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Entanglement induced by quantum gravity in an infinite square well
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In this work, we examine the entanglement dynamics of two massive particles confined within their
respective infinite square potential wells induced by gravity. Assuming that each particle is initially in the
ground state of its infinite square well, we investigate the formation of entanglement between the particles
as a result of their gravitational interaction during their adiabatic movement toward each other. Our results
reveal that, under suitable parameters, entanglement swiftly emerges. Compared to previous schemes, our
approach significantly reduces the particle mass, greatly lowering the experimental threshold.
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I. INTRODUCTION

The debate over whether the gravitational field is
inherently quantum in nature has persisted over time,
primarily due to the absence of conclusive experimental
evidence. Traditional wisdom posits that at macroscopic
scales where gravity exerts significant influence, quantum
mechanics might cease to apply [1], eliminating the need
for conventional quantization of gravity. Recent emergent
gravity models suggest an alternative perspective that
questions the fundamental nature of gravity and its neces-
sity for quantization [2,3]. However, classical gravitational
concepts confront substantial hurdles, notably when
addressing issues like black hole singularities and infor-
mation loss paradox. Consequently, the current central
inquiry revolves around the pursuit of experimental evi-
dence to validate gravity’s quantum nature.

Testing quantum nature of gravity, however, often
necessitates stringent experimental protocols, as indicated
by various studies [4]. Fortunately, a novel desktop experi-
ment scheme called the quantum gravity induced entangle-
ment of masses (QGEM) has emerged in the low-energy
realm, offering a more accessible approach [5,6]. In this
scheme, two massive particles initially placed in a super-
position of two positions through a Stern-Gerlach experi-
ment are brought together. If entanglement manifests
between these particles, it signifies the quantum nature
of the gravitational field, aligning with the local operations
and classical communication (LOCC) principle [7].

A key challenge in implementing the QGEM protocol is
creating a large spatial superposition for a substantial mass
object [5,8,9]. Atom interferometers are usually adept at
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generating large spatial superpositions [10-12], but the
mass is several orders less than what is required to test
gravity’s quantum nature. To date, the best scheme is
the macromolecules, which can generate moderate-size
superpositions (~10 nm to 1 pm) of masses around
1071°-10"17 kg [13-17]. However, this is still far from
the requirement of the QGEM protocol. QGEM calls for a
large spatial superposition ~O(10 — 100) pm of heavy
masses [m ~ O(107'7 — 107'%) kg], with the Stern-
Gerlach effect being the likely choice [18-21].

In order to overcome this difficulty, many schemes have
been proposed in the last few years. For example, in [22],
the authors performed a scheme by placing two atomic gas
interferometers next to each other in parallel and looking
for correlations in the number of atoms at the output ports
as a test of QGEM. Reference [23] presents a method of
achieving a mass-independent enhancement of superposi-
tion via diamagnetic repulsion from current-carrying wires.
Reference [24] proposes a thought experiment where two
particles are initially prepared in a superposition of coher-
ent states within a common three-dimensional harmonic
trap. And a scheme by using massless particles (a laser
pulse) to generate the gravitational field [25] or by
exploiting the two-phonon drive in a hybrid quantum
setup [26], has demonstrated potential for experimental
verification.

However, almost all the previous studies treated the
particles in QGEM experiment more like tiny solid par-
ticles. What if they behave as a wave function and evolve
according to Schrodinger’s equation? Gravitational inter-
actions in the Schrodinger equation may induce entangle-
ment between different eigenstates.

In this work, we would like to introduce an alternative
scheme. In this new scheme, we consider two adjacent
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one-dimensional infinite square potential wells and inves-
tigate the entanglement of two particles in each well under
the influence of gravitational interaction between them.
Specifically, we consider two heavy ultracold particles in
the ground state in their respective potential wells. We
investigate what the overall state before decoherence would
be if we bring these two potential wells close to each other
to a certain distance and gravity between them comes
into play.

II. SETUP

In the initial step, we prepare two particles, each in the
ground state of a one-dimensional infinite deep square
potential well, as depicted in Fig. 1. In order to avoid
possible decoherence between the two particles, we ini-
tially prepare their ground state while keeping them at a
significant distance from each other. The initial state of
each particle can be expressed as

|#ini) = 19)- (1)

where |g) represents the ground state of a particle within the
well and the subscript “ini” means “initial.” The corre-
sponding wave function and energy are given by

()= ) = 25n (%),

And we label the i-th energy eigenstate of a single potential
well as |i). Subsequently, we gradually bring the wells of

7 h2

(2)

adiabatic process

df
FIG. 1. Initially, two microscopic particles, each in its ground
state, are separated by a distance d;,;. Subsequently, they undergo
a gradual approach toward each other until they reach a final
distance of d;. The entire process is executed at a sufficiently
slow pace to ensure adiabaticity. The width of the square potential
well is denoted by L.

the two particles closer until they are separated by a specific
short distance. This process is performed slowly enough to
ensure the applicability of the adiabatic approximation,
thereby maintaining the particles in instantaneous energy
eigenstates throughout. Precisely, we introduce a character-
istic time scale 7. to quantify the rate of change, defined as
d‘"‘;df , where dj,; and d represent the initial and final
distances between the particles, respectively, and v denotes
their relative approaching velocity. The adiabatic approxi-
mation remains valid when 7. is much larger than the
characteristic time scale of oscillation, represented by

T, =

— 2zh
To = Eini'
The whole quantum system evolves under the
Schrodinger equation,
lhatl/]([v rl’rZ) = f{(t)l//(t, r17r2)' (3)

The Hamiltonian could be divided into free Hamiltonian
and interaction Hamiltonian,

where

Although V; depends on 7, due to the uniformity of the
background spacetime, the adiabatic approach of the square
potential wells will not change the quantum state. Instead,
the time-dependent gravitational interaction during the
approach process plays a decisive role in the instantaneous
quantum eigenstate. In order to illustrate this more pre-
cisely, we establish the coordinate system shown in Fig. 1.

In this coordinate system and assuming the two particles
have the same mass, m; = m, = m,

I +oo, x; <0, x;>1L
and
R Gm? Gm?
Him(t) = - (6)

b= X+t d)

where d(t) represents the instantaneous distance of the
potential wells during the adiabatic approach process.

Note that A, (7) is time dependent due to the gradual
approach of the two wells toward each other and it includes
position operator 7. It is the zeroth-order term of
quantum gravitational interaction, and its derivation can
be found in [27,28]. It differs from the usual Schrodinger-
Newton Hamiltonian where the gravitational field is
classical and cannot induce entanglement [29],
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In our numerical analysis, we begin by considering that,
since the particles are initially separated by a significant
distance and gravitational interaction does not play a role,
the initial common ground state of the two particles is a
direct product state,

Wini) = 91) @ |92)- (8)
Subsequently, we adiabatically bring the particles closer
together. At each instantaneous moment, each instanta-

neous eigenstate  satisfies the time-independent
Schrodinger equation,

h2 h?
- %v12¢(x1’x2) - %szqﬁ(xl,xz)

Gm?
_ = F,
x1+x2+d(t)¢(‘xl9x2) ¢(x17x2)’
¢(x1,x,) =0, whenx; =0, L or x,=0,L, (9)

where we have used the coordinate system established as
shown in Fig. 1. For simplicity, in what follows we consider
two particles of equal mass, specifically 1 x 10~!7 kg,
within a potential well width of 50 pm for the following
numeric simulations. Without loss of generality, we focus
on the eigenstates of the total Hamiltonian (4) associated
with the lowest six energy levels, ny, n,, - - - ng.

Figure 2 shows that the adiabatic evolution curves of two
microscopic particles for different initial states. The gravi-
tational interaction between the particles becomes most

oF
-501
Instantaneous Eigenstate
& -100 " "
o n - ng
-150}
,,,,, ny
-200} n
1 5 10 50 100

d(pm)

FIG. 2. Adiabatic evolution curve of two microscopic particles
of six different initial states. The horizontal axis represents the
instantaneous distance between potential wells, while the vertical
axis represents the instantaneous eigenvalue of energy for the
particle system, measured in units of the ground state energy
Ey = n’h?/mL?. n,, n,,---ne denote the lowest six energy
levels whose corresponding eigenstates are |n);,; = |1)|1),

D12 +12)11). ns)in =75(11)12) = [2)[1)), [n4)ini =

|n2>mi:7§
12)12). |ns)ini=75(11)13) +[3)[1)), [n6)im = 75 (11)13) = [3)[1)).

pronounced as the potential wells approach each other
closely. Additionally, as observed in the figure, all six
eigenstates are associated with negative energy values. This
is a consequence of the Newtonian potential being negative.
Furthermore, as the separation distance (d) decreases, the
evolution curve descends continuously but never intersects,
which is consistent with the fact that the gravitational
potential increases as d decreases.

Due to the particle exchange invariance of the
Hamiltonian in Eq. (9), the eigenstates exhibit either
symmetric or antisymmetric behavior under particle
exchange. This characteristic is also evident from Fig. 2.
For curves n; and n4, where the initial state (|n;);, and
|n4)in) 1s a direct product of two identical states, no
splitting occurs as d decreases. However, for n, and ns,
composed of two distinct states, the initial states (|n,);,; and
|n3)i;) are either symmetric or antisymmetric. Initially,
these states have degenerate energies in the absence of
gravitational effects, but as gravitational influence becomes
significant, their energy levels split. Consequently, we
observe the dashed green line (representing the antisym-
metric state) and the solid green line (representing the
symmetric state) undergo a split as d decreases, with the
antisymmetric state having a higher energy than the
symmetric state. This pattern is also observed for n5 and ng.

The final state of the adiabatic evolution, marking the
point where the two potential wells cease approaching each
other, is depicted in Fig. 3. In this state, the separation
distance between the wells, denoted as dy, is set to 1 pm.
The horizontal coordinate n represents the 1000 lowest
energy eigenstates, starting from the ground state, while the
vertical coordinate is calculated as

n,*n’n?
2mL?

n 2n2h?
2mL? "’

where E; and E, denote, respectively, the energy for initial
state and final state of the two-particle system.
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FIG. 3. Energy eigenvalue changes of the lowest 1000 energy

levels of the final state, where m, = m, =m = 1077 kg,
L =50 pm, and d; =1 pm. The energy change has been

measured in units of the ground state energy E, = 7°h%/mL>.
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The ground state exhibits the most significant change in
energy. As the energy level, denoted by #, increases, the
energy shift decreases rapidly and tends toward a stable
value. As expected, this energy shift, denoted as AE,
approaches the asymptotic value of AE ~ —GT’”Z, which
reflects the fact that higher energy eigenstates dynamics are
primarily determined by the confining potential, with the
gravitational interaction having a reduced impact on
the dynamics and so the only energy change is due to

the classical gravitational interaction.

III. ENTANGLEMENT DETECTION

It is of great significance to investigate to what extent the
entanglement can be formed at each energy eigenstate
during the two particles’ adiabatic evolution toward the
final state. With the combination of the eigenstates of their
respective confining infinite square well, the entangled final
state could be described as

lw ) =an|11) +ap|12) 4 --a;lij) -+ ay,|nn), — (11)

where 7 is the highest excitation energy level we assume. In
the Appendix we show that n = 100 is accurate enough for
our numerical calculations. As a result, we are safe to set
n = 100 for our numerical simulation. In fact, n is just an
artificially selected simulation calculation parameter. When
many high-energy states are not excited as shown in the
Appendix [Fig. 10(a)], the entangled quantum state can be
regarded as a quantum state with lower dimension.

To show more details of the entanglement formation, it is
helpful to calculate the entanglement entropy, which is
defined as

S(pa) = S(pp) = —tr(palnpy) = —tr(pglnpp), (12)

where p, and pp are the reduced density matrices of
particles A and B, respectively. Remarkably, the changes
in entanglement entropy for each energy eigenstate of
Hamiltonian (4) exhibit completely contrasting behaviors.
In general, as the energy level of the eigenstate increases,
the degree of entanglement between the two particles also
increases. Figure 4 demonstrates this trend, where the
entanglement entropy () initially experiences rapid growth
before reaching a slower rate of increase. Fitting these
scattered data points reveals the characteristic pattern of a
logarithmic function. This behavior arises from the fact that
in a one-dimensional infinite deep square potential well, the
energy level of an independent particle is proportional to
the energy level number (n). As n increases, both the
energy values and the intervals between adjacent energy
levels expand. According to the first-order perturbation
formula of quantum mechanics, a larger number of distinct
eigenstates of confining well participate in the first-order
perturbation correction of the eigenstate, leading to an
increase in entanglement. Additionally, unlike the energy

1-0'» = 0.38 In(1+n) 1
0.5¢
Ground state
0.0t A A A . e
0 200 400 600 800 1000

Eigenstate n

FIG. 4. Entanglement entropy of the lowest 1000 energy levels
of Hamiltonian (4) in the final state, where m; =m, =
m = 107" kg, L = 50 pm, and d; = 1 pm. The entanglement
entropy of the ground state is marked by the larger green point.

correction AE depicted in Fig. 3, the entanglement entropy
exhibits greater fluctuations and a scattered distribution. In
what follows, we will primarily focus on the entanglement
formation of the ground state, given its ease of experimental
manipulation and inherent stability. From Fig. 2, we can see
that the quantum state curve, n;, whose initial condition is
the ground state Eq. (8), will remain in the ground state
throughout the adiabatic evolution until the end.

Next, let us explore how entanglement entropy is
influenced by system parameters, such as potential well
width, particle mass, and the distance between two poten-
tial wells. Intuitively, these factors play a crucial role in
shaping the entangled state. Given the gravitational effect’s
prominence during the adiabatic evolution of two potential
wells into their final state, we expect the induced entangle-
ment to be maximized in the final state. This observation is
corroborated by Fig. 5. Figure 5 shows that as the potential
well spacing d decreases, the gravitational interaction
becomes more significant. The entanglement entropy of
the ground state with an initial entanglement entropy 0
increases as d decreases, thus verifying quantum gravity
inducing entanglement formation. Hence, all subsequent
calculations assume the wells are in this final adiabatic

) m(kg)
0.05}

4x107"8

0.04] -
o 0.03

0.02f

0.01

0.00k

d(pm)

FIG.5. When L is fixed at 50 pm, the entanglement entropy of
the ground state as a function of the separation distance between
potential wells during adiabatic approach.
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state. The numerical results on the effects of particle mass
and potential well width on the degree of entanglement are
presented as counter plots in Fig. 6, where brighter colors
indicate a higher level of entanglement, and vice versa.
Clearly, in Fig. (6a), the parameter m exerts a significant
influence on the entanglement, with the entanglement
entropy reaching its maximum at a critical mass of
m~4.8x 10718 kg. When m exceeds this critical value,
S exhibits a slight decrease as L increases. Conversely, for
m below the critical mass, S experiences a slight increase as
L increases. A stronger gravitational interaction induced by
a particle mass exceeding the critical mass does not
necessarily lead to greater quantum entanglement, which
appears highly counterintuitive. This phenomenon is
related to the modification of the two-particle eigenstates
under gravitational interaction by the confining potential
wells. Similar to the wave function of a hydrogen atom, the
two-particle system under gravitational interaction pos-
sesses an eigenstate. When the gravitational interaction
becomes sufficiently strong, the spatial extent of the wave

S
. 0.0762
- 0.0635

- 0.0476

- 0.0318
I0.0159
0.00

witness

0.00
I’IA 80E-4

- -0.00108

0.1 0.6 1.1 1.6 2.1 2.6 3.1 3.6 4.1 4.6
m(x10"7kg)

(a)

- -0.00168

- -0. 00228

l —0. 00288

0.1 0.6 1.1 1.6 2.1 2.6 3.1 3.6 4.1 4.6
m (x10 Tkg)

(®)

FIG. 6. Contour plots of entanglement entropy and entangle-
ment witness with respect to m and L for the final state. In both
subfigures, d is fixed at 1 pm in the final state. (a) Entanglement
entropy varies with m and L. (b) Entanglement witness varies
with m and L.

function decreases, leading to a significantly reduced
influence of the potential wells on the wave function.
Consequently, the quantum entanglement between the two
particles diminishes. Notably, the critical mass is signifi-
cantly smaller than the mesoscopic particle mass require-
ment of 1 x 10~'% kg mentioned in Ref. [5].

To experimentally detect entanglement, an entanglement
witness is required. In the case of n @ n systems, there
exists a notable fidelity entanglement witness denoted as w.
This witness can be defined as follows [30]:

w(Py) = n~1 - P}, (13)

where P =|®7)(®F], |@) =371, |i) ® i) and
n = dimH,. If (y/|wly;) <0, we can conclude that the
state |y ;) is an entangled state. For the experimental
implementation of the witness, it is necessary to decompose
it into a number of local von Neumann (or projective)
measurements [31,32].

In the final ground state, all values of w selected in
Fig. (6b) are negative. Notably, w exhibits a similar
changing pattern as S, indicating that regions with higher
entanglement correspond to more negative values of w, and
vice versa. As indicated in [33], some renormalized
entanglement witness, such as w here, can not only detect
entanglement but also quantify the entanglement. From the
perspective of entanglement detection, our preferred
parameter space lies within the bright (red) strip marking
the critical region in Fig. (6b), which encompasses smaller
masses and larger potential well widths.

All the previous analyses were carried out using the
energy eigenstates of the Hamiltonian (5) corresponding to
the confining potential well as the bases. However, entan-
glement does not depend on the choice of basis. To
illustrate the entangled state in the position basis, we have
plotted Fig. 7.

As expected, the symmetric and antisymmetric states in
position space correspond one-to-one with the particle
exchange symmetry of the initial state. Due to the pres-
ence of quantum entanglement, the two-particle position
correlation function exhibits quantum correlations,
(X1%2) # (1) (%)

However, it is worth noting that the aforementioned
parameter selection just represents a possible theoretical
choice. In our previous analysis, we have only considered
the gravitational interaction between the two neutral
particles. But in reality, other forces such as electric dipole
interactions, including van der Waals and Casimir
forces [34-36], also come into play. In Refs. [5,6], it
was observed that shielding these interference forces
requires maintaining a minimum distance between the
nearest particles. Therefore, in real experiments, in addition
to preparing a ground state that satisfies the necessary
conditions, it is crucial to shield the electric dipole
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FIG. 7. Entangled final state in the position basis. White
corresponds to zero wavefunction, red is positive
w(x1,x,) > 0, and blue is negative y,(x1,x;) < 0. In both
subfigures, d is fixed at 1 pm, m is fixed at 4.8 x 10~'® kg, and L
is fixed at 150 pm. (a) The entangled final state with initial state
|ny);. (b) The entangled final state with initial state |n3);.

interactions between the particles to ensure that entangle-
ment is solely caused by their gravitational fields.

Additional techniques, such as leveraging Feshbach
resonances [37,38] or implementing a conducting
membrane [8,39], have the possibility to further alleviate
electromagnetic interactions between neutral atoms or
particles. These approaches provide a broader range of
parameter choices, facilitating the design and implementa-
tion of the experiment.

Moreover, according to the ultracold atom theory, a
power law interaction potential between quantum systems
can be treated as a perturbation pseudopotential resembling
a delta function when the following two conditions are
satisfied [40-42].

p 3> b,
kb < 1. (14)

In Eq. (14), the variable p denotes the average particle
density within the potential well. The parameter b

corresponds to the finite range of interaction forces between
particles, and k represents the average wave number of the
particles

_ < > Y 2m<Ekin>
k=t = Yo (15)
n h
If these two conditions are satisfied, the electric dipole

interaction Hamiltonian can be expressed as follows:

Hyip x C3(x) — x,). (16)

H dip Works only when the two wave functions overlap in
space. However, the wave functions of the two particles are
currently confined within their individual potential wells,
with a separation of several microns between the wells. As
aresult, the electric dipole interaction between these neutral
atoms has minimal influence on the entanglement induced
by gravity. To ensure the fulfillment of these two con-
ditions, we should carefully select suitable ranges for the
parameters m and L. In general, p, k don’t depend on m and
pox L' ke L™'. So L tends to take large values.

The quantum entanglement survives also for states above
the ground state from Fig. 4, and hence particularly for
thermal states, which means cooling to the ground state is
not required as such.

IV. DECOHERENCE IN POTENTIAL WELLS

For our purpose, the experimental device should be in a
weightless, vacuum, low temperature, and isolated envi-
ronment. But due to the inevitable emission of thermal
radiation and environmental scattering, the quantum system
will undergo decoherence. Here we focus on the
decoherence caused by environmental background radia-
tion and make an upper bound estimate of the decoherence
time. To estimate the expected decoherence we model the
particles’ environment by an (Ohmic) bath of harmonic
oscillators. Then the reduced density matrix of the present
system evolves according to the Caldeira—Leggett Master
Equation [43,44],

dps(x1,x2. %", x5/, 1)

ot
—i imyyoA
— ?[H,ps(t)} + ( lho (x12 —xl’z)
imyyo\ 2myyokgT
+ 2}3:0 (x22 - x2/2) - % (x; — x11)2
2myyokpT
_%(’fz—xz’)2>ps(xl,xZ,x1’,xZ’,t). (17)

Here y, is the frequency-independent phenomenological
damping constant, A is the high-frequency cutoff constant,
and T is the temperature of environment. The term

084060-6



ENTANGLEMENT INDUCED BY QUANTUM GRAVITY IN AN ...

PHYS. REV. D 111, 084060 (2025)

(—72’"‘;21‘3T (x; —x})? = Lz;‘;k‘* (x5 — x5)?)ps  describing

the particles’ spatial localization and the decay of off-
diagonal elements in position basis corresponds to a
decoherence rate. This decoherence model is valid when
the environment space is large and the system-environment
coupling is extremely weak and the memory effect of the
environment decays quickly enough.

Additionally, air molecules remaining in vacuum, par-
ticle thermal radiation and particle intrinsic degrees of
freedom are also sources of decoherence and will cause
decoherence more quickly. As decoherence governed by
Eq. (17) proceeds, the purity of the particle system, tr(p?),
exhibits an exponential decay over time. The decoherence
characteristic time, denoted as 7, can be defined as
ate(p?) ~=Lw(p?). When 7, is longer than the time

required for experimental preparation and detection
(~7.), we can observe the anticipated phenomenon of
gravity-induced quantum entanglement. In order to esti-
mate 7., a more precise calculation of the adiabatic process
is needed in the future. This will allow us to optimize the
experimental parameters and procedures to ensure that the
required experimental time satisfies this relation.

V. POTENTIAL EXPERIMENTAL PROPOSAL

The proposed entangled state can be realized by con-
fining two micron-sized superconducting, magnetically
levitated osmium mirrors within two optical potential wells,
as illustrated schematically in Fig. 8.

The metal osmium particles, which have a superconduct-
ing critical temperature of 7, = 700 mk, repel the mag-
netic field generated by the anti-Helmholtz coil and float in
mid-air due to the Meissner effect. This arrangement
minimizes photon scattering and absorption within the
optically levitated system [45], enabling the quantum state
to be highly isolated from the environment and achieve
long coherence times.

Osmium is a dense material, with a density of
p =22.57 g-cm™, allowing for relatively small particle
volumes with significant mass. Furthermore, the osmium
particles are shaped into disks to reduce their horizontal
dimensions. Another potential decoherence pathway
involves the absorption of blackbody radiation. However,
for radiation frequencies below the superconductor’s gap
energy, absorption is negligible. Thus, by maintaining an

laser laser
. (C) .
(b

)
FIG. 8. Schematic of proposed experiment showing (a) optical
access, (b) anti-Helmholtz configuration, (c) levitated super-
conducting osmium particles.

environmental temperature significantly lower than the
superconductor’s critical temperature, the osmium particles
absorb very few ambient photons, thereby mitigating
decoherence through this mechanism [46].

To simulate an infinitely deep square potential well, we
utilize an optical potential well created by a laser standing
wave. By continuously modulating the laser signal, the two
potential wells adiabatically approach each other and
evolve into the final state.

VI. CONCLUSION

In this paper, we propose a new approach to probing QGEM
through a two-potential-well quantum system. By harnessing
the gravitational fields of particles trapped within these wells,
we achieve an entangled final state, vividly demonstrating the
quantum essence of gravity. Compared to the original scheme
proposed in [5,6], our proposal offers notable advantages. It
eliminates the need for spin particles, Stern-Gerlach devices,
or the preparation of superposition states in space, simplifying
the experimental procedure. It is also expected to reduce the
impact of electromagnetic interference. Additionally, the
required mass for achieving maximum entanglement in the
ground state, 4.8 x 10™!8 kg, is significantly smaller than the
mass requirement stated in the previous studies. Therefore, it
prolongs the decoherence time [47], prolongs the gravitation-
ally induced collapse time [48], and lowers the experimental
threshold. Moreover, as long as the coherence of the final state
is maintained, entanglement persists without the need for
additional time to form it.

Our numerical simulations reveal three pivotal factors
that govern the entanglement of the final state: particle
mass (m), potential well width (L), and potential well
spacing (d). Among them, the particle mass has the most
significant impact. It induces maximum entanglement at a
certain critical value. Conversely, as the potential well
width and spacing increase, the entanglement entropy (S)
generally decreases, albeit with slight elevations observed
at specific intervals.

The energy level distribution within a potential well
intricately mirrors its unique attributes. Exploring alter-
native potential wells, like spherical or harmonic ones, can
significantly reshape the resultant entangled state and its
parameter sensitivity, potentially unlocking new avenues
for discovering more entangled eigenstates and lowering
the necessary particle mass threshold. This warrants further
investigation.
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APPENDIX: ENERGY LEVEL
WITH DIFFERENT n

We utilize the Fourier spectrum method with several
different n to calculate the energy eigenvalue of the ground
state of intrinsic Eq. (9). In Fig. 9 the calculated energy is
already fairly stable when n reaches 100, which demon-
strates the simulation has been quite accurate.

The probability distribution of the components of a given
particle, such as A, in the joint eigenstate of particles A and
B is calculated as follows:

Py = Tr(paln)(nl) (A1)

We take L = 50 um and d = 1 pm for example, and the
probability distribution varies with the mass of particles m
as shown in Fig. 10.

The probability distribution P =0 around the high
energy levels near n = 100 implies that the components
of these high energy levels are redundant. All parameters in
this paper are ensured to maintain such a redundant
relationship, ensuring that n = 100 for our numerical
calculations to be sufficiently accurate.
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FIG. 9. Energy eigenvalue of the ground state foe different n
(nmax), where m; =m,=10""kg, L = 50 pm, and d; = 1 pm.
The energy change has been measured in units of the ground state
energy E, = m°h?/mL>.
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FIG. 10. Probability distribution as a function of the particle
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