


The conservation law for the orbital plus spin angular momentum of a free Dirac
particle in curved spacetime requires that the affine connection has the antisymmetric
part: the torsion tensor, which extends general relativity to the Einstein—Cartan theory
of gravity.

In the presence of torsion, the Dirac equation becomes a nonlinear, cubic equation in
the spinor wave function.

We show that the energy eigenvalues of the corresponding Hamiltonian as functions of
the momentum are different for the fermion and antifermion components of the spinor,
violating charge conjugation symmetry, and also depend on the helicity.

Consequently, particles of matter and antimatter have different dispersion relations and
therefore different masses.

This mass difference increases with density and becomes significant near the Cartan
density, which existed in the early Universe.

Because antimatter particles were more massive than matter particles, they were also
slower during pair production in the early Universe and therefore had higher cross
sections for gravitational capture by primordial black holes.

This difference might have led to the matter—antimatter imbalance in the observable
Universe: the missing antimatter fell into black holes. 2



General relativity with spin and torsion

In general relativity, the affine connection I‘k is constrained to be symmetric.

Einstein—Cartan—Sciama—Kibble (EC) gravity removes this constraint by re-
garding the antisymmetric part of the connection, the torsion tensor:
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as a variable instead of zero. The covariant derivative of the metrlc tensor 1S
zero, as in GR, giving the connection Fk = I"IC + Sk + 54 by sz , Where Fi-“j
are the Christoffel symbols.

The total Lagrangian density is ——R\/ g+ L, where R is the Ricci scalar
constructed from the connection, kK = 87TG /ct, and L, is the Lagrangian den-
sity of matter, as in GR.

Varying the Lagrangian with respect to the contortion tensor Cjj i, = Sk +
Siki + Skji gives the Cartan equations:
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where S; = S*,, and s9* = 2(0L,,/5C;;1)/\/—g is the spin tensor.



General relativity with spin and torsion

Varying the Lagrangian with respect to the metric tensor g;;. gives the Ein-
stein equations with the Ricci tensor. They can be put into a GR form with the
combined energy—momentum tensor:
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Dirac spinors, representing fermions, couple to torsion through the covari-
ant derivative in the Lagrangian and therefore are the source of torsion. At

macroscopic scales, Dirac fields can be averaged and described as a spin fluid:

sijk = S@‘juk, sijuj = 0.
The terms in the effective energy—momentum tensor that are quadratic in the

spin tensor do not vanish after averaging:
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where s? = %sij s > 0 o< n# is the averaged square of the spin density.

Hehl, von der Heyde, Kerlick & Nester, RMP 48, 393 (1976).
NP, Classical Physics: Spacetime and Fields, arXiv:0911.0334.



Spin fluid and avoidance of singularities

The Einstein—Cartan equations for a spin fluid are therefore equivalent to
the Einstein equations in GR for an ideal fluid with

526—617’%?, ﬁ:p—an%,
where € and p are the thermodynamic energy density and pressure, ns is the
number density of fermions, and o = x(fic)?/32.

EC deviates from standard GR only when torsion is strong: at densities
near the Cartan density pc = m2c*/Gh* (about 10°! kg/m? for electron), so it
passes all tests of GR. In vacuum, torsion is zero and EC = GR.

The negative corrections to € and p act like repulsive gravity. For a FLRW
universe, they are proportional to a~°® (like shear) where a is the scale factor.
With particle production in the early universe, the power is higher than 6, thus
preventing the formation of a cosmological singularity.

NP, JETP 132, 374 (2021).

Gravitational collapse of matter in a black hole avoids a singularity; a
nonsingular bounce forms a new, closed, growing universe on the other side of
the black hole’s event horizon: our Universe formed in a black hole?

NP, PLB 694, 181 (2010); GRG 44, 1007 (2012); PRD 85, 107502 (2012); Cubero
& NP, CQG 37, 025011 (2020).



Spacetime with Torsion

Torsion has simple geometrical interpretation. Parallel translation of vector
PR along vector P(Q gives vector Q1. Parallel translation of vector P() along
vector PR gives vector RT’. In spacetime with curvature, parallel translation
changes directions of vectors but points T' and 7" coincide. In spacetime with
torsion, points 7" and 7" are different: the parallelogram formed when two vec-
tors are transported along each other is not closed.
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In spacetime with torsion, the components of momentum (generators of
translation) do not commute. Therefore, integration over momentum in loops
in Feynman diagrams is replaced with summation over the momentum eigen-
values. The separation between the eigenvalues increases with the magnitude of
momentum. Consequently, this replacement regularizes divergent integrals by
turning them into convergent sums and eliminates ultraviolet divergence:
bare masses and charges of elementary particles are finite.

NP, Classical Physics: Spacetime and Fields, arXiv:0911.0334;
F. Guedes & NP, CQG 41, 065011 (2024).
NP, FP 50, 900 (2020); Del Grosso & NP, CQG 41, 225001 (2024).



Dirac equation with torsion

The covariant derivative of a spinor v is V;9 = 0;9 — I';4, where the spinor
connection I'; is given by the Fock—Ivanenko coefficients I'; = —(1/4)w,.:v*v",
with the spin connection w”,; = efw* ; = € Vel = e} (Dief + I'¥;el) and the
Dirac matrices y*.

The Dirac equation for a spinor wave function representing a fermion with
mass m is given by ih’y”eiviw = mcy. In EC, the covariant derivative in the
Dirac equation is linear in torsion, the torsion tensor is proportional to the spin
tensor because of the Cartan equations, and the spin tensor is quadratic in the
spinor field and completely antisymmetric:

sHP = (1/2)ikabyH o Py,

where ¢ = 9740 is the adjoint spinor. Consequently, the Dirac equation is
cubic (nonlinear) in the wave function: Hehl & Datta, JMP 12, 1334 (1971):
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where V; is the covariant derivative with respect to Pfj

At extremely high densities, torsion makes quantum mechanics nonlinear:
linear superposition, wave function collapse, quantum measurement?



Dirac equation with torsion

In the locally flat coordinate system, the Dirac equation (1) can be written
in the Hamiltonian form:
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where a is the vector formed from the matrices a* = S~* with the space indices
p, and B =AY, If the particle has four-momentum p,,, the corresponding spinor
wave function has a form of a locally plane wave proportional to exp(—ip,z*/h),
where x# are the spacetime coordinates. Consequently, the Dirac equation (2)
becomes

Ep = p - acy + mc’ By + k(7 v) vy v = Hy, (3)

where p is the momentum, E is the energy, and k = (3/8)xh*c. The dimension
of the wave function is thus m~*! s=1/2,

Writing v* in terms of the Pauli matrices o#, forming the vector o, gives
the Hamiltonian matrix H:

mcly + k(Ylay®y) - o o - pc— kTS A
o - pc— kipTy%y —mc?ly + k(YTay’y) o )’ (4)

where I5 is the two-dimensional unit matrix.



Dirac Hamiltonian matrix with torsion

The Hamiltonian matrix is equivalent to

mc? + kj. k(]x - Z]'y) p.c—kp (pa: - 'ipy)c

k(J:c + ZJy) me? — kj. (px + ipy)c —PzC — kp (5)
p.c—kp (p:r: - ipy)c —mc* + kj- k(]x - Uy)

(p:c + 7:py)c —pPzC — k‘p k(.]:c + ij) —mc? — ka

where p = j% = 919" is the time component of the spin pseudovector four-
current j* = 1)y*y°1) and its space components j are j, = ¢,y and similarly
for y and z.

Diagonalizing the Hermitian matrix (5), det(H — AI) = 0, determines the
energy eigenvalues A through a quartic equation:

M4+ aX4+bA+d=0,

a = —2[(mc?)* + p?c® + k%52 + k%p?], b=8k*pc(p -j).

d = (mc*)* +2(mc?)*(p*c® — k%j° + k*p?) + p*c?

LR 4 Rt 4 22D — 4R2A (p - )% — 2k2Ep% 0% — 24200, (6)

This dispersion relation determines the four possible energies of a free spinor
particle in the presence of torsion. arXiv:2101.04212.



Energy of a free spinor particle

The four roots of the quartic equation in (6) can be determined using the
Ferrari method, which writes this equation in the form: (A + y/2)? = (y —
a)A\? —bX+y?/4 —d, and chooses the quantity y such that the right side of this
equation is a perfect square. This condition means that the discriminant of the
quadratic equation on the right side is zero, giving a cubic equation for y:

b® — (y* — 4d)(y — a) = 0. (7)

The quartic equation becomes (A + 3/2)? = (y — a)[\ — b/2(y — a)]?, so

by
22— (y—a)2X+y/2 =0
(y—a)“A+y/2+ oz 0
by
N (y —a) A+ y/2 - = 0.
+(y—a)“A+y/ )i 0 (8)

The cubic equation (7) reduces to a depressed cubic equation: 3 + pt + ¢ = 0,
where t =y —a/3, p = —(a?/3 + 4d), ¢ = 8ad/3 — b*> — 2a>/27, and has three
different roots. They can be determined using the del Ferro-Tartaglia—Cardano
method, which puts two quantities v and v satisfying u+v = t,uv = —p/3 in the
depressed cubic equation, giving u3 +v° + (u+v)(p+3uv)+q = v’ +v3+q = 0.
This equation becomes u> — p°/27u® + g = 0, which with w = u® reduces to a
quadratic equation w? + qw — p?/27 = 0. Solving for w — u — v — t — y gives
y (any of the three roots suffices), which with (8) gives the eigenvalues A. 10



Relation to equations of motion with forsion

Without spin and torsion, the terms with k& vanish and the quartic equa-
tion (6) reduces to [A\? — (mc?)? — (pc)?]? = 0, giving two double roots A = E
(positive-energy states describing matter), where E = [(mc?)? + (pc)?]*/2, and
two double roots A = —E (negative-energy states describing antimatter). These
roots agree with the relation between the four-momentum P? and four-velocity
u': P* = mcu’.

In the presence of torsion, the energy as a function of the momentum is given
by four different, more complicated values A\ (8), which agree with the relation

P! = mecu® + (DS™ /ds)uy,

where S* is the four-spin, D is the covariant differential for the affine connec-

tion Ffj, and s is the interval. This relation is consistent with the Mathisson—

Papapetrou equations of motion of particles with spin:
DSY /ds = P'w/ — P'u’, DP'/ds =25,"P'u* + (1/2)R,,,' 57"/,

where R",, ~is the curvature tensor for the affine connection Ffj. These equa-
tions can be derived from the Dirac equation and u® = 1~y1) /4.

NP, Classical Physics: Spacetime and Fields, arXiv:0911.0334;
F. Guedes & NP, CQG 41, 065011 (2024). 11



Spinor particle at rest with torsion

The character of the four energy eigenvalues A can be determined by consid-
ering the particle in the rest frame of reference, in which its momentum is zero.
Using p = 0 and p = 0, which follows from p,j* = 0, in (6) gives

—2[(mc*)* + k%%, b=0, d=/[(mc*)? - k%]

The cubic equation (7) therefore reduces to y* = 4d, giving y = 2[(mc?)* —k?j?],
so y — a = 4(mc?)?. The solutions (8) of the quartic equation (6) reduce to
A2 £ 2mcP\ + (mc?)? — (kj)? = 0, or (A £mc?)? = (kj)?, giving

A=mc® —k|jl, A=mc+kjl, A=-mc ki, A=-mc+Ej. (9)

Equation (6) reduces to [A? — (mc? — k[j|)2][M\? — (mc? + k|j|)?] = 0, giving the
roots (9). A free spinor particle at rest has two positive-energy, matter states:

E=me—kljl, B =mc+Hhjl
and two negative-energy, antimatter states:
E =—mc®* —k|j|, E=-mc+E|j|

In a frame of reference, in which the particle has momentum p, these states

have more complicated energies (8), depending on the helicity p - j.
12



Matter-antimatter asymmetry from torsion

To reach a lower energy in the rest frame, a particle of matter prefers to be
in the state with E = mc* —k|j|, corresponding to the effective mass M = E/c*:

M =m — k|j|/c*, (10)
and a particle of antimatter prefers to be in the state with £ = —mc? — klj|.

Because particles of antimatter can be regarded as positive-energy states
under time inversion, the preferred energy state of a time-inversed particle of
antimatter is £ = mc? + k|j|, corresponding to the effective mass

M = m + Kj| /. (11)

Therefore, particles of matter and antimatter in the presence of torsion have
different effective masses, which are also different from the spinor mass m that
determines the dispersion relation in the absence of torsion.

On the average, particles of antimatter in the presence of torsion
have larger masses than the corresponding particles of matter. Because
a spinor has two positive-energy and two negative-energy states, the relations
(10) give an inequality k|j| < mc?, determining an upper limit on |j| and thus
on the mass density in the Universe. arXiv:2101.04212.
13



Matter-antimatter asymmetry from torsion

The energy of a free Dirac particle in the presence of torsion therefore de-
pends on whether it is a matter particle or an antimatter particle, violating
C-symmetry.

The energy also depends on helicity, violating CP-symmetry.

These violations constitute one of the three Sakharov necessary conditions
for baryogenesis.

At densities much smaller than the Cartan density, k|j| < mc?, so the ef-
fects of torsion are negligible and so are these violations. At these densities, the
masses of corresponding matter and antimatter particles are almost equal, in
accordance with the results of experimental measurements of the masses of the
proton and antiproton.

The matter—antimatter mass asymmetry, and the corresponding helicity
asymmetry, might be responsible for the observed spin asymmetry in the pro-
ton, and could possibly be measured directly in experiments probing smaller
distances and higher densities.

14



Torsion-generated asymmetry in
gravitational capture by black holes

The effective cross-section for gravitational capture of a particle with mass
m, moving with velocity v, at spatial infinity, by a Schwarzschild black hole
with a mass i can be determined from the effective potential energy:

0-ne (12 (- 7G5)]

where r, = 2Gpu/c* is the Schwarzschild radius of the black hole and M is
the angular momentum of the particle. In the radial equation of motion,
(1 —ry/r) " tdr/cdt = (1/E)(E? — U?)'/2, the condition E > U gives the range
of admissible motion of the particle. Its conserved energy is E = mc?~, where
v = (1 —v2% /c?)71/2, and its conserved angular momentum is M = mpusy7,
where p is the impact parameter.

The particle falls into the black hole if £ > U,,.x, where the maximum value
Umax of the effective potential energy is given by dU/dr = 0 and d?U/dr? < 0.
These conditions give p < pPmax, from which the capture cross-section is o =

2
TPmax-



Torsion-generated asymmetry in
gravitational capture by black holes

The effective cross-section for gravitational capture by a Schwarzschild black
hole is

o= =mr2| — (a® — 18a — 27) + Va' — 2803 + 27002 + 972a + 729,

where o = (v? — 1)1, For an ultrarelativistic particle, o < 1 gives
27 2
~ — 14+ — 12
Tl ( 32 ) 12

For light, this formula gives o = (27/4)nr?. For a nonrelativistic particle,
o — 00 gives o — dric? [vd,.



Gravitational capture asymmetry

In the early Universe, strong and time-varying gravitational fields caused
intense pair production of fermions. In the rest frame of reference of a matter—
antimatter fermion pair, the conservation of momentum gives M, v,v, = Mgvg7q,
where ¢ denotes matter and ¢ denotes antimatter. For ultrarelativistic particles,
their velocities were v, ~ vz =~ ¢, giving

'Yfi/’?”q ~ Mq/MCF' (13)

In the presence of torsion, the effective masses are M_ = m — kl|j|/c* and
M, = m + k|j|/c?, following (10) and (11). Particles of matter preferred to be
in the state with M_ and particles of antimatter preferred to be in the state
with M. The energy difference between the two states is AE = 2k|j|. In
thermodynamical equilibrium at temperature 7', the ratios of the numbers of
particles in these states are given by the Boltzmann distribution:

Ny+/N,_ = N;_ /Ny = exp (—2k|j|/kpT). (14)

Subscripts — and + denote the states with M_ and M. These numbers also
satisfy Ny+ + Ny— = Ng— + Ng+ = N, where N is the number of all matter
fermions, equal to that of all antimatter fermions in pair production.

17



Gravitational capture asymmetry

The value of |j| can be estimated by normalization of the spinor wave func-
tion. Following (3), the dimension of the volume integral of 17 is the same as
that of c¢. The volume of a closed Universe is 272a3, where a is the scale factor.
The volume occupied by the wave function of each fermion is thus approxi-

mately 2m%a’ / 2N, equal to the inverse of the number density of all fermions
n = 2N/27%a3, so |j| ~ Y1 is given by ¢)(27%a3/2N) = ¢:

il ~ ne. (15)
The relations (14) and (15) determine the numbers of fermion particles:

N Nernc/kBT

Nq+ - Nq_ - 1+ e2knc/kBT’Nq_ - Nq—i_ - 1+ e2knc/kgT’ (16)

The mean effective cross-sections for gravitational capture of fermions are
given by (12) and (16):

27 2 y '
- 1 N 1+ — | N,
70 =GN ( +37_) +( +8ﬁ> ok
27 [ 2 2 ]

18



Gravitational capture asymmetry

The relative difference of the cross-sections for matter and antimatter par-
ticles is therefore equal to

Ao o5—o, 2 (e2Fne/PT _1)(1/47 —1/42)

o, o, 3(1+42/3y2)e2kne/keT 4 (1 4 2/342)’

which for ultrarelativistic particles (y > 1) reduces to

A 2 k ’
J%2tanh( nc) (7;1) (18)
Tq 372 kT et

This relation can be simplified, using v_ /v, ~ M, /M_ in the last term, which
follows from (13) and M, ~ M _:

V2 /vE -1~ MI/M?2 —1~2AM/M_,

where AM = M, — M_ = 2k|j|/c? ~ 2kn/c is the effective mass difference and
M_ =~ m. The mean value of ¥? in (18) can be derived from the relativistic
equipartition theorem, giving mc?y = 3kgT, so 72 =~ 9(kgT/mc?)?, so

Ao 8kn knc 8kmnc?
— tanh

knc
o, 3myte kel )~ 27(kpT)2 (kBT) (19)
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Gravitational capture asymmetry
The equilibrium fermion number density is

n = (¢(3)/7%)(3¢/4)(ksT)"/(he)®, (20)

where g = 90 is the number of thermal degrees of freedom for all known ele-
mentary fermions. Using the Planck mass mp and temperature Tp gives the
formula for the relative cross-section difference in terms of the original mass m
and the temperature T' of the Universe:

Ao 2(3)gm T tanh 9¢(3)gT?\ _ 3¢*(3)g> m T°
o T 37 mp 1Tp 4 Tg ~ 2T mp Tg’

(21)

using tanh(x) ~ = for T' <« Tp. This quantity is very low because m < mp.
The mass correction in (10) and (11) is ~ mp(T/Tp)".

The mass difference between a fermion and the corresponding antifermion
increases with density and becomes significant near the Cartan density, which
existed in the early Universe. Because antimatter particles were more
massive than matter particles during pair production in the early Universe,
they were slower. Because the cross-section for capture of a particle by a black
hole increases as its speed decreases, the antimatter particles had a larger
cross section than the matter particles. arXiv:2101.04212.
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Baryogenesis from black holes and torsion

If the early Universe had many primordial black holes, more antimatter
particles than matter particles fell into them, producing the matter—antimatter
imbalance: the missing antimatter fell into black holes and the remaining anti-
matter annihilated with matter, producing photons and a surplus of matter.

This mechanism does not violate the conservation of baryon number and
does not need physics beyond the Standard Model.

It satisfies the three Sakharov conditions for baryogenesis. The apparent
baryon-number violation follows from antimatter falling into black holes at
higher rates than matter. C-symmetry and CP-symmetry violations follow from
the mass difference between matter and antimatter and its dependence on helic-
ity. Interactions out of thermal equilibrium follow from one-way motion through
the event horizon of a black hole.

21



Baryogenesis from black holes and torsion

Because almost all antimatter in the Universe, which was not captured by
primordial black holes, annihilated with matter and produced photons, (21) is
the baryon-to-photon ratio n in the Universe. This quantity is very low, which
explains the enormous abundance of photons over matter. It is much lower than
n measured at about 6.1 x 10710,

However, torsion from spin of fermions averaged as a spin fluid generates
a negative correction to the energy density, which acts like gravitational repul-
sion. Pair production after the bounce in the early Universe, caused by strong
time-varying gravitational fields, increased this repulsion, giving a finite period
of exponential expansion of the Universe and thus the simplest explanation of
cosmic inflation.
NP, ApJ 832, 96 (2016); Desai & NP, PLB 755, 183 (2016); Unger & NP, ApJ
870, 78 (2019).

Pair production violated thermal equilibrium, so the relation n ~ T (20)
was not satisfied and n in (19) increased by many orders of magnitude. Also,
the fraction of particles that fell into black holes is proportional to the fraction
of space occupied by them during pair production, decreasing (21). These two
factors must be included before comparing (21) to 7.

22
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