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General relativity

1
Ry — §g,“,R + Mgy = CTTIW

(November 25, 1915)

> left: geometry (gravitational field)

» right: matter fields (Standard Model of particle physics)



Canonical Formalism

XY =t"=Nn"+N°XY,

nt

dr = th§ ‘

2" = const

ds? = gudrtde” = —N2dt? + hep(de® + NOdt)(dz® + Nbdt)
= ab — N3)dt? + 2hgy Ndxdt + hapdztda® .
hay NN — N2)dt? + 2h,, N*dzbdt + hepdz®da®

configuration variable: three-metric A,



More fundamental viewpoint:

three-manifold 3 is given; only after solving the dynamical
equations can we construct spacetime and interpret the
time dependence of the metric h,;, of X as being brought
about by ‘wafting’ > through a four-manifold via a
one-parameter family of embeddings

» Six evolution equations for h,;, and its canonical
momentum 7

» Four constraints

Spacetime can then be interpreted as a ‘trajectory of
spaces’



Einstein’s equations can be written as a dynamical system (for
the three-metric h,;, and its canonical momentum 7 on a
spacelike hypersurface ) of evolution equations together with
constraints:
M, = 26Gapear®rd — (2/@)_1\/5((3)1? —2A) + Vhp ~ 0
H* = 2Dy + Vhj*~ 0,

with the DeWitt metric

Gabc - 7(hachbd +h dhbc - habhcd)
2vh

and
k= 8rG/ct

H =~ 0 is called “Hamiltonian constraint”, #% ~ 0 are called
“momentum (diffeomorphism) constraints”.



Constraints and evolution

I

Constraints are preserved in time <= energy—momentum
tensor of matter has vanishing covariant divergence

compare with electrodynamics: Gauss constraint preserved in time
<= charge conservation

Il
Einstein’s equations are the unique propagation law consistent
with the constraints

compare with electrodynamics: Maxwell’s equations are the unique
propagation law consistent with the Gauss constraint

Constraints: Laws of the Instant



Problem of time |

Restriction to compact three-spaces X:

» The total Hamiltonian is a combination of pure constraints;
all of the evolution will be generated by constraints;

> no external time parameter exists;

» all physical time parameters are to be constructed from
within our system, that is, as functional of the canonical
variables; a priori there is no preferred choice of such an
intrinsic time parameter.

The absence of an extrinsic time and the non-preference of an
intrinsic one is known as the problem of time in (classical)
canonical gravity. Still, spacetime exists.



Structure of configuration space

Superspace (Wheeler 1968):
S(X) := Riem X/Diff X.

By going to superspace, the momentum constraints are automatically
fulfilled. Whereas Riem ¥ has a simple topological structure, the
topological structure of S(X) is very complicated because it inherits
(through Diff ¥2) some of the topological information contained in X.

Important: DeWitt metric and its projection on superspace



Superspace

Fkoww (k'[{wrr’ T{Aofl,,y/ {/\/(AH(U/
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Erwin Schrddinger 1926:

We know today, in fact, that our classical mechanics fails for
very small dimensions of the path and for very great curvatures.
Perhaps this failure is in strict analogy with the failure of
geometrical optics ...that becomes evident as soon as the
obstacles or apertures are no longer great compared with the
real, finite, wavelength. ... Then it becomes a question of
searching for an undulatory mechanics, and the most obvious
way is by an elaboration of the Hamiltonian analogy on the lines
of undulatory optics."

"wir wissen doch heute, daf3 unsere klassische Mechanik bei sehr kleinen
Bahndimensionen und sehr starken Bahnkriimmungen versagt. Vielleicht ist
dieses Versagen eine volle Analogie zum Versagen der geometrischen Optik
..., das bekanntlich eintritt, sobald die ‘Hindernisse’ oder ‘(")ffnungen’ nicht
mehr grof3 sind gegen die wirkliche, endliche Wellenlange. ... Dann gilt es,
eine ‘undulatorische Mechanik’ zu suchen — und der nachstliegende Weg
dazu ist wohl die wellentheoretische Ausgestaltung des Hamiltonschen
Bildes.



Hamilton—Jacobi equation

’ Hamilton—Jacobi equation — guess a wave equation ‘

In the vacuum case, one has

5S 68 Vh

_ GR —2A) =
16”GGabcd5hab hog rg' E—24) 0,
55
D,22 =
5hap 0

(Peres 1962)

Find wave equation which yields the Hamilton—Jacobi equation
in the semiclassical limit:

Ansatz :  Ulhg| = Clha) exp (;S[hab]>

The dynamical gravitational variable is the three-metric hy! It is
the argument of the wave functional.



Quantum geometrodynamics

(a) John Archibald Wheeler (b) Bryce DeWitt

Application of Schrddinger’s procedure to general relativity leads to
2

— ) 5
e ( 167G e g

— (167G) ' VR(WR - 2A) + \/Ep) U=0
Wheeler—DeWitt equation
fow = —op, P 0% VR =0
i 0hap
quantum diffeomorphism (momentum) constraint



Comparison between geometrodynamics and particle dynamics
underlying notion geometrodynamics particle dynamics
dynamical object space particle
configuration hij 3-geometry X, events
classicl descripion | h() dgeomery | x({) wiectory
dynamlcal arena ............... Superspace e spacetlme ........
wave function(al) lP[hU] l//(x , 1)

© C. Kiefer and P. Peter




Solutions?

» Formal solutions can be obtained in simple situations, e.g.
when only a cosmological constant is present (Isham 1976)

» Solutions to a lattice version of the Wheeler—DeWitt
equation can be obtained (e.g. Hamber, Toriumi, Williams
2012)

» Some solutions for spherically-symmetric models (e.g.
black holes) and many solutions in quantum cosmology
(see Lecture V)

» Proposal of regularization methods (e.g. J. C. Feng 2018)



Problem of time |l

» Spacetime has vanished from the formalism; only space
remains.

» This holds also for loop quantum gravity and probably for string
theory;

» it holds for any theory that has no absolute time at the classical
level.

» The Wheeler—DeWitt equation has the structure of a wave
equation and may therefore allow the introduction of an intrinsic
time.

» The Hilbert-space structure in quantum mechanics is connected
with the probability interpretation, in particular with probability
conservation in time t; what happens with this structure in a
timeless situation? (Schrédinger inner product or Klein—Gordon
inner product or no inner product?)



Figure: Absence of time in full quantum gravity

Figure from: C.K, B. Nikoli¢, J.Phys.Conf.Ser. 880, 012002 (2017).



Diffeomorphism constraints

Under
% = % =2+ IN*(x),

the three-metric transforms as
hap(X) > hap(X) = hap(x) — Dad Ny (x) — Dy Ny(x).
The wave functional then transforms according to

5
Shap(x)

Ulhay] = Ulhay) — 2 / d3z Dy Ny(x).
Assuming the invariance of the wave functional under this
transformation, one is led to

o

Dy~ =
Shab

0.

Under large diffeomorphisms, the wave functional can acquire a phase.



A simple analogy is Gauss’s law in QED (or its generalizations

to the non-Abelian case). The quantized version of the

constraint VE =~ 0 reads
h_0VU[A]

-V

VoA 0

from which invariance of ¥ with respect to gauge
transformations of the form A — A + V\ follows.



Constraint algebra

(ML HLY)} = —odalx,y) (B0 + B (3)Ho(y))
M) Ho(y)} = Ho()a(xy)
[Ha(), Ho(3)} = Ho(x)6.0(x) + Ha(¥)30(x.¥)

Relation to four-dimensional diffeomorphism invariance of
general relativity?

Important: are there central terms (anomalies) « A" in the
quantum theory? If yes, not all of the quantum constraints
would hold (compare string theory).



Dirac (1968

CUANTIZATION OF GRAVITATIONAL FIEID 543
The problem has been investigated by 7. Schwinger (Fhys. Rev. 132
(1962) 1817). Schwinger uses a differcr: no‘ation, based on the dyna-

“nical co-ordinates g% - KZe® , wilh apprepriste momenta corjugate to
shem, bul his equations sre equivalent o the ones given here

Sehwinger makes his attack more powerful by considering the quan-
tum analogue, not of ¢, but of K*3|, where n is some number al aur
disposal Classically, K"6, satisfics, as (he conditions replacing Fqs (14)

K76, 11 = (K™61) , 6c-x") + {u+ K" $ 8, (x-x7) as

[ERs S

KR {erg ettt} xor) a9
Schwinger assumes for the quantun K", the Hermitian expression

(K 1) =

PR e Ean - B £ PP KPR (20)

I setisfios
that transform:

(18) for any n, aince shis equation kolda fo: any quaniity
der transformations of the co-ordinates 1,
x?, x3 of the su e
% - Schwinger proceeds to examine what value of n, if ary, would make
T (®7yg satisiy Bq. (13) with the quantum expressions (17) for the ¢ '
on the right-hand side, with their coeificients all on the The cal-
dation involves quantitics of the form 8(x-x')6 , (x-x"). There does not
any general method for handling such quadratic quantities in the
S-lanction, Sxeciteom inconsiatoncion. However, by uaing stuple wnd
plausiole bul non- rigorous methocs, Scltwinger is able to show thal the
cordition is satistied w Shace the right-hand £ide of 0. (18)
must be Hermitian, it must then be cqually passible ‘o have all the cocf-
5 of the §,'s on the rignt

e problem of the yuarizalion of the gravitati

X L fieldis h:
o Tafler Uncerats saie. I one accepts Schwinger's plausible m
problem 15 golved. But rof b6 Fappy

having

5-Tunction.
The 5071 of inconsistency one mus: prevent is ilistrated hy the

“ollowing calealation with 6(y) for ane variable y. We have

oy =0 1)
Differentiating, we get
Yo = - ly) (22)
Mulliplying Fg.(21) by 5°(y), we get
Yo (s =

and mulsiplying £q. (22) by 4(y), we get

Yo 8y} = - {a(ni?

wd of pepe



Path Integral satisfies constraints

» Quantum mechanics: path integral satisfies
Schrédinger equation

» Quantum gravity: path integral satisfies
Wheeler—DeWitt equation and diffeomorphism
constraints

The full path integral with the Einstein—Hilbert action (if defined

rigorously) should be equivalent to the constraint equations of
canonical quantum gravity



A Dbrief history of geometrodynamics

» F. Klein, Nachrichten von der Kéniglichen Gesellschaft der
Wissenschaften zu Goéttingen, Mathematisch-physikalische
Klasse, 1918, 171-189:
first four Einstein equations are “Hamiltonian”and
“momentum density” equations

» L. Rosenfeld, Annalen der Physik, 5. Folge, 5, 113—152
(1930):
general constraint formalism; first four Einstein equations
are constraints; consistency conditions in the quantum
theory (“Dirac consistency”)



» P. Bergmann and collaborators (from 1949 on): general
formalism (mostly classical); notion of observables
Bergmann (1966): Hy =0, 9¢/0t =0
(“To this extent the Heisenberg and Schrédinger pictures are
indistinguishable in any theory whose Hamiltonian is a
constraint.”)

» P. Dirac (1951): general formalism; Dirac brackets

» P. Dirac (1958/59): application to the gravitational field;
reduced quantization
(“ am inclined to believe from this that four-dimensional
symmetry is not a fundamental property of the physical world.”)

» ADM (1959-1962): lapse and shift; rigorous definition of
gravitational energy and radiation by canonical methods



» B. S. DeWitt, Quantum theory of gravity. |. The canonical
theory. Phys. Rev., 160, 1113-48 (1967):
general Wheeler—-DeWitt equation; configuration space;
quantum cosmology; semiclassical limit; conceptual
issues, ...

» J. A. Wheeler, Superspace and the nature of quantum
geometrodynamics. In Battelle rencontres (ed. C. M.
DeWitt and J. A. Wheeler), pp. 242-307 (1968):
general Wheeler—-DeWitt equation; superspace;
semiclassical limit; conceptual issues; . ..



Ashtekar’s new variables (1986)

» new momentum variable: densitized version of triad,
Ei(z) == /h(z)ef(z) ;

» new configuration variable: ‘connection’ ,
GA}(2) =T (x) + BE(x)

{AL(), B} (y)} = 81585800, y)

New free parameter: Barbero—Immirzi parameter



Loop quantum gravity

» new configuration variable: holonomy,
UlA,a] :=Pexp (G [, A) ;

» new momentum variable: densitized triad flux
Ei[S) = [sdoa B

Under some mild assumptions, the holonomy—flux
representation is unique

Quantization of area:

AS)Ws[A] = 87812 Y Vir(ip + 1)¥s[A]

pPesSnS



Open questions

» Hamiltonian constraint not yet fully understood

» Physically interesting solutions to all constraints?

» Is the quantum constraint algebra anomaly-free off-shell?
» Semiclassical limit?

Alternatives: spin-foam models, group-field theory



	Classical canonical gravity
	Quantum geometrodynamics
	Connections and loops

