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Motivation

There is probably a dark sector with 
► Dark matter  
► Dark radiation?  
► … 

We don’t know much else 

Today: What can we learn  
from isocurvature 
► Minimal isocurvature scenarios 
► Probes of DM production 
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Cosmic perturbation theory

Universe is almost homogeneous and isotropic 

Gauge invariant combinations: 
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ds2 = − [1+2ϕ(t, x)] dt2 + a2(t)[1−2ψ(t, x)]dx2

ρα(t, x) = ρα(t)+δρα(t, x) α = γ, ν, DM, b

ζα = − ψ − H
δρα
·ρα

“curvature perturbation”



Adiabatic vs. Isocurvature

Total curvature perturbation:  

Relative (isocurvature) perturbations:  

Adiabatic perturbations  

“All fluctuations described by a common time shift” 

⇔ Sαβ = 0 ∀α, β
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ζ = ∑
α

·ρα
·ρ

ζα

Sαβ = 3(ζα − ζβ) = − 3H ( δρα
·ρα

−
δρβ
·ρβ )



How to (not) get isocurvature initial conditions

(Effective) single field inflation 

Single clock  
► No isocurvature  
► ever!*  

 
 
 
 
 
* (superhorizon) 
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than the observed adiabatic ones [8–10]. In this pa-
per we restrict ourselves to magnitudes of isocurvature
smaller than the observed CMB fluctuations, S ↭ 10→5.
This allows us to recast any fluctuation of baryons and
dark matter into an e!ectively unconstrained compen-
sated matter perturbation and an overall matter fluctua-
tion that may be expressed by a dark matter fluctuation,
while choosing Sωb = 0 . The question of what isocurva-
ture perturbation to consider is then reduced to a choice
of the ratio Sωε/SωDM .

In general, this scenario can therefore be parametrized
by the isocurvature fraction relative to the adiabatic fluc-
tuation,

f
2
iso =

→S
2
ωε↑ + →S

2
ωDM↑

→ω
2
tot↑

, (2)

the ratio between the fully correlated neutrino and mat-
ter isocurvature that we will give in terms of an angle

tan(ε) =
Sωε

SωDM
, (3)

as well as the possible correlation between the isocur-
vature and the adiabatic mode that we may take with
respect to the dark matter component,

cϑS =
→SωDMωtot↑√
→S

2
ωDM↑→ω

2
tot↑

. (4)

Previous works [8, 11–15] have only considered specific
choices of the angle ε . The initial condition called dark
matter isocurvature corresponds to ε = 0 with our def-
initions. The one referred to as neutrino isocurvature is
however arranged such that there is no isocurvature be-
tween the total radiation and matter. This corresponds
to the somewhat odd combination ε = arctan[(1 +
ϑω/ϑε)/(1+ϑb/ϑDM)] ↓ 1.12 . Further the normalization
is chosen such that the isocurvature fraction fiso needs
to be multiplied by a factor of 1.4 to compare to our
convention. We will refer to this choice of ε as compen-
sated neutrino isocurvature in analogy to the compen-
sated matter perturbation.

A. Neutrino isocurvature from a dark sector

To see whether these values of ε are particularly well
motivated, we compare cosmologies of increasing com-
plexity in Fig. 1. The first one, (a), is the standard
single-field inflation scenario with inflaton ” . In this
model, at early times there can only be a time di!erence
between the equal energy slicing of the inflaton sector
with respect to spatially flat slices, which leads to the
fluctuations being adiabatic. The fluctuations then stay
adiabatic throughout all of the following evolution. This
holds true for much more complicated inflationary sec-
tors as long as they reheat a common fluid at some point
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FIG. 1. Cosmic histories in comparison: The lines correspond
to energy flow in the corresponding sector or fluid. Scenario
(a) is the standard adiabatic case. Scenario (b) may lead
to dark matter isocurvature but not to neutrino isocurvature
(both compared to photons). In (c) a second sector adds a
dark radiation background, which may entail neutrino isocur-
vature. The arrow indicates the possibility of an DM-DR
interaction. In (d), a dark sector ! sources not only dark
radiation, but also dark matter.

[2, 3]. An example might be multiple fields #s driving
inflation as illustrated in Fig. 1.

The following three examples all feature two indepen-
dent, non-thermalized fluids throughout the evolution
from inflation until today and therefore feature besides
curvature fluctuations one independent linear combina-
tion of isocurvature. In example (b), the second sector #
later on acts as cold dark matter (DM). A minimal exam-
ple would be scalar DM produced via the misalignment
mechanism [16–21]. Since the photons and neutrinos are
in thermal equilibrium at the time when they decouple,
the relative isocurvature between them is Sωε = 0 . One
therefore only has DM isocurvature SωDM ↔= 0 , as one
may have naively expected.

In (c) and (d), we show examples of cosmologies that
realize a non-zero neutrino isocurvature. As just dis-
cussed, neutrinos are in thermal equilibrium at times
well before big bang nucleosynthesis (BBN). In order
to achieve fluctuations in the neutrino density one must
therefore either consider fluctuations in the lepton num-
ber or consider a separate sector that at times after BBN
contributes to the neutrinos. We will first discuss the
second possibility.

Note that while neutrino masses are expected to be-
come relevant to LSS surveys in the near future [22–24],
to this day neutrinos may be modeled as free streaming
radiation, only interacting gravitationally at all times af-
ter BBN. Let us therefore consider the simplest case, and
instead of neutrinos consider a dark sector that at the
time of CMB emission behaves as free streaming, dark
radiation. Neutrinos and the dark sector are then in-
distinguishable to CMB and LSS probes. To this end
we define an e!ective neutrino density and isocurvature
perturbation

ϑεeff = ϑε + ϑDR , Sωεeff =
ϑDR

ϑεeff

SωDR , (5)

φinf φs



How to get DM isocurvature

Two field inflation 

Second (spectator) field has 
independent fluctuations 

Becomes DM 

►  

Example: Axion misalignment

SγDM ≠ 0
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than the observed adiabatic ones [8–10]. In this pa-
per we restrict ourselves to magnitudes of isocurvature
smaller than the observed CMB fluctuations, S ↭ 10→5.
This allows us to recast any fluctuation of baryons and
dark matter into an e!ectively unconstrained compen-
sated matter perturbation and an overall matter fluctua-
tion that may be expressed by a dark matter fluctuation,
while choosing Sωb = 0 . The question of what isocurva-
ture perturbation to consider is then reduced to a choice
of the ratio Sωε/SωDM .

In general, this scenario can therefore be parametrized
by the isocurvature fraction relative to the adiabatic fluc-
tuation,

f
2
iso =

→S
2
ωε↑ + →S

2
ωDM↑

→ω
2
tot↑

, (2)

the ratio between the fully correlated neutrino and mat-
ter isocurvature that we will give in terms of an angle

tan(ε) =
Sωε

SωDM
, (3)

as well as the possible correlation between the isocur-
vature and the adiabatic mode that we may take with
respect to the dark matter component,

cϑS =
→SωDMωtot↑√
→S

2
ωDM↑→ω

2
tot↑

. (4)

Previous works [8, 11–15] have only considered specific
choices of the angle ε . The initial condition called dark
matter isocurvature corresponds to ε = 0 with our def-
initions. The one referred to as neutrino isocurvature is
however arranged such that there is no isocurvature be-
tween the total radiation and matter. This corresponds
to the somewhat odd combination ε = arctan[(1 +
ϑω/ϑε)/(1+ϑb/ϑDM)] ↓ 1.12 . Further the normalization
is chosen such that the isocurvature fraction fiso needs
to be multiplied by a factor of 1.4 to compare to our
convention. We will refer to this choice of ε as compen-
sated neutrino isocurvature in analogy to the compen-
sated matter perturbation.

A. Neutrino isocurvature from a dark sector

To see whether these values of ε are particularly well
motivated, we compare cosmologies of increasing com-
plexity in Fig. 1. The first one, (a), is the standard
single-field inflation scenario with inflaton ” . In this
model, at early times there can only be a time di!erence
between the equal energy slicing of the inflaton sector
with respect to spatially flat slices, which leads to the
fluctuations being adiabatic. The fluctuations then stay
adiabatic throughout all of the following evolution. This
holds true for much more complicated inflationary sec-
tors as long as they reheat a common fluid at some point
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FIG. 1. Cosmic histories in comparison: The lines correspond
to energy flow in the corresponding sector or fluid. Scenario
(a) is the standard adiabatic case. Scenario (b) may lead
to dark matter isocurvature but not to neutrino isocurvature
(both compared to photons). In (c) a second sector adds a
dark radiation background, which may entail neutrino isocur-
vature. The arrow indicates the possibility of an DM-DR
interaction. In (d), a dark sector ! sources not only dark
radiation, but also dark matter.

[2, 3]. An example might be multiple fields #s driving
inflation as illustrated in Fig. 1.

The following three examples all feature two indepen-
dent, non-thermalized fluids throughout the evolution
from inflation until today and therefore feature besides
curvature fluctuations one independent linear combina-
tion of isocurvature. In example (b), the second sector #
later on acts as cold dark matter (DM). A minimal exam-
ple would be scalar DM produced via the misalignment
mechanism [16–21]. Since the photons and neutrinos are
in thermal equilibrium at the time when they decouple,
the relative isocurvature between them is Sωε = 0 . One
therefore only has DM isocurvature SωDM ↔= 0 , as one
may have naively expected.

In (c) and (d), we show examples of cosmologies that
realize a non-zero neutrino isocurvature. As just dis-
cussed, neutrinos are in thermal equilibrium at times
well before big bang nucleosynthesis (BBN). In order
to achieve fluctuations in the neutrino density one must
therefore either consider fluctuations in the lepton num-
ber or consider a separate sector that at times after BBN
contributes to the neutrinos. We will first discuss the
second possibility.

Note that while neutrino masses are expected to be-
come relevant to LSS surveys in the near future [22–24],
to this day neutrinos may be modeled as free streaming
radiation, only interacting gravitationally at all times af-
ter BBN. Let us therefore consider the simplest case, and
instead of neutrinos consider a dark sector that at the
time of CMB emission behaves as free streaming, dark
radiation. Neutrinos and the dark sector are then in-
distinguishable to CMB and LSS probes. To this end
we define an e!ective neutrino density and isocurvature
perturbation

ϑεeff = ϑε + ϑDR , Sωεeff =
ϑDR

ϑεeff

SωDR , (5)

Gerlach, Ratzinger & PS, 2504.17047

φinf φsφinf φs



How to get neutrino isocurvature
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than the observed adiabatic ones [8–10]. In this pa-
per we restrict ourselves to magnitudes of isocurvature
smaller than the observed CMB fluctuations, S ↭ 10→5.
This allows us to recast any fluctuation of baryons and
dark matter into an e!ectively unconstrained compen-
sated matter perturbation and an overall matter fluctua-
tion that may be expressed by a dark matter fluctuation,
while choosing Sωb = 0 . The question of what isocurva-
ture perturbation to consider is then reduced to a choice
of the ratio Sωε/SωDM .

In general, this scenario can therefore be parametrized
by the isocurvature fraction relative to the adiabatic fluc-
tuation,

f
2
iso =

→S
2
ωε↑ + →S

2
ωDM↑

→ω
2
tot↑

, (2)

the ratio between the fully correlated neutrino and mat-
ter isocurvature that we will give in terms of an angle

tan(ε) =
Sωε

SωDM
, (3)

as well as the possible correlation between the isocur-
vature and the adiabatic mode that we may take with
respect to the dark matter component,

cϑS =
→SωDMωtot↑√
→S

2
ωDM↑→ω

2
tot↑

. (4)

Previous works [8, 11–15] have only considered specific
choices of the angle ε . The initial condition called dark
matter isocurvature corresponds to ε = 0 with our def-
initions. The one referred to as neutrino isocurvature is
however arranged such that there is no isocurvature be-
tween the total radiation and matter. This corresponds
to the somewhat odd combination ε = arctan[(1 +
ϑω/ϑε)/(1+ϑb/ϑDM)] ↓ 1.12 . Further the normalization
is chosen such that the isocurvature fraction fiso needs
to be multiplied by a factor of 1.4 to compare to our
convention. We will refer to this choice of ε as compen-
sated neutrino isocurvature in analogy to the compen-
sated matter perturbation.

A. Neutrino isocurvature from a dark sector

To see whether these values of ε are particularly well
motivated, we compare cosmologies of increasing com-
plexity in Fig. 1. The first one, (a), is the standard
single-field inflation scenario with inflaton ” . In this
model, at early times there can only be a time di!erence
between the equal energy slicing of the inflaton sector
with respect to spatially flat slices, which leads to the
fluctuations being adiabatic. The fluctuations then stay
adiabatic throughout all of the following evolution. This
holds true for much more complicated inflationary sec-
tors as long as they reheat a common fluid at some point
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FIG. 1. Cosmic histories in comparison: The lines correspond
to energy flow in the corresponding sector or fluid. Scenario
(a) is the standard adiabatic case. Scenario (b) may lead
to dark matter isocurvature but not to neutrino isocurvature
(both compared to photons). In (c) a second sector adds a
dark radiation background, which may entail neutrino isocur-
vature. The arrow indicates the possibility of an DM-DR
interaction. In (d), a dark sector ! sources not only dark
radiation, but also dark matter.

[2, 3]. An example might be multiple fields #s driving
inflation as illustrated in Fig. 1.

The following three examples all feature two indepen-
dent, non-thermalized fluids throughout the evolution
from inflation until today and therefore feature besides
curvature fluctuations one independent linear combina-
tion of isocurvature. In example (b), the second sector #
later on acts as cold dark matter (DM). A minimal exam-
ple would be scalar DM produced via the misalignment
mechanism [16–21]. Since the photons and neutrinos are
in thermal equilibrium at the time when they decouple,
the relative isocurvature between them is Sωε = 0 . One
therefore only has DM isocurvature SωDM ↔= 0 , as one
may have naively expected.

In (c) and (d), we show examples of cosmologies that
realize a non-zero neutrino isocurvature. As just dis-
cussed, neutrinos are in thermal equilibrium at times
well before big bang nucleosynthesis (BBN). In order
to achieve fluctuations in the neutrino density one must
therefore either consider fluctuations in the lepton num-
ber or consider a separate sector that at times after BBN
contributes to the neutrinos. We will first discuss the
second possibility.

Note that while neutrino masses are expected to be-
come relevant to LSS surveys in the near future [22–24],
to this day neutrinos may be modeled as free streaming
radiation, only interacting gravitationally at all times af-
ter BBN. Let us therefore consider the simplest case, and
instead of neutrinos consider a dark sector that at the
time of CMB emission behaves as free streaming, dark
radiation. Neutrinos and the dark sector are then in-
distinguishable to CMB and LSS probes. To this end
we define an e!ective neutrino density and isocurvature
perturbation

ϑεeff = ϑε + ϑDR , Sωεeff =
ϑDR

ϑεeff

SωDR , (5)

Gerlach, Ratzinger & PS, 2504.17047

φinf φs φinf φs φinf φs CMB cannot (yet) 
distinguish 
neutrinos from 
other dark 
radiation 

     (?)SγDM = 0
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than the observed adiabatic ones [8–10]. In this pa-
per we restrict ourselves to magnitudes of isocurvature
smaller than the observed CMB fluctuations, S ↭ 10→5.
This allows us to recast any fluctuation of baryons and
dark matter into an e!ectively unconstrained compen-
sated matter perturbation and an overall matter fluctua-
tion that may be expressed by a dark matter fluctuation,
while choosing Sωb = 0 . The question of what isocurva-
ture perturbation to consider is then reduced to a choice
of the ratio Sωε/SωDM .

In general, this scenario can therefore be parametrized
by the isocurvature fraction relative to the adiabatic fluc-
tuation,

f
2
iso =

→S
2
ωε↑ + →S

2
ωDM↑

→ω
2
tot↑

, (2)

the ratio between the fully correlated neutrino and mat-
ter isocurvature that we will give in terms of an angle

tan(ε) =
Sωε

SωDM
, (3)

as well as the possible correlation between the isocur-
vature and the adiabatic mode that we may take with
respect to the dark matter component,

cϑS =
→SωDMωtot↑√
→S

2
ωDM↑→ω

2
tot↑

. (4)

Previous works [8, 11–15] have only considered specific
choices of the angle ε . The initial condition called dark
matter isocurvature corresponds to ε = 0 with our def-
initions. The one referred to as neutrino isocurvature is
however arranged such that there is no isocurvature be-
tween the total radiation and matter. This corresponds
to the somewhat odd combination ε = arctan[(1 +
ϑω/ϑε)/(1+ϑb/ϑDM)] ↓ 1.12 . Further the normalization
is chosen such that the isocurvature fraction fiso needs
to be multiplied by a factor of 1.4 to compare to our
convention. We will refer to this choice of ε as compen-
sated neutrino isocurvature in analogy to the compen-
sated matter perturbation.

A. Neutrino isocurvature from a dark sector

To see whether these values of ε are particularly well
motivated, we compare cosmologies of increasing com-
plexity in Fig. 1. The first one, (a), is the standard
single-field inflation scenario with inflaton ” . In this
model, at early times there can only be a time di!erence
between the equal energy slicing of the inflaton sector
with respect to spatially flat slices, which leads to the
fluctuations being adiabatic. The fluctuations then stay
adiabatic throughout all of the following evolution. This
holds true for much more complicated inflationary sec-
tors as long as they reheat a common fluid at some point
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FIG. 1. Cosmic histories in comparison: The lines correspond
to energy flow in the corresponding sector or fluid. Scenario
(a) is the standard adiabatic case. Scenario (b) may lead
to dark matter isocurvature but not to neutrino isocurvature
(both compared to photons). In (c) a second sector adds a
dark radiation background, which may entail neutrino isocur-
vature. The arrow indicates the possibility of an DM-DR
interaction. In (d), a dark sector ! sources not only dark
radiation, but also dark matter.

[2, 3]. An example might be multiple fields #s driving
inflation as illustrated in Fig. 1.

The following three examples all feature two indepen-
dent, non-thermalized fluids throughout the evolution
from inflation until today and therefore feature besides
curvature fluctuations one independent linear combina-
tion of isocurvature. In example (b), the second sector #
later on acts as cold dark matter (DM). A minimal exam-
ple would be scalar DM produced via the misalignment
mechanism [16–21]. Since the photons and neutrinos are
in thermal equilibrium at the time when they decouple,
the relative isocurvature between them is Sωε = 0 . One
therefore only has DM isocurvature SωDM ↔= 0 , as one
may have naively expected.

In (c) and (d), we show examples of cosmologies that
realize a non-zero neutrino isocurvature. As just dis-
cussed, neutrinos are in thermal equilibrium at times
well before big bang nucleosynthesis (BBN). In order
to achieve fluctuations in the neutrino density one must
therefore either consider fluctuations in the lepton num-
ber or consider a separate sector that at times after BBN
contributes to the neutrinos. We will first discuss the
second possibility.

Note that while neutrino masses are expected to be-
come relevant to LSS surveys in the near future [22–24],
to this day neutrinos may be modeled as free streaming
radiation, only interacting gravitationally at all times af-
ter BBN. Let us therefore consider the simplest case, and
instead of neutrinos consider a dark sector that at the
time of CMB emission behaves as free streaming, dark
radiation. Neutrinos and the dark sector are then in-
distinguishable to CMB and LSS probes. To this end
we define an e!ective neutrino density and isocurvature
perturbation

ϑεeff = ϑε + ϑDR , Sωεeff =
ϑDR

ϑεeff

SωDR , (5)
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than the observed adiabatic ones [8–10]. In this pa-
per we restrict ourselves to magnitudes of isocurvature
smaller than the observed CMB fluctuations, S ↭ 10→5.
This allows us to recast any fluctuation of baryons and
dark matter into an e!ectively unconstrained compen-
sated matter perturbation and an overall matter fluctua-
tion that may be expressed by a dark matter fluctuation,
while choosing Sωb = 0 . The question of what isocurva-
ture perturbation to consider is then reduced to a choice
of the ratio Sωε/SωDM .

In general, this scenario can therefore be parametrized
by the isocurvature fraction relative to the adiabatic fluc-
tuation,

f
2
iso =

→S
2
ωε↑ + →S

2
ωDM↑

→ω
2
tot↑

, (2)

the ratio between the fully correlated neutrino and mat-
ter isocurvature that we will give in terms of an angle

tan(ε) =
Sωε

SωDM
, (3)

as well as the possible correlation between the isocur-
vature and the adiabatic mode that we may take with
respect to the dark matter component,

cϑS =
→SωDMωtot↑√
→S

2
ωDM↑→ω

2
tot↑

. (4)

Previous works [8, 11–15] have only considered specific
choices of the angle ε . The initial condition called dark
matter isocurvature corresponds to ε = 0 with our def-
initions. The one referred to as neutrino isocurvature is
however arranged such that there is no isocurvature be-
tween the total radiation and matter. This corresponds
to the somewhat odd combination ε = arctan[(1 +
ϑω/ϑε)/(1+ϑb/ϑDM)] ↓ 1.12 . Further the normalization
is chosen such that the isocurvature fraction fiso needs
to be multiplied by a factor of 1.4 to compare to our
convention. We will refer to this choice of ε as compen-
sated neutrino isocurvature in analogy to the compen-
sated matter perturbation.

A. Neutrino isocurvature from a dark sector

To see whether these values of ε are particularly well
motivated, we compare cosmologies of increasing com-
plexity in Fig. 1. The first one, (a), is the standard
single-field inflation scenario with inflaton ” . In this
model, at early times there can only be a time di!erence
between the equal energy slicing of the inflaton sector
with respect to spatially flat slices, which leads to the
fluctuations being adiabatic. The fluctuations then stay
adiabatic throughout all of the following evolution. This
holds true for much more complicated inflationary sec-
tors as long as they reheat a common fluid at some point
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FIG. 1. Cosmic histories in comparison: The lines correspond
to energy flow in the corresponding sector or fluid. Scenario
(a) is the standard adiabatic case. Scenario (b) may lead
to dark matter isocurvature but not to neutrino isocurvature
(both compared to photons). In (c) a second sector adds a
dark radiation background, which may entail neutrino isocur-
vature. The arrow indicates the possibility of an DM-DR
interaction. In (d), a dark sector ! sources not only dark
radiation, but also dark matter.

[2, 3]. An example might be multiple fields #s driving
inflation as illustrated in Fig. 1.

The following three examples all feature two indepen-
dent, non-thermalized fluids throughout the evolution
from inflation until today and therefore feature besides
curvature fluctuations one independent linear combina-
tion of isocurvature. In example (b), the second sector #
later on acts as cold dark matter (DM). A minimal exam-
ple would be scalar DM produced via the misalignment
mechanism [16–21]. Since the photons and neutrinos are
in thermal equilibrium at the time when they decouple,
the relative isocurvature between them is Sωε = 0 . One
therefore only has DM isocurvature SωDM ↔= 0 , as one
may have naively expected.

In (c) and (d), we show examples of cosmologies that
realize a non-zero neutrino isocurvature. As just dis-
cussed, neutrinos are in thermal equilibrium at times
well before big bang nucleosynthesis (BBN). In order
to achieve fluctuations in the neutrino density one must
therefore either consider fluctuations in the lepton num-
ber or consider a separate sector that at times after BBN
contributes to the neutrinos. We will first discuss the
second possibility.

Note that while neutrino masses are expected to be-
come relevant to LSS surveys in the near future [22–24],
to this day neutrinos may be modeled as free streaming
radiation, only interacting gravitationally at all times af-
ter BBN. Let us therefore consider the simplest case, and
instead of neutrinos consider a dark sector that at the
time of CMB emission behaves as free streaming, dark
radiation. Neutrinos and the dark sector are then in-
distinguishable to CMB and LSS probes. To this end
we define an e!ective neutrino density and isocurvature
perturbation

ϑεeff = ϑε + ϑDR , Sωεeff =
ϑDR

ϑεeff

SωDR , (5)
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than the observed adiabatic ones [8–10]. In this pa-
per we restrict ourselves to magnitudes of isocurvature
smaller than the observed CMB fluctuations, S ↭ 10→5.
This allows us to recast any fluctuation of baryons and
dark matter into an e!ectively unconstrained compen-
sated matter perturbation and an overall matter fluctua-
tion that may be expressed by a dark matter fluctuation,
while choosing Sωb = 0 . The question of what isocurva-
ture perturbation to consider is then reduced to a choice
of the ratio Sωε/SωDM .

In general, this scenario can therefore be parametrized
by the isocurvature fraction relative to the adiabatic fluc-
tuation,

f
2
iso =

→S
2
ωε↑ + →S

2
ωDM↑

→ω
2
tot↑

, (2)

the ratio between the fully correlated neutrino and mat-
ter isocurvature that we will give in terms of an angle

tan(ε) =
Sωε

SωDM
, (3)

as well as the possible correlation between the isocur-
vature and the adiabatic mode that we may take with
respect to the dark matter component,

cϑS =
→SωDMωtot↑√
→S

2
ωDM↑→ω

2
tot↑

. (4)

Previous works [8, 11–15] have only considered specific
choices of the angle ε . The initial condition called dark
matter isocurvature corresponds to ε = 0 with our def-
initions. The one referred to as neutrino isocurvature is
however arranged such that there is no isocurvature be-
tween the total radiation and matter. This corresponds
to the somewhat odd combination ε = arctan[(1 +
ϑω/ϑε)/(1+ϑb/ϑDM)] ↓ 1.12 . Further the normalization
is chosen such that the isocurvature fraction fiso needs
to be multiplied by a factor of 1.4 to compare to our
convention. We will refer to this choice of ε as compen-
sated neutrino isocurvature in analogy to the compen-
sated matter perturbation.

A. Neutrino isocurvature from a dark sector

To see whether these values of ε are particularly well
motivated, we compare cosmologies of increasing com-
plexity in Fig. 1. The first one, (a), is the standard
single-field inflation scenario with inflaton ” . In this
model, at early times there can only be a time di!erence
between the equal energy slicing of the inflaton sector
with respect to spatially flat slices, which leads to the
fluctuations being adiabatic. The fluctuations then stay
adiabatic throughout all of the following evolution. This
holds true for much more complicated inflationary sec-
tors as long as they reheat a common fluid at some point
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FIG. 1. Cosmic histories in comparison: The lines correspond
to energy flow in the corresponding sector or fluid. Scenario
(a) is the standard adiabatic case. Scenario (b) may lead
to dark matter isocurvature but not to neutrino isocurvature
(both compared to photons). In (c) a second sector adds a
dark radiation background, which may entail neutrino isocur-
vature. The arrow indicates the possibility of an DM-DR
interaction. In (d), a dark sector ! sources not only dark
radiation, but also dark matter.

[2, 3]. An example might be multiple fields #s driving
inflation as illustrated in Fig. 1.

The following three examples all feature two indepen-
dent, non-thermalized fluids throughout the evolution
from inflation until today and therefore feature besides
curvature fluctuations one independent linear combina-
tion of isocurvature. In example (b), the second sector #
later on acts as cold dark matter (DM). A minimal exam-
ple would be scalar DM produced via the misalignment
mechanism [16–21]. Since the photons and neutrinos are
in thermal equilibrium at the time when they decouple,
the relative isocurvature between them is Sωε = 0 . One
therefore only has DM isocurvature SωDM ↔= 0 , as one
may have naively expected.

In (c) and (d), we show examples of cosmologies that
realize a non-zero neutrino isocurvature. As just dis-
cussed, neutrinos are in thermal equilibrium at times
well before big bang nucleosynthesis (BBN). In order
to achieve fluctuations in the neutrino density one must
therefore either consider fluctuations in the lepton num-
ber or consider a separate sector that at times after BBN
contributes to the neutrinos. We will first discuss the
second possibility.

Note that while neutrino masses are expected to be-
come relevant to LSS surveys in the near future [22–24],
to this day neutrinos may be modeled as free streaming
radiation, only interacting gravitationally at all times af-
ter BBN. Let us therefore consider the simplest case, and
instead of neutrinos consider a dark sector that at the
time of CMB emission behaves as free streaming, dark
radiation. Neutrinos and the dark sector are then in-
distinguishable to CMB and LSS probes. To this end
we define an e!ective neutrino density and isocurvature
perturbation

ϑεeff = ϑε + ϑDR , Sωεeff =
ϑDR

ϑεeff

SωDR , (5)
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General expectation: 

Both DM and neutrino isocurvature (relative to the 
photons) are present 

Ratio of the two depends on cosmological model 

Simplest parameterisation:  

Ok it is never that easy. In a fit, need also:  

9

Kosmologietag Bielefeld 2025 Christopher Gerlach

2. What is neutrino isocurvature?
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2. What is neutrino isocurvature?

• How can we parameterize the amplitudes efficiently? 

• Compensated matter perturbation: one dimension less 

• Cosmology determines relation between DM and -isocurvature 

• So far: only specific choices tested! 

• We fix  

• Still need to fit: amplitude and correlation

β

niso = 1

The mixing angle

tan(δ) =
Sτβ

SτDM
mixing angle Sτβ

SτDM
δ

2

than the observed adiabatic ones [8–10]. In this pa-
per we restrict ourselves to magnitudes of isocurvature
smaller than the observed CMB fluctuations, S ↭ 10→5.
This allows us to recast any fluctuation of baryons and
dark matter into an e!ectively unconstrained compen-
sated matter perturbation and an overall matter fluctua-
tion that may be expressed by a dark matter fluctuation,
while choosing Sωb = 0 . The question of what isocurva-
ture perturbation to consider is then reduced to a choice
of the ratio Sωε/SωDM .

In general, this scenario can therefore be parametrized
by the isocurvature fraction relative to the adiabatic fluc-
tuation,

f
2
iso =

→S
2
ωε↑ + →S

2
ωDM↑

→ω
2
tot↑

, (2)

the ratio between the fully correlated neutrino and mat-
ter isocurvature that we will give in terms of an angle

tan(ε) =
Sωε

SωDM
, (3)

as well as the possible correlation between the isocur-
vature and the adiabatic mode that we may take with
respect to the dark matter component,

cϑS =
→SωDMωtot↑√
→S

2
ωDM↑→ω

2
tot↑

. (4)

Previous works [8, 11–15] have only considered specific
choices of the angle ε . The initial condition called dark
matter isocurvature corresponds to ε = 0 with our def-
initions. The one referred to as neutrino isocurvature is
however arranged such that there is no isocurvature be-
tween the total radiation and matter. This corresponds
to the somewhat odd combination ε = arctan[(1 +
ϑω/ϑε)/(1+ϑb/ϑDM)] ↓ 1.12 . Further the normalization
is chosen such that the isocurvature fraction fiso needs
to be multiplied by a factor of 1.4 to compare to our
convention. We will refer to this choice of ε as compen-
sated neutrino isocurvature in analogy to the compen-
sated matter perturbation.

A. Neutrino isocurvature from a dark sector

To see whether these values of ε are particularly well
motivated, we compare cosmologies of increasing com-
plexity in Fig. 1. The first one, (a), is the standard
single-field inflation scenario with inflaton ” . In this
model, at early times there can only be a time di!erence
between the equal energy slicing of the inflaton sector
with respect to spatially flat slices, which leads to the
fluctuations being adiabatic. The fluctuations then stay
adiabatic throughout all of the following evolution. This
holds true for much more complicated inflationary sec-
tors as long as they reheat a common fluid at some point
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FIG. 1. Cosmic histories in comparison: The lines correspond
to energy flow in the corresponding sector or fluid. Scenario
(a) is the standard adiabatic case. Scenario (b) may lead
to dark matter isocurvature but not to neutrino isocurvature
(both compared to photons). In (c) a second sector adds a
dark radiation background, which may entail neutrino isocur-
vature. The arrow indicates the possibility of an DM-DR
interaction. In (d), a dark sector ! sources not only dark
radiation, but also dark matter.

[2, 3]. An example might be multiple fields #s driving
inflation as illustrated in Fig. 1.

The following three examples all feature two indepen-
dent, non-thermalized fluids throughout the evolution
from inflation until today and therefore feature besides
curvature fluctuations one independent linear combina-
tion of isocurvature. In example (b), the second sector #
later on acts as cold dark matter (DM). A minimal exam-
ple would be scalar DM produced via the misalignment
mechanism [16–21]. Since the photons and neutrinos are
in thermal equilibrium at the time when they decouple,
the relative isocurvature between them is Sωε = 0 . One
therefore only has DM isocurvature SωDM ↔= 0 , as one
may have naively expected.

In (c) and (d), we show examples of cosmologies that
realize a non-zero neutrino isocurvature. As just dis-
cussed, neutrinos are in thermal equilibrium at times
well before big bang nucleosynthesis (BBN). In order
to achieve fluctuations in the neutrino density one must
therefore either consider fluctuations in the lepton num-
ber or consider a separate sector that at times after BBN
contributes to the neutrinos. We will first discuss the
second possibility.

Note that while neutrino masses are expected to be-
come relevant to LSS surveys in the near future [22–24],
to this day neutrinos may be modeled as free streaming
radiation, only interacting gravitationally at all times af-
ter BBN. Let us therefore consider the simplest case, and
instead of neutrinos consider a dark sector that at the
time of CMB emission behaves as free streaming, dark
radiation. Neutrinos and the dark sector are then in-
distinguishable to CMB and LSS probes. To this end
we define an e!ective neutrino density and isocurvature
perturbation

ϑεeff = ϑε + ϑDR , Sωεeff =
ϑDR

ϑεeff

SωDR , (5)
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than the observed adiabatic ones [8–10]. In this pa-
per we restrict ourselves to magnitudes of isocurvature
smaller than the observed CMB fluctuations, S ↭ 10→5.
This allows us to recast any fluctuation of baryons and
dark matter into an e!ectively unconstrained compen-
sated matter perturbation and an overall matter fluctua-
tion that may be expressed by a dark matter fluctuation,
while choosing Sωb = 0 . The question of what isocurva-
ture perturbation to consider is then reduced to a choice
of the ratio Sωε/SωDM .

In general, this scenario can therefore be parametrized
by the isocurvature fraction relative to the adiabatic fluc-
tuation,

f
2
iso =

→S
2
ωε↑ + →S

2
ωDM↑

→ω
2
tot↑

, (2)

the ratio between the fully correlated neutrino and mat-
ter isocurvature that we will give in terms of an angle

tan(ε) =
Sωε

SωDM
, (3)

as well as the possible correlation between the isocur-
vature and the adiabatic mode that we may take with
respect to the dark matter component,

cϑS =
→SωDMωtot↑√
→S

2
ωDM↑→ω

2
tot↑

. (4)

Previous works [8, 11–15] have only considered specific
choices of the angle ε . The initial condition called dark
matter isocurvature corresponds to ε = 0 with our def-
initions. The one referred to as neutrino isocurvature is
however arranged such that there is no isocurvature be-
tween the total radiation and matter. This corresponds
to the somewhat odd combination ε = arctan[(1 +
ϑω/ϑε)/(1+ϑb/ϑDM)] ↓ 1.12 . Further the normalization
is chosen such that the isocurvature fraction fiso needs
to be multiplied by a factor of 1.4 to compare to our
convention. We will refer to this choice of ε as compen-
sated neutrino isocurvature in analogy to the compen-
sated matter perturbation.

A. Neutrino isocurvature from a dark sector

To see whether these values of ε are particularly well
motivated, we compare cosmologies of increasing com-
plexity in Fig. 1. The first one, (a), is the standard
single-field inflation scenario with inflaton ” . In this
model, at early times there can only be a time di!erence
between the equal energy slicing of the inflaton sector
with respect to spatially flat slices, which leads to the
fluctuations being adiabatic. The fluctuations then stay
adiabatic throughout all of the following evolution. This
holds true for much more complicated inflationary sec-
tors as long as they reheat a common fluid at some point
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FIG. 1. Cosmic histories in comparison: The lines correspond
to energy flow in the corresponding sector or fluid. Scenario
(a) is the standard adiabatic case. Scenario (b) may lead
to dark matter isocurvature but not to neutrino isocurvature
(both compared to photons). In (c) a second sector adds a
dark radiation background, which may entail neutrino isocur-
vature. The arrow indicates the possibility of an DM-DR
interaction. In (d), a dark sector ! sources not only dark
radiation, but also dark matter.

[2, 3]. An example might be multiple fields #s driving
inflation as illustrated in Fig. 1.

The following three examples all feature two indepen-
dent, non-thermalized fluids throughout the evolution
from inflation until today and therefore feature besides
curvature fluctuations one independent linear combina-
tion of isocurvature. In example (b), the second sector #
later on acts as cold dark matter (DM). A minimal exam-
ple would be scalar DM produced via the misalignment
mechanism [16–21]. Since the photons and neutrinos are
in thermal equilibrium at the time when they decouple,
the relative isocurvature between them is Sωε = 0 . One
therefore only has DM isocurvature SωDM ↔= 0 , as one
may have naively expected.

In (c) and (d), we show examples of cosmologies that
realize a non-zero neutrino isocurvature. As just dis-
cussed, neutrinos are in thermal equilibrium at times
well before big bang nucleosynthesis (BBN). In order
to achieve fluctuations in the neutrino density one must
therefore either consider fluctuations in the lepton num-
ber or consider a separate sector that at times after BBN
contributes to the neutrinos. We will first discuss the
second possibility.

Note that while neutrino masses are expected to be-
come relevant to LSS surveys in the near future [22–24],
to this day neutrinos may be modeled as free streaming
radiation, only interacting gravitationally at all times af-
ter BBN. Let us therefore consider the simplest case, and
instead of neutrinos consider a dark sector that at the
time of CMB emission behaves as free streaming, dark
radiation. Neutrinos and the dark sector are then in-
distinguishable to CMB and LSS probes. To this end
we define an e!ective neutrino density and isocurvature
perturbation

ϑεeff = ϑε + ϑDR , Sωεeff =
ϑDR

ϑεeff

SωDR , (5)

niso = 1
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What Planck fits

In our notation 

DM isocurvature:                            

Neutrino isocurvature (NDI):         ??? 
(this has ) 

ϕ = 0

ϕ ≈ 1.12
δργ + δρν = 0
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1. Review of isocurvature perturbations

3

Credit: ESA and 
the Planck 
Collaboration

Credit: Sloan Digital Sky Survey

What we know about cosmic perturbations

[Planck Collaboration 1807.06211]

βiso(k) = 𝒫II(k)
𝒫II(k) + 𝒫RR(k)

klow,mid,high = 0.002, 0.050, 0.100 Mpc−1

Observable:

(+ spectral index + correlation)

DM  
isocurvature

“Neutrino” 
isocurvature
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Can the CMB distinguish this? 

Yes :) 
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FIG. 2. Comparison of temperature correlations in the CMB
as a function of angular multipole l resulting from adiabatic,
dark matter and neutrino isocurvature only as well as two
admixed cases. For simplicity, we take all primordial power
spectra to be flat and with the same amplitude.

in the CMB for a fiducial !CDM cosmology using the
best fit parameters from Planck [36], but for simplicity
taking a flat primordial spectrum, i.e., setting the scalar
index n = 1 . Besides the adiabatic initial conditions
that are dominating our Universe, we show four di”erent
scenarios with isocurvature instead of the adiabatic mode
at the same amplitude.

It becomes apparent that the resulting spectra di”er in
the position of the acoustic peaks as well as their heights.
It is therefore clear that CMB data is able to distinguish
between di”erent values of ω . In the event of detection, ω

can therefore be determined and would serve as an invalu-
able piece of information when trying to disentangle the
various cosmologies discussed above. On the other hand,
since the signatures di”er quiet drastically, it is easy to
imagine that an isocurvature signal may be missed when
narrowing the search to one ω only. The same conclu-
sion is reached in Appendix B, where we consider CMB
polarization and LSS.

B. Fit to CMB and LSS data

We carry out the first search for generalized neutrino
isocurvature using Planck 2018 (including TTTEEE +
lensing [37]) as well as baryon acoustic oscillation data
(including BOSS DR12 [38] + MGS [39] + 6dFGS [40]).
We perform a Markov chain Monte Carlo (MCMC) anal-
ysis using MontePython [41, 42]. Additionally to the
base-!CDM parameters from Ref. [36], we fit the e”ec-
tive number of neutrinos as all models discussed in Sec-
tion II involve additional degrees of freedom. We here
present the results of a series of runs in which the spec-
tral index niso = 1 is fixed and ω is varied from →ε/2
to ε/2 in between the fits. In each run, fiso and cωS are
fitted. We use a linear-flat prior for fiso preferring larger

FIG. 3. Upper bound on the isocurvature fraction as a
function of the mixing angle ω between neutrino and mat-
ter isocurvature (orange line). The green arrows represent
the bounds found in Ref. [8]. For mixing angles close to
ω = ε/2 → ↑ε/2, corresponding to vanishing matter isocur-
vature, the fit prefers non-zero fractions (blue line) leading to
a reduction in ϑ2 (top panel).

values than a log-flat prior. Our results therefore can be
interpreted as conservative bounds on the isocurvature
mode from inflationary scenarios which lead to niso ↑ 1
[43].

In Fig. 3 we show the dependence of the 95 percentile
of f

2
iso = (PSωε + PSωDM)/Pω |kpiv as a function of ω in

orange. For comparison the bounds found in Ref. [8] are
indicated by green arrows. As the analysis of Ref. [8]
allowed the isocurvature spectral index to vary, we com-
pare our results to the most stringent one out of the three
scales considered in Tab. 14 of Ref. [8], the one at klow .
More specifically, we took the values f

2
iso = 2.5% and

7.4% for the dark matter and compensated neutrino case,
respectively, where for the latter one we accounted for the
di”erence in normalization by multiplying with (1.4)2.
Our results agree with Ref. [8] to within 30%, where the
discrepancies are most likely due to di”erences in analy-
sis. We further agree with Ref. [8] that the bounds are
significantly more stringent when considering large cor-
relations between the adiabatic and isocurvature mode
(see Appendix C).

We find that the bound on the isocurvature fraction
is weaker for scenarios with vanishing matter isocurva-
ture ω ↑ ε/2 ↓ →ε/2 . This may be contributed to
the fact that the signatures in the case of SεDM = 0 are
suppressed on all scales relative to the adiabatic ones as
can be seen from Fig. 2 (see also Appendix B). Further-
more, we find that the fit shows a slight preference for
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Limits on generalised neutrino isocurvature from 
CMB & LSS2,3
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3. How to observe it
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DM production with DR isocurvature 

Assumptions:  
► DR with isocurvature 
► DM produced from SM (photon) bath 

Initially: 

►  

But freeze-in/freeze out is sensitive to 
local Hubble rate, which depends on  
the density fluctuations in dark radiation

SγDM = 0

14

2

than the observed adiabatic ones [8–10]. In this pa-
per we restrict ourselves to magnitudes of isocurvature
smaller than the observed CMB fluctuations, S ↭ 10→5.
This allows us to recast any fluctuation of baryons and
dark matter into an e!ectively unconstrained compen-
sated matter perturbation and an overall matter fluctua-
tion that may be expressed by a dark matter fluctuation,
while choosing Sωb = 0 . The question of what isocurva-
ture perturbation to consider is then reduced to a choice
of the ratio Sωε/SωDM .

In general, this scenario can therefore be parametrized
by the isocurvature fraction relative to the adiabatic fluc-
tuation,

f
2
iso =

→S
2
ωε↑ + →S

2
ωDM↑

→ω
2
tot↑

, (2)

the ratio between the fully correlated neutrino and mat-
ter isocurvature that we will give in terms of an angle

tan(ε) =
Sωε

SωDM
, (3)

as well as the possible correlation between the isocur-
vature and the adiabatic mode that we may take with
respect to the dark matter component,

cϑS =
→SωDMωtot↑√
→S

2
ωDM↑→ω

2
tot↑

. (4)

Previous works [8, 11–15] have only considered specific
choices of the angle ε . The initial condition called dark
matter isocurvature corresponds to ε = 0 with our def-
initions. The one referred to as neutrino isocurvature is
however arranged such that there is no isocurvature be-
tween the total radiation and matter. This corresponds
to the somewhat odd combination ε = arctan[(1 +
ϑω/ϑε)/(1+ϑb/ϑDM)] ↓ 1.12 . Further the normalization
is chosen such that the isocurvature fraction fiso needs
to be multiplied by a factor of 1.4 to compare to our
convention. We will refer to this choice of ε as compen-
sated neutrino isocurvature in analogy to the compen-
sated matter perturbation.

A. Neutrino isocurvature from a dark sector

To see whether these values of ε are particularly well
motivated, we compare cosmologies of increasing com-
plexity in Fig. 1. The first one, (a), is the standard
single-field inflation scenario with inflaton ” . In this
model, at early times there can only be a time di!erence
between the equal energy slicing of the inflaton sector
with respect to spatially flat slices, which leads to the
fluctuations being adiabatic. The fluctuations then stay
adiabatic throughout all of the following evolution. This
holds true for much more complicated inflationary sec-
tors as long as they reheat a common fluid at some point
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FIG. 1. Cosmic histories in comparison: The lines correspond
to energy flow in the corresponding sector or fluid. Scenario
(a) is the standard adiabatic case. Scenario (b) may lead
to dark matter isocurvature but not to neutrino isocurvature
(both compared to photons). In (c) a second sector adds a
dark radiation background, which may entail neutrino isocur-
vature. The arrow indicates the possibility of an DM-DR
interaction. In (d), a dark sector ! sources not only dark
radiation, but also dark matter.

[2, 3]. An example might be multiple fields #s driving
inflation as illustrated in Fig. 1.

The following three examples all feature two indepen-
dent, non-thermalized fluids throughout the evolution
from inflation until today and therefore feature besides
curvature fluctuations one independent linear combina-
tion of isocurvature. In example (b), the second sector #
later on acts as cold dark matter (DM). A minimal exam-
ple would be scalar DM produced via the misalignment
mechanism [16–21]. Since the photons and neutrinos are
in thermal equilibrium at the time when they decouple,
the relative isocurvature between them is Sωε = 0 . One
therefore only has DM isocurvature SωDM ↔= 0 , as one
may have naively expected.

In (c) and (d), we show examples of cosmologies that
realize a non-zero neutrino isocurvature. As just dis-
cussed, neutrinos are in thermal equilibrium at times
well before big bang nucleosynthesis (BBN). In order
to achieve fluctuations in the neutrino density one must
therefore either consider fluctuations in the lepton num-
ber or consider a separate sector that at times after BBN
contributes to the neutrinos. We will first discuss the
second possibility.

Note that while neutrino masses are expected to be-
come relevant to LSS surveys in the near future [22–24],
to this day neutrinos may be modeled as free streaming
radiation, only interacting gravitationally at all times af-
ter BBN. Let us therefore consider the simplest case, and
instead of neutrinos consider a dark sector that at the
time of CMB emission behaves as free streaming, dark
radiation. Neutrinos and the dark sector are then in-
distinguishable to CMB and LSS probes. To this end
we define an e!ective neutrino density and isocurvature
perturbation

ϑεeff = ϑε + ϑDR , Sωεeff =
ϑDR

ϑεeff

SωDR , (5)
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DM production with DR isocurvature 

Non-zero  generates non-zero , even without direct interactions 

Relative sign depends on DM production mechanism! 

Sγν SγDM
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ΩDR,0 ≈ 0.09
ΩDR,0 ≈ 0.33
ΩDR,0 ≈ 0.50
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(a) Yield of dark matter component.
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(b) Curvature perturbation evolution.

Figure 7: The evolution of the yield nDMa
3, compared to the yield of SM photons nωa

3, in freeze-in
and freeze-out scenarios is shown for di!erent patches with increasing dark radiation energy density
(solid to dotted). Note that for better comparability we choose such values in the numerical setup
that the freeze-in happens later on the x-axis of the yield plot. This is done by taking a larger mX ,
which otherwise does not change the setup, since it is degenerate with the choice of ” in the numerical
analysis. The right panel demonstrates the evolution of the dark matter isocurvature corresponding
to the solid line from the left panel for freeze-in as well as freeze-out. More details on the numerical
setup in Sec. D.

which remains constant after the end of the process when the DM scales purely as matter. Compared
to the freeze-in, the curvature perturbation of DM (purple) is lowered compared to the radiation bath
(black). The isocurvature has the opposite sign.

To analyze the parametric dependence, we perform the evaluation multiple times for di!erent
model parameters as in the freeze-in scenario. The resulting isocurvature perturbations are plotted
as a function of the initial DR contribution in the right panel of Fig. 6. We show the results for
three masses and four di!erent rates each. While rate and mass minimally change the slope, the
induced isocurvature is still strictly linear in the initial DR contribution for one set of (mX , ”). One
reason for the small deviations is the di!erent initial equilibrium density and thus a minimally changed
initial weighting of constituents. Remarkably, the analytic and much more simple toy model showed
”-dependence for the freeze-out as well, but not for the freeze-in.

The fit results for mX = {2.5, 1, 0.5} with ” = 105 are

SωDM → {0.57, 0.55, 0.53} #DR,0 SωDR,0 . (3.26)

Despite a small dependence of the slope on the model parameters, in general we find the same
result as for the freeze-in: The induced DM isocurvature scales linear with the DR abundance during
the freeze-out and the amplitude of the initial DR isocurvature perturbation. In contrast to the freeze-
in, the slope, while comparable in scale, is positive. The analytic estimate in Sec. E relying on the
sudden freeze-out approximation gives slightly larger ω but agrees to within 10%.
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Predictions for freeze-in/out 

Almost model independent:  

          SFI
γDM = − 0.67ΩDRSγDR SFO

γDM ≈ 0.55ΩDRSγDR
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Figure 9: Isocurvature mixing angle, which parameterizes the relative amplitude of e!ective neutrino
and DM isocurvature, that would be expected for freeze-out (purple) and freeze-in (red) scenarios.
The band gives the range of possible DR contribution in the low-”Ne! limit, which depends on the
temperature at DM production. The orange and blue line show upper limit and best fit found in Ref.
[54] for a common cosmological data set. The angle 0 would be pure DM isocurvature, while ±ω/2
would be pure neutrino isocurvature. The compensated neutrino isocurvature is the definition tested
commonly in the literature (see [54]).

and assume that DR saturates this limit. At recombination, this fixes Eq. (4.3) to 0.09. In Fig. 8 we
compare the resulting temperature dependence of the mixing angle with one saturating the forecast
for CMB-S4 and similar setups of ”Ne! = 0.027 [72]. Here we set ε = →2/3 and ε ↑ 0.6 for the
freeze-in and freeze-out scenario, respectively. Note that here we are neglecting a possible temperature
dependence of ε in the freeze-out scenario. As expected the influence of ”Ne! on the mixing angle
is small, while there is a sizable temperature dependence due to the degrees of freedom in the SM
changing, which leads to #DR varying.

As we demonstrated in [54], the limits on the isocurvature power spectrum from Planck [2] do
exhibit a strong dependence on the mixing angle ϑ, with the limits varying by an order of magnitude,
as shown in Fig. 9. The range of the isocurvature mixing angles expected for freeze-in and freeze-
out DM production is indicated by two colored bands. The outer and inner values correspond to
the minimal and maximal DR contribution at DM production (cf. Fig. 8). This leaves the range
→1.30 < ϑ < →0.95 for freeze-in and 1.03 < ϑ < 1.34 for freeze-out. Quite remarkably, the fit has
a mild preference for non-vanishing isocurvature of either sign and close to maximal mixing angle,
consistent with the range expected for DM production.

We want to note that giving up on the assumption that the DR sector strictly redshifts as radiation
would ultimately widen the range of possible mixing angles. For example if the degrees of freedom in
the DR sector decrease significantly or if it undergoes an intermediate scaling like matter, values of ϑ

closer ω/2 and →ω/2 can be achieved that our fit seems to prefer.
For the two DM production mechanisms we have discussed here, there is no overlap between the

– 20 –
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How about that last case? 
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2

than the observed adiabatic ones [8–10]. In this pa-
per we restrict ourselves to magnitudes of isocurvature
smaller than the observed CMB fluctuations, S ↭ 10→5.
This allows us to recast any fluctuation of baryons and
dark matter into an e!ectively unconstrained compen-
sated matter perturbation and an overall matter fluctua-
tion that may be expressed by a dark matter fluctuation,
while choosing Sωb = 0 . The question of what isocurva-
ture perturbation to consider is then reduced to a choice
of the ratio Sωε/SωDM .

In general, this scenario can therefore be parametrized
by the isocurvature fraction relative to the adiabatic fluc-
tuation,

f
2
iso =

→S
2
ωε↑ + →S

2
ωDM↑

→ω
2
tot↑

, (2)

the ratio between the fully correlated neutrino and mat-
ter isocurvature that we will give in terms of an angle

tan(ε) =
Sωε

SωDM
, (3)

as well as the possible correlation between the isocur-
vature and the adiabatic mode that we may take with
respect to the dark matter component,

cϑS =
→SωDMωtot↑√
→S

2
ωDM↑→ω

2
tot↑

. (4)

Previous works [8, 11–15] have only considered specific
choices of the angle ε . The initial condition called dark
matter isocurvature corresponds to ε = 0 with our def-
initions. The one referred to as neutrino isocurvature is
however arranged such that there is no isocurvature be-
tween the total radiation and matter. This corresponds
to the somewhat odd combination ε = arctan[(1 +
ϑω/ϑε)/(1+ϑb/ϑDM)] ↓ 1.12 . Further the normalization
is chosen such that the isocurvature fraction fiso needs
to be multiplied by a factor of 1.4 to compare to our
convention. We will refer to this choice of ε as compen-
sated neutrino isocurvature in analogy to the compen-
sated matter perturbation.

A. Neutrino isocurvature from a dark sector

To see whether these values of ε are particularly well
motivated, we compare cosmologies of increasing com-
plexity in Fig. 1. The first one, (a), is the standard
single-field inflation scenario with inflaton ” . In this
model, at early times there can only be a time di!erence
between the equal energy slicing of the inflaton sector
with respect to spatially flat slices, which leads to the
fluctuations being adiabatic. The fluctuations then stay
adiabatic throughout all of the following evolution. This
holds true for much more complicated inflationary sec-
tors as long as they reheat a common fluid at some point

Update March 25Φ

γ ν

Ψs

Time

DEC

RH

BBN

Φ Ψ

γ ν DM γ ν DM DRDM
(a) (b) (c) (d)

γ ν DM DR

Φ Ψ Φ Ψ

FIG. 1. Cosmic histories in comparison: The lines correspond
to energy flow in the corresponding sector or fluid. Scenario
(a) is the standard adiabatic case. Scenario (b) may lead
to dark matter isocurvature but not to neutrino isocurvature
(both compared to photons). In (c) a second sector adds a
dark radiation background, which may entail neutrino isocur-
vature. The arrow indicates the possibility of an DM-DR
interaction. In (d), a dark sector ! sources not only dark
radiation, but also dark matter.

[2, 3]. An example might be multiple fields #s driving
inflation as illustrated in Fig. 1.

The following three examples all feature two indepen-
dent, non-thermalized fluids throughout the evolution
from inflation until today and therefore feature besides
curvature fluctuations one independent linear combina-
tion of isocurvature. In example (b), the second sector #
later on acts as cold dark matter (DM). A minimal exam-
ple would be scalar DM produced via the misalignment
mechanism [16–21]. Since the photons and neutrinos are
in thermal equilibrium at the time when they decouple,
the relative isocurvature between them is Sωε = 0 . One
therefore only has DM isocurvature SωDM ↔= 0 , as one
may have naively expected.

In (c) and (d), we show examples of cosmologies that
realize a non-zero neutrino isocurvature. As just dis-
cussed, neutrinos are in thermal equilibrium at times
well before big bang nucleosynthesis (BBN). In order
to achieve fluctuations in the neutrino density one must
therefore either consider fluctuations in the lepton num-
ber or consider a separate sector that at times after BBN
contributes to the neutrinos. We will first discuss the
second possibility.

Note that while neutrino masses are expected to be-
come relevant to LSS surveys in the near future [22–24],
to this day neutrinos may be modeled as free streaming
radiation, only interacting gravitationally at all times af-
ter BBN. Let us therefore consider the simplest case, and
instead of neutrinos consider a dark sector that at the
time of CMB emission behaves as free streaming, dark
radiation. Neutrinos and the dark sector are then in-
distinguishable to CMB and LSS probes. To this end
we define an e!ective neutrino density and isocurvature
perturbation

ϑεeff = ϑε + ϑDR , Sωεeff =
ϑDR

ϑεeff

SωDR , (5)
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φinf φs φinf φs φinf φs φinf φs



Dark matter from dark radiation 

Considered 3 simple models 

Parameters: 

18

2

than the observed adiabatic ones [8–10]. In this pa-
per we restrict ourselves to magnitudes of isocurvature
smaller than the observed CMB fluctuations, S ↭ 10→5.
This allows us to recast any fluctuation of baryons and
dark matter into an e!ectively unconstrained compen-
sated matter perturbation and an overall matter fluctua-
tion that may be expressed by a dark matter fluctuation,
while choosing Sωb = 0 . The question of what isocurva-
ture perturbation to consider is then reduced to a choice
of the ratio Sωε/SωDM .

In general, this scenario can therefore be parametrized
by the isocurvature fraction relative to the adiabatic fluc-
tuation,

f
2
iso =

→S
2
ωε↑ + →S

2
ωDM↑

→ω
2
tot↑

, (2)

the ratio between the fully correlated neutrino and mat-
ter isocurvature that we will give in terms of an angle

tan(ε) =
Sωε

SωDM
, (3)

as well as the possible correlation between the isocur-
vature and the adiabatic mode that we may take with
respect to the dark matter component,

cϑS =
→SωDMωtot↑√
→S

2
ωDM↑→ω

2
tot↑

. (4)

Previous works [8, 11–15] have only considered specific
choices of the angle ε . The initial condition called dark
matter isocurvature corresponds to ε = 0 with our def-
initions. The one referred to as neutrino isocurvature is
however arranged such that there is no isocurvature be-
tween the total radiation and matter. This corresponds
to the somewhat odd combination ε = arctan[(1 +
ϑω/ϑε)/(1+ϑb/ϑDM)] ↓ 1.12 . Further the normalization
is chosen such that the isocurvature fraction fiso needs
to be multiplied by a factor of 1.4 to compare to our
convention. We will refer to this choice of ε as compen-
sated neutrino isocurvature in analogy to the compen-
sated matter perturbation.

A. Neutrino isocurvature from a dark sector

To see whether these values of ε are particularly well
motivated, we compare cosmologies of increasing com-
plexity in Fig. 1. The first one, (a), is the standard
single-field inflation scenario with inflaton ” . In this
model, at early times there can only be a time di!erence
between the equal energy slicing of the inflaton sector
with respect to spatially flat slices, which leads to the
fluctuations being adiabatic. The fluctuations then stay
adiabatic throughout all of the following evolution. This
holds true for much more complicated inflationary sec-
tors as long as they reheat a common fluid at some point
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FIG. 1. Cosmic histories in comparison: The lines correspond
to energy flow in the corresponding sector or fluid. Scenario
(a) is the standard adiabatic case. Scenario (b) may lead
to dark matter isocurvature but not to neutrino isocurvature
(both compared to photons). In (c) a second sector adds a
dark radiation background, which may entail neutrino isocur-
vature. The arrow indicates the possibility of an DM-DR
interaction. In (d), a dark sector ! sources not only dark
radiation, but also dark matter.

[2, 3]. An example might be multiple fields #s driving
inflation as illustrated in Fig. 1.

The following three examples all feature two indepen-
dent, non-thermalized fluids throughout the evolution
from inflation until today and therefore feature besides
curvature fluctuations one independent linear combina-
tion of isocurvature. In example (b), the second sector #
later on acts as cold dark matter (DM). A minimal exam-
ple would be scalar DM produced via the misalignment
mechanism [16–21]. Since the photons and neutrinos are
in thermal equilibrium at the time when they decouple,
the relative isocurvature between them is Sωε = 0 . One
therefore only has DM isocurvature SωDM ↔= 0 , as one
may have naively expected.

In (c) and (d), we show examples of cosmologies that
realize a non-zero neutrino isocurvature. As just dis-
cussed, neutrinos are in thermal equilibrium at times
well before big bang nucleosynthesis (BBN). In order
to achieve fluctuations in the neutrino density one must
therefore either consider fluctuations in the lepton num-
ber or consider a separate sector that at times after BBN
contributes to the neutrinos. We will first discuss the
second possibility.

Note that while neutrino masses are expected to be-
come relevant to LSS surveys in the near future [22–24],
to this day neutrinos may be modeled as free streaming
radiation, only interacting gravitationally at all times af-
ter BBN. Let us therefore consider the simplest case, and
instead of neutrinos consider a dark sector that at the
time of CMB emission behaves as free streaming, dark
radiation. Neutrinos and the dark sector are then in-
distinguishable to CMB and LSS probes. To this end
we define an e!ective neutrino density and isocurvature
perturbation

ϑεeff = ϑε + ϑDR , Sωεeff =
ϑDR

ϑεeff

SωDR , (5)
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Dark matter from dark radiation 
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Figure 8: The predicted combination of DR and DM isocurvature after the dark freeze-

out corresponds to an isocurvature mixing angle ω, which is a function of ε. The predicted

line follows Eq. (5.7).
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Figure 9: Isocurvature mixing angles resulting from the presented dark sector freeze-out,

as a function of dark sector temperature ratio ε (color-grading). We show the resulting

band of ω as well as the bounds on the isocurvature amplitude for di!erent mixing angles

from [29]. The red dashed line shows the mixing angle that would come out without nor-

malization through e!ective neutrino isocurvature. The y-axis for this and the prediction

line (dark blue) is given by the ε-value from 0 to 2. I will remove the Delta Ne! bar, add

it in the color bar, and add the two bars for FI and FO from the last paper
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Summary

There is probably a dark sector,  
we should find out what is inside 

If everything fails, need to rely on gravity! 

Today: 
► Neutrino (dark radiation) isocurvature can probe realistic 

inflationary scenarios 

► Isocurvature is sensitive to DM production mechanism  

► Could probe DM production from dark radiation  
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Extra slides



Superhorizon evolution of perturbations: Some fun 
for the enthusiasts

Fluctuations at CMB scales are far outside the horizon at 
early times (e.g. during DM production) 

Each patch evolves independently 
► Separate universe approach 

Consider evolution of energy densities  

EOM:  

Example: Single fluid

ρ = (ρ1, ρ2, . . . )

23

·ρ = F(ρ)

F(ρ) = − 3(1 + ω)Hρ with H2 = ρ/(3M2
Pl)

Gerlach, Ratzinger & PS, 2510.21917



Superhorizon evolution of perturbations: Some fun 
for the enthusiasts

EOM:  

Autonomous equation! No explicit time dependence!  

All possible values of  form phase space 

► Solutions for given  are trajectories in phase space: 

Now consider a patch with perturbed initial conditions:  
. Solution becomes 

ρ
ρ0(t0)

ρ0 + δρ0

24

·ρ = F(ρ)

ρ(t) = ρ(ρ0, t − t0)

ρ(t) + δρ(t) = ρ(ρ0 + δρ0, t − t0)

Gerlach, Ratzinger & PS, 2510.21917



Superhorizon evolution of perturbations: Some fun 
for the enthusiasts

Expand : 

Evolution of fluctuations known once the evolution of the 
homogeneous background is solved!  
► Much easier than solving ODE system for the fluctuations 

themselves (and you need to solve the background anyways) 

ρ(t) + δρ(t) = ρ(ρ0 + δρ0, t − t0)

25

δρα(t) = ∑
β

∂ρα(t)
∂ρ0,β

δρ0,β

Gerlach, Ratzinger & PS, 2510.21917



More details

Must include fluctuations of metric, gauge dependence…  

Or, if we choose e-folds N as time variable:  

Just solve the usual homogeneous problem (e.g. freeze-out 
of DM, decay of a curvaton), get evolution of fluctuations 
for free! 

26

If we now consider a perturbed metric

ds
2 = →(1 → 2ω)dt

2 + a
2(1 → 2ε)dx

2
, (2.8)

we see that ε transforms as ε ↑ ε + Hϑt. This allows us to define [36–38]

ϖω = →ε → H
ϑϱω

ϱ̇ω

, (2.9)

which encodes the density perturbations in a coordinate invariant manner. A rigorous definition of
ε in terms of a general metric fluctuation and a derivation of all transformation properties may be
found in Sec. A.

The constant time slices using the perturbed metric Eq. (2.8) have an intrinsic 3-curvature pro-
portional to the scalar perturbation ε,

(3)
R =

4

a2
↓

2
ε . (2.10)

The curvature perturbation ϖω therefore gives the density fluctuation ϑϱω = →ϱ̇ωϖω/H on a flat slicing
with ε = 0 or, equivalently, the dimensionless curvature ε = →ϖω on a constant density slicing
ϑϱω = 0 . Geometrically ϖω may therefore be regarded as the amount of time that separates these two
slicings, as the transformation with ϑt = ϖω/H goes from the one with vanishing density fluctuation
to the flat one. Since H = d log(a)/dt specifies the evolution of e-folds N = log(a) with time, more
directly ϖω gives the amount of e-folds ϑN = ϖω between these slicings, as illustrated in Fig. 1.

Let us now return to the evolution of the fluctuation ϖω. We have already found the solution for
the perturbations ϑϱω in terms of background quantities in Eq. (2.5). We now aim to do the same for
ε, making use of our intuition that it corresponds to the e-folds separating us from the flat slicing.
This procedure is known as the ϑN -formalism1 [45–50] and may be justified more rigorously by the
proof in [32]. The amount of e-folds along a path may be found by solving the equation Ṅ = H,
leading to

N(t) = N(ω0; t → t0) , N(ω0; 0) = 0 . (2.11)

In the following, we will jump from cosmic time to e-folds and back, depending on which picture
is easier to understand. In general, they are completely interchangeable. The ε ↔ →ϑN along a
perturbed path is then again given by variation with respect to the initial conditions ω0,

ε(t) = ε0 →

∑

ε

ςN(t)

ςϱ0,ε

ϑϱ0,ε . (2.12)

Let us now put this result together with Eq. (2.5) in order to get the evolved ϖω. Note that seemingly
we have an extra initial condition in our equations, the ϑϱ0,ω and ε0, when only evolving the ϖω. The
additional initial condition corresponds to the arbitrary choice of the initial slicing. Without loss of
generality we may choose it to be flat ε0 = 0 and ϑϱ0,ω = →ϱ̇0,ω/H ϖ0,ω . We then find

ϖω(t) =
∑

ε

[
H(t)

ϱ̇ω(t)

ςϱω(t)

ςϱ0,ε

→
ςN(t)

ςϱ0,ε

]
ϱ̇ε(t0)

H(t0)
ϖε(t0) . (2.13)

Although the di!erent parts for the evolution of ϖω are well known, we could not find this closed
expression in the literature. It has the particularly useful property that coordinate time t might be

1Later studies focused on higher orders of the expansion [39–43] and generalizing the concept [44].
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exchanged for any other time ω such that ω(t; ε0) is a coordinate transformation along the background
trajectory as we show in Sec. B. This includes all combinations of t, εω(t) and N(t) that one may
conceivably use to parametrize the background evolution, e.g. the temperature of a relativistic species
T → ε

1/4 . In this case, H = Ṅ is to be understood as a generalized Hubble rate with dots denoting
derivatives with respect to ω .

The choice of e-folds N as a time coordinate is particularly convenient, as the above equation
simplifies to

ϑω(N) =
∑

ε

1

ε→
ω
(N)

ϖεω(N)

ϖε0,ε

ε
→
ε
(N0) ϑε(N0) , (2.14)

where primes denote derivatives with respect to N .
Let us pause for a moment to recollect: We have found that the perturbations in energy density

can be considered as a phase space. The evolution of density perturbations can be determined fully
once the background, its evolution and the initial perturbations are known. This is inherited by the
curvature perturbations. As can be seen from the equations of motion and the resulting equation for
the curvature perturbation w.r.t. e-folds, i.e., Eq. (2.14), the curvature perturbation at N can be fully
determined by the initial curvature perturbations at N0, if the evolution of the background densities
is known.

This implies that it is possible to consider the evolution of ϑ step by step, dividing the cosmic
histories into sections with known background evolution. Since only the final perturbations matter
for observations, the evolution of all curvature perturbations could be characterized by a product of
transfer matrices, where each matrix compromises the evolution during one era. The transfer matrix
approach has been used in [51] to evaluate the curvaton scenario, but in cosmic time.

So far, we have considered the curvature perturbation of each fluid by itself. Their linear combi-
nations are however coordinate independent too and potentially more useful. Let us therefore define
the total curvature perturbation, which gives the e-folds that lie between a slicing of constant total
energy density and the flat one,

ϑtot =
∑

ω

ε̇ω

ε̇tot

ϑω . (2.15)

If two fluids have a relative di!erence in their respective curvature perturbation, we define this di!er-
ence as the isocurvature perturbation [32, 51]. For two fluids ϱ ↑= ς, it is given by

Sωε ↓ 3(ϑω ↔ ϑε) = ↔3H

(
φεω

ε̇ω

↔
φεε

ε̇ε

)
, (2.16)

= ↔3

(
φεω

ε→
ω

↔
φεε

ε
→
ε

)
. (2.17)

While there is a range of di!erent formulations,2 it often (when there is no further exchange of
energy between the fluids) proves helpful to replace the time derivative with the continuity equation
ε̇ω = ↔3H(1 + wω)εω and then replace the perturbations by the density contrast φω = φεω/εω, which
leads to

Sωε =
φω

1 + wω

↔
φε

1 + wε

. (2.18)

2It can also be understood as relative entropy perturbation, since it can be rewritten in terms of entropy density s
and entropy density perturbations ωs in the respective fluids, Sωε = ωsω/sω → ωsε/sε .
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Check: Curvation decay

Background evolution: 

Initial conditions: 
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(a) !̃0 = 10→3. (b) !̃0 = 10→6.

Figure 3: Background evolution of the direct curvaton decay for two di!erent decay rates. We
show the energy density for the curvaton (purple), the radiation sector (green) and the total energy
density (red). The dashed line is the same setup with a 30 percent higher initial curvaton abundance,
resembling a patch with a density perturbation in the curvaton. Due to the matter scaling of the
curvaton, the total energy density normalized to the radiation energy density increases. The smaller
decay constant in (b) causes the curvaton to dominate the energy density before decaying to radiation.

initially dominates in energy and therefore the total (adiabatic) curvature has vanishing perturbations.
Perturbations are, however, present in the subdominant curvaton that initially manifest themselves as
isocurvature perturbations. As the energy in the curvaton becomes comparable to the inflaton sector,
these then source an adiabatic perturbation. The scenario can be tested as it leads to enhanced non-
Gaussianities, if the curvaton decays before dominating the total energy [61, 62]. Further the scenario
leads to large remnant isocurvature if the curvaton decays after or simultaneously with the decoupling
of other fluids, e.g. DM [61, 63, 64]. In the simple case that we study here, where after the curvaton
decay only one thermalized fluid is present, this e!ect is, however, absent.

Let us now solve for the perturbations using the separate universe approach. As stated before,
the curvaton field ω starts with subdominant energy density, but carries the only non-vanishing per-
turbation εω,0. The SM radiation sector ϑ, previously reheated by the inflaton ϖ, dominates the
energy density, but inherited zero curvature perturbation from the inflaton. The initial perturbations
therefore are

εε(N0) = 0 , εω(N0) = εω,0 , (3.1)

εtot(N0) → εε(N0) = 0 , Sεω(N0) = ↑3εω,0 . (3.2)

Once the oscillation scale of the curvaton enters the horizon, it behaves like matter. We assume
that at the same time it decays with a fixed rate ” with respect to cosmic time into light particles of
the radiation sector ϑ, therefore further heating it up. The equations of motion in terms of e-folds for
the background fields become

ϱ
→
ω

= ↑(3 + ”̃)ϱω , (3.3)

ϱ
→
ε

= ↑4ϱε + ”̃ϱω , (3.4)
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(a) !̃0 = 10→3. (b) !̃0 = 10→6.

Figure 3: Background evolution of the direct curvaton decay for two di!erent decay rates. We
show the energy density for the curvaton (purple), the radiation sector (green) and the total energy
density (red). The dashed line is the same setup with a 30 percent higher initial curvaton abundance,
resembling a patch with a density perturbation in the curvaton. Due to the matter scaling of the
curvaton, the total energy density normalized to the radiation energy density increases. The smaller
decay constant in (b) causes the curvaton to dominate the energy density before decaying to radiation.

initially dominates in energy and therefore the total (adiabatic) curvature has vanishing perturbations.
Perturbations are, however, present in the subdominant curvaton that initially manifest themselves as
isocurvature perturbations. As the energy in the curvaton becomes comparable to the inflaton sector,
these then source an adiabatic perturbation. The scenario can be tested as it leads to enhanced non-
Gaussianities, if the curvaton decays before dominating the total energy [61, 62]. Further the scenario
leads to large remnant isocurvature if the curvaton decays after or simultaneously with the decoupling
of other fluids, e.g. DM [61, 63, 64]. In the simple case that we study here, where after the curvaton
decay only one thermalized fluid is present, this e!ect is, however, absent.

Let us now solve for the perturbations using the separate universe approach. As stated before,
the curvaton field ω starts with subdominant energy density, but carries the only non-vanishing per-
turbation εω,0. The SM radiation sector ϑ, previously reheated by the inflaton ϖ, dominates the
energy density, but inherited zero curvature perturbation from the inflaton. The initial perturbations
therefore are

εε(N0) = 0 , εω(N0) = εω,0 , (3.1)

εtot(N0) → εε(N0) = 0 , Sεω(N0) = ↑3εω,0 . (3.2)

Once the oscillation scale of the curvaton enters the horizon, it behaves like matter. We assume
that at the same time it decays with a fixed rate ” with respect to cosmic time into light particles of
the radiation sector ϑ, therefore further heating it up. The equations of motion in terms of e-folds for
the background fields become

ϱ
→
ω

= ↑(3 + ”̃)ϱω , (3.3)

ϱ
→
ε

= ↑4ϱε + ”̃ϱω , (3.4)
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(b) !̃0 = 10→6.

Figure 4: The numerical evolution of curvature and isocurvature perturbations is shown. The initial
curvature of the curvaton field (purple) is normalized to unity. The radiation (green) starts with zero
curvature. The isocurvature perturbation (black) is divided by 3. The total curvature perturbation is
depicted as well (red). As can be seen from the background evolution in Fig. 3, in the case of a small
decay constant the matter-scaling curvaton sector can dominate the energy density before its decay,
thereby leaving a stronger imprint of its associated curvature perturbations.

where the prime denotes the derivative with respect to e-folds N and !̃ = !/H is the interaction rate
adjusted to the e-fold parameterization. Plugging the initial conditions, Eq. (2.14) then reads for the
two fluids

ωω(N) =
1

ε→
ω
(N)

ϑεω

ϑεω,0
ε

→
ω
(N0)ωω,0 , ωε(N) =

1

ε→
ε
(N)

ϑεε

ϑεω,0
ε

→
ω
(N0)ωω,0 . (3.5)

The above equations imply that we can find the evolution of the perturbations by considering how the
solution of the background depends on its initial conditions. In the simplified case of ! = 0, we may
even solve the background equations analytically to find εω = εω,0 exp(→3N) and εε = εε,0 exp(→4N) .
We can then trivially carry out the variations with respect to the initial conditions in the equations
above and find ωω(N) = ωω,0 and ωε(N) = 0 . Eq. (2.15) then, however, implies that the total curvature
perturbation ωtot becomes non-zero as the universe goes from radiation to curvaton dominated and
eventually asymptotes to ωω,0

ωtot(N) =
3εω(N)

3εω(N) + 4εε(N)
ωω,0 . (3.6)

Let us again stress that the calculation turned out this simple due to two factors: First, the use of
the separate universe approach saved us the e”ort of finding evolution equations for the perturbations
and solving them. Second, since we worked with e-folds N as our time coordinate, we could trivially
ensure that while varying εω,0 along all paths the same amount of e-folds passed. When working with a
di”erent time coordinate, one has to take the variation of e-folds with the initial conditions into account
according to Eq. (2.13) as was done in [32] to arrive at the same result. For more complicated models,
usage of a special time coordinate might significantly help when solving the background equations, in
which case including the variation of e-folds might be the easiest option.

Let us now turn back to the more complicated case of the decaying curvaton, where we need to solve
the background equations numerically. We consider the two benchmarks from Ref. [51], !̃0 = 10↑3
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A technical note

Simple expression for of superhorizon fluctuations:  

With e-folds N as time variable:  

Just solve the usual homogeneous problem (e.g. freeze-out 
of DM, decay of a curvaton), get evolution of fluctuations 
for free! 

28

If we now consider a perturbed metric

ds
2 = →(1 → 2ω)dt

2 + a
2(1 → 2ε)dx

2
, (2.8)

we see that ε transforms as ε ↑ ε + Hϑt. This allows us to define [36–38]

ϖω = →ε → H
ϑϱω

ϱ̇ω

, (2.9)

which encodes the density perturbations in a coordinate invariant manner. A rigorous definition of
ε in terms of a general metric fluctuation and a derivation of all transformation properties may be
found in Sec. A.

The constant time slices using the perturbed metric Eq. (2.8) have an intrinsic 3-curvature pro-
portional to the scalar perturbation ε,

(3)
R =

4

a2
↓

2
ε . (2.10)

The curvature perturbation ϖω therefore gives the density fluctuation ϑϱω = →ϱ̇ωϖω/H on a flat slicing
with ε = 0 or, equivalently, the dimensionless curvature ε = →ϖω on a constant density slicing
ϑϱω = 0 . Geometrically ϖω may therefore be regarded as the amount of time that separates these two
slicings, as the transformation with ϑt = ϖω/H goes from the one with vanishing density fluctuation
to the flat one. Since H = d log(a)/dt specifies the evolution of e-folds N = log(a) with time, more
directly ϖω gives the amount of e-folds ϑN = ϖω between these slicings, as illustrated in Fig. 1.

Let us now return to the evolution of the fluctuation ϖω. We have already found the solution for
the perturbations ϑϱω in terms of background quantities in Eq. (2.5). We now aim to do the same for
ε, making use of our intuition that it corresponds to the e-folds separating us from the flat slicing.
This procedure is known as the ϑN -formalism1 [45–50] and may be justified more rigorously by the
proof in [32]. The amount of e-folds along a path may be found by solving the equation Ṅ = H,
leading to

N(t) = N(ω0; t → t0) , N(ω0; 0) = 0 . (2.11)

In the following, we will jump from cosmic time to e-folds and back, depending on which picture
is easier to understand. In general, they are completely interchangeable. The ε ↔ →ϑN along a
perturbed path is then again given by variation with respect to the initial conditions ω0,

ε(t) = ε0 →

∑

ε

ςN(t)

ςϱ0,ε

ϑϱ0,ε . (2.12)

Let us now put this result together with Eq. (2.5) in order to get the evolved ϖω. Note that seemingly
we have an extra initial condition in our equations, the ϑϱ0,ω and ε0, when only evolving the ϖω. The
additional initial condition corresponds to the arbitrary choice of the initial slicing. Without loss of
generality we may choose it to be flat ε0 = 0 and ϑϱ0,ω = →ϱ̇0,ω/H ϖ0,ω . We then find

ϖω(t) =
∑

ε

[
H(t)

ϱ̇ω(t)

ςϱω(t)

ςϱ0,ε

→
ςN(t)

ςϱ0,ε

]
ϱ̇ε(t0)

H(t0)
ϖε(t0) . (2.13)

Although the di!erent parts for the evolution of ϖω are well known, we could not find this closed
expression in the literature. It has the particularly useful property that coordinate time t might be

1Later studies focused on higher orders of the expansion [39–43] and generalizing the concept [44].
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exchanged for any other time ω such that ω(t; ε0) is a coordinate transformation along the background
trajectory as we show in Sec. B. This includes all combinations of t, εω(t) and N(t) that one may
conceivably use to parametrize the background evolution, e.g. the temperature of a relativistic species
T → ε

1/4 . In this case, H = Ṅ is to be understood as a generalized Hubble rate with dots denoting
derivatives with respect to ω .

The choice of e-folds N as a time coordinate is particularly convenient, as the above equation
simplifies to

ϑω(N) =
∑

ε

1

ε→
ω
(N)

ϖεω(N)

ϖε0,ε

ε
→
ε
(N0) ϑε(N0) , (2.14)

where primes denote derivatives with respect to N .
Let us pause for a moment to recollect: We have found that the perturbations in energy density

can be considered as a phase space. The evolution of density perturbations can be determined fully
once the background, its evolution and the initial perturbations are known. This is inherited by the
curvature perturbations. As can be seen from the equations of motion and the resulting equation for
the curvature perturbation w.r.t. e-folds, i.e., Eq. (2.14), the curvature perturbation at N can be fully
determined by the initial curvature perturbations at N0, if the evolution of the background densities
is known.

This implies that it is possible to consider the evolution of ϑ step by step, dividing the cosmic
histories into sections with known background evolution. Since only the final perturbations matter
for observations, the evolution of all curvature perturbations could be characterized by a product of
transfer matrices, where each matrix compromises the evolution during one era. The transfer matrix
approach has been used in [51] to evaluate the curvaton scenario, but in cosmic time.

So far, we have considered the curvature perturbation of each fluid by itself. Their linear combi-
nations are however coordinate independent too and potentially more useful. Let us therefore define
the total curvature perturbation, which gives the e-folds that lie between a slicing of constant total
energy density and the flat one,

ϑtot =
∑

ω

ε̇ω

ε̇tot

ϑω . (2.15)

If two fluids have a relative di!erence in their respective curvature perturbation, we define this di!er-
ence as the isocurvature perturbation [32, 51]. For two fluids ϱ ↑= ς, it is given by

Sωε ↓ 3(ϑω ↔ ϑε) = ↔3H

(
φεω

ε̇ω

↔
φεε

ε̇ε

)
, (2.16)

= ↔3

(
φεω

ε→
ω

↔
φεε

ε
→
ε

)
. (2.17)

While there is a range of di!erent formulations,2 it often (when there is no further exchange of
energy between the fluids) proves helpful to replace the time derivative with the continuity equation
ε̇ω = ↔3H(1 + wω)εω and then replace the perturbations by the density contrast φω = φεω/εω, which
leads to

Sωε =
φω

1 + wω

↔
φε

1 + wε

. (2.18)

2It can also be understood as relative entropy perturbation, since it can be rewritten in terms of entropy density s
and entropy density perturbations ωs in the respective fluids, Sωε = ωsω/sω → ωsε/sε .
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