~ - X 1= My — . Mr T Feng
’ ~ \ : a,b Sa...b Qab e Witten
‘ \ l cuts, helicity ‘ ‘ Relation
\ noJ b+1 . /
Quadratic Relation: Building Tree-level Amplitudes from lower-point (simpler) on-shell Tree-Level Amplitudes
Mp(2) =M ((b+1),...0,(a—1),Ql)
2
L o N—h % b
MR(Z)—M( Q b,a,],...,b). Sab:Qc%b:(zpm>

(all incoming momenta)



BCFW Relation @ Work

®5-gluon MHV Amplitude

M; = - a4 OO
1~ 5t
2) =12), (2} = |2] + 23],
_ 3)=13)—22), |§}:;3],
P2 = p2 + z€23, P3 = P3 — 2€23,
_ (12)° 1 [34]° 1 (12)3 [34]°
(20) (@s) (1) o [4Q] [@s] =1 (2]@[4] (5| @3] 1)
<2 Q 4: - <2 Py + P, — 2o 4: - <2 P, — (23) [34], M, — (12>3
(5|@ 3] = (5| py +p, — 225 |3| = (5|p,|3] = (54) [43], (23) (34) (45) (51)

1 term instead of 10 Feynman diagrams



BCFW Relation @ Work

®4-graviton MHV Amplitude

Figure 3: One of the two diagrams contributing to the recursion relation for the MHYV
amplitude M(17,27,3%,47). The other is obtained from this by cyclically permuting the
labels (3,4) — i.e. swapping 3 with 4.

& 3
Shifting p; and p,
MO = My My e = ([4[§§];])2’ e <<2<3];<23>P>> g0l - <@[|]§1|:]
> MO = R
The full amplitude is M (17,27, 3%, 4%) = M®) + MW = 12)7114 -3 4

(14)(23)2(34)?



Soft Limit of Gluon and Graviton Amplitudes

1 Soft limit and notation

Let an external massless momentum ps become soft,
PDs — EPs, e — 0.

In spinor variables we use the symmetric scaling

pf: <S|};M‘S] ‘S> SN \/E|S>, ‘S] N \/E‘S]

Then
(is) = O(Ve), is] = O(/e), Sis = 2p; - ps = (is)|si] = O(e).

The leading soft behaviour of scattering amplitudes is universal: it depends only on the
momentum and helicity of the soft particle and on the external hard particles, not on the
detailed structure of the hard process. Historically, this universality is associated with Low’s
soft theorem for photons and Weinberg’s soft theorem for photons and gravitons.



Soft Gluon Theorem

t X Syas.b)

lllll

lllll

Consider a color-ordered Yang—Mills tree amplitude

Anii(...,a,8,b,...),

where the soft gluon s is inserted between adjacent hard legs a and b in that cyclic ordering.
At leading order,

Apii(...,a,s".b,...) — Sg&(a, s DY An(...,a,b,...).

The leading color-ordered soft factor depends only on the two legs adjacent to the soft gluon.

0) () o+ py— _\aD) ) (o~ py_ _lab
® Soft gluon factors Sy (@, sT,b) = as) (D) Syn(a,s™,0) = as|[sh]
Under the symmetric soft scaling, |

SS((% = O(—) , and therefore Apg1 ~ gAn.



Soft Gluon Theorem / Soft MHV Amplitude

Example: positive-helicity soft gluon from Parke—Taylor

Consider an MHV amplitude with a positive-helicity soft gluon s inserted between hard legs a and b:

4
AMBV (17027 3% .. Ja, sT,b, ..., nT) = (12)(23) - -<<1a23><3b> o (nd)
B (12)4 (ab)
(12)(23) - - - {as)(sb) - - - (nl) (ab)
(ab) (12)4
(as)(sb) (12)(23)---(ab) - - - (nl)
— <a<;>”2b>A7¥HV(1,2,3+,...,a, b,...,n")

AP — Sg)lzd(a, s, b) AMHV,




Color-dressed Soft Gluon Theorem

For a tull color-dressed Yang—Mills amplitude, the leading soft factor is not restricted to adjacent
legs. Instead,

A1 (L, on,8) — SO0 pn(8) An(L, ... 7).

The tull leading soft-gluon factor is

n

(0) o Es " Di
SYM,full(S) — Z T o
1 Ps * Di

Here T; is the color generator acting on the ¢-th hard external leg.
The color-ordered soft factor is the planar version of this statement. In a fixed cyclic
ordering, the soft gluon only attaches to its two adjacent color neighbours, giving

€s * Pa Es * Pb
Ps * Pa Ps = Db

Sg&(a, s, b) =



Soft Graviton Theorem

Now consider a pure gravity tree amplitude
Mpi1(1,...,n,8).

When the graviton s becomes soft,
pS — 8p87

the leading behaviour is

Mpii(1,...,n,s") — SO (s"\M,(1,...,n).

grav

The leading gravity soft factor is Weinberg’s soft factor,

For a graviton polarization tensor written as a product of two gluon polarizations,

CC:'&9) _ 8/88) g.f/s) 7

this becomes
mn

g(0) (s) = Z (€s - pi)(Es pz)

i—1 Ps - Di

Unlike the color-ordered gluon soft factor, the graviton soft factor is a sum over all hard external
particles.



Soft Graviton Theorem

For a positive-helicity soft graviton s™, introduce two reference spinors x and y. The polarization

tensor may be viewed as

ew(sixy) =l (siz)e) (s3y)

Then the leading soft graviton factor is

g(0) (sT) = zn: [3@] (1) <?ﬂ>

grav

Similarly, for a negative-helicity soft graviton,

500 (57) = En: <87f> 2] [yi]

ol )= 2 ] [as] [ys

1
(0) _— -
Serav = O (5 ) ,

1
Mn_|_1 ~ gMn

Under the symmetric soft scaling,

and hence



Soft Graviton Theorem

The leading color-ordered Yang—Mills soft limits are

Apa1(oo o a,st.b,.0) ><ai‘;lz2b>An(...,a,b,...),

For gravity,

and

Mpi1(1,...,n,8 ) — Z <SZ> 2] lyi My,(1,...,n).

These are the leading Low—Weinberg soft factors written in spinor-helicity variables.



